ON THE COHERENCE OF THE GROUP ALGEBRAS OF
ONE-RELATOR GROUPS

ANDREI JAIKIN-ZAPIRAIN

ABSTRACT. Let G be a one-relator group without torsion. We show that G is
homologically coherent and if K is a field of characteristic 0, then the group
algebra K[G] is coherent.

1. INTRODUCTION

A group G is coherent if every finitely generated subgroup is finitely presented
and a ring R is (left) coherent if any finitely generated left ideal is finitely presented
as an R-module. There seems to be a relation between G and Z[G] being coherent.
They are equivalent for elementary amenable groups [21] (see also [B]) and they are
commensurability invariants. However, in general there is no known implication
between these two properties. Both properties imply a weaker property of being
homologically coherent. A group G is homologically coherent if any finitely
generated subgroup is of type F'Ps.

We will not describe here the known examples of coherent groups. The reader
may consult an excellent recent survey on coherent groups by Wise [37]. The only
result that is not described in the survey is a result of Louder and Wilton [31]
who proved the coherence of a one-relator group whose two-generated subgroups
are free. The boldest conjecture in this area is that posed by Baumslag [3]: all
one-relator groups are coherent.

There are not many papers about coherent group rings. For example we could
not find a reference for the coherence of K[G|, where G is a free-by-cyclic group
and K is a field. Although this result can be extracted easily from the main result
of [T7]. In Theorem we prove the coherence of group algebras of an ascending
HNN extension of free groups. Other examples of coherent group rings come from
general results on coherent rings. If k is a commutative Noetherian ring, by [6],
k[G] is coherent if G is the direct product of a free group and an abelian group
and, by [I] and [27], k[G] is coherent if G belongs to the smallest family of groups
containing all virtually polycyclic groups and closed under amalgamated products
and HNN extension with virtually polycyclic edge subgroups.

We would like to mention a conjecture for graded algebras: every graded algebra
with a single defining relation is graded coherent (see [33] for partial results). In
this paper we study the coherence of group algebras of one-relator groups.

Theorem 1.1. Let K be a field of characteristic 0 and let G be a one-relator group
without torsion. Then the group algebra K[G] is coherent.

Our proof uses the existence of the division ring Dy g (see Subsection [2.3)).
When K has characteristic 0, its existence follows from the solution of the strong
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Atiyah conjecture for one-relator groups [24]. If we knew that this division ring
exists for an arbitrary K, then we would have the same result for this K as well.
The conclusion of Theorem holds also for one-relator groups with torsion and
an arbitrary field K, since by a result of Kielak and Linton [22], these groups are
virtually free-by-cyclic.

Our method does not allow to show that Z[G] is coherent if G is a one-relator
group without torsion. However we can obtain a weak version of this.

Theorem 1.2. Let G be a one-relator group without torsion. Then G is homolog-
ically coherent.

Since by [13, Theorem 7.9], a subgroup of type FP» of a hyperbolic group of
cohomological dimension 2 is hyperbolic, and, in particular finitely presented, we
obtain the following corollary.

Corollary 1.3. Let G be a hyperbolic one-relator group. Then G is coherent.

As we have mentioned above, our proof uses properties of the division ring D).
It is the Hughes-free division K[G]-ring whose uniqueness in the case of locally indi-
cable groups was proved by Hughes in [20]. The existence of D K|q) for an arbitrary
field K is an open problem. Recall that, if R is a ring, the weak dimension of a
right R-module M is the largest ¢ for which there exists a left R-module N such
that TorZR(M ,N) # 0. A new property that we have discovered in the case of
one-relator groups is the following result.

Theorem 1.4. Let K be a field and G a one-relator group without torsion. Assume
that Dk exists. Then as a right K[G]-module, D) is of weak dimension at
most 1.

This property was known for free, limit and free-by-cyclic groups G. It does not
hold for locally indicable groups in general: there are locally indicable groups with
non-trivial second L2-Betti number (for example, if G is the direct product of two
non-abelian free groups).

As an immediate consequence of Theorem we obtain that the second L2-
Betti number of a subgroup of a one-relator group vanishes. The case of one-relator
groups with torsion follows from [22].

Corollary 1.5. Let G be a one-relator group and H is a subgroup of G. Then the
right Q[H]-module Doy is of weak dimension at most 1. In particular, béQ)(H) =
0.

The paper is organized as follows. In Section [2| we describe all the preliminary
results that we need in the paper. In particular, we define the division ring Dk
and describe its main properties. In Section [3| we present a method that allows to
prove that under certain conditions a finitely generated module is finitely presented.
Our first application is Theorem|3.3|where we prove the coherence of K[G], where K
is a field and G is an ascending HNN extension of a free group. We finish Section
explaining how Theorems [[.1]and [I.2]follow from Theorem[T.4] Section[d]is the core
of the paper. There we show that certain K[F]-module, where F' is a free group,
is flat. This can be used in calculations of different Tor groups. As an example, in
Section [B] we give a new proof of the 1-rank Hanna Neumann conjecture of Wise
[36]. Finally, in Section [6] we prove Theorem
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2. PRELIMINARIES

2.1. General notations. All rings in this paper are associative and have the iden-
tity element. All ring homomorphisms send the identity to the identity. By an
R-ring we understand a ring homomorphism ¢ : R — S. We will often refer to
S as R-ring and omit the homomorphism ¢ if ¢ is clear from the context. Two
R-rings ¢1 : R — S7 and ¢y : R — S5 are said to be isomorphic if there exists a
ring isomorphism « : S; — S5 such that a o ¢ = ps.

For a ring R, a left R-module M and a € R, we put

Annys(a) ={m e M: a-m = 0}.

Let GG be a group and k a commutative ring. We denote by I;g] the augmentation

ideal of k[G]. If H is a subgroup of G we denote by IﬁH] the left ideal of k[G]

generated by Iyg). Given two left k[G]-modules M and N, M ®; N becomes a left
k[G]-module if we define g(m @k n) = gm Qx gn.

2.2. Ordered groups. A total order < on a group G is right-invariant if for any
a,b,g € G, if a < b then ag < bg. We say that < is Conradian if for all elements
f,9 = 1, there exists a natural number n such that g"f > g. Recall that a group
G is locally indicable if every finitely generated non-trivial subgroup of G has an
infinite cyclic quotient. A useful characterization of locally indicable groups says
that they are the groups admitting a Conradian order ([9]).

2.3. Hughes-free, Linnell and Dubrovin division rings. Let G be a group.
In this subsection we will assume that K is a field and to simplify the exposition
we will only consider the group algebra K[G]. However,we want to underline that
all the definitions and results can be easily extended to the case of crossed products
E « G, where F is a division ring.

Let ¢ : K[G] — D be a division K[G]-ring. Let N < H < G be subgroups of
G. We denote by Dy the division closure of ¢(K[H]) in D. We say that D is (left)
(N, H)-free if the map

is injective. An alternative reformulation of (N, H)-freeness is the following: if
q1,---,9n € H are in different right N-cosets, then for any non-zero elements
di,...,d, € Dy, the sum >, d;$(¢;) is not equal to zero. It is clear that if
N < H; < Hy <G and D is (N, Hs)-free, then it is also (N, Hy)-free.

This property appeared in the work of Hughes [20] in the context of locally
indicable groups. Let G be a locally indicable group and ¢ : K[G] — D a division
K[G]-rings. We say that ¢ : K[G] — D (or simply D, when ¢ is clear from the
context) is Hughes-free if D is epic (i.e. D = D¢) and (N, H)-free for any pair
N < H of subgroups of G with H/N = Z. A very important contribution of Hughes
is the following result proved in [20] (see also, [I0] and [24] Theorem 5.2]).

Theorem 2.1 (Hughes). Let K be a field and G a locally indicable group. Then
up to K[G|-isomorphism there exists at most one Hughes-free division K[G]-ring.
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In view of this results if G is locally indicable and the Hughes free division K[G]-
ring exists, we will denote it by D). It was conjectured that D (g) always exists
and this was proven in [24] Corollary 6.7] in the case where K is of characteristic 0.
The reader can consult [25] to see what is known at this moment about the general
case.

In order to generalize the notion of Hughes-free division ring to an arbitrary
torsion-free group, Linnell proposed in [28] the notion of strongly Hughes-free divi-
sion K[G]-ring. We say that an epic division K[G]-ring ¢ : K[G] — D is strongly
Hughes-free if it is (N, H)-free for any pair N < H of subgroups of G.

There is another instance where (N, H)-freeness appeared. An equivalent for-
mulation of the strong Atiyah conjecture over Q for torsion-free groups G says that
the division closure D(G) of Q[G] in the ring of affiliated operators U(G) is a divi-
sion ring (see, |29, Proposition 1.2]). The ring D(G) is a called Linnell ring. By
the discussion after [28, problem 4.5], the Linnell ring (if it is a division ring) is
(N, G)-free for any subgroup N of G. In particular, by Theorem if G is locally
indicable, D(G) = Dgjg as Q[G]-rings. One consequence of this fact is that for
locally indicable groups the L?-Betti numbers can be computed in a pure algebraic
way:

b (G) = dimpy,,, Tory “ (Dy;q), Q).
This also leads us to the following definition. Let G be a torsion-free group. We
say that an epic division K[G]-ring ¢ : K[G] — D is Linnell if it is (N, G)-free for
any subgroup NV of G. In view of the previous discussion it is tempting to propose
the following variation of the strong Atiyah conjecture for torsion-free groups.

Conjecture 1. Let K be a field and G a torsion-free group. Then a Linnell division
KI[G]-ring exists and it is unique up to K|[G]-isomorphism.

The strong Atiyah conjecture indicates that in the case, where K is a subfield
of C, a candidate for a Linnell division K[G]-ring is the division closure of K[G]
in U(G). If K is an arbitrary field and G has a right-invariant order, Dubrovin
proposed such a candidate [11] (see also [} [15]).

Let G be a group with a right-invariant order <. The space of Malcev-
Neumann series MN <(K|[G]) is the abelian group consisting of formal infinite

sums m = deg kgg, with k, € K, such that the support of m,

supp Zkgg ={geG: ks #0}
geG

is a well-ordered subset of G. We denote by E<(K[G]) the ring of endomorphisms
of the abelian group MN <(K[G]) and we will use the notation where the elements
of E<(K|[G]) act on MN <(K|[G]) on the right side.

Since the order =< is right-invariant, the ring K[G] is embedded into E<(K[G])
and we will identify the elements of K[G] with their images. The Dubrovin ring
D<(K[G]) is the division closure of K[G] in E<(K[G]). Dubrovin conjectured that
this ring is a division ring. The following result has appeared in the literature in
slightly different contexts and we include its proof for the readers’ convenience.

Proposition 2.2. Let K be a field and G a group with a right-invariant order <.
If the Dubroving ring D<(K[G]) is a division ring, then it is also a Linnell division
K[G]-ring.
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Proof. Let us denote D<(K[G]) by D. Let N be a subgroup of G. We want to
show that if ¢1,...,q, € G are in different right N-cosets, then for any non-zero
elements di,...,d, € Dy, the sum Z?:l d;q; € D is not equal to zero. Assume
that 7" | d;q; € D = 0. Without loss of generality we can also assume that ¢; = 1.
Given a subset T of G, we denote by 7r the element of £<(K[G]) defined by

means of

(Z kgg) - mr = Z keg (kg € K).

geG geT
Observe that elements of K[N]| commutes with 7. Hence, the elements of Dy
commutes with 7y too. Thus, for each i =1,...,n,

supp(1 - diq;) = supp(l - mndiq) = supp(l - dimng;) < Ng;.

Therefore,
1 -dl = (1 'Zdi%‘)ﬂ—N =0.
i=1
Since d; is invertible in E<(K[G]), we obtain a contradiction. O

As we have mentioned above if G is locally indicable and K is of characteristic
zero, then the Hughes-free division ring D¢ is Linnell. Gréter proved in [14] the
same result for arbitrary field K if Dgq) exists.

Theorem 2.3 (Griter). Let K be a field and G a locally indicable group. Let <
be a Conradian order on G. If Diq exists, then the Dubrovin ring D<(K[G]) is
a division ring. In particular, Dgq is the unique Linnell division K|[G]-ring.

Proof. By [14, Corollary 8.3, Theorem 8.1], D<(K|[G]) is a division ring and it
is isomorphic to Dgjg). By Proposition D<(K[G]) is Linnell. Theorem
implies that Dy is the unique Linnell division K|[G]-ring. O

3. A CRITERION FOR THE COHERENCE OF A RING AND THE PROOF OF
THEOREMS [L.1] AND

In this section we obtain Theorems and as consequences of Theorem

Let R be a ring and M a left R-module. We say that M is of projective
dimension at most k if M has a projective resolution of length k. The following
result is a variation of the argument of the proof of [26] Lemma 4].

Proposition 3.1. Let R be a ring and assume that R can be embedded in a division
ring D. Let M be a finitely generated left R-module of projective dimension at most
1. If dimp Tory (D, M) is finite, then M s finitely presented.

Proof. Since M is a finitely generated left R-module of projective dimension at
most 1 there exists an exact sequence of left R-modules

0P —-F—>M-—0

with Py and P; projective and Py finitely generated. We want to show that P; is
also finitely generated. The calculation of Torf‘ (D, M) gives us the exact sequence
of left D-modules

Tor('(D, M) — D@rP, — DRpPo.
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Since dimp Tory (D, M) and dimp D @ Py are finite, n = dimp D @ g P; is finite as
well. Since D is division ring, there are mq,..., m, € P; such that

D®rP = ZD(l ®m;).
=1

Since P; is projective, there exists a free left R-module L such that L = P; & Ps.
Thus, any element | € L can be uniquely written as | = p; + p2, where p; € P; and
p2 € Py. We denote 7p, : L — Py by wp, (1) = p1.

Put N =" Rm;. Since N is finitely generated, there exists a finitely generated
free summand L; of L that contains N. Consider the natural map 7 : P,/N —
L/L,. Since DRr(P1/N) =0, D®rIm7 = 0. Thus, since Im7 < L/L; is a
submodule of a free R-module, Im 7 = {0}. This implies that P; < L;, and so

Py =mp (P1) = mp, (L1)
is finitely generated. O

A ring R is of (left) global dimension k, if every left R-module has a projec-
tive resolution of length k. If G is a torsion-free one-relator group, then G is of
cohomological dimension 2, and so for any field K, K[G] is of global dimension 2.

Corollary 3.2. Let R be a ring and assume that R can be embedded in a division
ring D. Assume that R is of global dimension at most 2 and the right R-module D
is of weak dimension at most 1. Then R is coherent.

Proof. Let I be a finitely generated left ideal of R. Let 0 — P — R* — I — 0 be
an exact sequence of left R-modules. Hence we obtain the exact sequence

0—-P—R'-R—>R/I—0.

Since R is of global dimension at most 2, the projective dimension of R/I is at
most 2. Hence, by [34], Proposition 8.6(2)], P is projective, and so, I is of projective
dimension at most 1. Since Tory (D, I) = Tors(D, R/I) and the right R-module D
is of weak dimension at most 1, Tor;(D,I) = 0. Thus, by Proposition I is
finitely presented, and so, R is coherent. O

As a first application we show that the group algebras of an ascending HNN
extension of free groups are coherent.

Theorem 3.3. Let K be a field and G an ascending HNN extension of free groups.
Then the group algebra K |G| is coherent.

Proof. Let us briefly explain the construction of D). For details see, for example,
[25].

The group G has a locally free normal subgroup N such that G/N = Z. Let
t € G be such that G/N is generated by ¢tN and let 7 : K[N] — K[N] be the
automorphism induced by the conjugation by t: 7(a) = tat™!. Then KI[G] is
naturally isomorphic to the ring of twisted Laurent polynomials K [N][t*!, 7]. Since
N is locally free, there exists Dg(n]. Moreover, Toré([N] (Dkiny, M) = 0 for any
left K[N]-module M. Since Dy is unique, we can extend 7 to an automorphism
Dgn) — Dxny, which we will also call 7. Then D g is isomorphic to the Ore
classical ring of fractions of Dy [tT1)7].

Let M be a left K[G]-module. Then by Shapiro’s lemma we obtain

TOIé([G] (DK[N] [til,ﬂ, M) = Torf[N] (DK[N]aM) =0.
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Thus, Torf[G] (Dkig), M) = 0 as well. Hence the right K[G]-module D¢ is of
weak dimension at most 1.

Since G is a HNN extension of free groups, it is of cohomological dimension at
most 2. Hence K[G] is of global dimension at most 2. Therefore, K[G] is coherent
by Corollary [3.2] O

Proof of Theorem[1.1. By [7] (see also, [18, [19]), G is locally indicable. By [24}
Corollary 6.7], there exist Dg[g). By Theorem the right K[G]-module Dgq
is of weak dimension at most 1. Since G is of cohomological dimension at most
2, K[G] is of global dimension at most 2. Thus, we can apply Corollary and
obtain that K[G] is coherent. O

Proof of Theorem[1.4 Let H be a finitely generated subgroup of G. Since G is of
cohomological dimension at most 2, H is also of cohomological dimension at most
2 and so the left Z[H]-module Iz is of projective dimension at most 1. Observe
that

TOI‘%[H] (DQ[H]7 IZ[H]) = TOI‘ZZ[H] (DQ[H]a Z) =

H ~ G
Tord! ](DQ[H]aQ) > Tory! ](DQ[H] ®qa)Q[G], Q).

By Theorem the right Q[G]-module M = Dy ®qa)Q|[G] can be seen as a
submodule of Dgjg). Consider the exact sequence

0 — M — Dgia) — Doja /M — 0,
which, for every left Q[G]-module, induces the exact sequence
Torg ™ (Dgey /M, N) = Torg (M, N) = Tor3'% (Dyiqp, V).
Thus, since Q[G] is of global dimension at most 2 and, by Theorem [1.4} Dgg is
of weak dimension at most 1, Torg[G] (M,N) =0, and so M is of weak dimension
at most 1. Hence, Tor%[H] (Doia1s 1zimy) = 0. Thus, Proposition implies that

Iz;py is finitely presented, and so H is of type F'P. Therefore, G is homologically
coherent. (]

4. THE KEY RESULT
In this section we will prove the key result of this paper.

Theorem 4.1. Let K be a field, F a free group and w € F a word which is
not a proper power. Let G = F/(wf). Assume that Diiq ewists. Then the left
K[F]-module

Diic) @k Uk p)/K[F](w — 1))
is flat.

Before proving the theorem we need some auxiliary results.

Lemma 4.2. Let K be a field and F a free group. Let V be a left K[F]-module
and G = F/N be a locally indicable group. Let

O#Q:ZQLEK[F] (O#CZ€K7 fZEF)
i=1
Assume that all g; = fiN € G are different. Then

Ay gDy (@) = {m € V @k Di(g): a-m =0}
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1s trivial.
Proof. We prove the lemma by induction on n. If n = 1, the statement is clear.
Consider now the case where n > 1 and assume that Annyg,p (@) # 0.
Without loss of generality we can assume that f; = 1. Let H = (ga, ..., gn). Since
n > 1 and all g; are different, H is not trivial. Let H = (fa,..., fn). Since G
is locally indicable, there exists an epimorphism ¢ : H — Z, which induces an
epimorphism ¢ : H — Z satisfying a(x) = ¢(zN).
Let s € H be such that ¢(s) = 1. Then we can write

b
a= Zaj -s7, with a; € Kker @] and aj # 0.
j=a

Observe that if we write
l

ay=Y dy-hp (0£dp € K, hy € F),
k=1
then all hy N are different and [ < n.
For simplicity we will write D instead of Dgg). We can see V @k D as a
(K[F],D)-bimodule. Therefore, given a basis B of D as a left Dy-module we
obtain that

VorkD=dep(VOkDrq)=DPeen(V @k Dr)q.

Thus, since Anny g, p(a) # 0, Anny g, p, (@) # 0 as well.

Let ¢t = sN € H. Since D is Hughes-free, the ring R generated by Dier¢
and t is isomorphic to the ring of twisted polynomials Dye o[t, 7], where T is the
automorphism of Dye ¢ induced by conjugation by t. Observe that Dp is the
Ore ring of fractions of R. Thus, since Annyg,p, () # 0, we also obtain that

Anny g, r(a) #0.
Let 0 #m € Anny g, g(a). We can write

d
m = ij -tj, with m; € V @k Dyere and mgq # 0.
j=c

Observe that for every j,
51 (V @k Drers) =V @k ! Dierg = (V @k Drer o)t
Thus, since, o -m = 0, aps® - mgt? = 0. Since mq # 0, s* - myt? # 0. Hence
Annyg,.p(ap) # 0. But this contradicts the inductive hypothesis. ([l
Given a left K[G]-module M, let M* be the right K[G]-module that coincides
with M as a K-vector space and the action of G is given by m - g = g~'m. In the
same way given a right K[G]| module M we can define the left K[G]-module M*.
For a K-space V we denote by V"*! the space V" of columns and by VX" the
space V™ of rows.
Lemma 4.3. Let G be a group. The following properties hold.
(1) Let A € Mat,,xn(K[G]) and M = K[G]™*'/A - K[G]"*!. Then
M* =~ K[G]lxm/K[G]lxn . A*,
where A* is obtained from A by changing all group elements f € G by f~!
in the entries of A and then applying the transposition.
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(2) Letw € G. Then we have that (Ixiq)/K[G](w—1))* = Ikiq/(w—1)K[G].
(3) Given left K|G]-modules M and N and a right K[G]-module L, we have
that for every k € N.

Torf (L, M @k N) = Tork F(N*, M @ L*).

Proof. (1) is clear, (2) is an application of (1) and the proof of (3) is the same as
of [8, Proposition I11.2.2]
U

Lemma 4.4. Let F' be a group, A € Maty,xy,(K[F]) such that Anngpnxi(A) =0
and M = K[F)™*1/A - K[F]"*!. Let L be a left K[F]-module. Then

Torf[F](M, L) = Annpaxi(4).
Proof. This follows directly from the definition of Tor{([F]. |

Proof of Theorem[{.1. We will write D instead of Dk g)- Observe that for any
feF,
K[F]/K[F|(w’ —1) = K[F]/K[F](w - 1),

and so, since K[F|/K[F](w — 1) has a unique quotient isomorphic to the trivial
module K, Ifc(p)/K[F)(w/ — 1) 2 I'xp)/K[F)(w — 1) as left K[F]-modules. Thus,
without loss of generality we can assume that w is cyclically reduced. It is clear
that we can also assume that F' is finitely generated.

Let {x1,...,24} be a set of free generators of F. Let w = zj ...zj" be the
reduced form of w (here ¢; = £1). Without loss of generality we assume that z;
appears in the reduced form of w. Write

w—1= (1 —Dag + -+ (x4 — Dag.
The support of a; consists of words z§™ ... x;*, where
1<m<k+1 andxf-:: :mfl 01‘33;:::11 = 7.

Observe that, since w is reduced, both cases cannot occur and since w is cyclically
reduced, both 1 and w cannot be in the support of o;. By [35] the image in G
of every proper non-trivial subword of w is non-trivial. Thus, the support of oy
satisfies the hypothesis of Lemma Hence for every K[F]-module V

(1) AIII’ID ®Kv(a1) =0.
Let L be a right K[F]-module. Then by Lemma

Tory "L, D @k Ixpr)/ K [F)(w — 1)) 2 Tory " Lie(py /(w — 1) K[F], D @ L¥).

Since Ixp) = (x1 — DK[F] @ ... ® (xq — 1) K[F],
Ixpy/(w— DK[F] 2 K[F]"/(a, ..., 0q) K[F].

Therefore, by Lemma and taking into account , we obtain that

Tort V(L D @k Iy /K [F(w — 1)) = Tory ¥ (I /(w — 1)K[F], D®x L*) = 0.
for every right K[F]-module L. Hence D @k (Ix(r)/K[F](w — 1)) is flat. O
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5. AN APPLICATION OF THE KEY RESULT: 1-RANK HANNA NEUMANN
CONJECTURE

Let d(G) denote the minimal number of generators of a group G and
d(G) = max{0,d(G) — 1}.

Given two finitely generated subgroups U and W of a free group F' the Friedman-
Mineev theorem [12] 32] (previously known as the Strengthened Hanna Neumann
conjecture) states that

> d@Uz' nW) < dU)d(W).
t€W\F/U
This result says nothing about the cyclic intersections Uz ! N W. Wise proposed

a l-rank version of this conjecture, which was proved independently by Helfer and
Wise [16] and Louder and Wilton [30].

Theorem 5.1 (Helfer-Wise, Louder-Wilton). Let U be a subgroup of a free group
F, w e F a non-proper power element and W = (w). Then

B dU) if U< (w"
> d(xelmW)S{dEU; z'j:UﬁéwF;

TEW\F/U

In this section we will prove a generalization of this result. In order to formulate
it, we need other interpretation for the sum }° cyn /1 d(zUx~t N W) (we follow
the approach developed in [23 2]). Consider Q[F/U] as a left Q[W]-module. Then

arvl= @ QWU nw),
zeW\F/U

Observe that the number of non-free (as Q[W]-modules) summands is equal to
dimg Anng(r/yj(w — 1). Therefore, the sum that appears in the theorem has the
following interpretaion

Z d(zUz~" N W) = dimg Anng(/u)(w — 1).
T€W\F/U

If F' is a free group, all left ideals of Q[F] are left free Q[F]-modules of a unique
rank. We denote by rk(L) the rank of a free Q[F]-module L and we also put
rk(L) = max{rk(L)—1,0}. Notice that Q[F/U] = Q[F}/I(SU and rk(I&U]) =d(U).
Thus, the following result is a generalization of Theorem

Theorem 5.2. Let F' be a free group, w € F a non-proper power element, I the
ideal of Q[F| generated by w — 1 and L a left ideal of Q[F], then

. k(L) ifL<I
dlmQAan[F]/L(w—l)S{ %ELi ZL%I

Proof. Let G = F/(w"), D = Dgj¢) and M = Q[F]/L. Note that
dimg Annps(w — 1) = dimg Tor?[w] QM) =
dimp TorZ™ (D, M) = dimp Tor2(D, Q[F/W] @g M).

Taking into account the exact sequence of left Q[F]-modules
0 — (Igp/Q[F(w — 1)) ®g M — Q[F/W]®q M — M — 0,
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we obtain that
2)  dimp Tor (D, Q[F/W] ®g M) <

dimp Tor 2¥1(D, (Igpp) /QF)(w — 1)) ®g M) + dimp Tor2 (D, M).
Observe that if we see D as a right Q[F]-module, D* = D. Thus, from Lemma
and Theorem [£.1] we obtain that
(3)  TorI(D, Iyjr /QIF)(w — 1)) @ M) =

Tor{ ) (M*, D @ lgr /QIF)(w — 1)) = 0.

For the second summand in we have that

k(L) fL<T
tk(L) ifL L1
This finishes the proof of the theorem. (I

dimp Tor2¥)(D, M) = rk(L) — 1 + dimp Tor¥ (D, M) = {

6. THE WEAK DIMENSION OF Dk AS A K[G]-MODULE

In this section we present a proof Theorem which relies on Theorem
Theorem [4.1] implies the equality (3), and as a consequence the injectivity of the
natural homomorphism of Dg(g-modules

F F
TOI‘?[ ](DQ[G] s Q[F/W] ®Q M) — TOT(IQ[ ](DQ[G] y M)

The main ingredient in our proof of Theorem is an interpretation (see Claims
and of the injectivity of this map.
Proof of Theorem [1.4 For simplicity we will write D instead of D). In order to
prove that the right K[G]-module D is of weak dimension at most 1, it is enough
to show that Toré{[G] (D, M) =0, where M = K[G]/I and I is an arbitrary finitely
generated left ideal of K[G]. Since Toré([G] (D,M) = Tor{([G] (D, I), we want to
show that Tor{([G] (D,I)=0.

Represent G as G = F/{w"), where w € F. Then this induces a homomorphism

o1 KIF] - K[G],

where ker ¢ is the left ideal of K[F] generated by {(w — 1)t: ¢t € F}. Enumerate
F = {t;:i € N}. Let Ly be a finitely generated left ideal of K[F] such that
¢(Lo) = I and inductively

Ly =Ly, —I—K[F](w - 1)tk+1 and My = K[F}/Lk

Let By C K[F] be such that {b+ Li: b € By} be a K-basis of Anny, (w — 1).
We put

Iy = K[G] @k(r) <Lk/ ( > K[F)(w—1)b+ K[F](w— l)Lk>> .

be By

Claim 6.1. We have that

Iy = (K[G) ®@kip Li) / Y KIGI(1® (w—1)b).
beBy,

Proof. This is clear because the image of w — 1 in K[G] is zero. g
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The modules I} are related to I in the following way.
Claim 6.2. We have that I = liglk 1.
Proof. Let 0 : L — Li41 be the embedding map. Since
(w—1tppr € Y K[F)(w—1)b+ K[F)(w— 1)L,
bEBy 1

0, induces a surjective map 0, : I, — Iy1. Consider the direct limit li_n}k I, with
respect of 6, and let € : [, — hgl I; be the induced map.

The restriction of ¢ on Ly factors through a homomorphism i = I, — I of left
K[G]-modules. Moreover, ¢y = ¢r11 0 0. Thus we can define

¢ =lim @y : lim I — I.
k k

This is a surjective homomorphism of left K[G]-modules. Let ex(z) € ker ¢ for
some x € Ij,. Then ¢, (x) = 0. There exists y € Ly such that

z=1@y+ » K[G(1® (w-1)b).
be By,

Thus, since ¢,(x) = 0, y € ker¢. Hence there exists n > k such that y €
Yo K[F](w — 1)t;. Thus 6,1 o...00k(xz) = 0. Therefore, ex(z) = 0 and ¢
is an isomorphism. ([l

Observe that, since Tor{qG] (D, -) commutes with direct limits, in order to show

that Tor{qG] (D,I) =0, it is enough to prove that Tor{{[G] (D, I);) = 0 for every k.
Claim 6.3. We have that dimg Tor{([(w)](K, M) = |Bg|-
Proof. Observe that by Lemma M, Torf“w)](K, M) =2 Annyy, (w —1). O
Consider the exact sequence
0— Ly = K[F] > M, =0
as a sequence of K [(w)]-modules. It induces an exact sequence of left D-modules
0 — Tory (D, My) 25 D@ gepquy L 25+ D @iy K[ F)
Claim 6.4. We have that ker pj, = @ D(1® (w—1)b).
be By,
Proof. First observe that we have an exact sequence
0 — Torf (K, My) 25 K ® gy Lie 25 K gy K[F),
and a =1 ® x € ker iy, if and only if x € Ly N (w — 1)K[F]. Thus
re Y Kw-1b+(w-1)Lyand ac Y K1 w-—1)b).
be By bEBy

On the other hand, Claim [6.3|implies that the sum Z K(1® (w—1)b) is direct.
be By,
Since D is trivial K[(w)]-module,
ker up = D@ ker i, = @ D(1 @ (w— 1)b).
be By
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d

Claim 6.5. Let T be the left transversal of (w) in F. Let M be a K[F]-module.
Then the K-linear map

T™ K[F] QK [(w)] M—>K[F/<w>} R M, t®m»—>t<w>®tm (t eTlT,me M)
is an isomorphism of left K[F]-modules.

Proof. One can check this by directly applying the definition of the map 7p,. O

Consider an exact sequence of left K[F]-modules
0— K[F/{w)] @k Ly — K[F/{(w)] @k K[F] = K[F/{w)] @ M}, — 0.

It induces an exact sequence of left D-modules
0 = TorkEN(D, K[F/(w)] @ x Mi) 25
5
D@k(r)|(K[F/(w)] ®K Lr) = D @ (r)(K[F/{w)] @K K[F]).

Claim 6.6. We have that Tm~y, = ker 6, = @ D1®(1® (w—1)b)).
be By,
Proof. Let T be the left transversal of (w) in F' and assume that 1 € T. We can use

the maps constructed in Claim Consider the following commutative diagram
of left D-modules.

Dok K[F] ®kwy Lk % DokrK[F] @k K[F]
\I/Id’D ®TL,, ‘l’IdD RTK([F] .
5
Dok (K[F/(w)] ®@x Ly) = Degp(K[F/(w)] @k K[F])
By Claim the vertical arrows are isomorphisms. Thus,

ker 8, = Idp @7, (ker ) 25 D D1 & (10 (w - 1)b)).
be By,
([

Consider the following commutative diagram of left K[F]-modules with exact
horizontal sequence.

0— K[F/(w) ok L, — K[F/(w)]®xK[F] — K[F/(w)]®x M, —0

3 1 \
0— Ly — K[F) — My, -0

It induces a commutative diagram of left D-modules with horizontal exact se-
quences.

0~ Tory"ND, K[F/ ()] @k Mi) ™ D@xi(K[F/(w)] @x L)
(4) Loy, Ly

0— TOI"{qF](D, Mk) LN D®K[F]Lk
Claim 6.7. The map ¢ is injective, and so the restriction of Yy on Im~y is
injective.
Proof. As we have explained in the paragraph at the beginning of this section, the
map ¢y is injective by Theorem [4.] Since 7y and «ay, are injective, the restriction
of 1), on Im~y, is injective as well. O
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Claim 6.8. We have that for every k € N, Tor{([G] (D, I;) = 0.
Proof. By Claim we have the following exact sequence

K[G]/P+! LN K[G) ®kp) Lk = Ir — 0,
where 81.((zp 1 b € B)) = Y yep, 6 @ (w — 1)b.

By Claim Imye = @) D(1® (1® (w— 1)b)) and by Claim the map

beBy,

vk D P1@ (1® (w—1)b) = D @xk(r Ly
be By,

is injective. Hence the map

Idp ®B% : ’D@K[G]K[G]‘Bk‘ — D®K[G’} (K[G] ®K[F] Lk)

is also injective. Therefore, ker 5, = 0 and Torf[G] (D, I) = 0. O

As we have noticed above Torf([G] (D, ) commutes with direct limits, and so by

Claims [6.2] and [6.8] Tor 1D, 1) = 0. 0
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