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The Cauchy Problem for Nonlinear Nonlocal Diffusion Equations in R

O = L[F(u)], in (0, +00) x RV
{ u(0,-) = up , in RV J

where:

@ The linear operator is allowed to be local, nonlocal, ...
Think £ = —A or £ = (—A)*, but we shall see many other examples
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{ Ou = L[F(u)], in (0, +00) x RY
u(0,-) = up , in RY J

where:

@ The linear operator is allowed to be local, nonlocal, ...
Think £ = —A or £ = (—A)*, but we shall see many other examples

@ The most studied nonlinearity is F(u) = |u|""'u, withm > 1.
We deal with Degenerate diffusion of Porous Medium type.
More general classes of “degenerate” nonlinearities F' are allowed.

The Question
Are solution bounded? J

The Precise Question

Under which conditions on £ and F,
uy € L7 generates a bounded solution?
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@ J. Moser, A Harnack inequality for parabolic differential equations, Comm. Pure Appl.
Math 17 (1964).

@ MB, J. L. Vazquez, A Priori Estimates for Fractional Nonlinear Degenerate Diffusion
Equations on bounded domains. Arch. Rat. Mech. Anal. (2015).
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The Linear case m = 1

(HE) Ou=Au inRN x(0,7),
u(-,0) =up onRY,
Solutions satisfy the ultracontractive estimates (smoothing effects)
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B

[u(@)]e < C

the powers «, 3 are fixed by space-time scalings (and mass cons.).
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The Linear case m = 1

(HE) Ou=Au inRN x(0,7),
u(-,0) =up onRY,
Solutions satisfy the ultracontractive estimates (smoothing effects)

[[uol |
B

[u(@)]e < C

the powers «, 3 are fixed by space-time scalings (and mass cons.).
The representation formula makes it easy to prove smoothings

u(x, )] =

ol
[ s =y ay) <

just using the on diagonal bounds on H_ A

_ ly? _
e w K
0 < Ha(x—y,1) = @2 < P




The Nash/GNS Inequality via Smoothing Effect.
IFll2 < SIVAIS I

Derive the L>-Norm:

d

4w a=—2 / Vu(r) dx
dt RN RN
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The Nash/GNS Inequality via Smoothing Effect.
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Derive the L>-Norm:
d
dt
where the latter follows by

d
dr

IW()I dx—z/ Vi Va,udx—f/

RN

The Nonlinear Case
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u(t)? dx = —2/ |Vu(t)[* dx > —/ |Vuo|* dx
RN RN RN

(Au)*dx <0
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Optimizing in 7 gives the Nash inequality for f = uo.
Smoothing Effects via Nash/GNS inequalities

@ Nash proved that the smoothing are implied by “his” inequality, using a nice
duality trick, exploiting the symmetry of the heat semigroup.
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RN RN RN

drt
where the latter follows by

d |Vu()| dx—2/ Vu- Vatudx——/ (Au)*dx <0
dt RN
Integrating the diff. ineq. and using the smoothing effects we obtain
2
_|luo
ol < £ Vol + 1) < 119u0] + 5 Ll

Optimizing in 7 gives the Nash inequality for f = uo.
Smoothing Effects via Nash/GNS inequalities

@ Nash proved that the smoothing are implied by “his” inequality, using a nice
duality trick, exploiting the symmetry of the heat semigroup.

@ Moser showed that the symmetry of the semigroup is not needed, if one uses his
celebrated iteration.

@ Nash/GNS inequalities and smoothing effects for the HE are equivalent!
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a,u = —Eum

Nonlinear Nonlocal diffusion.
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Smoothing Effects VS GNS inequalities

_||uo||12fp19" . 1
u(t)|oo < K—5— with v, = -
” ()” - Ny ! b 2sp—N(1 —m)

1 _
WAl 2 < SZNC2ull I
q+m—1 gFm—1
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The Nash/GNS Inequality via Smoothing Effect. Nonlinear Setting: J,u = Lu"
1 _
Wl < Sllﬁzfllgllflllr% ’

Derive the L'"™-Norm: (assume u > 0 for simplicity)

d

4 u(z)’+'"dx:—(1+m)/ 12 (0)F dx
dl ]RN ]RN
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@ We have proved that the smoothing effects are implied by GNS inequalities,

using a nonlinear version of Moser iteration or a variant of Gross’ method (MB,
Grillo, Vazquez 2005-2010)
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Optimizing in ¢ gives a GNS inequality for / = ug'.

Smoothing Effects via Nash/GNS inequalities
@ We have proved that the smoothing effects are implied by GNS inequalities,
using a nonlinear version of Moser iteration or a variant of Gross’ method (MB,
Grillo, Vazquez 2005-2010)
@ GNS and smoothing effects are equivalent also for nonlinear flows!
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Moser Iteration in the nonlinear setting I. Main Ingredients

GNS inequalities: there exists 2* > 2 such that the Sobolev-type ineq. holds:

IF3 < 8% [1Chul = S /Qfﬁfdx~

Interpolate to get a family of GNS inequalities: let p > g > 0 and

2 —1 9
. ¥ and w_7+(1_19)
qg+m—1

2q o2
so that
(GNS) Al 2 < A A < SEIctull3 i)~

gFm—1 TFm=T qFm—1

qg+m—1
2p

9
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Moser Iteration in the nonlinear setting I. Main Ingredients

GNS inequalities: there exists 2* > 2 such that the Sobolev-type ineq. holds:
1B < S et = % [ repax.
Q

Interpolate to get a family of GNS inequalities: let p > g > 0 and

2 -1 U -1
2 g g AEmL 0 patme D
qg+m—1 2q 2% 2p

so that
9 1—-9 O Ao 1—0
(GNS) Il 2 < I I < SellL2ullz [IF1
q+m—1 q+m—1 g+m—1
Stroock-Varopoulos inequality: that there exists a constant ¢, , > 0
m= m— gtm—11|2
/ I Ly dx > cm,q/ W L™ A = Cimyg H£]/2u1+2 : H
Q Q 2

Combining the two above inequalities, one gets

g+m—1
[lullg >
1—9 gtm—1 *

uallp ™

2
—1 1/2 afm=1 _2
M1) /Quq Lu"dx > g H,C 125 H2 > CmgSy



Moser Iteration in the nonlinear setting II. I’ — L? Smoothing Effects.

We shall prove first:
p_gﬂ
)l - 1
1 Hll, < _— th §,=—-—""—+
( ) ||u( )“q — K’qu (t _ tO)N!qq—pzﬂp ) w1 2sr+N(1 _ m)



Outline of the talk Introduction

The Nonlinear Case
0000

000008000000 0000000000000000

Moser Iteration in the nonlinear setting II. 7 — L7 Smoothing Effects.
We shall prove first:

r9p
_ Ju)l;” - !
1 Al < N L 1 th ¥, = ————
M u@)lg <Fpyq (- to)ww ’ b 2sr +N(1 —m)

The proof is formally simple:

d u"dx:q/ u"_latudx:—q/u"_lﬁumdx
dr Jo Q Q
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Moser Iteration in the nonlinear setting II. 7 — L7 Smoothing Effects.
We shall prove first:

r9p
_ Ju)l;” - !
1 Al < N L 1 th ¥, = ————
M u@)lg <Fpyq (- to)ww ’ b 2sr +N(1 —m)

The proof is formally simple:

d
— u"dx:q/ u"_la,udx:—q/u"_lﬁumdx
Q

(g—Dm  |lully

> 4q(g—1)m ull, **

(Ml) S 7S£2 1)2 1—qq9 gtm—1
(g m=1)% 1,75

Then integrate the differential inequality to get (1).
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Moser Iteration in the nonlinear setting III. 17 — L°° Smoothing Effects.

Rewrite (1) for each k > 1 with px = 2p and # such that f — iy = 2,
N(pk—pPk—1) - Pk—1%%k—1 i
H“(tk)Hpk <I Pk H“(tkfl)HPk_p]k o with Iy ~ # ~ 4
k — lk—1

where ¥y := 9, = (2spx — N(1 —m))~".
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Moser Iteration in the nonlinear setting III. 17 — L°° Smoothing Effects.

Rewrite (1) for each k > 1 with px = 2p and # such that f — iy = 2,
Nk —rk—1) - Pr—1Pk—1
(@)l <1, ™ et 1, with L~ — g
Ix — Tk—1
where ¥y := 9, = (2spx — N(1 — m))~". Then we iterate
N —prk—1) o Pk—1 Zk—l
- p,
(@l <1 ™ (i)l S
Nk —pi—1) Npk—1—Pk—2) PPk —1 l’k—zﬁk—zm
k

- Op— 0
<im0 TSP T el
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Rewrite (1) for each k > 1 with px = 2p and # such that f — iy = 2,
N(”k‘”k—l)ﬁk Pk—1%%k—1
lu)lloe <5 7 )l T with Lo~ Pt
Ik — Ir—1

where ¥y := 9, = (2spx — N(1 — m))~". Then we iterate

NPk —pr—1) - —1 %k—1

pi O,

luC)lpe < I ™ ||M(fk—1)|\pk T

Nox=Pk—1) 4 NPr—1=Pk—2) Pp A0k Pr—20k—2 Ppet Ut

k—1 N Y2 9 O jp” 9
<L " Iy o e [Ju(te—2) ||ﬁk&/21% o

N(pj—=pj—1) 9, q9q

k
SV A [Jun )ll”“’k

j=1
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Moser Iteration in the nonlinear setting III. 17 — L°° Smoothing Effects.
Rewrite (1) for each k > 1 with pr = 2¥p and # such that 1, — f,_; = =

=
N(”k‘”k—l)ﬁk Pk—1Yk—1
= A S | P
Ik — Ir—1
where ¥y := 9, = (2spx — N(1 — m))~". Then we iterate
N(pk—prk—1) o Pk—1 Ok—1
- pr O
fu(t)p <1, ™ lJuti—1)]lp
Nox=Pk—1) 4 N(pg—1—Pk—2) Pp=TV—1 Pk—29k—2 Pp=T k]

k—1 : k=2 () 0 £
<L " Iy o e [Ju(te—2) ||ﬁk&/21% o

1
N(9;_1—10;
N@=pj—1) 959 419., Nj—1=9)) 7 g

k k _ = 494
<IIv " o < |T1(¥55) el

J=1 Jj=1
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Moser Iteration in the nonlinear setting III. 17 — L°° Smoothing Effects.

1—1y

Rewrite (1) for each k > 1 with px = 2p and # such that f — iy = 2,

N(”k‘”k—l)ﬁk Pk—1%%k—1
u(t)lp < 1, ™ (o)l 7t with [ ~

Tk — tk—1
where ¥y := 9, = (2spx — N(1 — m))~". Then we iterate

N(pk—prk—1) - Pk—19—1
- pr O
lu()llpe <L, ™ lJuCte—1) 1™

N —pk—1) N(pg—1—Pk—2) Pp=TV—1 Pk—29k—2 Pp=T k]

<1 o 191<_1[ Tt k-2 5, ”u fee 2 Hﬁk&,/;% POk

— k—1

1
N(9;_1—10;
N@=pj—1) 959 419., Nj—1=9)) 7 g

k k e 2s
. 9 )1) -
<IIv " o < |T1(¥55) et

J=1 Jj=1

Finally, letting k — oo

(Ol < Tim ()l < 7 LI
o = k)llpe > (I l‘o)Nﬁl’ .

Pk ~ 4k

q99q
H Pr9k .




The Green Function Method

(GPME)

Ou=—Lu"] inRY x (0,7),
u(-,0)=uy  onRN.



The Green Function Method

(GPME) {O,u = —Lu"] inRY x (0,T),

u(-,0)=uy  onRN.

We need:
(1a) Dual formulation of the problem

(1b)
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O =—Lu"] inRYN x (0,7),
(GPME) {M(7 O) — l/to on RN.

We need:
(1a) Dual formulation of the problem
(1b) £~ with kernel G (x —y) = [ He(x — y,1)d.

(2a)
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The Green Function Method
O =—Lu"] inRYN x (0,7),
(GPME) {M(7 O) — l/to on RN.

We need:

(1a) Dual formulation of the problem

(1b) £~ with kernel G (x —y) = [ He(x — y,1)d.

(2a) Time scaling. up (x,t) := AT u(x, At) solution when u is.
(2b)
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O =—Lu"] inRYN x (0,7),
(GPME) {M(7 O) — l/to on RN.

We need:
(1a) Dual formulation of the problem
(1b) £~ with kernel G (x —y) = [ He(x — y,1)d.
(2a) Time scaling. up (x,t) := AT u(x, At) solution when u is.
(2b) Comparison principle.
(©)
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The Green Function Method
O =—Lu"] inRYN x (0,7),
(GPME) {M(7 O) — l/to on RN.

We need:
(1a) Dual formulation of the problem
(1b) £~ with kernel G (x —y) = [ He(x — y,1)d.
(2a) Time scaling. up (x,t) := AT u(x, At) solution when u is.
(2b) Comparison principle.
(c) LP-norm decay
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(GPME) {B,u = —Luw"] inRY x(0,7),
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The Green Function Method (1) Dual formulation of the Problem.
Ou=—Lu"] inRN x (0,T),

(GPME) (1 [w"] in NX (0,7)

u(-,0) = up on RY.

We need:

(1a) Dual formulation of the problem

(1b) £7" with kernel G2 (x —y) = [~ He(x — y, 1)dt.

(2a) Time scaling. up (x, 1) := AT u(x, At) solution when u is.

(2b) Comparison principle.

(c) LP-norm decay
We can formulate a “dual problem”, using the inverse £~ as follows

U = —F(u),

where

Ults) = £ le, )0 = [ Glrylaten) by
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The Green Function Method (1) Dual formulation of the Problem.

C prml o N
(GPME) {at” L™ inRY x (0,T),

u(-,0) =up  onRV.

We need:
(1a) Dual formulation of the problem
(1b) £7" with kernel G2 (x —y) = [~ He(x — y, 1)dt.
(2a) Time scaling. up (x, 1) := AT u(x, At) solution when u is.
(2b) Comparison principle.
(c) LP-norm decay
We can formulate a “dual problem”, using the inverse £~ as follows

U = —F(u),

where
1 _
Ultx) = £ ule, )0 = [ Bleyute) by,
RN
In the case of bounded domains, this formulation encodes the lateral boundary conditions in the
inverse operator £~
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The Green Function Method (1) Dual formulation of the Problem.

Ou=—Lu"] inRN x (0,T),

GPME
( ) u(-,0) =up  onRV.

We need:
(1a) Dual formulation of the problem
(1b) £7" with kernel G2 (x —y) = [~ He(x — y, 1)dt.
(2a) Time scaling. up (x, 1) := AT u(x, At) solution when u is.
(2b) Comparison principle.
(c) LP-norm decay
We can formulate a “dual problem”, using the inverse £~ as follows

U = —F(u),

where
1 _
Ultx) = £ ule, )0 = [ Bleyute) by,
RN
In the case of bounded domains, this formulation encodes the lateral boundary conditions in the
inverse operator £~

Remark. This formulation has been used before by Pierre, Vazquez [...] to prove (in the RV

case) uniqueness of the “fundamental solution”, i.e. the solution corresponding to uy = Jy,,
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The Green Function Method (1) Dual formulation of the Problem.
Ou=—Lu"] inRY x (0,7),
u(-,0)=uy  onRV,

Given the “dual problem” ,U = —F(u) ,

(GPME) {

Weak Dual Solutions (WDS)

We say that a nonnegative measurable function u is a Weak Dual Solution WDS of
(GPME) if:

@ uc C([0,T]; L' (RY)) and u™ € L' ((0, T); Li,c (RY)).
@ Forall0 <7 <7 < T,andall ¢ € C([m1, ]; L (RY)),

/ /RN W] — u"p) dxdr

= [ L7 )Y ) e — | L7 [u(, 7)) )$(x, m) dx.

RN RN

@ u(-,0) = up ae. inRY,
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The Green Function Method (1) Dual formulation of the Problem.
(GPME) {3“4 =—Lu"] inRY x (0,T),
u(-,0)=uy  onRV,
Given the “dual problem” 0,U = —F (u) ,
Weak Dual Solutions (WDS)

We say that a nonnegative measurable function u is a Weak Dual Solution WDS of
(GPME) if:

@ uc C([0,T]; L' (RY)) and u™ € L' ((0, T); Li,c (RY)).
@ Forall0 <7 <7 < T,andall ¢ € C([m1, ]; L (RY)),

/ /RN W] — u"p) dxdr

= [ L7 )Y ) e — | L7 [u(, 7)) )$(x, m) dx.

RN RN

@ u(-,0) = up ae. inRY,

@ WDS are Very Weak or Distributional Solutions
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The Green Function Method (1) Dual formulation of the Problem.
(GPME) {3“4 =—Lu"] inRY x (0,T),
u(-,0)=uy  onRV,
Given the “dual problem” 0,U = —F (u) ,
Weak Dual Solutions (WDS)

We say that a nonnegative measurable function u is a Weak Dual Solution WDS of
(GPME) if:

@ uc C([0,T]; L' (RY)) and u™ € L' ((0, T); Li,c (RY)).
@ Forall0 <7 <7 < T,andall ¢ € C([m1, ]; L (RY)),

/ /RN W] — u"p) dxdr

= [ L7 )Y ) e — | L7 [u(, 7)) )$(x, m) dx.

RN RN

@ u(-,0) = up ae. inRY,

@ WDS are Very Weak or Distributional Solutions
@ Weak, Weak Energy, Mild (Gradient Flow, semigroup), Strong solutions are WDS.



The Green Function Method (2) Time Monotonicity

(GPME) {B,u = —Luw"] inRY x(0,7),

u(-,0) =up  onRV.




The Green Function Method (2) Time Monotonicity

=—L[u"] inRY T),

(GPME) O Lu"] in N>< (0,7)
u(-,0) = ug on RV,

We need:
(1a) Dual formulation of the problem
(1b) £7" with kernel G2 (x —y) = [ He(x — y, t)dz.
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The Green Function Method (2) Time Monotonicity

(GPME)

Ou=—Lu"] inRN x (0,T),
u(-,0) =up  onRV.

We need:
(1a) Dual formulation of the problem
(1b) £7" with kernel G2 (x —y) = [ He(x — y, 1)dt.
(2a) Time scaling. up (x,1) := AT u(x, At) solution when u is.
(2b) Comparison principle.
(c) LP-norm decay
Benilan-Crandall Time Monotonicity Estimates

O > —ﬁ (in the distributional sense)
T —

This is a “weak formulation” of the fact that

t >t Tu(t, x) is nondecreasing in # > O fora.e. x € 2.
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An “Almost” Representation Formula

Theorem. (First Pointwise Estimates) (M.B. and J. L. Vézquez)

Let u > 0 be a weak dual solution to Problem (CDP) with uy € L”(€2),
p > N/2s. Then,

/ u(t1,x)G(x, x9) dx < / u(to,x)G(x, xo) dx, forallt) > 1, >0.
RV RV

Moreover, for almost every 0 < 7y < 1, and almost every xy € (2, we have

L ==
t(l)nﬂi] “m-=1 1 1 G('xv xO) dx < i

u™ (19, x0) < 1 / u(to, x) — u(ty, x) u™ (11, x0)
RN

m—1 m—1 tm*l
I Iy 1
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An “Almost” Representation Formula

Theorem. (First Pointwise Estimates) (M.B. and J. L. Vézquez)

Let u > 0 be a weak dual solution to Problem (CDP) with uy € L”(€2),
p > N/2s. Then,

/ u(ty, x)G(x, x0) dx < / u(to,x)G(x, xo) dx, forallt) > 1, >0.
RV RV

Moreover, for almost every 0 < 7y < 1, and almost every xy € (2, we have

< E)
t(l)uﬂi] “m-=1 1 1 G(X,XO) dx < Cm

u’”(to,xo) < 1 / M(I(),x) = M(Il ,X) Mm(ll,XO)
RN

m—1 m—1 [’”*
1 v I

Remark. As a consequence of the above inequality and Holder inequality,
we have that u(r) € L>°(Q2) when u is sufficiently integrable
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Sketch of the proof of the First Pointwise Estimates We would like to take
as test function

¢(f=x) = 77[]1([)1/}2()6) = X[t07t]](t) G()Co,x) ’

(This is NOT an admissible test in the Definition of WDS: approximation needed)
Idea: plug such test function in very weak formulation, use LG (xo, -) = dy, to get

)
/ u(t9, x)G(xg,x) dx — u(ty, x)G(xg,x) dx = / u™ (7, x0)dT .
RN 1)

RN

This formula can be proven rigorously though careful approximation.
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An “Almost Representation” Formula

Sketch of the proof of the First Pointwise Estimates We would like to take
as test function

¢(f=x) = 77[]1([)1/}2()6) = X[t07t]](t) G()Co,x) ’

(This is NOT an admissible test in the Definition of WDS: approximation needed)
Idea: plug such test function in very weak formulation, use LG (xo, -) = dy, to get

)
/ u(t9, x)G(xg,x) dx — u(ty, x)G(xg,x) dx = / u™ (7, x0)dT .
RN 1)

RN
This formula can be proven rigorously though careful approximation.
Next, we use the monotonicity estimates, # — ¢7-1 u(t, x) non-decreasing

(t—())ﬁ u(to) < u(t) < u(ty) (Ll)j

1 t
so that

g3
um(to,xo) < .[{01 l,tm(7'7x())d7' < Mm([],X())

e - 1 L\ e ’
Iy (1 —m) (z;’” - (’)”1) h
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Absolute bounds when G(x, ) € L!
In the case when G(xo, -) is globally integrable:

Theorem. (Absolute upper bounds)(M.B. & J. Endal & J. L. Vazquez)

Let u be a WDS, then there exists constants kK > 0 depending only on N, s, m
(but not on ug !!), such that

[lu(t)||lLoe myy < i , forall t>0.
[m—l
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Absolute bounds when G(x, ) € L!
In the case when G(xo, -) is globally integrable:

Theorem. (Absolute upper bounds)(M.B. & J. Endal & J. L. Vazquez)

Let u be a WDS, then there exists constants kK > 0 depending only on N, s, m
(but not on ug !!), such that

[lu(t)||lLoe myy < i , forall t>0.
[m—l

@ This is a very strong regularization independent of the initial datum u.
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Absolute bounds when G(x, ) € L!
In the case when G(xo, -) is globally integrable:

Theorem. (Absolute upper bounds)(M.B. & J. Endal & J. L. Vazquez)

Let u be a WDS, then there exists constants kK > 0 depending only on N, s, m
(but not on ug !!), such that

[lu(t)||lLoe myy < i , forall t>0.
[m—l

@ This is a very strong regularization independent of the initial datum u.

@ Time decay is sharp, but only for large times, say ¢+ > 1. For small times when
0 < t < 1 abetter time decay is obtained in the form of smoothing effects.
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Sketch of the proof of Absolute Bounds on bounded domains
Assume that we are on bounded domains

it hence sup G(xo,-) € LY(Q) with g <

0< Glxo,x) < —2
<Gl )_|x—x0\N*2°' EQ N —2s

o STEP 1. First upper estimates. Recall the pointwise estimate:

(=) - ) < [ o 0B o [ i seemor.
1 Q

foranyu € I/, p > N/2sall 0 < 1y < 1y and all xg € Q. Choose t; = 21 to get

m
2m—1

to

(*) um(to, X()) <

/Q u(to, )G (x, x0) d.
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Sketch of the proof of Absolute Bounds on bounded domains
Assume that we are on bounded domains

it hence sup G(xo,-) € LY(Q) with g <

0< Glxo,x) < —2
<Gl )_|x—x0\N*2°' EQ N —2s

o STEP 1. First upper estimates. Recall the pointwise estimate:

(=) - ) < [ o 0B o [ i seemor.
1 Q

foranyu € I/, p > N/2sall 0 < 1y < 1y and all xg € Q. Choose t; = 21 to get

m
2m—1

(*) um(to, X()) <
to

/Q u(to, )G (x, x0) d.

Recall that u € LP(Q) with p > N/(2s), means u(t) € L?(2) for all # > 0, so that:
(o)) Co
u"(t0,x0) < o= [ (i, )G(x, x0) dxe < - Hla(to) @y 1B 20)flsey < +o0
Q

so that u(rg) € L°°(Q) for all 1y > 0.
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Sketch of the proof of Absolute Bounds on bounded domains
Assume that we are on bounded domains

it hence sup G(xo,-) € LY(Q) with g <

0< Glxo,x) < —2
<Gl )_|x—x0\N*2°' EQ N —2s

o STEP 1. First upper estimates. Recall the pointwise estimate:

(=) - ) < [ o 0B o [ i seemor.
1 Q

foranyu € I/, p > N/2sall 0 < 1y < 1y and all xg € Q. Choose t; = 21 to get

m
2m—1

(*) um(to, X()) <
to

/Q u(to, )G (x, x0) d.

Recall that u € LP(Q) with p > N/(2s), means u(t) € L?(2) for all # > 0, so that:

m Cy C

u" (to,x0) < 70 u(to, x)G(x, x0) dx < Tol\u(fO)HU(Q) IG (- %0) L) < +o00
0 Ja 0
so that u(rg) € L°°(Q) for all 1y > 0.
® STEP 2. Let us estimate the r.h.s. of () as follows:
m C C
u” (10, x0) < 70 / u(to, x)G(x, x0) dx < ||M(10)HL°°(Q>70 / G(x, x0) dx.
0 0 Ja

Q
Taking the supremum over xy € €2 of both sides, we get:

m—1

m— C
(o)1=l < < sup / Glrw)dr< S | [
fo xyeJo to




Nonlinear case 2.0: Using Green function of / + £ (MB & J. Endal)
Consider the operator £ — I + L, i.e.,

Ou+ I+ L)u" =0 = O+ Lu"] = —u™.
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Nonlinear case 2.0: Using Green function of / + £ (MB & J. Endal)
Consider the operator £ +— I + L, i.e.,

O+ I+ L)u" =0 = Ou+ Lu"] = —u™.

x-independent supersolution:
t+ Y (1) solves Y' (1) = —Y ()" *("=1) hence

1
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Nonlinear case 2.0: Using Green function of / + £ (MB & J. Endal)
Consider the operator £ +— I + L, i.e.,

O+ I+ L)u" =0 = Ou+ Lu"] = —u™.

x-independent supersolution:
t+ Y (1) solves Y' (1) = —Y ()" *("=1) hence

1

osfite] 2

m— 1)t

Moreover, comparison yields (with ¥(0) = oo)

lu(@)llz@vy <Y () < —

fm—1
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Nonlinear case 2.0: Using Green function of / + £ (MB & J. Endal)
Consider the operator £ +— I + L, i.e.,

O+ I+ L)u" =0 = Ou+ Lu"] = —u™.

x-independent supersolution:
t+ Y (1) solves Y' (1) = —Y ()" *("=1) hence

1

osfite] 2

m— 1)t

Moreover, comparison yields (with ¥(0) = oo)

lu(@)llz@vy <Y () < —

fm—1

Holds independently of the operator!

B
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Nonlinear case 2.0: Using Green function of / + £ (MB & J. Endal)
Consider the operator £ +— I + L, i.e.,

O+ I+ L)u" =0 = Ou+ Lu"] = —u™.

x-independent supersolution:
t+ Y (1) solves Y' (1) = —Y ()" *("=1) hence

1

osfite] 2

m— 1)t

Moreover, comparison yields (with ¥(0) = oo)

Cm
()] oo myy < Y (1) < —

fm—1

Holds independently of the operator! But needs “good” nonlinearity.

@ L. VERON. Effets régularisants de semi-groupes non linéaires dans des espaces de
Banach. Ann. Fac. Sci. Toulouse Math. (5), 1(2):171-200, 1979.
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General Assumptions

G {fBR(XO) G2 (x)dx < K;R* forall R > 0 and some « € (0, 2],
I

G (x) < K,R=(V=) when x € RV \ Bg(xp).
G fBR(x()) G (x)dx < K;R*  forall R > 0 and some « € (0,2],
! GR(x) < K3 when x € RV \ Bg(xo).

(G2) G| myy = HG([)JHL'(RN) < (i < oo.

(G3) G sllr@yy = 1G4 £l rvy < Cp < o0 for some p € (1,00).

Notation. We systematically identify o = 2s
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Theorem (LI—L°°-smoothing under (Gy) MB & J. Endal)

Let u be a weak dual solution of (GPME) with initial data uy. If (Gy) hold
with « € (0,2) when 0 < R < 1 and with « = 2 when R > 1, then:

e Y (m—1)
- o ||y, if0 <t < ||lu ’
ey )| oe vy < C(m) v, I 0||2L9‘2(RN) if | (iHLll)(RN
t HMOHLI(RN) ift> HMOHL‘(]RN) ,

where 0, = (o + N(m — 1)) 7! (defined for o € (0,2])

v

If moreover we have scaling in x properties of £, Lu(rx)] = r*L[u](x) then
we can prove the stronger smoothing

atdy
) oo < 71

N
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Theorem (LI—L°°—smoothing under (Gp), (G’l) MB & J. Endal)
Let u be a weak dual solution of (GPME) with initial data uy.
@ If (Gy) hold, then:
C(m,a,N) o
(-, )] oo mry < WHMOHL%‘@N) forallt >0,
where 0, := (a + N(m —1))~!
@ If (G)) hold, then:

C 1
(-, £)]|zoo mry < %Huo forallt >0,

LI (RV)




Let u be a weak dual solution of (GPME) with initial data uy. If (G3) hold,
then:

1
Ct T ifo<t<t
flu(, )llpee @y < 4 " ) '
Cz”M()HLl(RN) ift > 1o,
where .
to = colluoll vy

We can also rewrite it as

c/
e Dy < 2+ callulos ey



Nonlinear case (m > 1). Examples

3,14 = _ﬁ[um]



Nonlinear case (m > 1). Examples

8;” = _ﬁ[um]
o L= (—A)% witha € (0,2] gives

Juol
(o) ) S gt where 0 := (a+ N(m— 1))
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Nonlinear case (m > 1). Examples

aﬂ/l = _ﬁ[um}

o L= (—A)% with a € (0,2] gives
ol

||M(t)||Loo(RN) 5 W where 0 := (Ol +N(m — 1))71.

@ A. DE PABLO, F. QUIROS, A. RODRIGUEZ, AND J. L. VAZQUEZ. A general fractional
porous medium equation. Comm. Pure Appl. Math., 65(9):1242-1284, 2012.



Nonlinear case (m > 1). More Examples

Ou+ Lu" =0
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()l iy < 1 oy where 6= (o + N(m — 1)),

Here, Gz = |x — x0|_(N —)  The “standard” case (also coeff. are allowed).
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Nonlinear case (m > 1). More Examples

Ou+ L") =0

o L= (—A)% witha € (0,2] gives
[lu(t)|| oo ryy S t*N9||u0||‘z‘|0(RN) where 6 := (a +N(m —1))~".

Here, Gz = |x — x0|_(N_°‘). The “standard” case (also coeff. are allowed).
o L= (k1 —A)T — k™ with k > 0and o € (0,2) gives

/
Cm
1

fm—1

[l (2) || oo vy S + ¢ [luo| 1 mvy

Here G satisfies (G3) (plus x-scaling, hence it can be improved).
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Nonlinear case (m > 1). More Examples

Ou+ L") =0

o L= (—A)% witha € (0,2] gives
[lu(t)|| oo ryy S t*N9||u0||‘z‘|0(RN) where 6 := (a +N(m —1))~".

Here, Gz = |x — x0|_(N_°‘). The “standard” case (also coeff. are allowed).
o L= (k1 —A)T — k™ with k > 0and o € (0,2) gives

Cm |
=+ e luoll
—1

[lu(t) || oo mry S

Here G satisfies (G3) (plus x-scaling, hence it can be improved).
oL =30 (~02,)% witha € (0,2) gives
1
o) ey S 1 + ol ey

Note: here G, = +o0, but Gy £ (xo, ) € L is good!
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Nonlinear does not imply linear
Consider
Ou+ L") =0,
with
L[Y](x) = ¥(x) = . P()J (x = z)dz = (I = T [¥](x)
where J > 0 such that ||J|| 1 gy = 1 and J € LP(RY).



Outline of the talk Introduction The Nonlinear Case
0000 0000000000000000000000e00000
An “Almost Representation” Formula

Nonlinear does not imply linear
Consider

Ou+ L™ =0,
with

L)) = Px) = [ () (x = 2)dz = (I = Jx,)[¢](x)

RN
where J > 0 such that ||J|| 1 gy = 1 and J € LP(RY).

o If m = 1, then
u(x,t) = up(x)e™" + W(x, 1),

where W > 0 is some smooth function. Hence, no smoothing.

B
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Nonlinear does not imply linear
Consider
O+ L[u™] =0,

with

L)) = Px) = [ () (x = 2)dz = (I = Jx,)[¢](x)

RN
where J > 0 such that ||J|| 1 gy = 1 and J € LP(RY).

o If m = 1, then
u(x,t) = up(x)e™" + W(x, 1),

where W > 0 is some smooth function. Hence, no smoothing.

@ F. ANDREU-VAILLO, J. M. MAZON, J. D. R0OsSsI, J. TOLEDO-MELERO. Nonlocal
diffusion problems. Mathematical Surveys and Monographs, volume 165. American
Mathematical Society, Providence, RI; Real Sociedad Matemdtica Espaiiola, Madrid,
2010.
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Nonlinear does not imply linear
Consider
Ou+ L[u"] =0,

with

LY](x) = 9(x) = [ () (x = 2)dz = (I = %) [¢] (x)

RN
where J > 0 such that ||J|| 1 gy = 1 and J € LP(RY).

o If m = 1, then
u(x, 1) = up(x)e™" + W(x, 1),

where W > 0 is some smooth function. Hence, no smoothing.

e If m > 1, then

_ 1
lJu(t) |oo vy S ¢ 7= + [Juo || my)-
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Theorem (MB & J. Endal)

Assume m > 1 and 0 < ug € L'(RY). Then solutions u of (GPME) are
bounded when t > 0 in the following cases:

@ (Linear implies nonlinear) The operator L is such that H} satisfies
€3 —1
IHE (-, 0)llpoemry < C(1)  and / e_'C(t)pT dr < oo.
0

© (Nonlinear does not imply linear)The symmetric function 0 < J € L'(R")
with ||J|| 1 wvy = 1 of the operator L = I — Jx satisfy, for some p € (1, 00],

171l @vy < Cip < c0.

@ The smoothing effects (SE) (both linear and nonlinear) are equivalent to GNS
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Assume m > 1 and 0 < ug € L'(RY). Then solutions u of (GPME) are
bounded when t > 0 in the following cases:

@ (Linear implies nonlinear) The operator L is such that H} satisfies
€3 —1
IHE (-, 0)llpoemry < C(1)  and / e_'C(t)pT dr < oo.
0

@ (Nonlinear does not imply linear)The symmetric function 0 < J € L'(RY)
with ||J|| 1 wvy = 1 of the operator L = I — Jx satisfy, for some p € (1, 00],

171l @vy < Cip < c0.

@ The smoothing effects (SE) (both linear and nonlinear) are equivalent to GNS
@ Green function estimates imply SE that imply GNS and by Lieb’s duality also HLS.
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Theorem (MB & J. Endal)

Assume m > 1 and 0 < ug € L'(RY). Then solutions u of (GPME) are
bounded when t > 0 in the following cases:

@ (Linear implies nonlinear) The operator L is such that H} satisfies
€3 —1
IHE (-, 0)llpoemry < C(1)  and / e_’C(t)pT dr < oo.
0

@ (Nonlinear does not imply linear)The symmetric function 0 < J € L'(RY)
with ||J|| 1 wvy = 1 of the operator L = I — Jx satisfy, for some p € (1, 00],

171l @vy < Cip < c0.

@ The smoothing effects (SE) (both linear and nonlinear) are equivalent to GNS
@ Green function estimates imply SE that imply GNS and by Lieb’s duality also HLS.

@ This method is flexible and allow to do also PME on Manifolds
(E. Berchio, MB, G. Grillo, M. Muratori)
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Theorem (MB & J. Endal)

Assume m > 1 and 0 < ug € L'(RY). Then solutions u of (GPME) are
bounded when t > 0 in the following cases:

@ (Linear implies nonlinear) The operator L is such that H} satisfies
€3 —1
IHE (-, 0)llpoemry < C(1)  and / e_’C(t)pT dr < oo.
0

@ (Nonlinear does not imply linear)The symmetric function 0 < J € L'(RY)
with ||J|| 1 wvy = 1 of the operator L = I — Jx satisfy, for some p € (1, 00],

171l @vy < Cip < c0.

@ The smoothing effects (SE) (both linear and nonlinear) are equivalent to GNS
@ Green function estimates imply SE that imply GNS and by Lieb’s duality also HLS.

@ This method is flexible and allow to do also PME on Manifolds
(E. Berchio, MB, G. Grillo, M. Muratori)

@ When we assume more on the Green function we can get sharp boundary behaviour and
boundary Harnack on domains (MB, A. Figalli, J. L. Vazquez)
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On negatively curved manifolds...

Theorem (Smoothing effects on M (E. Berchio, MB, G. Grillo, M. Muratori))

Let u be the WDS 10 u; = —(—Ap)Su™, corresponding to any nonnegative initial datum
uy € LY(M). Then there exists C = C(N, k,c,s,m) > 0 such that

2519 2519
@I, laollZ52,

@) Nu@llpoe gy < €| —xg,— Vluollan | <€ T1> V luollpr ar)

If, in addition, M is Cartan-Hadamard with negative curvature, then for some
C = C(N,s,m) > 0 we have

259 259
a7 lluoll7y s
<c

LY (M) L (M)
4) (@)l ooy < € N, = NOy
Furthermore, if M has negative sectional curvature, (and uy % 0), then
(&)
c m—1 \]#=T (N=1)(m—1)/C —(m—1)
wwmwsgﬂmmwmm} Vi e ol

for another C = C(N,s,c,m) > 0.
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The End |

Thank You!!!

Dankeschon!!!
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