Outline of the talk Introduction Asymptotic behaviour of the Fast Diffusion Equation, m < 1 The Linear Problem The Nonlinear Entropy Method
o] 0000000 00000000 0000000 0000000000

Sharp Extinction Rates for Fast Diffusion
Equations on Generic Bounded Domains

Matteo Bonforte

Departamento de Matematicas,
Universidad Auténoma de Madrid,
Campus de Cantoblanco
28049 Madrid, Spain
matteo.bonforte@Quam.es

http://verso.mat.uam.es/~matteo.bonforte

2020 Fields Medal Symposium
celebrating the mathematical work of Alessio Figalli
The Fields Institute, Toronto, Canada
Online Event, October 19 - 23, 2020
http://www.fields.utoronto.ca/activities/20-21/fieldsmedalsym



UIMP Santander

BIRS Banff

2011

)
i
o
(@




2016: The Application!

2012: The Theory...




.. and after-after the Medal!

2018: Rio, after the Medal...



2019: Barcelona DHC



Outline of the talk Introduction Asymptotic behaviour of the Fast Diffusion Equation, m < 1 The Linear Problem
) 0000000 00000000 0000000
Outline of the talk

@ Introduction

o The Dirichlet Problem for Diffusion Equations

o The asymptotic behaviour of the Heat Equation

e The asymptotic behaviour of the Porous Medium Equation
e Some properties of Solutions to Fast Diffusion Equations

@ Asymptotic behaviour of the Fast Diffusion Equation

o Time rescaling and the stationary problem

e Previous results

e Rates of convergence

o Stationary Solutions and Semilinear Elliptic Equations

@ The Linear Problem

e Linearization and Spectrum
o Linear Entropy Method and Improved Poincaré Inequalities
o Assumption (H2) is generically true

@ The Nonlinear Entropy Method

o Comparing linear and nonlinear quantities

o Almost orthogonality and improved Poincaré inequalities
e Possible blow up when almost orthogonality fails

o Almost orthogonality improves along the nonlinear flow

The Nonlinear Entropy Method
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The Dirichlet Problem for Diffusion Equations

The Dirichlet Problem for Diffusion Equations in Q c RV
We consider, in a bounded and smooth domain 2 C R solutions to

8714 = %A (um) =V (um_1Vu) , in (0, +OO) x Q
M(O, ~) =] uO 5 in Q
u=0, on (0, +00) x 9N
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The Dirichlet Problem for Diffusion Equations in Q c RV

We consider, in a bounded and smooth domain 2 C R solutions to

8714 = %A (um) =V (um_1Vu) , in (0, +OO) x Q
M(O, ~) =] uO 5 in Q
u=0, on (0, +00) x 9N

Existence and uniqueness of weak solutions for this problem is well understood:

o m = |: Heat Equation. (Fourier)
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The Dirichlet Problem for Diffusion Equations in Q c RV

We consider, in a bounded and smooth domain 2 C R solutions to

8714 = %A (um) =V (um_1Vu) , in (0, +OO) x Q
M(O, ~) =] uO 5 in Q
u=0, on (0, +00) x 9N

Existence and uniqueness of weak solutions for this problem is well understood:
o m = |: Heat Equation. (Fourier)

@ m > 1: Porous Medium regime (slow diffusion, finite speed of propagation)
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The Dirichlet Problem for Diffusion Equations in Q c RV

We consider, in a bounded and smooth domain 2 C R solutions to

8714 = %A (um) =V (um_1Vu) , in (0, +OO) x Q
M(O, ~) =] uO 5 in Q
u=0, on (0, +00) x 9N

Existence and uniqueness of weak solutions for this problem is well understood:
o m = |: Heat Equation. (Fourier)
@ m > 1: Porous Medium regime (slow diffusion, finite speed of propagation)

@ 0 < m < 1: Fast Diffusion regime (extinction in finite time)
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The Dirichlet Problem for Diffusion Equations in Q c RV

We consider, in a bounded and smooth domain 2 C R solutions to

8714 = %A (um) =V (um_1Vu) , in (0, +OO) x Q
M(O, ~) =] uO 5 in Q
u=0, on (0, +00) x 9N

Existence and uniqueness of weak solutions for this problem is well understood:
o m = |: Heat Equation. (Fourier)
@ m > 1: Porous Medium regime (slow diffusion, finite speed of propagation)

@ 0 < m < 1: Fast Diffusion regime (extinction in finite time)
Complete references for PME/FDE: Vazquez books (2006-07).
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The Dirichlet Problem for Diffusion Equations in Q c RV

We consider, in a bounded and smooth domain 2 C R" solutions to

871": %A (um) =V (um_IVu) , in (0, +OO) x Q
M(O, ~) =] uO 5 in Q
u=0, on (0, +00) x 9N

Existence and uniqueness of weak solutions for this problem is well understood:
o m = |: Heat Equation. (Fourier)
@ m > 1: Porous Medium regime (slow diffusion, finite speed of propagation)

@ 0 < m < 1: Fast Diffusion regime (extinction in finite time)
Complete references for PME/FDE: Vazquez books (2006-07).

@ m < 0: Ultra Fast Diffusion regime. (possible non-existence)
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The Dirichlet Problem for Diffusion Equations in Q c RV

We consider, in a bounded and smooth domain 2 C R" solutions to

871": %A (um) =V (um_IVu) , in (0, +OO) x Q
M(O, ~) =] uO 5 in Q
u=0, on (0, +00) x 9N

Existence and uniqueness of weak solutions for this problem is well understood:
o m = |: Heat Equation. (Fourier)
@ m > 1: Porous Medium regime (slow diffusion, finite speed of propagation)

@ 0 < m < 1: Fast Diffusion regime (extinction in finite time)
Complete references for PME/FDE: Vazquez books (2006-07).
@ m < 0: Ultra Fast Diffusion regime. (possible non-existence)

o Dirichlet problem: solutions fail to exists, Vazquez (1992).
e Cauchy problem: non-existence for L!-data, Vazquez (1992).
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The Dirichlet Problem for Diffusion Equations

The Dirichlet Problem for Diffusion Equations in Q c RV

We consider, in a bounded and smooth domain 2 C RY solutions to

871": %A (um) =V (um—lvu) , in (0, +OO) x Q
M(O’ ~) =] uO 5 in Q
u=0, on (0, +00) x 9N

Existence and uniqueness of weak solutions for this problem is well understood:
o m = |: Heat Equation. (Fourier)
@ m > 1: Porous Medium regime (slow diffusion, finite speed of propagation)

@ 0 < m < 1: Fast Diffusion regime (extinction in finite time)
Complete references for PME/FDE: Vazquez books (2006-07).

@ m < 0: Ultra Fast Diffusion regime. (possible non-existence)

Dirichlet problem: solutions fail to exists, Vazquez (1992).

Cauchy problem: non-existence for L!-data, Vazquez (1992).

Optimal L”-conditions on data for existence, Daskalopoulos-DelPino (1994-97).
Neumann/periodic: Gradient flow approach (JKO-scheme), Iacobelli (2019),
Tacobelli-Patacchini-Santambrogio (2019).

Dynamical and other boundary conditions: Schimperna-Segatti-Zelik (2012-16).



The Linear Problem
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The Dirichlet Problem for Diffusion Equations

About Nonlinear Diffusions
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The Nonlinear Entropy Method
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Asymptotic behaviour of Heat and Porous Medium Equations

Asymptotic behaviour of the Heat Equation u, = Au. (Fourier ~1822)
Let up > 0 and let (A, ¢x) be the eigen-elements of the Dirichlet Laplacian:

M(T, x) = Ze_)\”ﬂo’k gbk(x) where I:t()’k = / uo(bkdx
k=1 2
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Asymptotic behaviour of the Heat Equation u, = Au. (Fourier ~1822)
Let up > 0 and let (A, ¢x) be the eigen-elements of the Dirichlet Laplacian:

u(T, x) = Ze_)\”ﬂo’k gbk(x) where I:t()’k = / uqukdx
k=1 2

From the above formula it is quite simple to deduce that

eA‘Tu(T, ) —— i 191 inL”(Q),Vp € [1, ]
T—00
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Asymptotic behaviour of Heat and Porous Medium Equations

Asymptotic behaviour of the Heat Equation u, = Au. (Fourier ~1822)
Let up > 0 and let (A, ¢x) be the eigen-elements of the Dirichlet Laplacian:

M(T, x) = Ze_)\”ﬂo’k gbk(x) where I:t()’k = / uo(bkdx
k=1 2

From the above formula it is quite simple to deduce that
eMTu(t, ") —— g6 inL”(Q),Vp € [1, ]
T—00

Actually, one can do better:

Relative Error Convergence

u(t,-)

AT < e~ (M=)
eMTip 11 -

—1

Loo
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Asymptotic behaviour of the Heat Equation u, = Au. (Fourier ~1822)
Let up > 0 and let (A, ¢x) be the eigen-elements of the Dirichlet Laplacian:

M(T, x) = Ze_)\”ﬂo’k gbk(x) where I:t()’k = / u0¢kdx
k=1 2

From the above formula it is quite simple to deduce that
eMTu(t, ") —— g6 inL”(Q),Vp € [1, ]
T—00
Actually, one can do better:

Relative Error Convergence

u(t,-)

LA
eMTip 11

o0
< e~ (M=) Ze_(Ak_AZ)T|’20k| Hd)k
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Asymptotic behaviour of the Heat Equation u, = Au. (Fourier ~1822)
Let up > 0 and let (A, ¢x) be the eigen-elements of the Dirichlet Laplacian:

u(T, x) = Ze_)\”ﬂo’k gbk(x) where I:t()’k = / uqukdx
k=1 2

From the above formula it is quite simple to deduce that
eMTu(t, ") —— g6 inL”(Q),Vp € [1, ]
T—00
Actually, one can do better:

Relative Error Convergence

u(t,-)
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eMTip 11
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@ Essential ingredients: second spectral gap A\, — A; > 0, and
boundary behaviour of eigenfunctions: |¢x| < |1
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Asymptotic behaviour of the Heat Equation u, = Au. (Fourier ~1822)
Let up > 0 and let (A, ¢x) be the eigen-elements of the Dirichlet Laplacian:

u(T, x) = Ze_)\“—ﬂo’k gbk(x) where LAt(Lk = / uqukdx
k=1 2

From the above formula it is quite simple to deduce that
eMTu(t, ") —— g6 inL”(Q),Vp € [1, ]
T—00
Actually, one can do better:

Relative Error Convergence

u(t,-)
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<40

@ Essential ingredients: second spectral gap A\, — A; > 0, and
boundary behaviour of eigenfunctions: |¢x| < |1

@ Sharp result. Relies on representation formula, Fourier and Spectral analysis

@ More general linear operators can be treated essentially in the same way.
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Asymptotic behaviour of Heat and Porous Medium Equations
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Asymptotic behaviour of Heat and Porous Medium Equations

Asymptotic behaviour of the Porous Medium Equation u;, = Au™,m > 1

The asymptotic behaviour is described in terms of the “Friendly Giant:

U(T,x) = S(x) 7~ /=1 with  U(0,x) = +oo.
Here, S is the unique nonnegative solution to the stationary problem
(EDP) —AS"=cS§ in €2, S=0 ondf,

withc =1/(m — 1) > 0, since m > 1.
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Asymptotic behaviour of the Porous Medium Equation u;, = Au™,m > 1

The asymptotic behaviour is described in terms of the “Friendly Giant:

U(t,x) = S(x) 771/ =1 with  U(0,x) = 4o0.
Here, S is the unique nonnegative solution to the stationary problem
(EDP) —AS"=cS§ in €2, S=0 ondf,

withc =1/(m — 1) > 0, since m > 1.
Logarithmic time rescaling:

t=log(t+1) and w(t,x) = 7/ Dy(r,x),
we transform the parabolic problem into
ow(t,x) = Aw™(t,x) + cw(t,x), (f,x) € (0,00) x Q,
w(t,x) =0, (t,x) € (0,00) x 02,
w(0,x) = up(x), xe .

The separation of variables solution I/ becomes stationary.



Asymptotic behaviour of the Porous Medium Equation (continued)

<e™ forallr>> 1

Leo(Q)
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Asymptotic behaviour of Heat and Porous Medium Equations

Asymptotic behaviour of the Porous Medium Equation (continued)
Relative Error Convergence, rescaled variables

e

5 <e™ forallt > 1

Lo ()

Relative Error Convergence, original variables

u(r, ) _q < 2 to
M(Tv) Lo°(Q) m—1 fot+T7

forall 7 > 1

® i ~ ([, uo dx) ~D where ¢ is the first eigenfunction of the Laplacian.
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Asymptotic behaviour of the Porous Medium Equation (continued)
Relative Error Convergence, rescaled variables

[. —
‘La)_l Se' forallt> 1

S )

Relative Error Convergence, original variables

u(r, ) _q < 2 to
U(T,) Lo°(Q) m—1 fot+T7

forall 7 > 1

@ 1y~ ( J; o Uod1 dx) _(m_l>, where ¢ is the first eigenfunction of the Laplacian.
@ The decay rate 1/7 is sharp: it is realized by
S(x)

U(T+1,x) = ———
(14 7)m=T

with initial datum  U(1,x) = S(x).
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Asymptotic behaviour of the Porous Medium Equation (continued)
Relative Error Convergence, rescaled variables

[. —
HM_I <e™ forall > 1

$ )

Relative Error Convergence, original variables

2 to

(7‘)
o)
m—1t+r

4 forall 7 > 1
Uu(r,)

Lo ()

@ 1y~ ( J; o Uod1 dx) _(m_l>, where ¢ is the first eigenfunction of the Laplacian.
@ The decay rate 1/7 is sharp: it is realized by
S(x)

—_— with initial datum  U(1,x) = S(x).
(14 7)m=T

U(T+ 1,x) =

@ Result obtained first by Aronson-Peletier (1981), then generalized by Vdzquez
(2004). New (quantitative) proof for more general (even nonlocal) diffusion
equations of PME-type, by M.B.-Figalli-Sire-Vazquez (2015-18).
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Some properties of Solutions to FDE

Some Properties of Solutions to the FDE, 0 < m < 1.

@ The initial datum is chosen to be
, . N(1 —m)
0<uy el (Q) with r>1 and r>f,
hence the corresponding solution is bounded and nonnegative.
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Some properties of Solutions to FDE

Some Properties of Solutions to the FDE, 0 < m < 1.

@ The initial datum is chosen to be
, . N(1 —m)
0<uy el (Q) with r>1 and r>f,

hence the corresponding solution is bounded and nonnegative.
Notice that » > 1 only when m < NT_zs in the very fast diffusion range.
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Some properties of Solutions to FDE

Some Properties of Solutions to the FDE, 0 < m < 1.
@ The initial datum is chosen to be
, . N(1 —m)
0<uy el (Q) with r>1 and r>f,

hence the corresponding solution is bounded and nonnegative.
Notice that » > 1 only when m < NT_zs in the very fast diffusion range.

@ The mass fQ u(y, 7)dy is NOT preserved along the evolution
hence solutions extinguish in finite time

AT =T(u) : u(r,") =0 VY7 >T

(Consequence of Sobolev and Poincaré inequalities).



Outline of the talk Introduction Asymptotic behaviour of the Fast Diffusion Equation, m < 1 The Linear Problem The Nonlinear Entropy Method

e} [e]e]e]elo)e] } 00000000 0000000 0000000000
Some properties of Solutions to FDE

Some Properties of Solutions to the FDE, 0 < m < 1.
@ The initial datum is chosen to be
. N(l —m
0<uy el (Q) with r>1 and r>%,
hence the corresponding solution is bounded and nonnegative.
Notice that r > 1 only when m < N—_z' in the very fast diffusion range.
@ The mass fQ (y,7)dy is NOT preserved along the evolution
hence solutions extinguish in finite time
AT =T(up) : u(r,)=0 Vr>T
(Consequence of Sobolev and Poincaré inequalities).
@ When ug > 0, solutions are indeed strictly positive in 2 x (0, T)
as a consequence of parabolic (intrinsic) Harnack inequalities:
o Good FDE regime: whenm € (¥2,1),
Dibenedetto, Gianazza, Kwong, Vespri (Indiana 1991, Ann.SNS 2010, LNM2012)
e Very FDE regime: when m € (0 } Bonforte-Vazquez (Adv. Math. 2010)
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Some Properties of Solutions to the FDE, 0 < m < 1.
@ The initial datum is chosen to be
, . N(1 —m)
0<uy el (Q) with r>1 and r>——=,

2
hence the corresponding solution is bounded and nonnegative.

Notice that r > 1 only when m < N—_z' in the very fast diffusion range.
@ The mass fQ (y,7)dy is NOT preserved along the evolution
hence solutions extinguish in finite time
AT =T(u) : u(r,") =0 VY7 >T
(Consequence of Sobolev and Poincaré inequalities).
@ When ug > 0, solutions are indeed strictly positive in 2 x (0, T)
as a consequence of parabolic (intrinsic) Harnack inequalities:
o Good FDE regime: whenm € (¥2,1),
Dibenedetto, Gianazza, Kwong, Vespri (Indiana 1991, Ann.SNS 2010, LNM2012)
e Very FDE regime: when m € (0 } Bonforte-Vazquez (Adv. Math. 2010)
@ Bounded positive solutions are regular.
DiBenedetto-Kwong-Vespri (Indiana 1991)
o They are regular up to the boundary: at least C' ().
e They are smooth in the interior: C;7 (€2 x (0, 7)), and even analytic!
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Some Properties of Solutions to the FDE, 0 < m < 1.
@ The initial datum is chosen to be

N(1—
0<uy el (Q) with r>1 and r>%,
hence the corresponding solution is bounded and nonnegative.

Notice that r > 1 only when m < N—_z' in the very fast diffusion range.
@ The mass fQ (y,7)dy is NOT preserved along the evolution
hence solutions extinguish in finite time
AT =T(u) : u(r,") =0 VY7 >T
(Consequence of Sobolev and Poincaré inequalities).
@ When ug > 0, solutions are indeed strictly positive in 2 x (0, T)
as a consequence of parabolic (intrinsic) Harnack inequalities:
o Good FDE regime: whenm € (¥2,1),
Dibenedetto, Gianazza, Kwong, Vespri (Indiana 1991, Ann.SNS 2010, LNM2012)
e Very FDE regime: when m € (0 } Bonforte-Vazquez (Adv. Math. 2010)
@ Bounded positive solutions are regular.
DiBenedetto-Kwong-Vespri (Indiana 1991)
o They are regular up to the boundary: at least C' ().

e They are smooth in the interior: C;3 (€2 x (0,7)), and even analytic!
e Sharp boundary regularity recently obtained by Jin-Xiong (Preprint 2020)
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Some Properties of Solutions to the FDE, 0 < m < 1.
@ The initial datum is chosen to be

0<uyel/(Q) with r>1 and r> M
hence the corresponding solution is bounded and nonnegative.
Notice that r > 1 only when m < N—_z' in the very fast diffusion range.
@ The mass fQ (y,7)dy is NOT preserved along the evolution
hence solutions extinguish in finite time
AT =T(up) : u(r,)=0 Vr>T
(Consequence of Sobolev and Poincaré inequalities).
@ When ug > 0, solutions are indeed strictly positive in 2 x (0, T)
as a consequence of parabolic (intrinsic) Harnack inequalities:
o Good FDE regime: whenm € (¥2,1),
Dibenedetto, Gianazza, Kwong, Vespri (Indiana 1991, Ann.SNS 2010, LNM2012)
e Very FDE regime: when m € (0 } Bonforte-Vazquez (Adv. Math. 2010)
@ Bounded positive solutions are regular.
DiBenedetto-Kwong-Vespri (Indiana 1991)
o They are regular up to the boundary: at least C' ().

e They are smooth in the interior: C;3 (€2 x (0,7)), and even analytic!
e Sharp boundary regularity recently obtained by Jin-Xiong (Preprint 2020)

@ The question is: what happens close to the extinction time 7?



Asymptotic behaviour of the Fast Diffusion Equation, m < 1

The rescaled Problem and stationary solutions

ur = A@"), wy = A(W") + cw,
M(O, ) = Uo, . W(O) ) = Uo,

oo =0, Time-Rescaling Wiaq =0,



Outline of the talk i A i iour of the Fast Diffusion Equation, m < 1 The Linear Problem The Nonlinear Entropy Method
e} 0000000 0000000 0000000 0000000000
Time rescaling and the stationary problem

Asymptotic behaviour of the Fast Diffusion Equation, m < 1

The rescaled Problem and stationary solutions

ur = A@™), wy = AW") + cw,
M(O, ) = Uo, m‘—) W(O7 ) = U,
u|3g = 07 1me-kescaling W‘(’)Q = 07

log-rescaling

where 7 € [0, T(uo)) 1 € [0,00), and

“rallenty”

w(t,x) = eT=mT y (T — Te_’/T,x) and C:=

or
T—T1

1
1—m
u(r,x) = ( 7 ) w(t, x) with t=Tlog <TT ) .
-7
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Asymptotic behaviour of the Fast Diffusion Equation, m < 1

The rescaled Problem and stationary solutions

ur = A@™), wy = AW") + cw,
M(O’ ) = U, m——) W(O7 ) = U,
u‘ag = 07 1me-kescaling W‘ag = 07

where 7 € [0, T(uo)) == 1 € [0, 00) , and
“rallenty”
S 1
t,x) = eTmT (T— Te /T, ) d ci=——.
w(t,x) =e u e x an = m)7T

or
T—T1

1
— T=m T
u(r,x) = < 7 ) w(t, x) with t=Tlog <T7) .
-7

The asymptotic behaviour is related to the stationary equation

(EDP) —AS"=cS in 2, S=0 ondQ,
through the separate variables solution:
T—71\™"
U(r,x) = S(x) ( ) IR S(x)
T Rescaling
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Asymptotic behaviour of the Fast Diffusion Equation, m < 1

The rescaled Problem and stationary solutions

ur = A@™), wy = AW") + cw,

M(O’ ) = U, m——) W(O7 ) = U,
M‘ag = 07 1me-kescaling W‘ag = 07

log-rescaling

where 7 € [0, T(uo)) 1 € [0,00), and

“rallenty”
: 1
t,x) = e(=mT (T—T —/T ) d ci=— .
w(t,x) =e u e x an a=m7

or
T—T1

1
— T=m T
u(r,x) = < 7 ) w(t, x) with t=Tlog <T7> .
-7

The asymptotic behaviour is related to the stationary equation

(EDP) —AS"=cS in 2, S=0 ondQ,
through the separate variables solution:
T—71\™"
U(r,x) = S(x) ( ) IR S(x)
T Rescaling

Here, a crucial exponent naturally arises: ‘ ms = (N —2)/(N+2). ‘




We are interested in describing the behaviour near the extinction time:

urx) o S (T - T) -

T =T

After rescaling, the precise question becomes:
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Statement of the Problem

We are interested in describing the behaviour near the extinction time:

u(rx) o S (T _ T) -

T =T T

After rescaling, the precise question becomes:
Problem. Given a nonnegative solution w to the (rescaled) FDE:

w; = A(w™) + cw,
w(0, ) = uo,

wian =0,

is it true that there exists a stationary solution § such that

and in which sense?
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Statement of the Problem

We are interested in describing the behaviour near the extinction time:

u(rx) o S (T _ T) -

T =T T

After rescaling, the precise question becomes:
Problem. Given a nonnegative solution w to the (rescaled) FDE:

w; = A(w™) + cw,
w(0, ) = uo,

wian =0,

is it true that there exists a stationary solution § such that

w(t,) =2 s
—00

and in which sense? If yes, what can we say about convergence rates?



Outline of the talk i A i iour of the Fast Diffusion Equation, m < 1 The Linear Problem The Nonlinear Entropy Method
e} 0000000 O0e00000 0000000 0000000000
Previous results

Previous results

Recall that positive bounded stationary solution exist only when m € (m;, 1), with
my; = (N —2)/(N + 2). Hence the analysis will be resticted to this range.

(First Pioneering Result) Berryman-Holland (ARMA 1980)

Let w be a bounded solution to the rescaled problem, and m € (my, 1).
Then for any sequence of times 7, — oo as n — oo, there exist a stationary
solution S such that -

Wo ()

—S.

n—o0

w(tn)
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Previous results

Recall that positive bounded stationary solution exist only when m € (m;, 1), with
my; = (N —2)/(N + 2). Hence the analysis will be resticted to this range.

(First Pioneering Result) Berryman-Holland (ARMA 1980)

Let w be a bounded solution to the rescaled problem, and m € (my, 1).
Then for any sequence of times 7, — oo as n — oo, there exist a stationary
solution § such that 12

Wy (Q)

— S.

n—o0

w(tn)

DIFFICULTY: Stationary solutions need not to be unique!
Different time sequences can a priori converge to different stationary solutions.
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Previous results

Recall that positive bounded stationary solution exist only when m € (m;, 1), with
my; = (N —2)/(N + 2). Hence the analysis will be resticted to this range.

(First Pioneering Result) Berryman-Holland (ARMA 1980)

Let w be a bounded solution to the rescaled problem, and m € (my, 1).
Then for any sequence of times 7, — oo as n — oo, there exist a stationary
solution S such that -

Wo ()

—S.

n—o0

w(tn)

DIFFICULTY: Stationary solutions need not to be unique!

Different time sequences can a priori converge to different stationary solutions.
However, the asymptotic profile may be unique also when the set of stationary solu-
tions contains more than one element.
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Previous results

Recall that positive bounded stationary solution exist only when m € (m;, 1), with
my; = (N —2)/(N + 2). Hence the analysis will be resticted to this range.

(First Pioneering Result) Berryman-Holland (ARMA 1980)

Let w be a bounded solution to the rescaled problem, and m € (my, 1).
Then for any sequence of times 7, — oo as n — oo, there exist a stationary
solution S such that -
Wy (Q)
w(ty) S.

n—o0

DIFFICULTY: Stationary solutions need not to be unique!

Different time sequences can a priori converge to different stationary solutions.
However, the asymptotic profile may be unique also when the set of stationary solu-
tions contains more than one element.

(Uniqueness of asymptotic profile) Feiresl-Simondon (JDDE 2000)

Let w be a bounded solution to the rescaled problem, and m € (my, 1).
Then there exists one stationary solution S such that
@) S = S(W2)
w(t) —= S.

t— 00
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(Convergence in Relative Error) M.B.-Grillo-Vizquez (JMPA 2012)

Let m € (my, 1) and let u be the solution to the Dirichlet problem and

T = T(m,d, up) be its extinction time. Let S be the positive classical
solution to the elliptic problem (EDP), such that [|w() — S|l ) — 0 as
t — o0o. Then we have

u(t,-)

wt,) _
U(r,-) :

lim

T—=T—

—1 = lim

t—0o0

=0

L= () L ()

where U(7,x) = S(x) [(T — 7)/7]"/"=™.
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(Convergence in Relative Error) M.B.-Grillo-Vizquez (JMPA 2012)

Let m € (my, 1) and let u be the solution to the Dirichlet problem and

T = T(m,d, up) be its extinction time. Let S be the positive classical
solution to the elliptic problem (EDP), such that [|w() — S|l ) — 0 as
t — o0o. Then we have

u(t,-)

wt,) _
U(r,-) :

lim

T—=T—

—1 = lim

t—0o0

=0
L ()

L= ()

where U(7,x) = S(x) [(T — 7)/7]"/"=™.

v

Equivalently, the following improved Global Harnack Principle (GHP) holds

() S(x) (T = 7)™ < u(r,x) < () S(x) (T — ) /0=,

-

0<c(r) ——1, and S(x) =< dist(x, 0)
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(Convergence in Relative Error) M.B.-Grillo-Vizquez (JMPA 2012)

Let m € (my, 1) and let u be the solution to the Dirichlet problem and

T = T(m,d, up) be its extinction time. Let S be the positive classical
solution to the elliptic problem (EDP), such that [|w() — S|l ) — 0 as
t — o0o. Then we have

u(t,-)

lim Ui,

T—=T—

—1 = lim

t—0o0

=0
L ()

w(t,-) q
S

L= ()

where U(7,x) = S(x) [(T — 7)/7]"/"=™.

v

Equivalently, the following improved Global Harnack Principle (GHP) holds

() S(x) (T = 7)™ < u(r,x) < () S(x) (T — ) /0=,

with 1
0<e(r) ——1, and  S(x) < dist(x,00Q)"

T—T—
The GHP (with constants ¢(7) # 1) was firstly proven by DiBenedetto-Kwong-Vespri (Indiana
1991) and used as a key-tool for higher regularity estimates. It has been used more recently by

Jin-Xiong to prove sharp boundary regularity (Preprint 2020).
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Rates of convergence
Let us define the set

O0:={Qc RY, Qopen : Qis compact and 9 € Cz’o‘}

The topology on O can be defined through a family of neighborhoods as follows:
N(Q):={Q €0 : 30 CP*RY;RY) with || ® — 1d[| 2,0 < e5.t. Q' = B(Q) }.

(Sharp Rates of Convergence) M.B.-Figalli (CPAM 2020, to appear)

There exists a open and dense set in G C O such that for any domain 2 € G
the following holds.
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Rates of convergence
Let us define the set
0 := {52 C R, Qopen : Qis compact and 9Q € Cz’o"}
The topology on O can be defined through a family of neighborhoods as follows:
N(Q):={Q €0 : 30 CP*RY;RY) with || ® — 1d[| 2,0 < e5.t. Q' = B(Q) }.
(Sharp Rates of Convergence) M.B.-Figalli (CPAM 2020, to appear)
There exists a open and dense set in G C O such that for any domain 2 € G
the following holds. Let w be a bounded solution to the rescaled problem,
and m € (my, 1). Let S be the stationary solution s. t. [[w(z) — S||Le(q) — 0
as t — oo. Then, there exist \,,, x > 0 such that for all z, > 0 and all 7 > £,

J

and the decay rate \,, > 0 is sharp.

w (¢, x)

Sm ()C)

2
- 1‘ SHM(x)dx < ke P!
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Rates of convergence
Let us define the set
0 := {SZ C R, Qopen : Qis compact and 9Q € CZ’O‘}
The topology on O can be defined through a family of neighborhoods as follows:
N(Q):={Q €0 : 30 CP*RY;RY) with || ® — 1d[| 2,0 < e5.t. Q' = B(Q) }.
(Sharp Rates of Convergence) M.B.-Figalli (CPAM 2020, to appear)
There exists a open and dense set in G C O such that for any domain 2 € G
the following holds. Let w be a bounded solution to the rescaled problem,
and m € (my, 1). Let S be the stationary solution s. t. [[w(z) — S||Le(q) — 0
as t — oo. Then, there exist \,,, = > 0 such that for all ) > 0 and all r > ¢,

J

and the decay rate \,, > 0 is sharp. Also, for all {;, > 0 and all t > £,

S

w (¢, x)

Sm ( X)

2
_ 1‘ SH"”(x)dx < He—”\ml)

PV
< Ke W',

L>=(Q)

-1




In original variables, our main results read:
(recall that here T = T (uy) is the finite extinction time)

J

where U(7,x) = S(x) (T — 7))/ =™,

2

u™ (7, x) T—1

um(r,x) -1

#n
) for all 7 € (79, 7).

S (x) dx < K (
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In original variables, our main results read:
(recall that here T = T (uy) is the finite extinction time)

J

where U(7, x) = S(x) (T — 7)/T)"/"~™_ Also,

u"(r,x) ] : T—-r1
um(r,x)

A
) for all 7 € (79, 7).

S (x)dx < K (

T_ 4NT
<K ( T) for all 7 € (7, T].
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In original variables, our main results read:
(recall that here T = T (uy) is the finite extinction time)

J

where U(7, x) = S(x) (T — 7)/T)"/"~™_ Also,

u"(r,x) ] : T—-r1
um(r,x)

A
S (x)dx < K ( ) for all 7 € (79, T).

Am

T_ 4NT
</<;’< TT> forall 7 € (7o, T).

Remark. When m is close to 1, more precisely for my < m < 1, some first (non
sharp) rates of convergence were obtained by M.B.- Grillo-Védzquez (JMPA 2012), by

entropy methods based on quantitative continuity with respect to m. The expression of
my 2 my = Z—jr% is explicit, but complicated (it depends on the constant in the elliptic

Harnack inequality).
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Change of notations
In what follows we change functions and parameters as follows: let
p=1/m>1, v(t,x) = w"(t,x) and Vv=_s",
so that
w; = A(w™) + cw, oV = Av+ v,
w(0, ) = uo, Nowiorcn v(0,-) = ull,
— otation-Change
W‘(’)Q = O7 g

V|39 = 07
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Change of notations
In what follows we change functions and parameters as follows: let
p=1/m>1, v(t,x) = w"(1,x) and v=_s",
so that
w, = A(w™) + cw, oW = Av+ v,
W(Ov ) = Uo, - V(O, ) = ug’,
wion =0, Notation-Change Voo =0,
and
AS" =cS§

—AV =cV?
Notation-Change

both with homogeneous Dirichlet lateral boundary condition. Recall that
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Change of notations
In what follows we change functions and parameters as follows: let

p=1/m>1, v(t,x) = w"(1,x) and v=_s",

so that
w; = A(w™) + cw, oV = Av+ v,
W(Ov ) = Uo, - V(O, ) = ug’,
wion =0, Notation-Change Voo =0,
and
AS" =cS§ —AV =cV?

Notation-Change

both with homogeneous Dirichlet lateral boundary condition. Recall that

N=2 < l<pe N2
mg = ——00 <m p< ——— =D
N+2 Notation-Change N-2
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Change of notations
In what follows we change functions and parameters as follows: let

p=1/m>1, v(t,x) = w"(1,x) and v=_s",

so that
w; = A(w™) + cw, oV = Av+ v,
W(Ov ) = Uo, - V(O, ) = ug’,
wion =0, Notation-Change Voo =0,
and
AS" =cS§ —AV =cV?

Notation-Change
both with homogeneous Dirichlet lateral boundary condition. Recall that

N-2

mg = <m<1 l<p< ——=:=p;s.
N+2 Notation-Change N=2'

For our new entropy method to work, we will need to use (H 1), which reads:
givena o € (0, 1) (to be fixed later) there exists a zy > 0 such that

HDs [f(t,x)] = |v(t,x) — V(x)] < 0V(x) for a.e. (t,x) € [fp,00) x Q
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Change of notations
In what follows we change functions and parameters as follows: let

p=1/m>1, v(t,x) = w"(1,x) and v=_s",

so that
w; = A(w™) + cw, oV = Av+ v,
W(Ov ) = Uo, - V(O, ) = ug’,
wion =0, Notation-Change Voo =0,
and
AS" =cS§ —AV =cV?

Notation-Change

both with homogeneous Dirichlet lateral boundary condition. Recall that

N-2 <1 l<p< N+2
mg i= <m p< ——— =D
N+2 Notation-Change N-2"

For our new entropy method to work, we will need to use (H 1), which reads:
givena o € (0, 1) (to be fixed later) there exists a zy > 0 such that

HDs [f(t,x)] = |v(t,x) — V(x)] < 0V(x) for a.e. (t,x) € [fp,00) x Q

1—00

Note that (H1); is always true, since we know that ||v(¢)/V — 1||L.e — 0,

as proven by M.B.-Grillo-Vazquez (JMPA 2012).
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Properties of Stationary Solutions
Consider positive classical solutions V to the homogeneous Dirichlet problem

for N2
+

—AV =cV? ith l<p< ——

wi p N_>

recall that € is a regular domain of class C>“.

@ Existence is guaranteed in all the exponent range
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Properties of Stationary Solutions
Consider positive classical solutions V to the homogeneous Dirichlet problem
for N2
_|_
—AV =cV? ith I<p< ——
wi P<y 5
recall that € is a regular domain of class C>“.
@ Existence is guaranteed in all the exponent range
@ Boundedness is guaranteed via DeGiorgi-Nash-Moser techniques.
Absolute bounds: there exists C = C(£2) > 0 such that | V||L~ < C.
(Gidas-Spruck, DeFiguereido-Lions-Nussbaum, ’80s)
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Properties of Stationary Solutions
Consider positive classical solutions V to the homogeneous Dirichlet problem
for N+2
—AV =cV? with l<p< )
recall that € is a regular domain of class C>“.
@ Existence is guaranteed in all the exponent range
@ Boundedness is guaranteed via DeGiorgi-Nash-Moser techniques.
Absolute bounds: there exists C = C(£2) > 0 such that | V||L~ < C.
(Gidas-Spruck, DeFiguereido-Lions-Nussbaum, ’80s)
@ Nonnegative solutions are indeed positive in {2 by Harnack inequalities,
and have the precise boundary behaviour V = dist(+, 9).
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Properties of Stationary Solutions
Consider positive classical solutions V to the homogeneous Dirichlet problem

for N2
+

—AV =cV? ith l<p< ——

wi p Y

recall that € is a regular domain of class C>“.
@ Existence is guaranteed in all the exponent range

@ Boundedness is guaranteed via DeGiorgi-Nash-Moser techniques.
Absolute bounds: there exists C = C(£2) > 0 such that | V||L~ < C.
(Gidas-Spruck, DeFiguereido-Lions-Nussbaum, ’80s)

@ Nonnegative solutions are indeed positive in {2 by Harnack inequalities,
and have the precise boundary behaviour V = dist(+, 9).

@ Regularity: solutions are classical in the interior, even C*°(£2), and
regular up to the boundary, C>(€2).
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Properties of Stationary Solutions
Consider positive classical solutions V to the homogeneous Dirichlet problem

for N2
+

—AV =cV? ith l<p< ——

wi p Y

recall that € is a regular domain of class C>“.
@ Existence is guaranteed in all the exponent range

@ Boundedness is guaranteed via DeGiorgi-Nash-Moser techniques.
Absolute bounds: there exists C = C(£2) > 0 such that | V||L~ < C.
(Gidas-Spruck, DeFiguereido-Lions-Nussbaum, ’80s)

@ Nonnegative solutions are indeed positive in {2 by Harnack inequalities,
and have the precise boundary behaviour V = dist(+, 9).

@ Regularity: solutions are classical in the interior, even C*°(£2), and
regular up to the boundary, C>(€2).

@ Uniqueness depends on the domain.

e Holds on balls
e Does not hold on annuli
o Several conditions are present in the literature.
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Linearization

The linearized Problem (Wo, Us ~~~o SOY) = V(o)

Consider the linear parabolic (weighted) equation

pVPTLOf = Af + cpzpflf (% oV = Av+ o )

i.e. the linearization around the stationary state of the rescaled nonlinear FDE.

@ Notice that V is not a stationary solution to the linearized equation:
indeed —AV = cV? #£ cpVP, since p > 1.
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The linearized Problem

Consider the linear parabolic (weighted) equation

pVPIof = Af + cpVPTlf <<;°
v=V+ef

The Linear Problem The Nonlinear Entropy Method
@®000000 0000000000

O = Av + cV )

i.e. the linearization around the stationary state of the rescaled nonlinear FDE.

@ Notice that V is not a stationary solution to the linearized equation:

indeed —AV = cV? #£ cpVP, since p > 1.

@ Natural question: which are the stationary states of such equation?
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Linearization

The linearized Problem

Consider the linear parabolic (weighted) equation

pVPLO,f = Af +cpVPlf (% oV = Av+ o )

i.e. the linearization around the stationary state of the rescaled nonlinear FDE.

@ Notice that V is not a stationary solution to the linearized equation:
indeed —AV = cV? #£ cpVP, since p > 1.
@ Natural question: which are the stationary states of such equation?

@ Stationary solutions ¢ must satisfy the homogeneous Dirichlet problem
associated to the linear elliptic equation

—Ap=cpV’ 1.

understanding wether or not the above linear elliptic equation admits
nontrivial solutions, is essential.
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The Spectrum of —A on L} :=L12,_,(Q)

vp-1

(—A) is a linear unbounded selfadjoint operator on L?, associated to the
Dirichlet form Q(f) = [, |Vf|* dx, and has a discrete spectrum:

0<)\V,1 <)\V,2 < .- </\V7k< )‘V,k-H — 00

Denote by 7y, : L} — V; the projections on the eigenspaces Vi, Ny =
dim(Vk),
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The spectrum

The Spectrum of —A on Lj =L}, ,(Q)

(—A) is a linear unbounded selfadjoint operator on L?, associated to the
Dirichlet form Q(f) = [, |Vf|* dx, and has a discrete spectrum:

0<)\V,1 <)\V,2 < .- </\V7k< )\V7k+1 — 00

Denote by 7y, : L} — V; the projections on the eigenspaces Vi, Ny =
dim(Vy), and by {¢xj}j=1,....n, the basis of Vv of normalized eigenfunctions.

o0 Nk

=t where =y (1) = D (W, dughiz by = Zwk,,m,,

k=1 j=1
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The spectrum

The Spectrum of —A on Lj =L}, ,(Q)

(—A) is a linear unbounded selfadjoint operator on L?, associated to the
Dirichlet form Q(f) = [, |Vf|* dx, and has a discrete spectrum:

0<)\V,1 <)\V,2 < .- </\V7k< )\V7k+1 — 00

Denote by 7y, : L} — V; the projections on the eigenspaces Vi, Ny =
dim(Vy), and by {¢xj}j=1,....n, the basis of Vv of normalized eigenfunctions.

o0 Nk

=t where =y (1) = D (W, dughiz by = Zwk,,m,,
k=1 j=1

(p+1)/2

Finally, )\V,l =cC > 0and ¢1,1 = V/HVHL%/ = V/||V| Lo+
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The spectrum

The Spectrum of —A on Lj =L}, ,(Q)

(—A) is a linear unbounded selfadjoint operator on L?, associated to the
Dirichlet form Q(f) = [, |Vf|* dx, and has a discrete spectrum:

0<)\V,1 <)\V,2 < .- </\V7k< )\V7k+1 — 00

Denote by 7y, : L} — V; the projections on the eigenspaces Vi, Ny =
dim(Vy), and by {¢xj}j=1,....n, the basis of Vv of normalized eigenfunctions.

0 Nk
=t where =y (1) = D (W, dughiz by = Zwk,,m,,
k=1 j=1
Finally, \y,; = ¢ > Oand ¢y = V/|[V]l2 = V/|VIIZFD2.
All the eigenfunctions are smooth, C>%(2) N C*(£2), and for all x € Q:
¢1,1 < dist(x, 0€) and |6k (%)] S d1,1(x).




Linear Entropy Method and Improved Poincaré Inequalities

Consider solutions to the linearized equation: | pV? ) f=Af +cpV? -t f |

Elf] = /QfZVP_l dx.
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Linear Entropy Method and Improved Poincaré Inequalities

Consider solutions to the linearized equation: ‘ A% ) f=Af+cpV’ - f

Linear Entropy

E[f] :/QfZV”_ldx.

Linear Entropy-Production

d 2 . 2
SErOI==2( [ 1P e pe [ Fenvear) =2 i)
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Linear Entropy Method and Improved Poincaré Inequalities

Consider solutions to the linearized equation: ‘ A% ) f=Af +cpV”’ - f

Linear Entropy

EW:A#W”M.

Linear Entropy-Production

d

Elf(0)] =

ar </Q|Vf(t,x)|2dxpC/sz(t,x)Vpl(x)dx> :—I%I[f(t)]

2
p

Improved Poincaré inequality «~ Entropy-Entropy production inequality

)\,,E[f]:)\p/QfZVP*Idxg/Q|Vf\2dx—0p/ﬂfzvp*1dx:|[f].

In order to have A, > 0, suitable orthogonality condition are required.
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Linear Entropy Method and Improved Poincaré Inequalities (continued)

Entropy and Poincaré imply Exponential Decay

d

FEFOI=—2 101 < —VEF(0] — B0 < PV ELO)

To prove the Improved Poincaré, we need some conditions:
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Linear Entropy Method and Improved Poincaré Inequalities (continued)

Entropy and Poincaré imply Exponential Decay

FEFOI=—2 101 < —VEF(0] — B0 < PV ELO)

To prove the Improved Poincaré, we need some conditions:
(H2) There is no nontrivial solution (i.e. ¢ # 0) to the homogeneous Dirichlet
problem for the equation

—Ap =cpVPly.
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Linear Entropy Method and Improved Poincaré Inequalities (continued)

Entropy and Poincaré imply Exponential Decay

FEFOI=—2 101 < —VEF(0] — B0 < PV ELO)

To prove the Improved Poincaré, we need some conditions:
(H2) There is no nontrivial solution (i.e. ¢ # 0) to the homogeneous Dirichlet
problem for the equation

—Ap =cpVPly.
Under assumption (H2), it is convenient to define the integer k, > 1 as the
biggest integer k for which pc > Ay, so that

O0<Avi=cCc< - <Ay, <pC < Ay,+1
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Linear Entropy Method and Improved Poincaré Inequalities (continued)

Entropy and Poincaré imply Exponential Decay

FEFOI=—2 101 < —VEF(0] — B0 < PV ELO)

To prove the Improved Poincaré, we need some conditions:
(H2) There is no nontrivial solution (i.e. ¢ # 0) to the homogeneous Dirichlet
problem for the equation

—Ap =cpVPly.
Under assumption (H2), it is convenient to define the integer k, > 1 as the
biggest integer k for which pc > Ay, so that

O0<Avi=cCc< - <Ay, <pC < Ay,+1

Under assumption (H2), let ¢, = 7y, () = 0, for all k < k,,. Then

ApE[W]:(Ak,,+1*CP)/Qs02V”’1GbcS/QIVsalzd?C*CP/Qsan”’ldx:M-
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The orthogonality conditions are preserved along the linear flow.

In order to apply the improved Poincaré inequality to the solutions to the linear parabolic
equation, we have to make sure that the orthogonality conditions are preserved along
the evolution, namely:

If 7y, (f (o)) =0forallk =1,...,k,,
then 7y, (f(r)) =O0forallt > typandallk =1,...,k,.
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The orthogonality conditions are preserved along the linear flow.

In order to apply the improved Poincaré inequality to the solutions to the linear parabolic
equation, we have to make sure that the orthogonality conditions are preserved along
the evolution, namely:

If 7y, (f (o)) =0forallk =1,...,k,,
then 7y, (f(r)) =O0forallt > typandallk =1,...,k,.

Indeed, given vy € Vi, we know that —Ayy = Ay VP Ly so that:

[ = e vk

5 [ 70l v ) s = ;

Qf(r,x)q/;k(x)vf"l (x) dx
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The orthogonality conditions are preserved along the linear flow.

In order to apply the improved Poincaré inequality to the solutions to the linear parabolic
equation, we have to make sure that the orthogonality conditions are preserved along
the evolution, namely:

If 7y, (f (o)) =0forallk =1,...,k,,
then 7y, (f(r)) =O0forallt > typandallk =1,...,k,.

Indeed, given vy € Vi, we know that —Ayy = Ay VP Ly so that:

_pc— AVk

d p—1 _
@ [ SRV @ =[] =

Qf(fMC)?/Jk(X)V”_l (x) dx

As a consequence, for all 1 € Vi

pc— Xy &

/ F,2) o) VP ) de=e 7 ) / F(t0,2) (%) VP~ (x) dx.
Q Q



Outline of the talk Introduction Asymptotic behaviour of the Fast Diffusion Equation, m < 1 The Linear Problem The Nonlinear Entropy Method
e} 0000000 00000000 [e]e]ele] Jele) 0000000000
Linear Entropy Method and Improved Poincaré Inequalities

The orthogonality conditions are preserved along the linear flow.

In order to apply the improved Poincaré inequality to the solutions to the linear parabolic
equation, we have to make sure that the orthogonality conditions are preserved along
the evolution, namely:

If 7y, (f (o)) =0forallk =1,...,k,,
then 7y, (f(r)) =O0forallt > typandallk =1,...,k,.

Indeed, given vy € Vi, we know that —Ayy = Ay VP Ly so that:

_pc— AVk

d p—1 _
@ [ SRV @ =[] =

QJ‘(W)W(X)V”_1 (x) dx

As a consequence, for all 1 € Vi

P

o—Avik _
/f(t,X) D) VP ) de = 0 /f(fmx) () VP (x) dx.
Q Q
If we do not impose the orthogonality condition at the initial time, then
the projections of the solution eventually blow up, since pC — Ay > 0
(in infinite time and with an exponential rate).
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Assumption (H2) is generically true
Assumption (H2) admits several equivalent statements:
@ The homogeneous Dirichlet problem

—Ap =cpVPlyp inQ, =0 on 082,

admits no nontrivial solution. Or, the only solution is ¢ = 0.
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Assumption (H2) is generically true
Assumption (H2) admits several equivalent statements:
@ The homogeneous Dirichlet problem

—Ap =cpVPlyp inQ, =0 on 082,

admits no nontrivial solution. Or, the only solution is ¢ = 0.
@ Equivalently: Cp is not an eigenvalue for the Dirichlet Laplacian on L?,

Le. op & Specpz () (—A).
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Assumption (H2) is generically true
Assumption (H2) admits several equivalent statements:
@ The homogeneous Dirichlet problem

—Ap =cpVPlyp inQ, =0 on 082,
admits no nontrivial solution. Or, the only solution is ¢ = 0.
@ Equivalently: Cp is not an eigenvalue for the Dirichlet Laplacian on L?,
Le. op & Specpz () (—A).
This fact is not so easy to check in general, and it depends on the geometry
of the domain. Indeed, it turns out that this result is generically true.
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Assumption (H2) is generically true
Assumption (H2) admits several equivalent statements:
@ The homogeneous Dirichlet problem

—Ap =cpVPlyp inQ, =0 on 082,
admits no nontrivial solution. Or, the only solution is ¢ = 0.
@ Equivalently: Cp is not an eigenvalue for the Dirichlet Laplacian on L?,
Le. op & Specpz () (—A).
This fact is not so easy to check in general, and it depends on the geometry
of the domain. Indeed, it turns out that this result is generically true. Define

0:={QCR", Qopen : Qiscompactand 09 € C>*}
with the topology given by the family of neighborhoods
NAQ) :={Q €0 : TP e CP*RY;RY) with || @ — 1d]| 2.0 < es.t. Q' =B(Q)}
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Assumption (H2) is generically true
Assumption (H2) admits several equivalent statements:
@ The homogeneous Dirichlet problem

—Ap =cpVPlyp inQ, =0 on 082,
admits no nontrivial solution. Or, the only solution is ¢ = 0.

@ Equivalently: Cp is not an eigenvalue for the Dirichlet Laplacian on L?,

Le. op & Specpz () (—A).
This fact is not so easy to check in general, and it depends on the geometry
of the domain. Indeed, it turns out that this result is generically true. Define

0:={QCR", Qopen : Qiscompactand 09 € C>*}
with the topology given by the family of neighborhoods
NAQ) :={Q €0 : TP e CP*RY;RY) with || @ — 1d]| 2.0 < es.t. Q' =B(Q)}
We define the family of (good) sets for which (H2) holds, as follows:
G:={Q€0 : cp¢Specp;q)(—A)}
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Assumption (H2) is generically true
Assumption (H2) admits several equivalent statements:
@ The homogeneous Dirichlet problem

—Ap =cpVPlyp inQ, =0 on 082,

admits no nontrivial solution. Or, the only solution is ¢ = 0.
@ Equivalently: Cp is not an eigenvalue for the Dirichlet Laplacian on L?,

Le. op & Specpz () (—A).
This fact is not so easy to check in general, and it depends on the geometry
of the domain. Indeed, it turns out that this result is generically true. Define

0:={QCR", Qopen : Qiscompactand 09 € C>*}
with the topology given by the family of neighborhoods
NAQ) :={Q €0 : TP e CP*RY;RY) with || @ — 1d]| 2.0 < es.t. Q' =B(Q)}
We define the family of (good) sets for which (H2) holds, as follows:
G:={Q€0 : cp¢Specp;q)(—A)}

Theorem (Good sets are Generic) Saut-Temam (CPDE 1979)
The set G C O is open and dense (in the topology given by Nz ). J




Some examples.
@ We know that (H2) is true on balls of R
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Some examples.
@ We know that (H2) is true on balls of RY

@ In dimension N = 2, (H2) holds for domains which are convex in the
direction x;, i = 1,2 and symmetric with respect to the hyperplanes
x; = 0,i=1,2. (Dancer 1990, Damascelli-Grossi-Pacella 1999).
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Some examples.
@ We know that (H2) is true on balls of RY

@ In dimension N = 2, (H2) holds for domains which are convex in the
direction x;, i = 1,2 and symmetric with respect to the hyperplanes
x; = 0,i=1,2. (Dancer 1990, Damascelli-Grossi-Pacella 1999).

@ By the results of Zou (1994), (H2) holds for C! perturbation of balls.

@ As for Annuli: we know that this is not true, however, if we perturb a
bit the annulus in the C*“ sense above, then (H2) holds true.
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Some examples.
@ We know that (H2) is true on balls of RY

@ In dimension N = 2, (H2) holds for domains which are convex in the
direction x;, i = 1,2 and symmetric with respect to the hyperplanes
x; = 0,i=1,2. (Dancer 1990, Damascelli-Grossi-Pacella 1999).

By the results of Zou (1994), (H2) holds for C' perturbation of balls.

As for Annuli: we know that this is not true, however, if we perturb a
bit the annulus in the C*“ sense above, then (H2) holds true.

@ Perturbation can be done only on a small part of the boundary of Q.
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Some examples.
@ We know that (H2) is true on balls of RY

@ In dimension N = 2, (H2) holds for domains which are convex in the
direction x;, i = 1,2 and symmetric with respect to the hyperplanes
x; = 0,i=1,2. (Dancer 1990, Damascelli-Grossi-Pacella 1999).

@ By the results of Zou (1994), (H2) holds for C! perturbation of balls.

@ As for Annuli: we know that this is not true, however, if we perturb a
bit the annulus in the C*“ sense above, then (H2) holds true.

@ Perturbation can be done only on a small part of the boundary of Q.

@ For p close to 1 the result is true:

p—)lJr
AV +1 — Avk, ~ Ava —Avn —— A — A

and Cc = /\v71 é pC é )\V,Z'



Nonlinear Entropy method.
Recall that, as consequence of convergence in relative error: V§ € (0,1) 37 >0 :

(H1)s [/ (z,x)] = |v(r,x) = V(x)] < 6V(x) forae. (7,x) € [ty,00) x Q
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Nonlinear Entropy method.
Recall that, as consequence of convergence in relative error: V§ € (0,1) 37 >0 :

(H1)s [/ (z,x)] = |v(r,x) = V(x)] < 6V(x) forae. (7,x) € [ty,00) x Q

b= [ [0 - vy - 22 - vy ax,
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The Nonlinear Entropy Method
0000000 000000000

Nonlinear Entropy method.
Recall that, as consequence of convergence in relative error: Vo € (0,1) 31 >0 :

(H1)s [f(z,x)| = |v(t,x) — V(x)] < V(x) forae. (7,x) € [ty,00) x Q
Nonlinear Entropy

b= [ [0 - vy - 22 - vy ax,

Comparing linear and nonlinear Entropy

Assume (H1)s, then for all 7 > #) we have for some ¢, > 0:

p+1 p+1
WEW < EP] £ T=—(1+75,0)* E[f]
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Nonlinear Entropy method.
Recall that, as consequence of convergence in relative error: Vo € (0,1) 31 >0 :

(H1)s [f(z,x)| = |v(t,x) — V(x)] < V(x) forae. (7,x) € [ty,00) x Q

Nonlinear Entropy

5[@:/{2{(\»1’“—‘/1’“) ”ZI(VP vy | dx,

Comparing linear and nonlinear Entropy

Assume (H1)s, then for all 7 > #) we have for some ¢, > 0:

p+1 p+1
WEW <€&pl < > ——(1+47¢,6)*E[f]

Comparing linear and nonlinear Entropy Production

Assume (H1)s, then for all t > #, we have for some x, > 0:

%5[\10)] = 2 Liik)] + Ry[F(r)]

IR, [f]] < CHI,/ [FIPVP=2dx.
Q

where
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Almost orthogonality conditions
We have defined k, as the largest k such that pc > Ay x and
Ap 1= )\V,kp-i—l —cp >0,
Let us define Linear Rayleigh-type quotients
A I (O I I (I

Qujly] - (o 02 VP—ldx)% el Ep
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Almost orthogonality conditions
We have defined k, as the largest k such that pc > Ay x and
A,, = )\V’kaﬁl —Cp > 0,
Let us define Linear Rayleigh-type quotients
_ |Jov oVl dx] [ digi] (0 dridiz |

(fQ Y2 Vp—ldx)% B Hw|L€ a E[M%

Qui[] -

We say that a function f € L3, satisfies the almost-orthogonality condition if

(AOL). 3Jee (0,1)s.t.v1<= 1,....kyandj=1,... N
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Almost orthogonality conditions
We have defined k, as the largest k such that pc > Ay x and
Ap 1= )\V’kaﬁl —cp >0,
Let us define Linear Rayleigh-type quotients
(W iz

v vt [ o]
(Jouvrveta) Iy Efy]}

Qui[] -

We say that a function f € L3, satisfies the almost-orthogonality condition if

(AOL). 3Jee (0,1)s.t.v1<= 1,....kyandj=1,... N

Let us also define Nonlinear Rayleigh-type quotients
[Jo (7 = V") ¢y dx] _ Al
SUogp)s
(fQ [(VPJrl — V) — 1%1(1,17 - VP)V} dx) v

Qv =
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Almost orthogonality conditions
We have defined k, as the largest k such that pc > Ay x and
Ap 1= Av’kaﬁl —cp >0,
Let us define Linear Rayleigh-type quotients
(W iz

oo v a] @ oyl
(pwrvia)t ¥l Efy)’

Qui[] -

We say that a function f € L3, satisfies the almost-orthogonality condition if

(AOL). 3Jee (0,1)s.t.v1<= 1,....kyandj=1,... N

Let us also define Nonlinear Rayleigh-type quotients
[Jo (v = V") dxy dx] _ Al
SUogp)s
(fQ [(VPJrl — V) — I%l(vp - VP)V} dx) v

Qv =

and an analogous almost-orthogonality condition:

(AON). 3Jee (O,I)S.t.‘v’k: 1,....kyandj=1,... Ng.




Assume (H1)s, then for all ¢ > £, we have

%QMV(O] — GypElf]? < Quylv(e)]
V2p

e 1+ 80)Qu (0] + g B

<
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Comparing linear and nonlinear Rayleigh quotients

Assume (H1);, then for all ¢ > #, we have

Vi o
TrET0 3,0 2l 0] = GBI < Q)
V2p

vp+1

<

(1 +7,0)Quylf (1)] + Ty pElf]?

The Nonlinear Entropy Method
0O®0000000

Clearly, this implies that the Linear and Nonlinear almost orthogonality con-

ditions are equivalent: when § < ¢ we have

(AOL). = (AON) < = (AOL)
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Almost orthogonality, improved Poincaré inequalities and Entropy-Production

Improved Poincaré inequality for almost-orthogonal functions

Under assumption (H2), let ¢ € L% be such that (AOL). holds true with
€ > 0. Then, the following improved Poincaré inequality holds

(06 + Xy — ) / AV dr < / Vol dx,
JQ JQ

Equivalently:
(A —ne®) Elp] < I[g].
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Almost orthogonality, improved Poincaré inequalities and Entropy-Production

Improved Poincaré inequality for almost-orthogonal functions

Under assumption (H2), let ¢ € L% be such that (AOL). holds true with
€ > 0. Then, the following improved Poincaré inequality holds

(06 + Xy — ) / AV dr < / Vol dx,
JQ JQ

Equivalently:
(A —ne®) Elp] < I[g].

Entropy Entropy-Production inequality I

Assume (H1)zand (H2) and assume that for some ¢ > £y we have that f ()
satisfies (AOL).. Then we have that

FEVOI < = |25+ 9)| Elvio).
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Entropy Entropy-Production inequality II

Assume (H1), and (H2), and assume that for some 7 > 0 we have:

v(it) =V
Ve e o)

forallt >t >landallk=1,...,k,,j=1,... N
Then, for all t > fy > 1 we obtain

<REPE -] and Qulf (1] < g€~ D)F,

2,

%S[V(f)] = EW@O)] + rp E(t = D" Ev(7)]
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Entropy Entropy-Production inequality II
Assume (H1), and (H2), and assume that for some 7 > 0 we have:
)V
MOV <mepe- 7 and QiAW) < By bl — D)F
14 L= (0) 7

forallt >t >landallk=1,...,k,,j=1,... N
Then, for all t > fy > 1 we obtain

2,

%S[V(f)] < = MO+ mp Ele = DI ER()].

Super solutions to ODEs with delay

Leto > 0and Y : [fy, 00) — [0, 00) satisfy the following ODE for all

t>tn+1
Y1) < -AY(1) + Y7 (1 — )Y (1)

If C:= AY(to)~° — 1> 0, then for all # > 7 + 1:
Aze~ N

[e=2ol=) +C]§ '

Y(1) <Y(1) :=
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Possible blow up when almost orthogonality fails

In order to get the (sharp) rate of decay we have to show that almost orthogo-
nality is true along the nonlinear flow, hence ensuring the hypotheses (AOL).
or (AON). needed in the previous steps. Recall that
0u] = o (= V?) 6y _ Al
JV= [ T
(fQ |:(Vp+l — ) — ’%I(VP B VP)V} dx) 7 FANE
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Possible blow up when almost orthogonality fails

In order to get the (sharp) rate of decay we have to show that almost orthogo-
nality is true along the nonlinear flow, hence ensuring the hypotheses (AOL).
or (AON). needed in the previous steps. Recall that
P _ yP - dx A,
QkJ[V] — ‘fQ (v )¢kd | = k;/[‘j} .
(fQ |:(Vp+l — ) — ’%I(VP B VP)V} dx) 7 FANE

Possible blow up when almost orthogonality fails

Let v = f + V and assume (H1),. Fix two integers k € [1,k,] and j € [1,Ny],
and fix also t > #) > 0 and ¢ € (0, 1/2). There exists &, > 0 such that the
following holds: if

6 < Ko €0 and Q/w[f(l‘)] > €
then there exists £; > 0 such that

%Akg/[v(f)] > £1€0A V(7)) -
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Possible blow up when almost orthogonality fails

In order to get the (sharp) rate of decay we have to show that almost orthogo-
nality is true along the nonlinear flow, hence ensuring the hypotheses (AOL).
or (AON). needed in the previous steps. Recall that
P _ yP - dx .
QkJ[V] — ‘fQ (v )¢kd | = ‘Ak;/[‘j] .
(fQ |:(Vp+l — ) — l%l(vp _ VP)V} dx) 2 EM)2

Possible blow up when almost orthogonality fails

Let v = f + V and assume (H1),. Fix two integers k € [1,k,] and j € [1,Ny],
and fix also t > #) > 0 and ¢ € (0, 1/2). There exists &, > 0 such that the
following holds: if

6 < Ko €0 and Q/w[f(l‘)] > €
then there exists £; > 0 such that

%Akg/[v(f)] > £1€0A V(7)) -

v

When the quotients Qy ; are relatively big, the corresponding projections Ay ;
tend to blow up exponentially in infinite time, as in the linear case.
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Possible blow up when almost orthogonality fails

In order to get the (sharp) rate of decay we have to show that almost orthogo-
nality is true along the nonlinear flow, hence ensuring the hypotheses (AOL).
or (AON). needed in the previous steps. Recall that
P _ yP - dx A,
QkJ[V] — ‘fQ (v )¢kd | = k;/[‘j} .
(fﬂ |:(Vp+l — ) — l%l(vp B VP)V} dx) 7 FANE

Possible blow up when almost orthogonality fails

Let v = f + V and assume (H1),. Fix two integers k € [1,k,] and j € [1,Ny],
and fix also t > #) > 0 and ¢ € (0, 1/2). There exists &, > 0 such that the
following holds: if

6 < Ko €0 and Q/w[f(l‘)] > €
then there exists £; > 0 such that

%Akg/[v(f)] > £1€0A V(7)) -

v

When the quotients Qy ; are relatively big, the corresponding projections Ay ;
tend to blow up exponentially in infinite time, as in the linear case.
This is the most delicate part of this method and the core of the proof.
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Almost orthogonality improves along the nonlinear flow
Qualitative almost orthogonality along the nonlinear flow

Assume (H1),; with 0 < 0 < 1/p and (H2). Then, for every € > 0 there
exists t. > tp > O such thatforall 1 <k < k,and 1 <j < Ny

Q)] <e forallt>t..
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Almost orthogonality improves along the nonlinear flow
Qualitative almost orthogonality along the nonlinear flow

Assume (H1),; with 0 < 0 < 1/p and (H2). Then, for every € > 0 there
exists t. > tp > O such thatforall 1 <k < k,and 1 <j < Ny

Q)] <e forallt>t..

The nonlinear flow turns out to be “more stable” than the linearized one: it is surprising that
the almost orthogonality is eventually true along the nonlinear flow (for any initial data), while it

is false along the linear flow, unless we impose precise orthogonality conditions on the data.
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Almost orthogonality improves along the nonlinear flow
Qualitative almost orthogonality along the nonlinear flow

Assume (H1),; with 0 < 0 < 1/p and (H2). Then, for every € > 0 there
exists t. > tp > O such thatforall 1 <k < k,and 1 <j < Ny

Q)] <e forallt>t..

The nonlinear flow turns out to be “more stable” than the linearized one: it is surprising that
the almost orthogonality is eventually true along the nonlinear flow (for any initial data), while it
is false along the linear flow, unless we impose precise orthogonality conditions on the data.

Quantitative almost orthogonality along the nonlinear flow
Assume (H1), and (H2). Assume moreover that £[v(fp — 1)] < I and

v =V <EEp(E-1)]", forallr > 1y > 1.
Vo e

Then, there exist Top > o and K, > O such that forall 1 <k < k,and 1 <j < N;

Qrj(v(1)) <R, Ev(t — ], forallt > Ty.
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Smoothing effects for the relative error

The last assumption that we have to check is a uniform control of the relative

error in terms of the entropy (delicate).

Weighted smoothing effects
Assume (H1); and to > 1V T'log2. Then the following estimates hold true
forany r > 1,

e2cm(i—1) ]
< Roo—— sup g[v(r)]ﬁ + 2Cm(t _ to)ezcm(l—to) .
Loo(Q) I=10 el

v(t) =V
Vv
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Smoothing effects for the relative error

The last assumption that we have to check is a uniform control of the relative

error in terms of the entropy (delicate).

Weighted smoothing effects
Assume (H1); and to > 1V T'log2. Then the following estimates hold true
forany r > 1,

e2cm(i—1) ]
< Roo—— sup g[v(r)]ﬁ + 2Cm(t _ to)ezcm(l—to) .
Loo(Q) I=10 el

v(t) =V
Vv

Asa consequence:

Entropy controls the L°° norm of the relative error

Under the above assumptions, the following estimates hold true for any
t>t+1>0:

v(it) -V

- < Rt — 1)) .

L= ()
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Smoothing effects for the relative error

Thank You!!!

Muchas Gracias!!!




oooooooooooooooooooooooooooooooo

The End |

Thank You!!!

Muchas Gracias!!!
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