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Summary

Outline of the talk

o The setup of the problem
¢ Existence and uniqueness
e First pointwise estimates

e Upper Estimates

e Harnack Inequalities

o Asymptotic behaviour of nonnegative solutions
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Summary

The setup of the problem
e Assumption on the operator £ and on the nonlinearity F

e Mild Solutions and Monotonicity Estimates
o Assumption on the inverse operator £~!

o Examples of operators
e The “dual’” formulation of the problem

o Existence and uniqueness of weak dual solutions



u+LF(u)=0, in(0,+00)x Q
(HDP) u(0,x) = up(x), in
u(t,x) =0, on the lateral boundary.

where:
@ O C RV is a bounded domain with smooth boundary and N > 1.
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Introduction

Homogeneous Dirichlet Problem for

Fractional Nonlinear Degenerate Diffusion Equations

u+ LF(u) =0, in(0,+00) x
(HDP) u(0,x) = up(x), in
u(t,x) =0, on the lateral boundary.

where:
o Q C R¥ is a bounded domain with smooth boundary and N > 1.
@ The linear operator £ will be:
e sub-Markovian operator
o densely defined in L' ().
A wide class of linear operators fall in this class:
all fractional Laplacians on domains.
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Introduction

Homogeneous Dirichlet Problem for

Fractional Nonlinear Degenerate Diffusion Equations

u+ LF(u) =0, in(0,+00) x
(HDP) u(0,x) = up(x), in
u(t,x) =0, on the lateral boundary.

where:
o Q C R¥ is a bounded domain with smooth boundary and N > 1.
@ The linear operator £ will be:
e sub-Markovian operator
o densely defined in L' ().
A wide class of linear operators fall in this class:
all fractional Laplacians on domains.
@ The most studied nonlinearity is F(u) = |u|""'u, withm > 1.
We deal with Degenerate diffusion of Porous Medium type.
More general classes of “degenerate” nonlinearities F' are allowed.
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Introduction

Homogeneous Dirichlet Problem for

Fractional Nonlinear Degenerate Diffusion Equations

u+ LF(u) =0, in(0,+00) x
(HDP) u(0,x) = up(x), in
u(t,x) =0, on the lateral boundary.

where:
o Q C R¥ is a bounded domain with smooth boundary and N > 1.
@ The linear operator £ will be:
e sub-Markovian operator
o densely defined in L' ().
A wide class of linear operators fall in this class:
all fractional Laplacians on domains.
@ The most studied nonlinearity is F(u) = |u|""'u, withm > 1.
We deal with Degenerate diffusion of Porous Medium type.
More general classes of “degenerate” nonlinearities F' are allowed.
@ The homogeneous boundary condition is posed on the lateral boundary,
which may take different forms, depending on the particular choice of
the operator L.
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Z(i)out the operator £
The linear operator £ : dom(A) C L!(2) — L!(Q) is assumed to be densely
defined and sub-Markovian, more precisely satisfying (A1) and (A2) below:
(A1) L is m-accretive on L!(Q),
(A2) If0 < f < 1 then 0 < e *4f < 1, or equivalently,
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Z(i)out the operator £
The linear operator £ : dom(A) C L!(2) — L!(Q) is assumed to be densely
defined and sub-Markovian, more precisely satisfying (A1) and (A2) below:
(A1) L is m-accretive on L'(Q),
(A2) If0 < f < 1 then 0 < e *4f < 1, or equivalently,

(A2’) If B is a maximal monotone graph in R x R with 0 € 5(0),
uedom(L), Lu e LP(Q),1 <p<oo,vell/P-D(Q),
v(x) € B(u(x)) a.e, then

/ v(x)Lu(x)dx >0
Q
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About the operator £

The linear operator £ : dom(A) C L!(2) — L!(Q) is assumed to be densely
defined and sub-Markovian, more precisely satisfying (A1) and (A2) below:
(A1) L is m-accretive on L'(Q),
(A2) If0 < f < 1 then 0 < e *4f < 1, or equivalently,
(A2’) If B is a maximal monotone graph in R x R with 0 € 5(0),
u € dom(L), Lu € LP(Q),1<p<oo,velr/-D(Q),
v(x) € B(u(x)) a.e, then

/ v(x)Lu(x)dx >0
Q

Remark. These assumptions are needed for existence (and uniqueness) of
semigroup (mild) solutions for the nonlinear equation u, = LF(u), through
a variant of the celebrated Crandall-Liggett theorem, as done by Benilan,
Crandall and Pierre:
@ M. G. Crandall, T.M. Liggett. Generation of semi-groups of nonlinear
transformations on general Banach spaces, Amer. J. Math. 93 (1971) 265-298.

@ M. Crandall, M. Pierre, Regularizing Effectd for u; = Ap(u) in L', J. Funct.
Anal. 45, (1982), 194-212
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Assumptlon on the nonlinearity

Let F : R — R be a continuous and non-decreasing function, with F(0) = 0.

Moreover, it satisfies the condition:
(N1) F € C'(R\ {0}) and F/F’ € Lip(R) and there exists p, 11 > 0 s.t.

Ly < (£ /<1 _ !
m B = o= Mo—mo

where F/F' is understood to vanish if F(r) = F'(r) =0orr =0.
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Assumptlon on the nonlinearity

Let F : R — R be a continuous and non-decreasing function, with F(0) = 0.
Moreover, it satisfies the condition:

(N1) F € C'(R\ {0}) and F/F’ € Lip(R) and there exists p, 11 > 0 s.t.

Ly < (£ /<1 _ !
m B = o= Mo—mo

where F/F' is understood to vanish if F(r) = F'(r) =0orr =0.
The main example will be

F(u) = [u]"u, withm > 1, and o =pp = —— < 1.

which corresponds to the nonlocal porous medium equation studied in [BV1].
A simple variant is the combination of two powers:

@ my gives the behaviour near u = 0

@ m; gives the behaviour near u = co.
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Exnstence of Mild Solutions and Monotonicity Estimates

Theorem (M. Crandall and M. Pierre, JFA 1982)

Let L satisfy (A1) and (A2) and let F as satisfy (N1). Then for all
nonnegative uy € L'(£2), there exists a unique mild solution u to equation
u; + LF(u) = 0, and the function

1 = 175 F(u(t,x)) is nondecreasing inz > 0 for a.e. x € .

Moreover, the semigroup is contractive on L! () and
u € C([0,00) : LY(Q)).

We notice that (1) is a weak formulation of the monotonicity inequality:

1 F(u)
>_
= = L F )




Oulllm of the talk Part 1 First Pointwise Estimates Part 2 Weighted L' estimates Part 3 Asymptotic behaviour
000080000000 0000000 O 0000000 [e]e]e} 00000000
Exnstence of Mild Solutions and Monotonicity Estimates

Theorem (M. Crandall and M. Pierre, JFA 1982)

Let L satisfy (A1) and (A2) and let F as satisfy (N1). Then for all
nonnegative uy € L'(£2), there exists a unique mild solution u to equation
u; + LF(u) = 0, and the function

1 = 175 F(u(t,x)) is nondecreasing inz > 0 for a.e. x € .

Moreover, the semigroup is contractive on L! () and
u € C([0,00) : LY(Q)).

We notice that (1) is a weak formulation of the monotonicity inequality:

1 F 1-
uz> - FW  ich implies B> L0
pot F'(u) po

or equivalently, that the function

1— g

2)  t—t o ou(t,x) is nondecreasing in ¢ > 0 for a.e. x € (.
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Exnstence of Mild Solutions and Monotonicity Estimates

Theorem (M. Crandall and M. Pierre, JFA 1982)

Let L satisfy (A1) and (A2) and let F as satisfy (N1). Then for all
nonnegative uy € L'(£2), there exists a unique mild solution u to equation
u; + LF(u) = 0, and the function

1 = 175 F(u(t,x)) is nondecreasing inz > 0 for a.e. x € .

Moreover, the semigroup is contractive on L! () and
u € C([0,00) : LY(Q)).

We notice that (1) is a weak formulation of the monotonicity inequality:

1 F 1-
u> - hichimplies g > — L #0 !
pot F'(u) po

or equivalently, that the function

1— g

2)  t—t o ou(t,x) is nondecreasing in ¢ > 0 for a.e. x € (.

@ P. Bénilan, M. Crandall. Regularizing effects of homogeneous evolution equations.
Contr. to Anal. and Geom. Johns Hopkins Univ. Press, Baltimore, Md., 1981. 23-39.

@ M. Crandall, M. Pierre, Regularizing Effect for u = Ap(u) in L', JFA 45, (1982).
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Assumptlon on the inverse operator £~

Assumptions on the inverse of £
We will assume that the operator £ has an inverse £~! : L1(2) — L}(Q)
with a kernel K such that

L7 = [ K(x,y)f(y) dy,

Q
and that satisfies (one of) the following estimates for some ~v,s € (0, 1]
andc; o >0
(K1) 0<Kx,y) < — 12

= v

(K2) co.08,(x) 85 (y) < K(x,y) < — 2 ( 8, (x) /\1)( 0,0) /\1)

o= yVE =yl lx =y

where
3 (x) = dist(x, 0Q)"
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Assumptlon on the inverse operator £~

Assumptions on the inverse of £
We will assume that the operator £ has an inverse £~! : L1(2) — L}(Q)
with a kernel K such that

£_lf(x) = 0 K(x’y)f())) dy,

and that satisfies (one of) the following estimates for some ~v,s € (0, 1]
andc; o >0

1,0
= \x le—Zs

(K2) conds(x)6,(y) < K(x,y) < ‘x_m ls;] _ ( 6y (x) /\1) ( 5+ () /\1)

lx =y lx =y

(K1) 0 <K(x,y) <

where
3 (x) = dist(x, 0Q)"
When the operator £ has a first nonnegative eigenfunction ®; , we can rewrite (K2) as

(K3) co0B1(x)D1(y) < K(x,y) < — 10 ( ®il) 1) ( ®0)_ 1)

T xR A =y b=y

Indeed, (K2) implies that ®; < dist(-, 9Q)”
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Examples of operators £

Reminder about the fractional Laplacian operator on RY

We have several equivalent definitions for (—Agy)*:

@ By means of Fourier Transform,

(= Aav)f) (&) = [E7F(©).

This formula can be used for positive and negative values of s.
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Examples of operators £

Reminder about the fractional Laplacian operator on RY

We have several equivalent definitions for (—Agy)*:

@ By means of Fourier Transform,

(= Aav)f) (&) = [E7F(©).

This formula can be used for positive and negative values of s.

@ By means of an Hypersingular Kernel:
if 0 < s < 1, we can use the representation

(—ARN)“g(X) = CN,s P.V./]R M dz,

N |X _ Z|N+2S

where cy ; > 0 is a normalization constant.

Asymptotic behaviour
00000000
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Examples of operators £

Reminder about the fractional Laplacian operator on RY

We have several equivalent definitions for (—Agv)*:

@ By means of Fourier Transform,

(= Aav)f) (&) = [E7F(©).

This formula can be used for positive and negative values of s.

@ By means of an Hypersingular Kernel:
if 0 < s < 1, we can use the representation

(—ARN)‘*‘g(x) = CN,s P.V./]R M dz,

N |X _ Z|N+2S

where cy ; > 0 is a normalization constant.

Asymptotic behaviour
00000000

© Spectral definition, in terms of the heat semigroup associated to the

standard Laplacian operator:

1 dt

(~8e5(0) = gy [ (s 50 1
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Examples of operators £

The Spectral Fractional Laplacian operator (SFL)

(~80)'8) = SN0 = gy [ (€48 — 5) 15

J=1

@ Aq is the classical Dirichlet Laplacian on the domain £

@ EIGENVALUES: 0 < A\ < X < ... <\ < Ny <...and )\ < /N

o EIGENFUNCTIONS: ¢; are as smooth as the boundary of €2 allows,
namely when 992 is C¥, then ¢; € C>°(Q) N C*() for all k € N.

gzlfMQ@w, with [ ¢jfliae) =1
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Examples of operators £

The Spectral Fractional Laplacian operator (SFL)

S A~ > 1AQ dt
(—Aa)'s Zp&@ le (¢228(x) — 8(0)) e

@ Aq is the classical Dirichlet Laplacian on the domain £

@ EIGENVALUES: 0 < A\ < X < ... <\ < Ny <...and )\ < /N

o EIGENFUNCTIONS: ¢; are as smooth as the boundary of €2 allows,
namely when 992 is C¥, then ¢; € C>°(Q) N C*() for all k € N.

g [ soar. vt 6l =1
Lateral boundary conditions for the SFL.
u(t,x) =0, in (0,00) x 0. J

The Green function of SFL satisfies a stronger assumption than (K2) or (K3), i.e.

(K4 K(x,y) = 17 (%M M)(%M M),WM7:1

e — V=2 e =y |x — |7
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Examples of operators £
Definition via the hypersingular kernel in RV, “restricted” to functions that are zero outside 2.
The Restricted Fractional Laplacian operator (RFL)
3 X) — 8L 9 =
(—Ajp)'g(x) =cny P.V./ 8lx) — 8(2) dz, with supp(g) C Q2.

o =2

where s € (0, 1) and ¢y, > 0 is a normalization constant.

@ (—Aq)’ is a self-adjoint operator on L?(Q) with a discrete spectrum:

@ EIGENVALUES: 0 < A <X < ... <N < A1 < ...and Xy =< 27V,
Eigenvalues of the RFL are smaller than the ones of SFL: \; < )/ forall j € N.

@ EIGENFUNCTIONS: aj are the normalized eigenfunctions, are only Holder
continuous up to the boundary, namely 51 € C'(Q).
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Examples of operators £
Definition via the hypersingular kernel in RV, “restricted” to functions that are zero outside 2.
The Restricted Fractional Laplacian operator (RFL)
3 X) — 8L 9 =
(—Ajp)'g(x) =cny P.V./ 8lx) — 8(2) dz, with supp(g) C Q2.

o =2

where s € (0, 1) and ¢y, > 0 is a normalization constant.

@ (—Aq)’ is a self-adjoint operator on L*(2) with a discrete spectrum:

@ EIGENVALUES: 0 < A <X < ... <N < A1 < ...and Xy =< 27V,
Eigenvalues of the RFL are smaller than the ones of SFL: \; < )/ forall j € N.

@ EIGENFUNCTIONS: aj are the normalized eigenfunctions, are only Holder
continuous up to the boundary, namely 51 € C'(Q).

Lateral boundary conditions for the RFL
u(t,x) =0, in (0, 00) x (R \ Q). }

The Green function of SFL satisfies a stronger assumption than (K2) or (K3), i.e.

(K4) K(x,y) < |x—)11|N*2S ( 05(x) /\1> ( 85(y) A 1) , Wwithy =y

[x — | |x — |7
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More general operators

We can also treat more general operators of SFL and RFL type:
Spectral powers of uniformly elliptic operators. Consider a linear operator

A in divergence form:
N

A= Z ai(aijaj) )
ij=1
with bounded measurable coefficients, which are uniformly elliptic. The uni-
form ellipticity allows to build a self-adjoint operator on L?(£2) with discrete
spectrum (Mg, ¢x) . Using the spectral theorem, we can construct the spectral
power of such operator, defined as follows:

L) = A7) = > Nnl)  where  fi= [ fonta) dr.
k=1 Q

Such operators enjoy (K3) estimates with v = 1

(3 oot (0 610) < K(vy) € =5 ( |f‘_(x3| A 1) (% A 1>
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More general operators

We can also treat more general operators of SFL and RFL type:
Spectral powers of uniformly elliptic operators. Consider a linear operator

A in divergence form:
N

A= Z ai(aijaj) )
ij=1
with bounded measurable coefficients, which are uniformly elliptic. The uni-
form ellipticity allows to build a self-adjoint operator on L?(£2) with discrete
spectrum (Mg, ¢x) . Using the spectral theorem, we can construct the spectral
power of such operator, defined as follows:

L) = A7) = > Nnl)  where  fi= [ fonta) dr.
k=1 Q

Such operators enjoy (K3) estimates with v = 1

(3 oot (0 610) < K(vy) € =5 ( |f‘_(x3| A 1) (% A 1>

We can treat the class of intrinsically ultra-contractive operators introduced
by Davies and Simon.
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More general operators

Fractional operators with general kernels. Consider integral operators of
the following form

L@ =PV. | (st ~f0) XK_(;Cﬁlz d-

where K is a measurable symmetric function bounded between two positive
constants, satisfying

|K(x,y) — K(x,x)| Xjx—yl<1 < clx —y[7, with0<s<o <1,

for some positive ¢ > 0. We can allow even more general kernels.
The Green function satisfies a stronger assumption than (K2) or (K3), i.e.

K4  K(ry) = — ( 05(x) /\1)( 85(y) /\1), with y = s

e = y[¥=2 N e =17 e =yl
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More general operators

Censored fractional Laplacians and operators with general kernels.
Introduced by Bogdan et al. in 2003.

a(x,y) 1
PV/(f | ‘N+2Ady w1th§<s<1,

where a(x,y) is a measurable symmetric function bounded between two pos-
itive constants, satisfying some further assumptions; a sufficient assumption
isac C'(Q x Q).

The Green function K(x, y) of £ satisfies the strongest assumption (Kj):

K(x,y) < — <&M)AQ<5@)AQ WﬂVZPé

e — y[N=25 \ |x — y[7 lx — y[7

This bounds has been proven by Chen, Kim and Song (2010).
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More general operators

Censored fractional Laplacians and operators with general kernels.
Introduced by Bogdan et al. in 2003.

a(x,y) 1
PV/(f | y‘NHAdy w1th§<s<1,

where a(x,y) is a measurable symmetric function bounded between two pos-
itive constants, satisfying some further assumptions; a sufficient assumption
isac C'(Q x Q).

The Green function K(x, y) of £ satisfies the strongest assumption (Kj):

K(x,y) = h_u%(&M)AQ<5@)AQ WﬂVZPé

lx — |7 |x —y[

This bounds has been proven by Chen, Kim and Song (2010).
Remarks.

o This is a third model of Dirichlet fractional Laplacian [a(x,y) = Cy,,].
This is not equivalent to SFL nor to RFL.
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More general operators

Censored fractional Laplacians and operators with general kernels.
Introduced by Bogdan et al. in 2003.

a(x,y) 1
PV/(f | y‘NHAdy w1th§<s<1,

where a(x,y) is a measurable symmetric function bounded between two pos-
itive constants, satisfying some further assumptions; a sufficient assumption
isac C'(Q x Q).

The Green function K(x, y) of £ satisfies the strongest assumption (Kj):

K(x,y) = h_u%(&M)AQ<5@)AQ WﬂVZPé

lx — |7 |x —y[

This bounds has been proven by Chen, Kim and Song (2010).
Remarks.

o This is a third model of Dirichlet fractional Laplacian [a(x,y) = Cy,,].
This is not equivalent to SFL nor to RFL.

@ Roughly speaking, when s € (0, 1/2] this corresponds to “Neumann”
boundary conditions.
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More general operators

Sums of two fractional operators. Operators of the form
ﬁZ(A|Q)S+(A‘Q)U, with0<o<s<1,

where (A|q)* is the RFL. The Green function K(x, y) of £ satisfies the strongest
assumption (K4) with v = s.
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More general operators

Sums of two fractional operators. Operators of the form
,C:(A|Q)S+(A‘Q)a, with0<o<s<1,

where (A|q)* is the RFL. The Green function K(x, y) of £ satisfies the strongest
assumption (K4) with v = s. The limit case s = 1 and o € (0, 1) satisfies
the strongest assumption (K4) with v = s = 1.

The bounds (K4) for the Green function proven by Chen, Kim, Song (2012).
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More general operators

Sums of two fractional operators. Operators of the form
,C:(A|Q)S+(A‘Q)a, with0<o<s<1,

where (A|q)* is the RFL. The Green function K(x, y) of £ satisfies the strongest

assumption (K4) with v = s. The limit case s = 1 and o € (0, 1) satisfies

the strongest assumption (K4) with v = s = 1.

The bounds (K4) for the Green function proven by Chen, Kim, Song (2012).

Sum of the Laplacian and operators with general kernels. In the case
L=aA+ Ay, with0<s<1 and a>0,

where

Af(x) =P.V. /RN (Fx+y) = f(y) = VF®) - yxpi<t) Xpi<1dv () -
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More general operators

Sums of two fractional operators. Operators of the form
,C:(A|Q)S+(A‘Q)a, with0<o<s<1,

where (A|q)* is the RFL. The Green function K(x, y) of £ satisfies the strongest
assumption (K4) with v = s. The limit case s = 1 and o € (0, 1) satisfies
the strongest assumption (K4) with v = s = 1.

The bounds (K4) for the Green function proven by Chen, Kim, Song (2012).

Sum of the Laplacian and operators with general kernels. In the case

L=aA+ Ay, with0<s<1 and a>0,

where
Af(x) =P.V. /RN (Fx+y) =f) = VF) - yxpi<t) Xp<1dv(y) -

where the measure v on RV \ {0} is invariant under rotations around origin and satisfies

/ 1V [x?dv(y) < oo.
RN

More precisely dv(y) = j(y) dy withj : (0, 00) — (0, 00) is given by
oo o/ (41) oo
i(r) := ————=du(r with 1Vie)du(t) < oco.
0= [ ) [V
The Green function K(x, y) of £ satisfies assumption (Ky4) in the form withs = landy = 1.
The bounds for the Green function have been proven by Chen, Kim, Song, Vondracek (2013).
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More general operators

Schrodinger equations for non-symmetric diffusions. In the case
L=A+pu-V+v,

where A is uniformly elliptic both in divergence and non-divergence form:

N N
1 1
M= 0wa) o A= 3w

We assume C' coefficient a;;, uniformly elliptic.
Moreover, i, v are measures belonging to suitable Kato classes.
The Green function K(x, y) of £ satisfies assumption (K4) withy =s = 1.

Asymptotic behaviour
00000000
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More general operators

Schrodinger equations for non-symmetric diffusions. In the case
L=A+pn-V+uv,
where A is uniformly elliptic both in divergence and non-divergence form:
. .
A= ”ZZI Olayg)  or A= ;0413177

We assume C' coefficient a;;, uniformly elliptic.
Moreover, i, v are measures belonging to suitable Kato classes.

The Green function K(x, y) of £ satisfies assumption (K4) withy =s = 1.

Gradient perturbation of restricted fractional Laplacians. In the case
L=(Ag)+b-V

where b is a vector valued function belonging to a suitable Kato class.
The Green function K(x, y) of £ satisfies assumption (K4) with y = s.

Asymptotic behaviour
00000000
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More general operators

Schrodinger equations for non-symmetric diffusions. In the case
L=A+pu-V+v,
where A is uniformly elliptic both in divergence and non-divergence form:

N 1 N
Z al, or Az = 5 Z a,;,-@,-j,

ij=1

NM—‘

We assume C' coefficient a;;, uniformly elliptic.
Moreover, i, v are measures belonging to suitable Kato classes.

The Green function K(x, y) of £ satisfies assumption (K4) withy =s = 1.

Gradient perturbation of restricted fractional Laplacians. In the case
L=(Ag)+b-V

where b is a vector valued function belonging to a suitable Kato class.
The Green function K(x, y) of £ satisfies assumption (K4) with y = s.
Relativistic stable processes. In the case

E:c—(CI/S—A)s, withe >0, and0 < s < 1.

The Green function K(x, y) of £ satisfies assumption (K4) with v = s.

Asymptotic behaviour
00000000
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More general operators

Schrodinger equations for non-symmetric diffusions. In the case
L=A+pu-V+v,
where A is uniformly elliptic both in divergence and non-divergence form:

N 1 N
Z al, or Az = 5 Z a,;,-@,-j,

ij=1

NM—‘

We assume C' coefficient a;;, uniformly elliptic.

Moreover, i, v are measures belonging to suitable Kato classes.

The Green function K(x, y) of £ satisfies assumption (K4) withy =s = 1.
Gradient perturbation of restricted fractional Laplacians. In the case

L=(Ap) +b-V

where b is a vector valued function belonging to a suitable Kato class.
The Green function K(x, y) of £ satisfies assumption (K4) with y = s.
Relativistic stable processes. In the case

E:c—(CI/S—A)s, withe >0, and0 < s < 1.

The Green function K(x, y) of £ satisfies assumption (K4) with v = s.
The bounds for the Green function have been proven by Chen, Kim, Song (2007, 2011, 2012).
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The “dual” formulation of the problem

Recall the homogeneous Dirichlet problem:
Ou=—LF(u), in(0,400) x

(CDP) u(0,x) = up(x), in§2
u(t,x) =0, on the lateral boundary.

We can formulate a “dual problem”, using the inverse £~ as follows
U = —F(u),

where
Ultx) == £ u(t, ) (x) = /Q K(x,y)u(t,y) dy.

This formulation encodes the lateral boundary conditions in the inverse oper-
ator L1,
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The “dual” formulation of the problem

Recall the homogeneous Dirichlet problem:

Ou=—LF(u), in(0,400) x
(CDP) u(0,x) = up(x), in€
u(t,x) =0, on the lateral boundary.

We can formulate a “dual problem”, using the inverse £~ as follows
U = —F(u),
where
Ult,x) := L7 u(t, )] (x) = / K(x, y)u(t,y)dy.
Q

This formulation encodes the lateral boundary conditions in the inverse oper-
ator L1,

Remark. This formulation has been used before by Pierre, Vazquez [...] to
prove (in the RV case) uniqueness of the “fundamental solution”, i.e. the
solution corresponding to uy = Jy,, known as the Barenblatt solution.
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The “dual” formulation of the problem

Recall that

ey, o = /Q S0 dv, and L (@)= {f: Q= R[fl @ <o}

Weak Dual Solutions
A function u is a weak dual solution to the Dirichlet Problem for 8, + L™ F(u) = 0
inQr =(0,T) x Qif:

® ueC((0,T): L} (Q)),F(u) €L ((o, T):L} (Q));
@ The following identity holds for every v/6, € C:((0,T) : L°(Q)):

/OT/Q,C*I( awdxdz // u) 1 dxdr = 0. |
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The “dual” formulation of the problem

Recall that

ey, o = /Q S0 dv, and L (@)= {f: Q= R[fl @ <o}

Weak Dual Solutions
A function u is a weak dual solution to the Dirichlet Problem for 8, + L™ F(u) = 0
inQr =(0,T) x Qif:

® ueC((0,T): L} (Q)),F(u) €L ((o, T):L} (Q));
@ The following identity holds for every v/6, € C:((0,T) : L°(Q)):

/OT/Q,C*I( awdxdz // u) 1 dxdr = 0. |

Weak Dual Solutions for the Cauchy Dirichlet Problem (CDP)

A weak dual solution to the Cauchy-Dirichlet problem (CDP) is a weak dual solution
to Equation 8; + £7'F(u) = 0 such that moreover

ueC(0,7): Ly (2) and  u(0,x) =uo € Ly (Q).
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The “dual” formulation of the problem

We will use a special class of weak dual solutions:

The class S, of weak dual solutions

We consider a class S, of nonnegative weak dual solutions u to the (HDP)
with initial datain 0 < ug € L};W (92), such that:

(i) the map uy — u(z) is “almost” order preserving in L<13~ (1), namely
3C > 0s.t.

ey @ < Cllut@)lly_ @ forall0 <o <t

(ii) forall # > 0 we have u(r) € LP(2) for some p > 1.
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The “dual” formulation of the problem

We will use a special class of weak dual solutions:

The class S, of weak dual solutions

We consider a class S, of nonnegative weak dual solutions u to the (HDP)
with initial datain 0 < ug € L}SW (92), such that:

(i) the map uy — u(z) is “almost” order preserving in L};W (1), namely
3C > 0s.t.

lu(t)lly (@) < Cllut@)lly @ forall0 < <t

(ii) forall # > 0 we have u(r) € LP(2) for some p > 1.

We prove that the mild solutions of Crandall and Pierre fall into this class:

Proposition. Semigroup solutions are weak dual solutions

Let u be the unique semigroup (mild) solution to the (CDP) corresponding to
the initial datum uy € L?(Q2) with p > 1. Then u is a weak dual solution of
(CDP) and is contained in the class S, .
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The “dual” formulation of the problem

Reminder about Mild solutions and their properties

Mild (or semigroup) solutions have been obtained by Benilan, Crandall and
Pierre via Crandall-Liggett type theorems; the underlying idea is the use of
an Implicit Time Discretization (ITD) method: consider the partition of [0, 7]

k T
ty =-T, forany0<k<n, withty=0,f,=T,and h =ty —ty = —.
n n

For any t € (0,T), the (unique) semigroup solution u(z, -) is obtained as the
limit in L'(Q) of the solutions 1 1(-) = u(#1, -) which solve the following
elliptic equation (i is the datum, is given by the previous iterative step)

hLF (upyr) + U1 = g or equivalently w = —LF(uy1) -

Usually such solutions are difficult to treat since a priori they are merely very
weak solutions.
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The “dual” formulation of the problem

Reminder about Mild solutions and their properties

Mild (or semigroup) solutions have been obtained by Benilan, Crandall and
Pierre via Crandall-Liggett type theorems; the underlying idea is the use of
an Implicit Time Discretization (ITD) method: consider the partition of [0, 7]

k T
ty =-T, forany0<k<n, withty=0,f,=T,and h =ty —ty = —.
n n

For any t € (0,T), the (unique) semigroup solution u(z, -) is obtained as the
limit in L'(Q) of the solutions 1 1(-) = u(#1, -) which solve the following
elliptic equation (i is the datum, is given by the previous iterative step)

hLF (upyr) + U1 = g or equivalently W = —LF(uy1) -

Usually such solutions are difficult to treat since a priori they are merely very
weak solutions. We can prove the following result:

Proposition. Semigroup solutions are weak dual solutions
Let u be the unique semigroup (mild) solution to the (CDP) corresponding to

the initial datum uy € L?(Q2) with p > 1. Then u is a weak dual solution of
(CDP) and is contained in the class S, .
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Exnstence and uniqueness of weak dual solutions

Theorem. Existence of weak dual solutions (M.B. and J. L. Vazquez)

For every nonnegative ug € L};7 (€2) there exists a minimal weak dual
solution to the (CDP). Such a solution is obtained as the monotone limit of
the semigroup (mild) solutions that exist and are unique. The minimal weak
dual solution is continuous in the weighted space u € C([0, c0) : L};W ().
Mild solutions are weak dual solutions and the set of such solutions has the
properties needed to form a class of type S.
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Exnstence and uniqueness of weak dual solutions

Theorem. Existence of weak dual solutions (M.B. and J. L. Vazquez)

For every nonnegative ug € L};v (€2) there exists a minimal weak dual
solution to the (CDP). Such a solution is obtained as the monotone limit of
the semigroup (mild) solutions that exist and are unique. The minimal weak
dual solution is continuous in the weighted space u € C([0, c0) : L(lsW ().
Mild solutions are weak dual solutions and the set of such solutions has the
properties needed to form a class of type S.

Theorem. Uniqueness of weak dual solutions (M.B. and J. L. Vazquez)

The solution constructed in the above Theorem by approximation of the
initial data from below is unique. We call it the minimal solution. In this
class of solutions the standard comparison result holds, and also the
weighted L! estimates .
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First Pointwise Estimates

Theorem. (M.B. and J. L. Vazquez)

Let u > 0 be a solution in the class S, of very weak solutions to Problem
(CDP) with p > N/2s. Then,

/ u(ty, x)K(x, xp) dx < / u(to, x)K(x, x0) dx , forally > 15 > 0.
Q Q

Moreover, for almost every 0 < 7y < 7; and almost every xy € €2, we have

(to> “o (t1 — 10) F(u(ty,x0)) < /Q [u(to,x) = M(ll,x)] K(x, xo) dx

f
1
1 #o
< (Wlo — l)ﬁ F(u(fl,X())) o
fo *o

V.

Remark. As a consequence of the above inequality and Holder inequality,
we have that S, = S, whenp > N/2s.
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Proof of the First Pointwise Estimates

Sketch of the proof of the First Pointwise Estimates

We would like to take as test function

¢(f=x) =1 (Z)’L/}Z(x) = X[t07t]](t) K()Co,x) ’

This is not admissible in the Definition of Weak Dual solutions.
Plugging such test function in the definition of weak dual solution gives the
formula

/ ([(), ) an dX / tla )C()7 dx / T)C() d

This formula can be proven rigorously though careful approximation.
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Proof of the First Pointwise Estimates

Sketch of the proof of the First Pointwise Estimates

We would like to take as test function

¢(f=x) =1 (Z)’L/}Z(x) = X[t07t]](t) K()Co,x) ’

This is not admissible in the Definition of Weak Dual solutions.
Plugging such test function in the definition of weak dual solution gives the
formula

/ ([(), ) an dX / tla )C()7 dx / T)C() d

This formula can be proven rigorously though careful approximation.
Next, we use the monotonicity estimates,

t 7o F(u(t,x)) is nondecreasing inz > 0 for a.e. x € .

to get for all 0 < 7y < 14, recalling that i =

mp—1

(m)m (t1 — 1) F(u(t9, x0)) < /Il F(u(7,x0))dr < — ltfm F(u(ti, %)) 00

151 p
0 t 0
0
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Summary

Upper Estimates

e Absolute upper bounds

o Absolute bounds
o The power case. Absolute bounds and boundary behaviour

e Smoothing Effects

o L'-L°° Smoothing Effects
° L};w -L°° Smoothing Effects
o Backward in time Smoothing effects

Asymptotic behaviour
00000000
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Absolute upper bounds

Theorem. (Absolute upper estimate) (M.B. & J. L. Vazquez)

Let u be a nonnegative weak dual solution corresponding to uy € L} (Q).
Then, there exists universal constants Ky, Kj, K, > 0 such that the following
estimates hold true forall > 0:

F ([lu(®) (o) < F* (K) |

t
Moreover, there exists a time 7 () with 0 < 7 (1) < Kp such that
[|u(t) IL= @) <1 forall t > 7,

so that

K> .
u(t) | (@) < —— with

tmi—1

i=0 ift<K,
i=1 ift>K,

The Legendre transform of F is defined as a function F* : R — R with
F*(z) = sup (zr = F(r)) =2 (F)~'(2) = F ((F)™'(2)) = F'(r) r + F(r),
reR

with the choice r = (F')~!(z).
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The power case. Absolute bounds and boundary behaviour

Theorem. (Absolute upper estimate and boundary behaviour)
(M.B. & J. L. Vazquez)

Let u be a weak dual solution. Then, there exists universal constants
K1, K, > 0 such that the following estimates hold true: (K1) assumption

implies:
K
u(®)llLoe ) < — forall > 0.
f—1
Moreover, (K2) assumption implies:
5 (x)m
u(t,x) < K, 7()16) forallz >0andx € Q.

p—1
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The power case. Absolute bounds and boundary behaviour
Theorem. (Absolute upper estimate and boundary behaviour)
(M.B. & J. L. Vazquez)
Let u be a weak dual solution. Then, there exists universal constants
K1, K, > 0 such that the following estimates hold true: (K1) assumption

implies:
K,
lu(t)||Le () £ ——, forall +>0.
fm—1
Moreover, (K2) assumption implies:
5 (x)m
u(t,x) < K, 7()16) forallz >0andx € Q.

p—1

Remark.
@ This is a very strong regularization independent of the initial datum u.
@ The boundary estimates are sharp, since we will obtain lower bounds
with matching powers.
@ This bounds give a sharp time decay for the solution, but only for large
times, say ¢t > 1. For small times we will obtain a better time decay
when 0 < ¢ < 1, in the form of smoothing effects
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The power case. Absolute bounds and boundary behaviour

Sketch of the proof of Absolute Bounds
o STEP 1. First upper estimates. Recall the pointwise estimate:
10\ T
(7) (ty — 10) u™ (20, x0) < / u(tg,x)GQ(x,xo)dx—/ u(t, x)Ga(x,x) dx .
1 Q Q
forany u € Sp, all0 < #p <ty and all xg € €2. Choose 1] = 21, to get

m
2m—1

to

(*) u" (to, x0) <

/ u(to,x)Ga(x,x0) dx .
Q

Recall that u € S, with p > N/(2s), means u(r) € L?(2) forall r > 0, so that:

m c C
u" (10, x0) < 7::/ u(to, x)Ga (x,%0) dx < TSHM(%)Hu(m G, %0)l[La(n) < +o0
Q

since G (-, xp) € L9(Q) forall0 < g < N/(N — 2s), so that u(zp) € L>°(£2) for all o > 0.
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The power case. Absolute bounds and boundary behaviour

Sketch of the proof of Absolute Bounds
o STEP 1. First upper estimates. Recall the pointwise estimate:
10\ T
(7) (ty — 10) u™ (20, x0) < / u(tg,x)GQ(x,xo)dx—/ u(t, x)Ga(x,x) dx .
1 Q Q
forany u € Sp, all0 < #p <ty and all xg € €2. Choose 1] = 21, to get

m
2m—1

to

(*) u" (to, x0) <

/ u(to,x)Ga(x,x0) dx .
Q

Recall that u € S, with p > N/(2s), means u(r) € L?(2) forall r > 0, so that:

Ci Ci
u" (1, %0) < 70/ u(to, x)Ga (x, x0) dx < Tol\u(fO)Hu(m G, %0)l[La(n) < +o0
0JQ 0

since G (-, xp) € L9(Q) forall0 < g < N/(N — 2s), so that u(zp) € L>°(£2) for all o > 0.
® STEP 2. Let us estimate the r.h.s. of () as follows:

m C C
u" (to,x0) < —0/ u(to, x)Ga (x,x0) dx < ||u(t0)|\Loo(Q)—0/ Ga(x,x0) dx.
 Jo h Jo

Taking the supremum over xy € €2 of both sides, we get:

m—1

_ C '
)=ty < < sup [ Gara)ars B | O
fo vyeJo fo
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Smoothlng Effects

Let v, s € [0, 1] be the exponents appearing in assumption (K2). Define
1 1
Uiy = with m; =
T 25 (N ) (mi — 1) 1 — p
Theorem. (Weighted L' — L°° smoothing effect) (M.B. & J. L. Vdzquez)

As a consequence of (K2) hypothesis, there exists a constant K¢ > 0 s.t.

> 1

2sm;9;
o) 12"

F(“M(t)‘lLoo(Q)) SK6W, fOl‘aHOStoSt,

with i = Lif r > |Ju(t) and i = 0if r < ||u(1)

I e I
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Smoothlng Effects

Let v, s € [0, 1] be the exponents appearing in assumption (K2). Define
1 1
Uiy = with m; =
T 25 (N ) (mi — 1) 1 — p
Theorem. (Weighted L' — L°° smoothing effect) (M.B. & J. L. Vdzquez)

As a consequence of (K2) hypothesis, there exists a constant K¢ > 0 s.t.

> 1

2sm;9;
)2

F(H“(f)HLoo(Q)) SKGW, forall 0 < <,

with i = 1if t > ||u(1o) and i = 0if r < [Ju(to)||”

25
[N
Oy

||L @

@ A novelty is that we get instantaneous smoothing effects, new even when s = 1.

@ The weighted smoothing effect is new even for s = 1.
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Smoothlng Effects

Let v, s € [0, 1] be the exponents appearing in assumption (K2). Define
1 1
Uiy = with m; =
T 25 (N ) (mi — 1) 1 — p
Theorem. (Weighted L' — L°° smoothing effect) (M.B. & J. L. Vdzquez)

As a consequence of (K2) hypothesis, there exists a constant K¢ > 0 s.t.

> 1

2sm;9;
)2

F(“M(r)‘ILoo(Q)) SKﬁW’ fOI‘allOStoSl‘,

with i = 1if t > ||u(1o) and i = 0if r < |Ju(to)

25
I i gy -
LL (@) Ly (@)

@ A novelty is that we get instantaneous smoothing effects, new even when s = 1.
@ The weighted smoothing effect is new even for s = 1.

@ Corollary. Under the weaker assumption (K1) instead of (K2), the above result holds
true with v = 0 and replacing || - ”Lg (o) With [ - [lp1 g -
v
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Smoothlng Effects

Let v, s € [0, 1] be the exponents appearing in assumption (K2). Define
1 1
Uiy = with m; =
T 25 (N ) (mi — 1) 1 — p
Theorem. (Weighted L' — L°° smoothing effect) (M.B. & J. L. Vdzquez)

As a consequence of (K2) hypothesis, there exists a constant K¢ > 0 s.t.

> 1

2sm;9;
)2

F(“M(r)‘ILoo(Q)) SKﬁW’ fOI‘allOStoSl‘,

with i = 1if t > ||u(1o) and i = 0if r < |Ju(to)

||L @

Iy
Sy

@ A novelty is that we get instantaneous smoothing effects, new even when s = 1.

@ The weighted smoothing effect is new even for s = 1.

@ Corollary. Under the weaker assumption (K1) instead of (K2), the above result holds
true with v = 0 and replacing || - ||L1H<Q) with || - fIL1 ) -

@ The time decay is better for small times 0 < ¢ < 1 than the one given by absolute bounds:

_ N+~ 1

T2+ (N+y)(mi—1)  mi—1

(N +7)iy
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Smoothlng Effects
Corollary.
As a consequence of (K2) hypothesis, there exists a constant K7 > 0 s.t.
WEIGHTED L! — L> SMOOTHING EFFECT FOR SMALL TIMES:
2509
(ZCO! s
oo < _ <t <t< N+” .
llu(t)|lLoe () < K7 [(NJF’Y)’%,’Y ; forall 0 <1 < < [lu(to) ||}’ Lo
WEIGHTED L' — L>° SMOOTHING EFFECT FOR LARGE TIMES:
2519
(o))
e
[[u(@)llLoe () < K7 W’ ey 2 [l
25 9 =1
Moreover, the condition # > ||u(o)]| ", .., is implied by ¢ > (K] ||67HL1(Q)> Ly ).
Ly (@)
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Smoothlng Effects

Corollary.

As a consequence of (K2) hypothesis, there exists a constant K7 > 0 s.t.
WEIGHTED L! — L* SMOOTHING EFFECT FOR SMALL TIMES:

259
O

Hu(t)‘le(Q) < K7 forall0 <1 <t < ||I/t(l‘())||lv_'—’Y

[(N+7)190,~/ ’ Q)"
WEIGHTED L! — L° SMOOTHING EFFECT FOR LARGE TIMES:
HM(IO)HM%&) 2
e ooy < K7 —ygr—>  forallz > ||'4(10)|| K
e 91, (m—1)

Moreover, the condition ¢ > ||u(t0)H ,is implied by # > (K] ||67HL1(Q)>

(Q)

Corollary. Under the weaker assumption (K1) instead of (K2), the above
result holds true with y = 0 and replacing || - (|1 (o) With || - [l -
v
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Smoothlng Effects

Corollary. (Backward weighted L' — L>° smoothing effects)

As a consequence of (K2) hypothesis, there exists a constant K7 > 0 s.t.

For small times: for all 7,2 > 0 and for all 0 < ¢ < |Ju(z )||2Y/(é\;;7) ,

2590~ H (t+h)||2\'190,y

B\ o1 ()
[u(®) |l @) < 2K7 (1 v t) W ‘
For large times: for all z, 7 > 0 and for all > ||u(t )||2S/(é\gl$w )
59, 2519
i ot e+ 1)
[[u()lLee (o) < 2K7 <1 v t) W ‘

o =
Moreover, the condition ¢ > ||u(t)||2x/(1(\;;7) is implied by ¢ > (K1 ||57||L1(Q)) i .
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Smoothlng Effects

Corollary. (Backward weighted L' — L>° smoothing effects)

As a consequence of (K2) hypothesis, there exists a constant K7 > 0 s.t.

For small times: for all 7,7 > 0 and for all 0 < 7 < ||u(t)||12j/(é\;$7) )
o

" 2590, ~
n\ ot [+ ML
[u(@)llLe @) < 2K7 (IVI) W

2s/(N+7)

For large times: for all #, 7 > 0 and for all # > [[u(2)]|, L@

259 ., 2594
e ule+ 1)1

B\
””([)”L‘X’(Q) < 2K; <1 V t) W

D1, (my—1)
Moreover, the condition ¢ > ||u(t)\|[2j/(1(v(;7) ,is implied by 7 > (K1 ||57||L1(Q)) A
Gy

Corollary. Under the weaker assumption (K1) instead of (K2), the above
result holds true with v = 0 and replacing || - [[L, () With || - [|Li(q) -
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Summary

Harnack inequalities

e Global Harnack Principle

e Local Harnack inequalities
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Global Harnack Principle

In the rest of the talk we consider the nonlinearity F(u) = |u|"'u withm > 1.

Theorem. (Global Harnack Principle) (M.B. & J. L. Vazquez)

There exist universal constants Hy, Hy, Ly > 0 such that setting
Ly
m—1"
( f Q u057 dx)

we have that for all > 7, and all x € (), the following inequality holds:

Hy 67()16); < u(t,x) < H, 67()16)3

tm—1 tm—1

Remarks.
o This inequality implies local Harnack inequalities of elliptic type

@ Useful to study the sharp asymptotic behaviour
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Local Harnack inequalities

Theorem. (Local Harnack Inequalities of Elliptic Type) (M.B. & J. L.

Vazquez)

(m—1)
) b

have that for all # > ¢, and all Bg(xy) € €2, the following mequallty holds:

There exist constants Hg, Ly > 0 such that setting ¢, = L0||u0|\L, we

sup u(t,x) < Hg inf u(t,x)
xEBg(x0) *€Bx(x0)

The constant Hg depends on dist(Bg(xp), 0€2).

Corollary. (Local Harnack Inequalities of Backward Type)

Under the runninig assumptions, for all > ¢, and all Bg(xg) € €2, we have:

sup u(t,x) <2Hg inf u(t+ h,x) foral0 < h<t,.
XEBg(x0) XEBR (%)
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Summary

Asymptotic behaviour of nonnegative solutions

@ Convergence to the stationary profile
o Convergence with optimal rate

Asymptotic behaviour
0000000
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Convergence to the stationary profile

In the rest of the talk we consider the nonlinearity F(u) = |u|™ 'u with m > 1.

Theorem. (Asymptotic behaviour) (M.B., Y. Sire, J. L. Vazquez)

There exists a unique nonnegative selfsimilar solution of the above Dirichlet

Problem S
UG = 2
Tm—1
for some bounded function S : 2 — R. Let u be any nonnegative weak dual
solution to the (CDP), then we have (unless u = 0)

) 1
lim 77T |[u(T,-) — U(T, ')HL‘”(Q) =

T—>00

The previous theorem admits the following corollary.
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Convergence to the stationary profile

In the rest of the talk we consider the nonlinearity F(u) = |u|™ 'u with m > 1.

Theorem. (Asymptotic behaviour) (M.B., Y. Sire, J. L. Vazquez)

There exists a unique nonnegative selfsimilar solution of the above Dirichlet

Problem S
UG = 2
Tm—1
for some bounded function S : 2 — R. Let u be any nonnegative weak dual
solution to the (CDP), then we have (unless u = 0)

) 1
lim 77T |[u(T,-) — U(T, ')HL‘”(Q) =

T—>00

The previous theorem admits the following corollary.

Theorem. (Elliptic problem) (M.B., Y. Sire, J. L. Vizquez)

Let m > 1. There exists a unique weak dual solution to the elliptic problem

L(S") = % in Q,

S(x) =0 forx € 002
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Convergence with optimal rate

Theorem. (Sharp asymptotic with rates) (M.B., Y. Sire, J. L. Vazquez)

Let u be any nonnegative weak dual solution to the (CDP), then we have
(unless u = 0) that there exist 7y > 0 of the form

R ]”’“
to=k|——"——
_fﬂ MQ‘I’[ dx

such that for all + > ¢, we have

u(t,-)
U(,-)

2 o
< — .
Lo (Q) m—1ty+t

_1‘

The constant k > 0 only depends on m, N, s, and |©2|.
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Convergence with optimal rate

Theorem. (Sharp asymptotic with rates) (M.B., Y. Sire, J. L. Vazquez)

Let u be any nonnegative weak dual solution to the (CDP), then we have
(unless u = 0) that there exist 7y > 0 of the form

[ fey @ dx ]’"“
to=k|——"——
_fﬂ MQ‘I’[ dx

such that for all + > ¢, we have

u(t,-)
U(,-)

2 o
< — .
Lo (Q) m—1ty+t

_1‘

The constant k > 0 only depends on m, N, s, and |©2|.

Remarks.

@ We provide two different proofs of the above result.

@ One proof is based on the construction of the so-called Friendly-Giant solution,
namely the solution with initial data up = 400, and is based on the Global
Harnack Principle of Part 3

@ The second proof is based on a new Entropy method, which is based on a
parabolic version of the Caffarelli-Silvestre extension.



11 18 11
ooooooooooooooooooooooooooo
Convergence with optimal rate

The End

OOOOOOOOOOO

Muchas Gracias!!!
Thank You!!!
Grazie Mille!!!
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Summary

Weighted L' estimates

o L! estimates with ®; weight

o L' estimates with ¢, weight
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Weighted L), ~estimat
eighte D, estimates

To simplify the presentation, we first treat the case in which £ has a first
nonnegative eigenfunction ®;; we recall that ¢, =< J., on {2, by hyp. (K2).

Proposition. (Weighted L' estimates for ordered solutions)

Let u > v be two ordered weak dual solutions to the Problem (CDP)
corresponding to the initial data 0 < ug,vo € Li, (2) . Then for all
1 >21>0

/ [u(ty,x) — v(t,x)] @y (x) dx < / [u(t, x) — v(t0,x)] @y (x) dx.
Q

Q

Moreover, forall 0 < 7p < 7.t < 400
such that either ¢, 7 < Ky or 79 > Ky, we have

/ [u(r,x) — v(7,x)] @1 (x) dx < / [u(t,x) — v(t,x)] @y (x) dx
Q

Q

+ K3 ||bt(To)||i§:n(ig;)lw"’7 |t — 7[> /Q [u(70,x) — v(70,x)] Py dx

25
where i = 0if £,7 < [|u(0)[|[ " ) and i = 1if £,7 > [Ju(ro)
2]

kg
L (2)
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[e]e)
Weighted L<15w estimates

Taking any nonnegative function ¢ € L>°(Q2), using assumption (K2) gives
L719(x) < 0, (x) fora.e. x € Q.
This will imply the monotonicity of some L!-weighted norm.

Proposition. (Weighted L' estimates for ordered solutions)

Let u > v be two ordered weak dual solutions to the Problem (CDP)
corresponding to 0 < ug, vp € L}S7 (€2) . Then for all 0 < ¢ € L°°(2) and all
0<r<t¢

/ [u(t, x) — v(t,x)]/l_lw(x) dx < / [u(T, x) —v(, x)]E_lw(x) dx.
Q Q

OAéa cgntsequence, there exists a constant Cq_~ > 0 such that for all
ST S

/ [u(t,x) — v(t,x)] 6, (x) dx < CQW/ [u(r,x) — v(1,x)] 6, (x) dx.
Q

Q

Moreover...
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Welghted L) 5, estimates

Let’sput| ¥, = E*I&Y , in analogy with the formula ®; = /\1_1£‘1<I>1.

Proposition. (Weighted L' estimates for ordered solutions) Continued

Moreover, for all 0 < 79 < 7,¢ < +00 such that either t, 7 < K or
10 > Ko, we have

/ [M(T, x) — (T, x)]\Ill(x) dx < / [u(t, x) — v(nx)} Uy (x) dx
Q

Q

+ K )l gy " = / [u(7o0, %) = v(70,%)] 8, (x) dx

where i = 0if £, 7 < ||u(r) HZS/WQ*)” andi=1ift,7 > ||u(70)||2s/<N+)”> .

v

Remark. The above inequality, together with monotonicity, allows to prove
that weak dual solutions constructed by approximation from below by mild
solutions belong to the space

u € C(]0,00) : L};W(Q))
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