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We consider, in a bounded and smooth domain €2, positive solutions to:

Oru=AWu")=V-("'Vu), V(r,y) € (0,+00) x Q
u(0,y) = uo , Yy €Q
u(t,y) =0, Y(r,y) € (0,+00) x 90

where 0 < m < 1 (i.e. Fast Diffusion, FDE)
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The Dirichlet Problem for the Fast Diffusion Equation in Q C R?

We consider, in a bounded and smooth domain 2, positive solutions to:

Oru=AW") =V - (u""'Vu), V(r,y) € (0,+00) x Q
u(0,y) = uo , Yy € Q
u(t,y) =0, Y(7,y) € (0,400) x 90

where 0 < m < 1 (i.e. Fast Diffusion, FDE)

@ Existence and uniqueness of weak solutions for the parabolic problem is well
known for any m > 0. Recall that 0 < m < 1 is the Fast Diffusion case, m = 1
is the Linear Heat Equation and m > 1 is the Porous Medium case.
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The setting

The Dirichlet Problem for the Fast Diffusion Equation in Q C R?

We consider, in a bounded and smooth domain 2, positive solutions to:

Oru=AW") =V - (u""'Vu), V(r,y) € (0,+00) x Q
u(0,y) = uo , Yy € Q
u(t,y) =0, V(7,y) € (0,+00) x 082

where 0 < m < 1 (i.e. Fast Diffusion, FDE)

@ Existence and uniqueness of weak solutions for the parabolic problem is well
known for any m > 0. Recall that 0 < m < 1 is the Fast Diffusion case, m = 1

is the Linear Heat Equation and m > 1 is the Porous Medium case.
@ The initial datum is chosen to be
d(1—
0<upeL’(Q) with r>1 and r> %

so that the corresponding solution is bounded and nonnegative for all m > 0.



@ Since we deal with the Fast Diffusion case m < 1, the mass [, u(y, 7)dy is not
preserved, and solutions extinguish in finite time

3T =T(uo) : u(r,)=0 Vt>T

Consequence of Sobolev and Poincaré inequalities (sufficient condition).

@ Under our hypothesis, solutions are indeed positive in 2 x (0,7) and for all
0 < m < 1, as a consequence of parabolic (intrinsic) Harnack inequalities:

d—2

e For
d

< m < 1, DiBenedetto et al. (1992)
e Forall 0 < m < 1, Bonforte and Vazquez (2010)
and they are at least C*(2) (DiBenedetto et al. 1988, 1992).

@ The question is:
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Some Properties of Solutions

@ Since we deal with the Fast Diffusion case m < 1, the mass fQ u(y, 7)dy is not
preserved, and solutions extinguish in finite time

3T =T(uw) : u(t,)=0 Vt>T

Consequence of Sobolev and Poincaré inequalities (sufficient condition).

@ Under our hypothesis, solutions are indeed positive in  x (0,7) and for all
0 < m < 1, as a consequence of parabolic (intrinsic) Harnack inequalities:

e For % < m < 1, DiBenedetto et al. (1992)

e Forall 0 < m < 1, Bonforte and Vazquez (2010)

and they are at least C*(€2) (DiBenedetto et al. 1988, 1992).
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Some Properties of Solutions

@ Since we deal with the Fast Diffusion case m < 1, the mass fQ u(y, 7)dy is not
preserved, and solutions extinguish in finite time

3T =T(uw) : u(t,)=0 Vt>T

Consequence of Sobolev and Poincaré inequalities (sufficient condition).

@ Under our hypothesis, solutions are indeed positive in  x (0,7) and for all
0 < m < 1, as a consequence of parabolic (intrinsic) Harnack inequalities:

e For % < m < 1, DiBenedetto et al. (1992)

e Forall 0 < m < 1, Bonforte and Vazquez (2010)

and they are at least C*(€2) (DiBenedetto et al. 1988, 1992).

@ The question is: what happens close to extinction time?



ur = Au") vi=AW")+ =

u(0,) =uy — ¢ v(0,-) = uo,
Rescaling

UjpQ =0 Vion EO,
where

T—7\™" N T
u(r,x) = ( T > v(t,x) and t =Tlog <T ,> )

The properties of the rescaled problem are related to the stationary equation

~A(S") =cS, ¢= !

Sioa =0.
The crucial exponent is
d—2 ‘
ms = o we shall consider the range my <m<1.

d+



ur = Au") vi=AW")+ =

u(0,) =uy — ¢ v(0,-) = uo,
Rescaling

Ujpn =0 Vo EO,
where

1

u(T,x)z(T;T>mv(t,x) and t:Tlog(&).

The properties of the rescaled problem are related to the stationary equation

—A(S") =¢S —r
Sjpn =0
The crucial exponent is
¢ 2
ms = o we shall consider the range ms <m< 1.
C 4



= AG") w=AG) + 27

u(0,) =uy — ¢ v(0,-) = uo,
Rescaling

Ujpn =0 Vo EO,

where

T—1

u(¢,x)=( - >llmv(t,x) and tleog(&).

The properties of the rescaled problem are related to the stationary equation

—A(S")=cS, ¢= —<1_1m)T

S o2 =0.
The crucial exponent is

_d_2.

i we shall consider the range my <m<1.

mys



Let my < m < 1. Then there exists a sequence of times t,, — oo as n — o0
and one or several solutions S to the stationary problem such that

1200)
Wy () S

n—oo

v(tn)
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Previous results

(First Pioneering Result) J. G. Berryman, C. J. Holland ARMA (1980)

Let mgy < m < 1. Then there exists a sequence of times #, — 0o as n — o0
and one or several solutions S to the stationary problem such that

1,2 Q
v(ty) 2D, g

n—oo

(Uniqueness of asymptotic profile) E. Feiresl, F. Simondon J. Dynamic Diff. Eq. (2000)

Let v, S be as above and assume m; < m < 1. Then there exists a unique
stationary solution S such that
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(Global Harnack Principle)
E. DiBenedetto, Y. C. Kwong, V. Vespri Indiana Univ. Math. J. (1991)

Let w be the solution to the rescaled Dirichlet problem with m;, < m < 1.
Then, for any o > 0 there exist positive constants A, i > 0 depending on
d, m, ||uo|lms1, || Vug'||,, 02 and o, such that for any # > o and for any x €

Adist (x, 99) /™ < v(t,x) < pdist (x, 09)"/™ .
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(Global Harnack Principle)
E. DiBenedetto, Y. C. Kwong, V. Vespri Indiana Univ. Math. J. (1991)

Let w be the solution to the rescaled Dirichlet problem with m;, < m < 1.
Then, for any o > 0 there exist positive constants A, i > 0 depending on
d, m, ||uo|lms1, || Vug'||,, 02 and o, such that for any # > o and for any x €

Adist (x, 99) /™ < v(t,x) < pdist (x, 09)"/™ .

In the original variables

Adist (x, )" (T =)0~ < u(r,x) < pdist (x, 0)' " (T—7)!/ =,
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Global Harnack principle

(Global Harnack Principle)
E. DiBenedetto, Y. C. Kwong, V. Vespri Indiana Univ. Math. J. (1991)

Let w be the solution to the rescaled Dirichlet problem with m;, < m < 1.
Then, for any o > 0 there exist positive constants A, i > 0 depending on
d, m, ||uo|lms1, || Vug'||,, 02 and o, such that for any # > o and for any x €

Adist (x, 99) /™ < v(t,x) < pdist (x, 09)"/™ .

In the original variables

Adist (x, )" (T =)0~ < u(r,x) < pdist (x, 0)' " (T—7)!/ =,

The constants A, u may deteriorate when m — 1 or m — m.




The fast diffusion equation on bounded domains
000008000000 0000000000
Convergence in relative error

(Convergence in Relative Error) M.B., G. Grillo, J.L. Vizquez, JMPA (2011)

Let u be the solution to the Dirichlet problem and 7 = T(m,d, ug) be its
extinction time. Then we have that

u(r,-)
U(r,-)

—1 =0

L>=(Q)

lim
T—T—
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(Convergence in Relative Error) M.B., G. Grillo, J.L. Vizquez, JMPA (2011)

Let u be the solution to the Dirichlet problem and 7 = T(m,d, ug) be its
extinction time. Then we have that

u(t, )

U(r,-) -1

=0
L ()

lim
T—T—

where the special solution ¢/ is defined as
Ur,x) = SC) (T =)/ [ one has S(x) ~ dist(x, Q)" ]

and S is a suitable positive classical solution to the stationary problem.
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(Convergence in Relative Error) M.B., G. Grillo, J.L. Vizquez, JMPA (2011)

Let u be the solution to the Dirichlet problem and 7 = T(m,d, ug) be its
extinction time. Then we have that

u(t, )

U(T,~)_1 =0

lim
T—T—

L (Q)
where the special solution ¢/ is defined as
U(r,x) = S@) [(T — 7)/T] "™ [mw%ﬂnNdm@ﬁm*}

and S is a suitable positive classical solution to the stationary problem.
Equivalently, the following improved Global Harnack Principle

co(T) S(x) (T — 7‘)1/(1_’”) <u(r,x) < e (7)S(x) (T — T)l/(l_m).
with

0<ci(r) — 1.
T—=T—




Steps of the proof.
@ Consider the function ¢ = & — 1. o0 0 oo
1 1 o V(s™)
7(|+r))‘1 ‘()J*S‘ ‘A(}*Z Vo + F(o)
m S
where F'is given by F(¢) = (1+ )/ — (1+ o).

@ Convergence far away from the boundary is easy.

@ One can choose positive constants A, B, C and fo, so that the function
®(t,x) = C—Bd(x) —A(t — to)

is a supersolution to the differential equation satisfied by ¢, in a small neighbor-
hood of the spatial boundary 25 =: {x € Q : dist(x, 9€2) < ¢}. Technical.

@ Use parabolic comparison to compare ¢ and @ in ¢ € (19, T] X Qs. []



Steps of the proof.
@ Consider the function ¢ = &; — 1. Then it satisfies the equation
= - 71 _ m 1 (Sm)
(1+¢) = A¢+2—— S -V¢ + F(¢)

where F is given by F(¢) = ¢ [(1 +)m—(1+ ¢>)]



Steps of the proof.
@ Consider the function ¢ = &; — 1. Then it satisfies the equation
= - 71 _ m 1 (Sm)
(1+¢) = A¢+2—— S -V¢ + F(¢)

where F is given by F(¢) = ¢ [(1 +)m—(1+ ¢>)]

@ Convergence far away from the boundary is easy.
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Steps of the proof.

@ Consider the function ¢ = &; — 1. Then it satisfies the equation

S’”

V(Sm)
S

(I+¢)n g =5""Ap+2 Vo + F()

1
m
where F is given by F(¢) = ¢ [(1 + ¢)"/" — (1 + d))]

@ Convergence far away from the boundary is easy.

@ One can choose positive constants A, B, C and #y, so that the function
O(1,x) = C—Bd(x) — A(t — 1)

is a supersolution to the differential equation satisfied by ¢, in a small neighbor-
hood of the spatial boundary Qs =: {x € Q : dist(x,9Q) < §}. Technical.
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Steps of the proof.

@ Consider the function ¢ = &; — 1. Then it satisfies the equation

S’”

V(Sm)
S

(I+¢)n g =5""Ap+2 Vo + F()

1
m
where F is given by F(¢) = ¢ [(1 + ¢)"/" — (1 + d))]

@ Convergence far away from the boundary is easy.

@ One can choose positive constants A, B, C and #y, so that the function
O(1,x) = C—Bd(x) — A(t — 1)

is a supersolution to the differential equation satisfied by ¢, in a small neighbor-
hood of the spatial boundary Qs =: {x € Q : dist(x,9Q) < §}. Technical.

@ Use parabolic comparison to compare ¢ and @ inz € (t, T] x 5. []



Recall that
ur = A(u") v =AW") + G2
u(0,) =uy — v(0, ) = uo,
() Rescaling ()
u|39 =0 V\BQ 507

where u(T,x) = (T;T'") =T v(t,x) and t = T log (%)



Recall that
ur = A(u") v =AW") + G2
u(0,) =uy — v(0, ) = uo,
() Rescaling ()
ulBQ =0 V\BQ 507

where u(T,x) = (T;T'") =T v(t,x) and t = T log (&)

The properties of the rescaled problem are related to the stationary equation
{ —A(Sm) = CS, Cc= m

S|BQ =0.



Recall that
Ur = A(um) Vr = A(Vm) -+ m,
u(0,) =uy — v(0, ) = up,
() Rescaling ()
U0 =0 V‘BQEO,

where u(T,x) = (T;T'") =T v(t,x) and t = T log (&)

The properties of the rescaled problem are related to the stationary equation
{ —A(§") =cS, c= m
Sjon =0.
Define the relative error function
0(t,x) =
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Recall that !
ur = A(u™) v =AW") + m,
u(07 ) = Up eEE— V(Ov ) = Uup,
Rescaling
u‘agEO V‘QQEO,

where u(7,x) = (T*TT)ﬁ v(t,x) and t = T log (&)

The properties of the rescaled problem are related to the stationary equation

—A(S™) =c¢S, ¢c= =7

m)T
S‘ag =0.
Define the relative error function (
v(t, x
0(t,x) = ——= — 1.
(t,x) S0
It satisfies the equation
1

9,2

G V- (S +0)") + ¢ f (0)
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Recall that !
ur = A(u™) v =AW") + m,
u(07 ) = Up eEE— V(Ov ) = Uup,
Rescaling
u‘agEO V‘QQEO,

where u(7,x) = (T*TT)ﬁ v(t,x) and t = T log (&)

The properties of the rescaled problem are related to the stationary equation

—A(S™) =c¢S, ¢c= 7(171m)T

S‘ag =0.
Define the relative error function (
v(t, x
0(t,x) = ——= — 1.
9= 50
It satisfies the equation
1 m m
0= S V - (S (14 0)") + ¢f (0)

where
fO):=(1+0)—(1+06)"



In the sequel, the constants my, o are explicit. They depend on m and on the geometry
of the domain.

Therefore the following holds:

[ e = s@P st as= |

Finally, for all ¢ € (0, co:

)( 1, : (t—
‘( /X) - 1‘ S(X)l+m dx < Koe v(1=10)

S(x)

v(ts) = SC)llg < mre” 20700,
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In the sequel, the constants my, o are explicit. They depend on m and on the geometry
of the domain.

(Decay Rates, Rescaled Version) M.B., G.Grillo, J.L. Vizquez, JMPA (2011)

Letmy < m < 1. Let v be the rescaled solution corresponding to an initial datum uo,
and let S be the stationary profile to which the solution converges. Let 0 < v < .
Then for all ¢ > fo:
1 — =
E(n)] = 5 / |6() = 0(5)[*s™ " dx < eV E[B(10)]
Q

where 0(7) is the mean of () w.r.t. to the measure S" ' dx.
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In the sequel, the constants my, o are explicit. They depend on m and on the geometry
of the domain.

(Decay Rates, Rescaled Version) M.B., G.Grillo, J.L. Vizquez, JMPA (2011)

Letmy < m < 1. Let v be the rescaled solution corresponding to an initial datum uo,
and let S be the stationary profile to which the solution converges. Let 0 < v < .
Then for all ¢ > fo:

E[6()] == % /Q |6() = 0(5)[*s™ " dx < eV E[B(10)]

where 0(7) is the mean of () w.r.t. to the measure S" ' dx.
Therefore the following holds:

/Q [v(t,x) — S(x)[* S(x)" " dx = /Q

2
M 1 S(x)1+m dx < roe 7070
S(x) b
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In the sequel, the constants my, o are explicit. They depend on m and on the geometry
of the domain.

(Decay Rates, Rescaled Version) M.B., G.Grillo, J.L. Vizquez, JMPA (2011)

Letmy < m < 1. Let v be the rescaled solution corresponding to an initial datum uo,
and let S be the stationary profile to which the solution converges. Let 0 < v < .
Then for all ¢ > fo:
1 — =
E(n)] = 5 / |6() = 0(5)[*s™ " dx < eV E[B(10)]
Q

where 0(7) is the mean of () w.r.t. to the measure S" ' dx.
Therefore the following holds:

/ Iv(t,x) — S(o) 2 S()™ " dx = /
Q Q
Finally, for all g € (0, oo]:

2
M 1 S(x)1+m dx < roe 7070
S(x) b

1v(t,-) = S()lg < mre” 20700,




Some Remarks. We have proved that for all my < m < 1,forall 0 < v < 7 and g € (0, cc]:
() = SC)llg < mrem 000,

@ The expression of my is determined by the relation

1 !
]:~/n:~17%::/gz(m) €))
2)
14 =N
@ The constants k;(m) have an explicit expression and indeed
In the limit m — 1~ we have that fo(m) — 2X;/(A1 + A2) < 1, hence the range
of m < 1 for which (1) holds is nonempty. Note that my changes with m and with the
geometry of the domain.
@ foranym > ms = (d +2)/(d — 2), we have

d(l

S . . ] . oy Wl=m)
I [Jquo()®Pi(x) dx] ™ (1 o (MS9) 1—m
— - o < (1 —m)T < uoll L -
Al 7_/5_, P (x) Ll,\'} Al
so that
@ The rate involves the expression
1 A2 ko(m)?
0<v=-—"—7 {m( - 71> U‘m', —2(1—m)| —— (A2 — A1) >0
(1 —m)T Al ky(m)? m—s1

where A\, are the first eigenvalues of the Dirichlet Laplacian.

@ The constant x| depends explicitly on m, d and uy.



Some Remarks. We have proved that for all my < m < 1,forall 0 < v < 7 and g € (0, cc]:
() = SC)llg < mrem 000,

@ The expression of my is determined by the relation

1
A2—Ap kl(m)2




Some Remarks. We have proved that for all my < m < 1,forall 0 < v < 7 and g € (0, cc]:
() = SC)llg < mrem 000,

@ The expression of my is determined by the relation

1

20 ko(m)?
1+ >\2—1>\1 Ky (m)2

I>m>1- = fo(m) (1)

@ The constants k;(m) have an explicit expression and indeed k;(m) — lasm — 17
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Some Remarks. We have proved that for all my < m < 1,forall 0 < v < 7 and g € (0, cc]:
vt ) = SC)llg < mre 2070,

@ The expression of my is determined by the relation

1

1>m>1-— o R)” = fa(m) M

1+ A=A ky ()71)2

@ The constants k;(m) have an explicit expression and indeed k;(m) — lasm — 17
In the limit m — 1~ we have that fo(m) — 2A;/(A1 + A2) < 1, hence the range
of m < 1 for which (1) holds is nonempty. Note that my changes with m and with the
geometry of the domain.
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Some Remarks. We have proved that for all my < m < 1,forall 0 < v < 7 and g € (0, cc]:
vt ) = SC)llg < mre 2070,

@ The expression of my is determined by the relation

1

1>m>1-— o R)” = fa(m) M

1+ A=A ky ()71)2

@ The constants k;(m) have an explicit expression and indeed k;(m) — lasm — 17
In the limit m — 1~ we have that fo(m) — 2A;/(A1 + A2) < 1, hence the range
of m < 1 for which (1) holds is nonempty. Note that my changes with m and with the
geometry of the domain.

@ forany m > ms = (d +2)/(d — 2), we have
1 [foy 1o (x) @1 (x) dx] 1—m
M [fg @1 (x) dx] 1—m

sothate =1/(1 —m)T — A\jasm — 17,

d(1—m)
G R —
L [t

<U-mT<
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Some Remarks. We have proved that for all my < m < 1,forall 0 < v < 7 and g € (0, cc]:
vt ) = SC)llg < mre 2070,

@ The expression of my is determined by the relation

1

1>m>1-— o R)” = fa(m) M

1+ A=A ky (m)z

@ The constants k;(m) have an explicit expression and indeed k;(m) — lasm — 17
In the limit m — 1~ we have that fo(m) — 2A;/(A1 + A2) < 1, hence the range
of m < 1 for which (1) holds is nonempty. Note that my changes with m and with the
geometry of the domain.

@ forany m > ms = (d +2)/(d — 2), we have
1 [fo o (x) @1 (x) dx]'_”’
M [fg Py (x) dxr*m

sothate =1/(1 —m)T — A\jasm — 17,

d(1—m)
()‘1822) A04m) 1—m
e i

<U-mT<

@ The rate involves the expression

U (oYt _
0<vy= (1 7m)T |:m (}\I 1) kl(m)z 2(1 ) F} ()\2 )\1) >0

where A are the first eigenvalues of the Dirichlet Laplacian.
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Some Remarks. We have proved that for all my < m < 1,forall 0 < v < 7 and g € (0, cc]:
vt ) = SC)llg < mre 2070,

@ The expression of my is determined by the relation

1

1>m>1-— o R)” = fa(m) M

1+ A=A ky (m)z

@ The constants k;(m) have an explicit expression and indeed k;(m) — lasm — 17
In the limit m — 1~ we have that fo(m) — 2A;/(A1 + A2) < 1, hence the range
of m < 1 for which (1) holds is nonempty. Note that my changes with m and with the
geometry of the domain.

@ forany m > ms = (d +2)/(d — 2), we have
1 [fo o (x) @1 (x) dx]'_”’
M [fg Py (x) dxr*m

sothate =1/(1 —m)T — A\jasm — 17,

d(1—m)
()‘1822) A04m) 1—m
e i

<U-mT<

@ The rate involves the expression

U (oYt _
0<vy= (1 7m)T |:m (}\I 1) kl(m)z 2(1 ) F} ()\2 )\1) >0

where A are the first eigenvalues of the Dirichlet Laplacian.

@ The constant x; depends explicitly on m, d and u.
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(Decay Rates, Original Variables)

Let max{my,m.} < m < 1. Let u be the solution to the original FDE Problem, let
T = T(m,d, up) be its extinction time, and let U/ be previous special solution, so that
u(7)/Ur(7) — 1 uniformly as 7 — T. Then, for any 7 < 7, := T there exists a
constant ko > 0 such that
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Rates of convergence in original variables

(Decay Rates, Original Variables)

Let max{my,m.} < m < 1. Let u be the solution to the original FDE Problem, let
T = T(m,d, up) be its extinction time, and let U/ be previous special solution, so that
u(7)/Ur(7) — 1 uniformly as 7 — T. Then, for any 7 < 7, := T there exists a

constant ko > 0 such that
2 5
=
i = ()
LZ(Q,S1+M) T

u(r,-)
U, )
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Rates of convergence in original variables

(Decay Rates, Original Variables)

Let max{my,m.} < m < 1. Let u be the solution to the original FDE Problem, let
T = T(m,d, up) be its extinction time, and let U/ be previous special solution, so that
u(7)/Ur(7) — 1 uniformly as 7 — T. Then, for any 7 < 7, := T there exists a

constant ko > 0 such that
2 y
=
- 1 S " ( T>
L2(Q,s1+m) r
or equivalently

M(T,')
=l
—_ 1—m
/|u 7,x) —U(Tx) P S" " dx < ko (TTT> )

u(Ta )
forallzg < 7 <T.
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Rates of convergence in original variables

(Decay Rates, Original Variables)

Let max{my,m.} < m < 1. Let u be the solution to the original FDE Problem, let
T = T(m,d, up) be its extinction time, and let Uy be previous special solution, so that
u(7)/Ur(7) — 1 uniformly as 7 — T. Then, for any 7 < 7, := T there exists a
constant ko > 0 such that

2 i

. T —
u(r) < o ( T)
u(Ta ) L2(Q,81+m) T

or equivalently
_ T—7\nt)
[ )~ up s o < o (F7) @
Q

for all fp < 7 < T. Moreover we have that for all g € (0, c0]

2 =
T = T=m 7
lu(r,x) = U(T,x)|lg < K1 ( TT> :
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(Decay Rates, Original Variables)

Let max{my,m.} < m < 1. Let u be the solution to the original FDE Problem, let
T = T(m,d, up) be its extinction time, and let Uy be previous special solution, so that
u(7)/Ur(7) — 1 uniformly as 7 — T. Then, for any 7 < 7, := T there exists a
constant ko > 0 such that

2 i

. T —
u(r) < o ( T)
u(Ta ) L2(Q,51+m) T

or equivalently
_ T—7\nt)
[ )~ up s o < o (F7) @
Q

for all fp < 7 < T. Moreover we have that for all g € (0, c0]

o
T— m‘F’Y
||u(f,x)—uv,x>||q3m< TT> .

The weighted convergence of (2) is somehow stronger than the non-weighted L” —norm
convergence, since the weight $" ! is singular at the boundary.



Similar consideration also work for the porous media case (7 > 1), which has been
studied long ago by completely different methods (Aronson-Peletier, JDE (1981)).

Then, forall 0 < 8 < 2+ Nf‘% there exists a time #; depending on
m,d, 3 and on the constant K > 0 of the weighted Poincaré inequality, such that the
entropy decays as

E[0(1)] < E[O(11)] e Pl forallt > 1. 3)
Moreover for all g € (0, co]
Iv(t, ) = S()|lacay < ke ™) forall t > t;.
In original variables we obtain that for all ¢ € (0, co]

lu(, ) =UT ey € ——7>

| T)—I ””7".

where the special solution ¢/ is defined by U/ (7,x) = S(x)(1
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Similar consideration also work for the porous media case (m > 1), which has been
studied long ago by completely different methods (Aronson-Peletier, JDE (1981)).
(Decay Rates, Porous Medium)

Letm > 1, let v be a the rescaled solution, that converges to its unique stationary state
S,andlet 0 = v/S.
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Similar consideration also work for the porous media case (m > 1), which has been
studied long ago by completely different methods (Aronson-Peletier, JDE (1981)).

(Decay Rates, Porous Medium)

Letm > 1, let v be a the rescaled solution, that converges to its unique stationary state
S,andlet§ = v/S. Then, forall 0 < 8 < 2+ X there exists a time 7, depending on

m,d, 3 and on the constant K > 0 of the weighted Poincaré inequality, such that the
entropy decays as

E[0()] < E[O(n)] e =) forallt > 1. 3)
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Similar consideration also work for the porous media case (m > 1), which has been
studied long ago by completely different methods (Aronson-Peletier, JDE (1981)).

(Decay Rates, Porous Medium)

Letm > 1, let v be a the rescaled solution, that converges to its unique stationary state
S,andlet§ = v/S. Then, forall 0 < 8 < 2+ X there exists a time 7, depending on

m,d, 3 and on the constant K > 0 of the weighted Poincaré inequality, such that the
entropy decays as

E[0()] < E[O(n)] e =) forallt > 1. 3)
Moreover for all g € (0, o]

Iv(t,-) = S() ey < w1e” ™ foralls > 1.
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Similar consideration also work for the porous media case (m > 1), which has been
studied long ago by completely different methods (Aronson-Peletier, JDE (1981)).

(Decay Rates, Porous Medium)

Letm > 1, let v be a the rescaled solution, that converges to its unique stationary state
S,andlet§ = v/S. Then, forall 0 < 8 < 2+ X there exists a time 7, depending on

m,d, 3 and on the constant K > 0 of the weighted Poincaré inequality, such that the
entropy decays as

E[0()] < E[O(n)] e =) forallt > 1. 3)
Moreover for all g € (0, o]
Iv(t, ) = SC)llLay < w1e” U™ forallr > .

In original variables we obtain that for all g € (0, oo]
K2

(1 —|—T)l+mlf'

)

llu(r, ) = U, Mooy <

where the special solution ¢/ is defined by U(7, x) = S(x)(1 + )~/ (=1,




Short review on the linear case.
Consider the homogeneous Dirichlet problem for the linear heat equation u, = Au.



Short review on the linear case.
Consider the homogeneous Dirichlet problem for the linear heat equation u, = Au.

@ Rescale v(x, 1) = e™'u(x, 1)to get the equation v, = Av + Ajv.
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Short review on the linear case.
Consider the homogeneous Dirichlet problem for the linear heat equation u, = Au.
@ Rescale v(x, 1) = e™'u(x, 1)to get the equation v, = Av + Ajv.

@ The role of the stationary solution S is now played by the first nonnegative ei-
genfunction ®; > 0 of the Dirichlet Laplacian.
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Consider the homogeneous Dirichlet problem for the linear heat equation u, = Au.
@ Rescale v(x, 1) = e™'u(x, 1)to get the equation v, = Av + Ajv.

@ The role of the stationary solution S is now played by the first nonnegative ei-
genfunction ®; > 0 of the Dirichlet Laplacian.

@ The equation for the relative error 6 = v/®, — 1 is 6, = ®;°V - (®1V0)
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Short review on the linear case.
Consider the homogeneous Dirichlet problem for the linear heat equation u, = Au.

Rescale v(x, 1) = e™'u(x, f)to get the equation v, = Av 4 A\v.

The role of the stationary solution S is now played by the first nonnegative ei-
genfunction ®; > 0 of the Dirichlet Laplacian.

The equation for the relative error 6 = v/®; — 1 is 6§, = ®;°V - (®1V0)

The so-called Dirichlet Laplacian has purely discrete spectrum. Let \;, ®;, j =
1,2,...beits eigenvalues, and the corresponding L*-normalized eigenfunctions.
The spectral representation for the heat semigroup gives

u(e,t) =Y e N(x)  with = / uo®; dx
j=1 &
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Short review on the linear case.
Consider the homogeneous Dirichlet problem for the linear heat equation u, = Au.

Rescale v(x, 1) = e™'u(x, f)to get the equation v, = Av 4 A\v.

The role of the stationary solution S is now played by the first nonnegative ei-
genfunction ®; > 0 of the Dirichlet Laplacian.

The equation for the relative error 6 = v/®; — 1 is 6§, = ®;°V - (®1V0)

The so-called Dirichlet Laplacian has purely discrete spectrum. Let \;, ®;, j =
1,2,...beits eigenvalues, and the corresponding L*-normalized eigenfunctions.
The spectral representation for the heat semigroup gives

u(e,t) =Y e N(x)  with = / uo®; dx
j=1 &

so that
v ~ Ci%e—(kz—kl)l
C]Gf/\"‘P] t—+oo ¢ Py '
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Short review on the linear case.
Consider the homogeneous Dirichlet problem for the linear heat equation u, = Au.

@ Rescale v(x, 1) = e™'u(x, 1)to get the equation v, = Av + Ajv.

@ The role of the stationary solution S is now played by the first nonnegative ei-
genfunction ®; > 0 of the Dirichlet Laplacian.

@ The equation for the relative error 6 = v/®, — 1 is 6, = ®;°V - (®1V0)

@ The so-called Dirichlet Laplacian has purely discrete spectrum. Let \;, ®;, j =
1,2,...beits eigenvalues, and the corresponding L*-normalized eigenfunctions.
The spectral representation for the heat semigroup gives

u(e,t) =Y e N(x)  with = / uo®; dx
j=1 &

so that
N ~ Ci%e—(kz—kl)l
C]Gf/\"‘P] t—+oo ¢ Py '
In other words, the solution u(r) behaves like U, (x,f) = cie”*'®; and the
relative error 0, decays exponentially in time with a rate A, — A;. (recall that
D, /P, is bounded.)
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Short review on the linear case (continued).

@ In the nonlinear setting, no spectral representation is available. It is natural to in-
vestigate the behaviour of @ by working in the weighted space L*(®7 dx), where
the weighted mean is preserved:

d

— [ 0®] dx = S (®7V0) dx =0.
ar Jo o ﬂv < ‘v>
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Short review on the linear case (continued).

@ In the nonlinear setting, no spectral representation is available. It is natural to in-
vestigate the behaviour of @ by working in the weighted space L*(®7 dx), where

the weighted mean is preserved:
d [opra= [ v. <<I>%ve) dx = 0.
dr Jq Q

Then we notice that:

i/ech%dx:z/@v. (@%ve) dx:—Z/ V6] & dx.
dr Jq Q Q

We shall assume that 6, = 0, where go, = (fQ g®? dx) / (fQ o2 dx) .
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Short review on the linear case (continued).
@ In the nonlinear setting, no spectral representation is available. It is natural to in-

vestigate the behaviour of @ by working in the weighted space L*(®7 dx), where
the weighted mean is preserved:

d [opra= [ v. (@%w) dx = 0.

dr Jo Q

Then we notice that:

i/ech%dx:z/ev. (qﬁve) dx:—Z/ V6] & dx.
dr Jq Q Q

We shall assume that 6, = 0, where go, = (fQ g®? dx) / (fQ o2 dx) .
@ Inorder to geta decay rate for E[0] = [, Q 02<I>% dxwe need the following intrinsic Poincaré
inequality: for all f € WS’Z(Q) and g = f/®,, we have

(Az—Al)/|g—g¢,\2¢%dxs/ Vgl 82 d.
Q Q
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Short review on the linear case (continued).

@ In the nonlinear setting, no spectral representation is available. It is natural to in-
vestigate the behaviour of @ by working in the weighted space L*(®7 dx), where

the weighted mean is preserved:
d [opra= [ v. (@%w) dx = 0.
dr Jq Q

Then we notice that:

i/ech%dx:z/ev. (qﬁve) dx:—Z/ V6] & dx.
dr Jq Q Q

We shall assume that 6, = 0, where go, = (fQ g®? dx) / (fQ o2 dx) .
@ Inorder to geta decay rate for E[0] = [, Q 02<I>% dxwe need the following intrinsic Poincaré
inequality: for all f € WS’Z(Q) and g = f/®,, we have

(Az—Al)/|g—g¢,\2¢%dxs/ Vgl 82 d.
Q Q

@ Poincaré inequality for g = 6, with 05, = 0, gives ||0(1)[2 < e~ 27276y, .
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Short review on the linear case (continued).

@ In the nonlinear setting, no spectral representation is available. It is natural to in-
vestigate the behaviour of @ by working in the weighted space L*(®7 dx), where
the weighted mean is preserved:

d 2 2
— 0P dx = S PIVO) dx = 0.
dr /o, ! ﬂv ( ‘v>

Then we notice that:

i/ech%dx:z/ev. (qﬁve) dx:—Z/ V6] & dx.
dr Jq Q Q

We shall assume that 6, = 0, where go, = (fQ g®? dx) / (fQ o2 dx) .
@ Inorder to geta decay rate for E[0] = [, Q 02<I>% dxwe need the following intrinsic Poincaré
inequality: for all f € WS’Z(Q) and g = f/®,, we have

(Az—Al)/|g—g¢,\2¢%dxs/ Vgl 82 d.
Q Q

@ Poincaré inequality for g = 6, with 05, = 0, gives ||0(1)[2 < e~ 27276y, .
@ Sharp upper and lower bounds on A\, — A; for convex domains (Singer, Yu, Ling, ...)
w2 dr?
— <X - < —.
diam(2)?2 ? b= inr(2)2
This bounds can be improved when further geometrical properties of €2 hold.



Sketch of the proof.
Step 1: an “entropy functional" and its derivative. Recall that

i) = 5 [ Jow) ~ 805" s,

Then the following inequality holds

7%5[9(0} > m[l +e(0)]" /) [VO(r, x)|* S dx — 2¢ [1 — m + ()] E[0(1)]

for all sufficiently large times, where (7) := ||0(z, )||cc — 0



Sketch of the proof.
Step 1: an “entropy functional" and its derivative. Recall that

£10(1)] = % / 101) — B(0) "+ d,
Q
where S is a (positive) solution to the elliptic problem

—AS"=¢S inQ
S§=0 on Of2

whenever my; < m < 1.

Then the following inequality holds

d

510 > m[1 4 e(t)]" ‘/' |VO(1,x)]> ™" dx — 2¢ [l — m + £(1)] E[B(1)]

for all sufficiently large times, where €(t) := [|0(¢, )||cc — O



Sketch of the proof.
Step 1: an “entropy functional" and its derivative. Recall that

E[0(r)] = % / 10(r) — 8(r)[*s"" dv,
Q
where S is a (positive) solution to the elliptic problem

—AS"=¢S inQ
S§=0 on Of2

whenever m; < m < 1. We then have:

Let my; < m < 1 and 6 be the solution to the equation

1

91 = Sm+1

V- (S""V(A+0)") +cf(0), with fO)=00+68)—1+6)".
Then the following inequality holds

d

—I/F[H(H' > m|l + e(8)]" ‘/ \VHH.\'JI‘S&” dx — 2¢[1 —m+ ()] £[0(2)]
« JQ

for all sufficiently large times, where £(¢) := ||0(, -)||cc — O
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Sketch of the proof.
Step 1: an “entropy functional" and its derivative. Recall that

o)) = %/ |9(t) —9(t)|2Sl+m dx,
Q
where S is a (positive) solution to the elliptic problem

—AS"=¢S inQ
S=0 on Of2

whenever m; < m < 1. We then have:

(Entropy/Entropy-production)

Let mg < m < 1 and 6 be the solution to the equation

1
- Sm—H

0, V- (S"VA+0)") +cf(6), with fO) =(1+6)—(1+0)".

Then the following inequality holds




The fast diffusion equation on bounded domains
000000000000 00e0000000
Entropy-entropy production

Sketch of the proof.
Step 1: an “entropy functional" and its derivative. Recall that

o)) = %/ |9(t) —9(1)|2S1+’” dx,
Q
where S is a (positive) solution to the elliptic problem

—AS"=¢S inQ
S=0 on Of2

whenever m; < m < 1. We then have:

(Entropy/Entropy-production)
Let mg < m < 1 and 6 be the solution to the equation

1
- Sm—H

0, V- (S"VA+0)") +cf(6), with fO) =(1+6)—(1+0)".

Then the following inequality holds

_%5[00)] >m[l + ()" /Q |VO(1,x)]> ™" dx — 2¢[1 —m + £(1)] £[6(1)]

for all sufficiently large times, where () := ||0(¢, -)||cc — O




Step 2: a weighted Poincaré inequality. We prove the following:

Letf € Wé’z(Q), ¢ the ground state eigenfunction of the Dirichlet Laplacian, g =
f/é1 and S as above. Then the following inequality holds

A /
HS‘ ]:m U

2 ot E 2 &2
g—2"s™dx < / [Vg|™§™ dx
Ja

where A = A\ — A\; > 0 is the optimal constant in the intrinsic Poincaré inequality

(A2 /\l)/ lg (g’u‘z

we have set

! >
_/Q goy dx

8o —

0%

o7 dx < / |Vg|™ ¢71 dx =
Jao '[“ o7 dx

[, gS" ™ dx
[AGEEET

o
S

and the constants are such that




Step 2: a weighted Poincaré inequality. We prove the following:

Poincaréinequalities
Letf € Wé’2(Q), ¢ the ground state eigenfunction of the Dirichlet Laplacian, g =
f/é1 and S as above. Then the following inequality holds

kO(m)2 / 1+m / 2m
S dx < Vg|" 87 dx
k() ”S” lg — 3’ Vel

where is the optimal constant in the intrinsic Poincaré inequality

we have set

and the constants are such that
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Step 2: a weighted Poincaré inequality. We prove the following:

Poincaré inequalities
Letf € W,7?(f2), ¢1 the ground state eigenfunction of the Dirichlet Laplacian, g
f/¢1 and S as above. Then the following inequality holds

ko(m)?

s1+mdx</ Vg|* $2" dx
o (m)? IISH /\g gl Vgl*

A1 > 0 is the optimal constant in the intrinsic Poincaré inequality

2
2 2 2 .2 f gy dx
(Az—)\1)/§2|g—g¢,| ¢1dx§/9|Vg| ordx g4, :m,

where A = \, —
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Step 2: a weighted Poincaré inequality. We prove the following:

Poincaré inequalities
Letf € W,7?(f2), ¢1 the ground state eigenfunction of the Dirichlet Laplacian, g
f/¢1 and S as above. Then the following inequality holds

ko(m)?

s1+mdx</ Vg|* $2" dx
o (m)? IISH /\g gl Vgl*

A1 > 0 is the optimal constant in the intrinsic Poincaré inequality

2
2 2 2 .2 f gy dx
(Az—)\1)/§2|g—g¢,| ¢1dx§/9|Vg| ordx g4, :m,

where A = \, —

we have set
f Sl +m

S G T
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Step 2: a weighted Poincaré inequality. We prove the following:

Poincaré inequalities
Letf € W,7?(f2), ¢1 the ground state eigenfunction of the Dirichlet Laplacian, g
f/¢1 and S as above. Then the following inequality holds

ko(m)?

s1+mdx</ Vg|* $2" dx
o (m)? IISH /\g gl Vgl*

A1 > 0 is the optimal constant in the intrinsic Poincaré inequality

2
2 2 2 .2 f gy dx
(Az—)\1)/§2|g—g¢,| ¢1dx§/9|Vg| ordx g4, :m,

where A = \, —

we have set
f Sl +m

8 s ax
and the constants ko, k; are such that

mn

ko(m) < é—"; < ki(m).
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Step 2: a weighted Poincaré inequality. We prove the following:

Poincaré inequalities
Letf € W,7?(f2), ¢1 the ground state eigenfunction of the Dirichlet Laplacian, g
f/¢1 and S as above. Then the following inequality holds

ko(m)?

s1+mdx</ Vg|* $2" dx
o (m)? IISH /\g gl Vgl*

A1 > 0 is the optimal constant in the intrinsic Poincaré inequality

2
2 2 2 .2 f gy dx
(Az—)\1)/ﬂ|g—g¢,| ¢1dx§/9|Vg| ordx g4, :m,

where A = \, —

we have set
f Sl +m

8 s ax
and the constants ko, k; are such that

mn

ko(m) < é—"; < ki(m).




Therefore
%8[90)] < —m[l + s(t)]'”_1 / |[Ve(t, x)|2 $2" dx + 2¢ [I—m+e(r)]E]0(1)]
Q

m—1 kO(rn)2 A
ka(m)? 81"

<c {—m[l +e(1)] +2[1 —m+ E(t)]} El0(n))



Therefore
%5[9(0] < —m[l + E(t)]'"_1 / |[Ve(t, x)|2 $2" dx + 2¢ [I—m+e(r)]E]0(1)]
Q

m—1 kO(W[)2 A
ka(m)? 81"

<c {—m[l +e(1)] +2[1 —m+ E(t)]} El0(n))

2
Hence it is necessary to get information on the ratio % in order to get exponential

decay for £ from the above inequalities, at least when m is close to one.
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Therefore
%5[9(1)1 < —m[l + ()" /Q V6, ) S dx + 2¢ [1 — m + (1)] E[0(1)]
<ec {fm[l + (™! :?EZ%Z ||S\T\1”” +2[1 —m+ s(t)]} £[0(1))

ko (m)?
ki (m)2
decay for £ from the above inequalities, at least when m is close to one. Recall that

ko, ki are such that

Hence it is necessary to get information on the ratio in order to get exponential

ko(m) < j}—m < ki(m).
1
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Therefore

d

5 E@] < —m[1+ e()]"! /Q |VO(t,x)|> 8™ dx + 2¢ [1 — m 4 (1)] E[6(7)]

m—1 kO (m)2 A

<c {fm[l +e(1)]

]\'()(l”)z
ki (m)2
decay for £ from the above inequalities, at least when m is close to one. Recall that

ko, ki are such that

Hence it is necessary to get information on the ratio in order to get exponential

mn

ko(m) < j}— < ki(m).
1

where ¢, is the ground state eigenfunction of the Dirichlet Laplacian and S satisfies
the nonlinear elliptic problem
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Therefore

d

5 E@] < —m[1+ e()]"! /Q |VO(t,x)|> 8™ dx + 2¢ [1 — m 4 (1)] E[6(7)]

m—1 kO (m)2 A

<c {fm[l +e(1)]

]\'()(l”)z
ki (m)2
decay for £ from the above inequalities, at least when m is close to one. Recall that

ko, ki are such that

Hence it is necessary to get information on the ratio in order to get exponential

mn

ko(m) < j}— < ki(m).
1

where ¢, is the ground state eigenfunction of the Dirichlet Laplacian and S satisfies
the nonlinear elliptic problem

—AS"=¢S inQ, c= 1
S=0 on 9N
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Therefore

d

5 E@] < —m[1+ e()]"! /Q |VO(t,x)|> 8™ dx + 2¢ [1 — m 4 (1)] E[6(7)]

m—1 kO (m)2 A

<c {fm[l +e(1)]

]\'()(l”)z
ki (m)2
decay for £ from the above inequalities, at least when m is close to one. Recall that

ko, ki are such that

Hence it is necessary to get information on the ratio in order to get exponential

mn

ko(m) < j}— < ki(m).
1

where ¢, is the ground state eigenfunction of the Dirichlet Laplacian and S satisfies
the nonlinear elliptic problem

—AS"=¢S inQ, c= 1
S=0 on 9N

Recall thate = 1/(1 — m)T — Ajasm — 17



Step 3 (conclusion).
2
The difficult issue is to estimate the ratio %

On the one hand, one can prove results about quantitative elliptic Harnack inequalities
for the equation —Au = u”. This is the topic of M.B., G. Grillo, J.L. Vizquez (2011,
in preparation).

The resulting bounds give constants in the Harnack inequality. It is then pos-
sible to use them to compare solutions with different values of p, which then yield the

required bounds on

Such bounds then yield explicit my and 7o, but it has to be remarked that unfortunately

lim <1
mT1

which is not what is expected.

But we can also prove the following purely elliptic result (see also Grossi (Annali
Pisa, 2009) for related results):
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Step 3 (conclusion).
(m)*
(m)2*

The difficult issue is to estimate the ratio /;‘]’

On the one hand, one can prove results about quantitative elliptic Harnack inequalities
for the equation —Au = u”. This is the topic of M.B., G. Grillo, J.L. Vézquez (2011,
in preparation).

The resulting bounds give explicit constants in the Harnack inequality. It is then pos-

sible to use them to compare solutions with different values of p, which then yield the
A()(m)z
ky(m)2*

required bounds on
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On the one hand, one can prove results about quantitative elliptic Harnack inequalities
for the equation —Au = u”. This is the topic of M.B., G. Grillo, J.L. Vézquez (2011,
in preparation).

The resulting bounds give explicit constants in the Harnack inequality. It is then pos-

sible to use them to compare solutions with different values of p, which then yield the
A()(m)z
ky(m)2*

required bounds on
Such bounds then yield explicit my and o, but it has to be remarked that unfortunately

o k()(m)2
mt1 ki (m)?

which is not what is expected.
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On the one hand, one can prove results about quantitative elliptic Harnack inequalities
for the equation —Au = u”. This is the topic of M.B., G. Grillo, J.L. Vézquez (2011,
in preparation).

The resulting bounds give explicit constants in the Harnack inequality. It is then pos-

sible to use them to compare solutions with different values of p, which then yield the
A()(m)z
ky(m)2*

required bounds on

Such bounds then yield explicit my and o, but it has to be remarked that unfortunately

o k()(m)2
mt1 ki (m)?

which is not what is expected.

But we can also prove the following purely elliptic result (see also Grossi (Annali
Pisa, 2009) for related results):
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Let p = 1/m. Let U, be a family of solutions of the problem

—AU=X,U0" inQ
U>0 in Q 4)
U=0 on 02
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Nonlinear elliptic problems near p = 1 I

Let p = 1/m. Let U, be a family of solutions of the problem

—AU=X,U" inQ
U>0 in Q 4)
U=0 on 02

withp € [1,ps), ps = E2, | Up|lp+1 = 1, so that || VU, |13 = A
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Nonlinear elliptic problems near p = 1 I

Let p = 1/m. Let U, be a family of solutions of the problem

—AU=X,U" inQ
U>0 in Q 4)
U=0 on 02

withp € [1,p5), ps = 92, ||Up|lp+1 = 1, so that [[ VU, || = \,. Thenas p — 1, one

has \, — Ai, U, — 1 inL®(Q), VU, — V&, in (L}(©2))".
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Nonlinear elliptic problems near p = 1 I

Let p = 1/m. Let U, be a family of solutions of the problem

—AU=)U" inQ
U>0 in Q 4)
U=0 on 02

withp € [1,p5), ps = 92, ||Up|lp+1 = 1, so that [[ VU, || = \,. Thenas p — 1, one

has A\, — A1, U, — @ inL=(Q), VU, — V@, in (LZ(Q))d. Besides, there exist
two explicit constants 0 < cp < c; such that

I <A <ETIN ®)




The fast diffusion equation on bounded domains
000000000000 0000008000
Entropy-entropy production

Nonlinear elliptic problems near p = 1

Let p = 1/m. Let U, be a family of solutions of the problem

—AU=)U" inQ
U>0 in Q 4)
U=0 on 02

withp € [1,p5), ps = 92, ||Up|lp+1 = 1, so that [[ VU, || = \,. Thenas p — 1, one

has A\, — A1, U, — @ inL=(Q), VU, — V@, in (LZ(Q))d. Besides, there exist
two explicit constants 0 < cp < c; such that

I <A <ETIN ®)

Moreover, there exists constants 0 < ko(p) < ki (p) such that k;(p) — 1asp — 1+,
such that

7 Up(x) _ 7
ko(p) < e < ki(p), forallx € Q. (6)

4




The End |

Thank you!!! |




The kind of argument outlined here can be used to study other related problems. For
example consider positive solutions to the fast diffusion equation

= Au", onH"

where
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The kind of argument outlined here can be used to study other related problems. For
example consider positive solutions to the fast diffusion equation

= Au", onH"
where

@ m € (m;, 1]

@ H" is the hyperbolic space and A the corresponding Riemannian Laplacian.
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The kind of argument outlined here can be used to study other related problems. For
example consider positive solutions to the fast diffusion equation

iw=Au", onH"

where

@ m € (m;, 1]

@ H" is the hyperbolic space and A the corresponding Riemannian Laplacian.
Recall that, on the hyperbolic space, both the Sobolev inequality and the L2-Poincaré

inequality hold, so that the L2-spectrum of —A is [ (=1 +oo)

Certain classes of positive solutions do vanish in a ﬁmte time (Bonforte, G. Vazquez,
JEE 2008). There are some rough estimates on the extinction time there.



It can be expected that the asymptotics of solutions is related to solutions, if any, of
the elliptic problem —Au = ul/m (up to rescalings). No results on this till recently,
but:



The fast diffusion equation on bounded domains
000000000000 000000000e
Entropy-entropy production

It can be expected that the asymptotics of solutions is related to solutions, if any, of
the elliptic problem —Au = u'/™ (up to rescalings). No results on this till recently,
but:

@ Mancini-Sandeep (Annali Pisa, 2008) have shown that there exist exactly one
solution U to the elliptic problem. It is radial, and it has finite energy, namely it
belongs to W*(H"). It decays at infinity as ce~ "=V’ 1 being the Riamannian
distance from the given point. There are infinitely many other radial positive
solutions, but they have infinite energy. Notice that U'/" ¢ L.
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It can be expected that the asymptotics of solutions is related to solutions, if any, of
the elliptic problem —Au = u'/™ (up to rescalings). No results on this till recently,
but:

@ Mancini-Sandeep (Annali Pisa, 2008) have shown that there exist exactly one
solution U to the elliptic problem. It is radial, and it has finite energy, namely it
belongs to W*(H"). It decays at infinity as ce~ "=V’ 1 being the Riamannian
distance from the given point. There are infinitely many other radial positive
solutions, but they have infinite energy. Notice that U'/" ¢ L.

@ M.B., F. Gazzola, G. Grillo and J. L. Vazquez have just proved that there is no
other positive radial solution apart the ones found above, and that all of them
apart U decay polynomially at infinity, hence they do not belong to LY for any
q( # ;)o (recall that the Riemannian measure has a density whose radial part is
e n—1 r).
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It can be expected that the asymptotics of solutions is related to solutions, if any, of
the elliptic problem —Au = u'/™ (up to rescalings). No results on this till recently,
but:

@ Mancini-Sandeep (Annali Pisa, 2008) have shown that there exist exactly one
solution U to the elliptic problem. It is radial, and it has finite energy, namely it
belongs to W*(H"). It decays at infinity as ce~ "=V’ 1 being the Riamannian
distance from the given point. There are infinitely many other radial positive
solutions, but they have infinite energy. Notice that U'/" ¢ L.

@ M.B., F. Gazzola, G. Grillo and J. L. Vazquez have just proved that there is no
other positive radial solution apart the ones found above, and that all of them
apart U decay polynomially at infinity, hence they do not belong to LY for any
q( # ;)o (recall that the Riemannian measure has a density whose radial part is
e n—1 r).

Hence the asymptotics of solutions to the fast diffusions should be related to the sepa-
rate variable solution 4 (, x) = U(x)[(T —1)/T]"/!"=™ . Presently under investigation
using the above methods, as a part of a more general study of nonlinear diffusions on
manifolds.
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