THE FRACTIONAL POROUS MEDIUM EQUATION
ON THE HYPERBOLIC SPACE
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ABSTRACT. We consider the nonlinear degenerate parabolic equation of porous medium type, whose
diffusion is driven by the (spectral) fractional Laplacian on the hyperbolic space. We provide
existence results for solutions, in an appropriate weak sense, for data belonging either to the usual
LP spaces or to larger (weighted) spaces determined either in terms of a ground state of Ay, or
of the (fractional) Green’s function. For such solutions, we also prove different kind of smoothing
effects, in the form of quantitative L' — L estimates. To the best of our knowledge, this seems
the first time in which the fractional porous medium equation has been treated on non-compact,
geometrically non-trivial examples.
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1. INTRODUCTION

This article is devoted to the study of nonnegative solutions to the Fractional Porous Medium
Equation (FPME) on the hyperbolic space HY. More precisely, we consider the Cauchy problem:

O+ (—Agn)Su™ =0 (t,x) € (0,00) x HY;

(1.1)
u(0,x) = ug(x) >0 r € HY,

where (—Apn~)® denotes the spectral fractional Laplacian on the hyperbolic space, 0 < s < 1, m > 1,
and we use the standard convention u™ = |u|™ 'u. The operator (—Apn)® is in fact defined by
functional calculus, and well-posedness of (ILT]) in an appropriate sense will be one of the main issues
in this paper, the other one being the validity of suitable smoothing effects for such evolution, this
meaning quantitative bounds on the L* norm of the solution at time ¢ > 0 in terms of a (possibly
weighted) LP norm (p > 1) of the initial datum. In fact, we shall prove three different estimates of
that type, each dealing with a larger class of initial data and different time behaviour as ¢ — 0 and
t — oo accordingly.

The study of the FPME in the Euclidean setting has been initiated in [21I] for the special case
s = 1/2, and continued in the case of general exponents in [22]. In such papers well-posedness
of the evolutions for LP data is proved even when m < 1 (the fractional fast diffusion case), and
appropriate smoothing effects are proved for solutions. By a smoothing effect we mean a bound of
the form

[[uolly

Ju(t) e < CT5

vVt >0 (1.2)

for suitable exponents «, 3, and possible generalizations of (I.2]) in which in the r.h.s. a weighted LP
norm appears. Such kind of instantaneous regularization (LP data are smoothed out instantaneously
into bounded solutions) is typical of heat-like evolution equations, see e.g. [20] for the linear case
and [41] 42] for porous medium-type evolutions. A number of subsequent results concerning e.g.
pointwise bounds on solutions, propagation of positivity, existence, uniqueness and properties of
fundamental (or Barenblatt) solution i.e. solutions corresponding to a Dirac delta as initial datum,

were proved later in [12] 31 [43].

The FPME has been later studied in bounded domains, with appropriate boundary conditions,
mainly of homogeneous Dirichlet type. In fact, there are several different versions of what one might
call a Dirichlet fractional Laplacian on domains and these different versions have been being actively
investigated recently, first in [I3] 14, [43] and then e.g. in [7, [8 II]. It is particularly important in
regard to the contents of the present paper that some of these papers deal with the FPME by using
properties of the Green’s function associated to the version of the fractional Laplacian considered,
starting from the very definition of solution, a strategy we shall use in this paper too. This is
a particularly useful approach also in view of the technical difficulties in dealing with extention
methods a la Caffarelli-Silvestre [I7] on manifolds, as developed in [4], in [24] for the higher rank
case, see also [3] for the case of nonsingular kernels.

The analysis of the heat equation in the setting of Riemannian manifolds is a widely studied
topic, see e.g. [25] 26l 27] and references therein. The analysis of nonlinear diffusions of porous
medium type on manifolds started instead just recently. The first results in this connection are to
our knowledge given in [I0], in which basic properties of the porous medium equation on Cartan-
Hadamard manifolds, namely simply connected manifolds of nonpositive sectional curvature, are
considered. A number of subsequent recent contributions deal with the porous and fast diffusion
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equations (in the nonfractional case) on manifolds, mainly in the case of negative curvature, starting
with [29] [44] and continuing e.g. in [28] 30} [32] 33} [34] 135].

It should be noted that the long-time behaviour of solutions even to the linear heat equation posed
on negatively curved manifolds is completely different from the Euclidean one: in fact, one has

Kgn(t,z,x) <t™N2  Kyn(t,z z) =< 732~ (N=D* a9 ¢ 5 400, (1.3)

where Ky~ is the heat kernel on the n-dimensional Euclidean space, and Kpn is the heat kernel on
the most important example of negatively curved, noncompact manifold, namely on the hyperbolic
space, i.e. the simply connected manifold whose sectional curvatures are constant and equal to -1.
In the series of papers just quoted above, significant differences are shown to appear when dealing
with the nonlinear setting as well: in particular, the form of the smoothing effects may be quite
different.

Little is known, however, in the fractional case. Some recent results on the FPME on compact
manifolds with conical singularities are given in [38], see also [39, [40] for the non-fractional case. It
seems that no results are available in geometrical nontrivial, noncompact cases. Our goal here will
be indeed to deal with the FPME on the hyperbolic space HY .

The first aim of the paper will be to introduce a concept of solution which will be based on the
existence and properties of the fractional Green function Gjjy, namely the kernel of the operator
(—=Apn)~5. The latter operator and the corresponding kernel can be defined by functional calculus,
see ([Z2) below. Such definition is given precisely in Definition 21l and involves data that are
integrable w.r.t. the Riemannian measure or, at least, that are integrable with respect to suitable
weights. Such weights can be chosen to be either the ground state eigenfunction of —Apgn~, or any
smooth, strictly positive function whose tail has the same decay of Gj;y at infinity. This latter
class is shown to be larger than the former, as it follows by comparing the behaviour of the ground
state at infinity, see ([2.0), with the one of the fractional Green function, see (82]). Existence results
for weak dual solutions are then given in Theorem [2.J] whereas the main smoothing effects are
stated in the other main results of this paper, namely Theorems 221 23] 224 Of course, the specific
smoothing effect depends on the class of data chosen.

The paper is organized as follows: in Section 2 we introduce some of the notations, the definition
of Weak Dual Solution to (L)) and its relation with appropriate weighted spaces. We state our
main existence and uniqueness result in Theorem [2Z.I] and then we state the smoothing estimates in
Theorems 2.2] 23] and 2.4l In Section 3, we derive fundamental estimates for Weak Dual Solutions
in Proposition and we derive monotonicity in time estimates for solutions in weighted L'—
spaces in Propositions [3.4] Section 4 is devoted to the proof of the smoothing estimates stated
in Section 2. Section 5 contains existence of mild solutions using Crandall-Ligget Theory or Brezis-
Komura theory and we prove that mild solutions are also Weak Dual Solutions, see Theorem
Finally, we prove the existence Theorem [Z1] by approximating Weak Dual Solutions (from below)
in terms of mild solutions constructed in Section 5. Appendix [Al contains a detailed proof of all
crucial Green function estimates on the hyperbolic space which play a pivotal role in our study

2. PRELIMINARIES AND MAIN RESULTS

2.1. Definition of weak dual solutions. An important aspect is the right notion of solution to
(CI). There are many notions starting from weak solution to strong solutions. Here we shall be
dealing with the notion of weak dual solutions introduced in [13]. This notion has its own advantage



4 ELVISE BERCHIO, MATTEO BONFORTE, DEBDIP GANGULY, AND GABRIELE GRILLO

in obtaining a priori estimates of solutions. Before formally defining weak dual solutions, we recall
some crucial facts.

The fractional power of the Laplacian on HY can be written in terms of the heat semigroup as
follows:

(~t)u= gy [ o (2.1)

for an appropriate set of functions u and where I' denotes the Euler Gamma function. On the other
hand, we denote by Gy (z,20) the fractional Green function on H" with fixed pole zq € HY, and
by pg~ its Riemannian measure. Functional calculus allows to define the inverse of (—Apgn)?®, on
an appropriate set of functions u, as

s +oo gtAgn g,
0
Since the kernel of (—Ag~)~* is Gj, there holds:
(—Apgy) " u = /]HIN G (5 y) uly) dpgn (y).- (2.3)

In the following we will deal with solutions with initial data in L'(H") or in suitable weighted
spaces containing L' (H™). More precisely, we will deal with two kinds of weights, described below.
The smoothing effects proved in the two classes will of course be different.

The first class of weights we will deal with is defined as follows:
W = {® = (—Ay~y) "¢ for some nonnegative 1) € CSO(HN)} . (2.4)
It’s worth noting that W C L°(HY) and weights in ¥V behave asymptotically like the Green

function at infinity. More precisely, in Lemma [A.3] below, we prove that for all ® € W there exist
R,Cy,Cs > 0 such that

Cyri e WN-Dr < O(x) < Oy P le=WN=Dr g r > R (2.5)
where r := 7(xg, z) denotes the geodesic distance from a fixed zg € HY.

To introduce the second weight, we recall the definition of generalised ground state for (—Agn~)®.

Let A = % be the bottom of the spectrum of the Laplace-Beltrami operator on HY. Then the
equation

(—Ag~)*u = A%y in HY
admits a positive radial solution ®1(x) = ®(r(zg,x)), r denoting the geodesic distance. ®; is then
called a generalised ground state or the eigenfunction, and is defined up to multiplicative constants
and up to the choice of the pole zg. It is known e.g. from [9, Section 3.3|, that ®; satisfies

(N—1) (N—-1)
a(l+r)e "2 "<& (z)<B(1+7r)e 2 " foralr>0 (2.6)

and for some «a, 3 > 0. Note that (ZF) and (Z8) readily imply that & < C®; on HY, for a suitable
C > 0, so that Lclpl(HN) C LL(HY) for all ® € W. In particular, since ® = o(®;) at infinity, the
inclusion is strict.

We are finally ready to state

Definition 2.1. Let ® € W, where W is given in [24]), or & = &, a ground state of —Ayn, or
® = 1. We say that u is a Weak Dual Solution (WDS) to Problem (L)) in [0, 7)) x HY if

e ue C([0,T): LL(HY)), and u™ € L' ((0,T) : L}, (HY)) ;
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e 1 satisfies the following identity

// —Agn)” )3t1/1duHth—/ /HNu ¥ dpgn dt = 0 (2.7)

for every test function +» € C}(0, T; L°(HY)) ;
o u(0,2) = up(x) a.e. in HY.

Remark 2.1. We note that the first term of (2.7)) is finite. Indeed, using Fubini Theorem, we have

HN HN
for all ¢ € 01 0,T; L (HY)). Hence, if u € C([O,T) o LE(HY)) with @ € W, then & =

(—Agn~) "% € W for some positive 1) € C2°(H) and, since % € L>®(H") (see Lemma
“AgN
below) we conclude that the above integrals are finite.

Since L'(HY) C Ly (HY) C Lg(HY) for all ® € W, the same conclusion holds if either ® = &,
or & =1.

This class of solutions is quite big, indeed it contains mild (semigroup) L!-solutions, see Section
On the other hand, in Remark .l we see that WDS are contained in the class of very weak
(distributional) solutions.

2.2. Main results. The construction of a WDS will be done by means of approximating with
semigroup (mild) solutions constructed either in L*(H”Y) or in H~*(HY), by means of appropriate
nonlinear semigroup techniques both in Banach and Hilbert spaces. In Section Bl we show that mild
solutions are weak dual solutions.

Theorem 2.1 (Existence and uniqueness of Nonnegative Minimal Weak Dual Solutions in L}).
Let ® € W, where W is given in (24), or ® = ®1, a ground state of —Ayn, or ® = 1. For
every nonnegative ug € L (Q) there exists a weak dual solution to Problem (L)), continuous in
the weighted space w € C([0,T) : LY(Q)) for all T > 0. Such a solution is obtained as the unique
monotone limit of nonnegative L'-semigroup (mild) solutions which exist and are unique. We call
such solution the minimal WDS. In this class of solutions the standard comparison principle holds.

Remark 2.2. i) Existence and uniqueness of signed (semigroup) solutions. When dealing with
signed solutions, existence and uniqueness of mild (hence WDS) solutions follows from the nowadays
standard theory of nonlinear contractive semigroups on Banach and Hilbert spaces. In the first case,
the L'(HY)-theory of m-Accretive operators, developed by Benilan, Crandall, Pazy and Pierre
provides existence, uniqueness and comparison, see [5 [0, 19] and Theorem Il In the Hilbertian
setting, the (nowadays called Gradient Flow) theory by Brezis and Komura, gives the same results
in H=*(H"Y), see [I5] [16] [36] and Theorem 5.4l More details will be provided in Section

ii) Boundedness of solutions. On one hand, showing that mild solutions are bounded is in general a
difficult task, unless the initial datum is already bounded, since the a-priori regularity is too low.
On the other hand, WDS turn out to be bounded, as we will see below. We show in Section
that mild solutions are indeed WDS, hence bounded. Informally speaking, using WDS means to
find appropriate weak solutions to the dual equation (—Apny) *u; = —u™: this is useful since it
allows to extend the approach via Green functions estimates of [14] [13] to the present setting, and
to prove quantitative boundedness of WDS, avoiding DeGiorgi-Nash-Moser iterations, which rely
on integration by parts, not available in this non-local framework.
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It is convenient to define the exponent

1

2s+ N(m —1) (28)

’191 =

which appears in our L' — L smoothing estimates.

Theorem 2.2. Let u be a WDS corresponding to the nonnegative initial datum ug € L*(HY). There
exists kK1 = Ri(s,m, N) > 0 such that

(O] [ ol 7 gy
[u)]| oo @y <& tNil’ﬁ < K1 N for all t > 0. (2.9)
Moreover, fort > eXN-1(m=1) Huonl(?;H_Nl)) there exists Ko = Ra(s,m, N) > 0 such that
K9 _ —
Ol < — [10g (¢ ol Figim) )] ™ (2.10)

A second smoothing effect can be shown in the larger class, namely for data belonging to L<11>1 (HY),

Theorem 2.3. Let ®1 be a ground state of —Ay~ and let uw be a WDS corresponding to the non-
negative initial datum ug € L}DI(HN). There ezists k3 = Ra(s,m, N) > 0 such that

28’191 25091
lu®)7x ||UOH ()
Moreover, fort > em=DIN=1)|1y ||L1 )) there exists K4 = Ra(s,m, N) > 0 such that
E4 o mil
)l e vy < == log(t [luoll7y () : (2.12)
tm—1 1

Remark 2.3. It should be commented that, in the above Theorems, the bounds (2.9]), (2I1]) hold
for all £ > 0 but are mainly significant for ¢ small, as for long time faster decay estimates are provided
by (2I0), 2I2). This is reminiscent of the situation valid in Euclidean bounded domains, in which
short and long time asymptotics of solutions to the porous medium equation (or even to the heat
equation), fractional or not, are different, mainly due to the validity of the Poincaré inequality, a
fact that holds on H" as well. Note that (Z9) is identical to the corresponding Euclidean bound
and is consistent with the Euclidean scaling. The bound (ZI1]) has the same time dependence but,
being written in terms of a weighted norm, has no Euclidean analogue. That for large time a faster
time decay overtakes the one valid in the Euclidean case might also informally be seen as an effect
of negative curvature, that somehow increases the speed of propagation and produces a better decay
for large time (recall the bounds (L3)) in the linear case).

We conclude by enlarging further the class of allowed initial data, i.e. by allowing them to be
integrable w.r.t. weight in YW, namely having the tail of the fractional Green function.

Theorem 2.4. Let u be a WDS corresponding to the nonnegative initial datum ug € L}D(HN), with
O € W defined in (24). There exist s = Rs(s,m, N, ®) > 0 such that

K5 1/m
[u(t)]] oo vy < Wuuouémm forallt>0. (2.13)
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Remark 2.4. About the space Ly (HY) versus H=*(HY). The above smoothing effect shows that
nonnegative WDS corresponding to data in L}I)(HN ) are bounded. As we shall see in Remark [5.2]
the gradient flow solutions with data in H *S(HN ), which exist and are unique, are also WDS, hence
the above Theorem applies also to nonnegative gradient flow solutions and gives for all ¢t > 0:

1/m 1/m
ol ¥, u ol . (2.14)

”u(t)”LOO(HN Ll HN) tl/m H—s(HN)

— tl/m
where we have used inequality [.22), i.e. [luollzy vy < cplluollg-s@v) with ¢y = [[¢][fy < +oo.

The latter inequality also shows that for nonnegative functions, H,® contained in Lclp, +(HN ).

3. FUNDAMENTAL ESTIMATES FOR WEAK DUAL SOLUTIONS (WDS)

In this section we derive a priori estimates of WDS in the spirit of [14] Sections 5 and 6] and [I3].
To this end, we will use repeatedly the next lemma.

Lemma 3.1. There exists k1 = k1(N,s) > 0 such that for a.e. x,y € HY we have

Gy (z,y) < Ky (3.1)

1
r(z,y)N =2
where r(-,-) is the geodesic distance of HY. When r(z,y) > 1 (eventually by taking a bigger k1) we

also have
e~ (N=Dr(z,y)

3 < 2
GHN ('1"’ y) =~ Rl T(l‘, y)lis (3 )
As a consequence, for all R >0 and y € HY we have
/ v (@, y)dpg (z) < e cosh(R)N1R?, (3.3)
Br(y) 2s

and for all R > 2 and y € HY we have
| G @) <R R (34

Br(y)

for some K1 = K1(N,s,k1) >0 .

Proof. In order not to break the flow of the section we will pospone the (technical) proofs of (B.1))
and (32) to Appendix [A] see Corollary [A.2l As concerns the proof of B3] it follows from (B.I))

by passing to radial coordinates and estimating the volume element by means of the elementary
inequality: sinhr < rcosh R for all 0 < r < R. Indeed

R (sinhr)N-1 R pN=1 /ginhr\ N1
B z,y)dugn (z) < "fl/ VGV dr = Iil/ —~ o <—> dr
/BR(y) o (2, ) g 2 0 -2 o TN T

< g—;(cosh R)NTIR?s,

As for ([B4), for R > 2 we estimate using the fact that e~ (V=17 (sinhr)N -1 < 1,

Ky N1 R ,~(N-1)r
| G )y (o) < 5oV 12 b [
Br(y) 2s 2

—— (sinh rNLar
r

< il [(:osh(2)N_1228_1 —2° + RS] <k R?
s

for some K1 = K1 (N, s,k1) >0 . O
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We are now ready to state and prove what we call the fundamental pointwise formulae, that in
the nonlinear case under study, play the role of the representation formula in the linear case.

Following the strategy of [13], it is convenient at this point to introduce a special class of WDS,
useful to ensure that all the integral quantities in the proofs are finite. Indeed, in most of the
proofs we will work with bounded integral solutions and then extend the result to general data by a
standard limiting process. To this end, we shall proceed initially by considering WDS having initial
data in L'(HN) N Lo (HY).

Lemma 3.2 (Comparison and time monotonicity for WDS). Let u,v be WDS corresponding to
ug, Vg € LI(HN) N LOO(HN). Then comparison holds, more precisely the T-contraction property

EIR) holds, namely
[t = o)., o, = 10 =00

Let u be a nonnegative WDS corresponding to ug € LY (HN)NL®(HY). Then u enjoys the following
time momnotonicity property:

)+HH—S(HN) forallt>0. (3.5)

the map t tﬁu(t, x) is nondecreasing in t > 0 for a.e. x € HY, (3.6)
and the following LP— stability property
w@) e @y < llwollpe @y forallt >0 and all 1 <p < co. (3.7)

Proof. This proof follows by the T-contraction in H ®-spaces, that we adapt from an original
proof of Brezis, we just emphasize the main key points, the rest being completely analogous to the
H~*-case, see more details in Section By the Poincaré inequality A1l| flg—s@~y < || fllz2~)y-
Then, since ug,vg € L*(HY) N L®(HY), we have that (ug — vo)y € H *(HY) and the following
holds

%% H (u(t) - v(t))JrHi{—s(HN)

- /H sign™ (u(t) — v(t)) (Dpu(t) — dpo(t)) (=Agn) ™ (u(t) — v(t)) , dpugy

= _ /HN sign™ (u(t) - v(t)) [(—AHN)S(um _ vm)] (—=Agn)~* (u(t) B U(t))+duHN

= — /HN SigrDL (um(t) — vm(t)) [(—AHN)S(um _ vm)] (—Agn)~* (u(t) B U(t))+dMHN
< - /HN(—AHN)S(um — Um)_,_(—AHN)*s (u(t) — v(t))+duHN

<

= [ =) () = ol0) i <0

which clearly implies (5). The inequality of line 4 follows by Kato’s inequality sign™ (f) (—Agw~)* f <
(—Agn~)*(f)4, which holds in the sense of distributions.

The above computations can be rigorously justified by the results of Theorem 5.4l in which strong
H~%-solutions are constructed. When g is sufficiently integrable (and ug € L*(HY) N L>(HY) is
more than enough in view of the above discussion) then the strong H~*® solutions are the same as

Weak Dual Solutions in the sense of Definition 2] see Remark (5.2)).

Time Monotonicity Estimates. We show here for reader’s convenience a proof based on scaling
and comparison that we have learned from Vazquez [4I]. Consider the rescaled solution wy (¢, z) =
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)\ﬁu()\t,x) then uy(0,-) = A Tug. Then, letting A = (¢ + h)/t > 1, we obtain for all A > 0
1 t+h T
0 <wup(t,z) —u(t,z) = Am—Tu(At,z) — u(t,z) = — u(t+ h,x) —u(t, x)

1
which is equivalent to the desired monotonicity of the map t +— ¢tm—Tu(t,z). The first inequality
in the above formula, is true for all £ > 0 and a.e. 2 € H" by comparison (which follows by the

1
T-contraction inequality ([B.3])), since A > 1 implies that uy(0,:) = Am=Tug > ug.

LP stability of nonnegative WDS with ug € L*(H™) N L>®(HY). A sketch of the proof of inequality
B0 is given in Remark B.11 O

We are now ready to prove our main result of this section:

Proposition 3.3. Let u > 0 be a WDS to problem (1) with ug € L*(HN) N L®(HY). Then,
/HN u(t, z) Gy (2, 20) dugy (x) < /]HIN uo(x) G (2, o) dpggn () for all t > 0 (3.8)
and
(i-?) " (b — to) u™(to, 7o) < /HN [u(to, z) — u(ty, )] G (20, 2) dpuggw (x)

m
tmfl

< (m—1)——u™(t,20), (3.9)
té”fl

fora e 0<ty<ty <tanda. e xo € HY.

Proof. We give the proof for ® € W. The case ® = ¢, follows by noting that Lclpl(HN) C Lclp (HN)
for all ® € W. The statement is proved in four steps.

Step 1 : For all non-negative v such that ¢ € L°(HY), there holds

/ o 2)(~ i) () g () = [t )(~Bgen)*(0(2) dpn (0

HN

-/ C ) dus (e (310)

The proof follows by adapting the ideas of [I3l Proposition 4.2-Step 1]. We use the Definition 2]
of weak dual solution, with test function ¥(t,z) = 1(t)a(z), where 11(t) € C(0,+00) and
Yo € LP(HY). Namely, we have that u € C([0,T) : LY (HY)), ™ € L' ((0,T) : L},.(H")), and the
following identity holds

[t [ ulra) () ) ds ()
/ 1(T / u™ (1, x) Yo (x) dugy (x) dr. (3.11)

Now, to prove ([3.10), we we exploit the following approximate procedure. For 0 < ¢ty < t; < 400 we
consider the characteristic function X, ,1(7). By standard approximation arguments, there exists

Y10 € CH0,+00) with supp(v1,n) C [to— .81+ 2], Xjto,n] < Y10 < 1 and such that ¢y, —
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X[to,t:)(T) a.e. in (0,+00). Since, by Remark I, 7 — [yn u(7,z) (—Apy ) *Yo(z) dugn (z) €
C°([0,T)), as n — oo, it follows that

/ o / u(r, ) (— Mgy )~*n() daggn () dr
o [l 0)(=a) (o) (@) = [ ultr,0) (=B ) o) s ()

n—oo HN HN

On the other hand, since

o0 t1+1
/0 P1,0(T) /]HIN u" (1, 2) Yo (z) dpgn (z) dr < /0 /]HIN u (1, 2) Yo (z) dpgn (z) dT < 400

by Lebesgue dominated Theorem, as n — oo, we get:

/OOO Y1 5 (7) /HN u" (1, x) Yo (x) dugn () dT —— tol /HN u™ (1, ) Yo (z) dpgn () dr .

n—oo

Hence, ([BI0) follows by writing (B.11]) with ¢; = 1), and passing to the limit.
Step 2 : From (BI0) we derive estimate (3.8). Fix xo € HY and consider the sequence of non-
negative test functions z/;,(f“)(x) = mxsm(m( x) with n > 1. Clearly, (ro) ¢ L (HY).

Furthermore, ZZ)SLmO) — 0z, in the sense of Radon measure.
n—oo

A direct application of Lebesgue differentiation theorem to the function y — Gy (y,z) (without
loss of generality we may assume that xg is a Lebesgue point) implies

1
—Agn) (W) (2) = ——— G (y,x)d — Gyn(z,x
( HN) ('I,Z) )( ) |Bl/n ($0)| Bl/n(mo) HN (y ) MmN (y) 00 HN( 0)

as n — oo and for a.e. x € HY. Next we write

L wlr) (=8 ) ) @) dps () = [t )G (,0) dpss (o) (3.12)
<|[  utro) =) e @ du(a) - [ ulrn) G (om) duy 2)
BR($()) BR(Z‘O)
+ [ u(r,2) (=) 04 ) g (o) — [ u(r, )Gy (2, 30) dpggn ()
]HIN\BR(J:O) HN\BR(mo)
By Lemma Bl Gy (z0,-) € L{, (HY) with 0 < ¢ < - and we readily derive that
(—Agn ) "0 (z) — Gin(zg,z) in L?OC(HN) (3.13)

for all 0 < ¢ < N]X 55- Then, the first expression on the r.h.s. of (3.I2) can be estimated as follows

[ utro)-dum) v @) s (0) = [ 0) G o) dpg 2)
Br(zo)

Br(zo)

< 7)o ey | (=2 ) 85 = G (- @0) | o (B o)) —— 0,

n—oo

Recall that by assumption ug € L'(HY) N L>°(HY), hence u(t) € L'(HN) N L>®(HY) for all ¢ > 0.
This is true since WDS are LP-stable, see Lemma and also Remark 5.1l
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Now we tackle the second term on the r.h.s. of ([8I2) and we show that

n—oo

/ w(r, @) (— A )0 (@) dpage () — / u(r, 2) Gy (2, 70) dpen ()| —— 0
HN\Br(z0) HN\Bg (o)

To this aim, we estimate (—Apgn)~ 1/1(760 (x) for r(zg,x) > R. Without loss of generality, we may
assume R > 2. By repeating the proof of Lemmal[A.3 it is readily deduced that there exist a positive
constant C' (not depending on n) such that

(—Ayn) ) (x) < C G (x0,2)  for all r(zg,z) > 2.

Therefore, invoking again Lemma and using the fact u(r,z) € LL(HY) for each fixed 7, we
deduce that

u(r, 2)(— Ay ) Y () < Cu(r,2)@(z) € LY(HN \ Bg(zo))
for a suitable C' > 0. Hence, by Lebesgue Theorem, it follows that

/HN\B ( )u(T,x)(—AHN)—Sibeo)(ﬂU) dpgn () —— u(T, 2)Gyn (2, mo) dpgn (2)

n— oo HN\BR($O)

Writing (3.10) with ¢ = ZZ)SLmO) and recalling that the right-hand side of ([3.I0) is non-negative, we
have established (B.8).

Step 3 : We make use of the time monotonicity property (B.6]) to prove

(z%)mml (t1 — to) /HN u" (to, x) o (x) dugy (2 /tl/ (7, 2) Yo (w) dpugn (z)dr - (3.14)
L [ e, va(e) i 0),

-
!
for a.e. 0 <tg<t; <tand all ¢y € LL(HY).

Now let us start by proving the upper estimates in ([8I4]). To this aim, we consider the sequence
1 € C2°(0,400) defined in Step 1. Let us choose n so large that 0 < 5 — % <t + % <t, for all
nonnegative ¢y € L (HY) we have

/wln / w™(7,2) Yo () dpugn () dr

t1+5 T
<[00 (G)7 e e

< ( /+ (3)’”& dT) ([, m.o)vate) apn )

1 _m_
< (m-— 1)m tm=t /HN u™(t, x) o (x) dpgn ().
Now, letting n — oo, we get
/tl/ (m—l) m m
(1) (o) v () dr < T [ 1) (o) (o)
tm—l HN

for all tg < t; < t. Hence, we obtain the upper bound estimates of ([3.I4]). Following a similar
approach we obtain the left-hand side of (8.14)), see [13] Proposition 4.2-Step 3| for more details.
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Step 4 : The final conclusion, i.e. ([B.3]), can be obtained by an approximation procedure again.

Indeed, by combining and ([3.I0) and ([BI4]), we know

(%)ml (t1 — to) /HN u™(to, @) 0 () dpgg () (3.15)

L0, (= 3 (@) () = [ ) (=)0 ) s o)

HN HN

<Pl [ ) vl ) e (@) (5,10
ot HN

where the sequence ¢,(f0) is as defined in Step 2. So, as before, as n — 400, we have

A )= () () = — s s
( AHN) (Tzz)n )(x) - ‘Bl/n(xO)‘ Bl/n($0) G]HIN(y’x) dMHN(JT)(y) — G]HIN('IVIO)’

provided g is the Lebesgue point of the function z +— Gjn(y,r). Furthermore, for all 7 > 0, as
n — 400, we have

[ ) 5@ dug (@) = [ByGeo)l [ o) dpn (0) — ()
HN " B

1 (wo)

provided xg is the Lebesgue point of the function x — u (7, x). With no loss of generality we may
choose x( belongs to the Lebesgue point set for both the functions. With this information in hand,
one can let n — oo in ([B.I0) to obtain ([3.9). This completes the proof of Proposition O

From step 1 in the proof of the above proposition it readily follows the monotonicity result below
which is of fundamental importance to get existence of solutions in L (H).

Proposition 3.4. Let u > 0 be a WDS to problem (L) with ug € L*(HY) N L>®(HY). Then for
all 1 € C°(HYN) with 1 > 0 there holds

[l 2) (- Aa) @) @) s ) < [ ulto,)(~g)(0)() e (0)

HN

for all t; > ty > 0. As a consequence, if ® € W, the class W being as in (24), the integral
Jaw u(t, 2)®(x) dugn (x) is monotonically non-increasing in time, i.e.

/ u(tl,x)fﬁ(x)duHN(x)g/ u(to, x)®(x) dugn () (3.17)
HN HN

for all ty >ty > 0.

Next, we get the monotonicity for solutions in L}DI(HN ), @1 being a ground state of —Apn.

Proposition 3.5. Let u > 0 be a WDS to problem ([LI)) with ug € L*(HYN)NL>®(HY). Let ®1 be a
ground state of —Agn. Then the integral [y u(t, 2)®1(x) dugy (x) is monotonically non-increasing
m time, t.e.

/ u(ty, )P (z) dpgn (x) g/ u(to, )P (z) dpgy (x)
HN HN
for all ty >ty > 0.
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Proof. The proof follows from Step 1 in the proof of Proposition B3l To this aim, let v, € L (HY)
be a sequence of nonnegative functions such that ¢, — ®; a.e. in HY and such that ), < ®;, we

write (BI0) with ¢ = 1y,
/ ulto, ) (— g )~ (U (2)) dpasgn () — / ulty, ) (— g )~ (0(2)) dpaggn ()

.
/tl/ (7,2 () dptgen ()7 .

[ o) (=)0 ) e () < A [t )1 (2) s (o) < ¢
HN HN

Since

and

/t:l/HN (7, 2)Yn (x) dpugn () d7-</t1/HN (7,2)®1 () dpgy (2)dT < 400,

we may pass to the limit and get

A [ ulto. ) (@) dpgn (@) = A7 [ (b1, 2)@ () dpgn 2)
t1
/ / (1,2)® (x) dpgy (z)dT > 0.
This completes the proof. ]

4. BOUNDEDNESS OF WDS. PROOF OF THE SMOOTHING EFFECTS

In this section we prove the three different smoothing effects for Weak Dual Solutions, namely the

results of Theorems 2.2] and 241

4.1. Proof of Theorem Without loss of generality, we can assume 0 < ug € L'(HY) N
LOO(HN ), we will explain how to remove these apparent restrictions at the end of the proof. First
we recall that estimate ([B.9) with t; = 2tp, immediately implies

Qmo1
o) < 2 [ ulto. ) G (,20) duev (o) (4.1)
H
Q1 2m1
== / u(to, ©)Gyn (2, xo)dpgn (x) + n / u(to, ©)Gyn (2, xo)dpgn ()
0 JBg(zo) ) 0 JHN\Bg(zo)
(1 (IT)

for some R > 0.

Proof of (2.9)). We are going to use the Green function estimates ([B.I]) and (B3] of Lemma Bl to
estimate the two terms of inequality (4.).
As for the first term:
OmoT
(D < T Nutto)lmey [ G, o)y (o)

Br(zo)

A

_m
m—1

1 m Cm s
— (o) e gy + [ | G mdm @ (4.2)
m Br(zo)

tm71

IN
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. m(N—1) 2sm

Cm K1\ m-1 m(N=1) _ 2sm
‘|U(t0)‘|2nw(HN) + —= ( 1) ! COSh(R) m=1 Rm-1,

1
<
- m ténl 2s

where we have used Young inequality ab < &~ —|— bm T and the estimate ([3.3]). The constant

m2
Cm = %2“14)2 only depends on m > 1.

As for the second term, from the estimate ([B1]), we derive

=T
(1) < / u(to, ©)Gyn (2, xo)dpg ()
to JEN\Br(xo)
2mml/ 1 2mT gy [u(to, )| L1 )
< u(ty, ) ————————= dugn (z) < 4.3
to HN\ B (o) ( )(T(x,xo))N,QS M ( ) to RN—2s ( )
Combining inequalities (A1), (£2]) and (£3) we obtain
1 Cm  (K1\m-1 mN-1) pem 2moTR [[u(to)ll v
Um(to,ﬂﬁo)SRHU(tO)HTw(HN)JFW—I(zs) cosh(R) =t Rt o =t
(4.4)
1
2sm —
1 R mov=n) 6" u(to) | @y
< —lfu(to) [ vy + cosh(R) =t 4 S
m 1T RUn=D77
where k4 = k4(s,m, k1). By taking the supremum in o € HY we obtain
R ]
m K4 m—1 m(N—-1 0 0 L1(HN
Hu(tO)HT‘X’(HN) < — cosh(R) [ 1 (HN) (4.5)
— 1y RG=D;
1 (m—1)v
Choosing now R = (to’”l HU(tO)HLl(HN)> gives
28771’[91 m(N—1)
m K4 ”u(tO)HLl (HN 9 1 prep
lCto) Fee vy < -5 ey D11+ cosh (19 u(to) |50 ) . (46)
0

Which proves inequality [2.9)) for all ¢y < [Jugl|,, (]HIN))’ recalling that the L'-norm is decreasing in

time, [[u(to)|lrr @y < lluoll L1 ). As for the constant

—m m Ky m(N—1)
= 1 sh(1) =1 | .
RI'=——7 [ + cosh(1)

The inequality can be easily extended to ¢y > ||u0|| Ll )) by a standard time-scaling argument.

Once we have proven the estimate (23) for 0 < ug € L' (HY) N L>°(HY), it is easy to see that this
can be extended to all 0 < ug € L'(HY). Indeed, given 0 < ug € L'(HY) consider a sequence of
data 0 < ug, € LY(HY) N L®(HY) converging pointwise monotonically from below (consider for
instance ug,, = ugAn) to up and also in the strong L' (H™) topology. Let u,(t) € L*(HY)NL>(HY)
be the corresponding solutions. Then it is clear that u,(t) converges to u(t) for any fixed ¢, where
u(t) is the solution corresponding to ug. Moreover, by lower semicontinuity of the L® norm and
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applying estimate ([29)) to u,,, we conclude

2s0 2s0
L . HUOmHLSl(}HN) _ HUOHLSI(}HIN)
()] oo vy < 11nrr_1>1£f [[tn(t)]| oo (rrvy < Fo hnrr_1>1£f —Nen RO Ne,

Proof of ([2I0). We are going to use the Green function estimates (3.2) and (B4) of Lemma B]
to estimate the two terms of inequality ([@1]), when R > 2. As for the first term:

Ot .
(D) < 2 ulto)lmery [ G, o)y (o)
Br(zo)
1 & et
< —Jlulto) |7 vy + —— [/ Gy (7, z0)d gy () (4.7)
m tyt L/ Br(xo)
< 1 m Cm ~ %R STI
< EHu(tO)HLOO(HN) + %(fil)m mol,
0

where we have2 used Young inequality ab < % + mT_lb% and the estimate (3.4)). The constant
Cm = %‘12(":?71)2 only depends on m > 1.
As for the second term:
et
to

'f12%/ u(to, )  _(N—1)r(zm0)
< ——— e O d pg v (2
to HN\ B (z0) 7’(.%',.%'0)1_8 H ( )

(II) < /[HIN\B ( )u(to,x)G%N(x,xo)duHN(x)
R\Z0

K1 2m-T [[w(to) | vy
to Rl-se(N-1)R”’

where we have used the estimate (8:2). Combining inequalities (£1]), (£1) and (L8)) we obtain

< (4.8)

mo 2T [[u(to)ll L1 ey

m m Cm_ ~ T i1
u™ (to, z0) < EHu(tO)HLOO(HN) + e (Fp)m-TRm—1 + to Rl se(N-DR (4.9)
0
1
1 Rm-1 to" ™ luto)ll o vy
= — t moo m 1 S
mHU( ol @) T K5 to’”—‘l RITSHaZi o(N-1R

where k5 = k5(s,m,k1). By taking the supremum in z( € HY, recalling that we are assuming
R > 2 and that [Ju(to)| 1@~y < |luoll1@n), we obtain

1

mKy Rmol 756”—_1||u0\|L1(HN)
to) |7 < 7 s 4.10
(o)l ) < m—1 7 ol=s+3%7 J(N-1)R (4.10)
1
Choosing now R = ++ log <t6”_1 [luol| Ll(HN)>, the above inequality gives
m ETQR m—1 Mot
JeCto) e o) < i [10g (to l[uolly v )| (4.11)

0
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with constant

sm

W= [+ e () 2

We finally remark that the assumption R > 2 and our choice of R, restrict the validity of the above
inequality to large times, namely we have

R22 it VDD (),

We have thus obtained ([ZI0) and the proof is concluded.

4.2. Proof of Theorem Let us start with the fundamental estimates :

om—1
W (to,z0) < 5 [t n) G a0) dpan o) (4.13)
Qm—1 2m—1
= / u(t07 1’) G]?—]IN (1’, 1’0) d/’LHN (.%') + / u(t07 1’) G]?—]IN (1’, 1'0) d/’LHN (I’) :
to  JBg(xo) . to  JHN\Bg(zo)
(D (IT)

The estimate for (I) works exactly in the proof of Theorem 22li.e., for all R > 0 we have

1 m Cm (K1 meT m(N=1) _ 2sm
(1) < o) Py + = (52) ™ cosh(R) "1 R (1.14)
0
m2
where ¢, = 2220m-0% and k; is as in Lemma Bl Instead, if R > 2, as in (7)) we get
1 c - _m_ __sm
(1) o) o)+~ (R 2T RS (4.15)
0

with K defined in ([B.4]).
Proof of (ZI1)). First, combining (2:6) with Corollary [A.2] we observe that

_ (N-1)
Caa-1 ez r(zg.z)
Bl @0.0) _ | ooy ity o rla0e) <1 (4.16
q)l(.%') B Cya~t ef( 3 )T(zo’z)

T(x07m)l—s(1+r(mo,x)) fOI' T‘(,IO’,CE) 2 1

—r

WD Nts+l ;
Hence, by the fact that e 2 /r~NT5%1 is bounded for r > 1, we infer that

G%N(x()ax) Re
Oy(x) T (r(wo,x))V 2 (1 + (2o, 7))

for some kg = Kg(s,m, k1). Using the above, (IT) can be estimated as follows

for all r(zg,z) >0

2% Kg
(D) < v et ey, vy (4.17)

Now, by ([@I4) and Young’s inequality we obtain

1
2sm

& o tg ol
mkKy Rm-1 m(N-1) 0 LY (HN)
la(to) I ey < — — |cosh(R) m1 + =

(4.18)

1
— Ly RG=D71 (1 + R)
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where k7 = k7(s,m,k1). If we estimate the r.h.s. of (£If]) by using 1 + R > 1, then the same
argument adopted for estimating (A3)) yields (ZI1]) with

m(N—1)
Ry = m/‘€71 1+ cosh(1) m=1

Note that here we use the fact that the Lg -norm is decreasing in time, i.e. Hu(tO)HL}P @y <
1
|| uol| Ly ), follows from Proposition Note that the inequality can be extended to all ¢y > 0
1

by a standard time-scaling argument.

Proof of [212). Take R > 2 in ([@I3]), by ([@I0) we have

2m-1 v (2, z0)
II) = T u(ty, @) @ () d T
1D to /HN\BR(xo) Py () (fo, ) 1( ) e ()

(N-1) p
2
o Nty o) (419

2%64 e
<
Oéto R

_ N-1
2%04 6_( 2 'R

aty R2—s

HUOHL}bl(HN) )

where for the last estimate we have exploited the fact that [[u(to)l| 21 @~y < lluollzy (gvy. Therefore,
1 1

by [@I5) and (£I9), we conclude that

m Ky Rm-1 e_(N;I)R !
8 m= oy
(o)l Foe vy < -7 = 1+ el ' Hu0|’L<ID1(HN)] (4.20)
0
where kg = kg(s,m, r1). Finally, we choose
2 1
R= =1 log (t’”*l HUOHL}bl(HN)>
and substituting in (£20) we obtain
log (to lluo | w )|
Og( 0 HUOHL<1D (HN))
— 1
HU(tO)”ZLoo(HN) <®y ) (4.21)

_m
m—1
tO

where

sm

—m . MEKg 14 1 2 m—1
A — 92 s | \(N —1)(m — 1) '

The assumption R > 2 and our choice of R, restrict the validity of the above inequality to large
times. More precisely, we infer that

m—1)

R22  if  tg2 e D0 g (),

We have thus obtained ([ZI2]) and the proof is concluded.
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4.3. Proof of Theorem [2.4l We begin again by exploiting the fundamental estimates (£I3]). I1
can be estimated as in (£I4]), with the only difference that we take the supremum over the ball
instead of all the space, indeed we have

I < c(cosh(Rg))N—1
1<
to

luto, 2)| e (B ey RS for 0< Ro <2. (4.22)

Let
g(Ro) := (cosh(Ro))¥ "' RE®
so that
I < %g(Ro)Hu(to,x)HLoo(BRO(mO)) for 0 < Ry < 2.

For I, recalling that ® € W yields ® = (—Ag~) "%y € W for some positive 1 € C°(HY), we fix
2o € HY and we set

G: ,
G(Ro,20) :=  sup sup HY (mfsf) ,
onBRO(zo):BEHN\BRO(:Bo) (_A]HIN) 1/)(3:)

where, by Lemma [A.3] G(Ro, 20) is bounded. Then, exploiting the monotonicity formula of Propo-
sition B4l we get

_m
2m71

to

C
I < ?(RO,ZO)/ u(to, ©) ®(x) dvgy < —7(Ro, 20)l|luo (@)l L1 vy
HN\ B, (z0) to

for some ¢ > 0 depending only on m, s, N.

Joining the above estimates we obtain
C . C_
u™ (to, o) < %Q(RO)Hu(tO)HL“(BRO(m)) + %9(R0720)HUOHL}I,(HN)

Taking the supremum over zp € Bp(.,) we obtain

. . c_
[u()l|Zo0 (B, (20)) < %Q(RO)Hu(tO)HLOO(BQRO(ZO)) + %Q(RO)HU@O)HL}I,(HN)

1 m c C_
< §”u(t0)”L°°(BQRO(z0)) + e g(Ro) ™1 + %Q(ROaZO)Hu(tO)”L}b(HN)
0

Eliminate the first term on the right-hand side by a De Giorgi lemma [23] Lemma 6.1] we obtain:

m c _m_ C_
”u(tO)HLOO(BRO(zo)) < —LIQI(RO)*”‘1 + 59(30720)““(’50)“L;(HN) (4.23)
ty'

for all Ry < 2. Since g(Ro) < (cosh(2))N~1R3s and g(Ro, 20) < ¢, by taking
1 2s
Ry = <’50m_1 HUOHL}D(HN)> )

[#23) gives:

g’
”u(tO)H?OO(BRO(zo)) < E”UOHL}P(HN)

for some ®5'. Note that the right-hand side does not depend on zg, hence the same estimate holds
for [lu(to)|l zoo vy and this concludes the proof for small times; the inequality can be extended to
all g > 0 by a standard time-scaling argument.
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5. SEMIGROUP THEORY IN BANACH AND HILBERT SPACES: EXISTENCE, UNIQUENESS,
CONTRACTIVITY AND COMPARISON.

There are two parallel theories based on nonlinear semigroup and gradient flow techniques, respec-
tively posed in the L'(HY) or H—*(HY) framework. The nowadays classical theories of Benilan-
Crandall-Pazy-Pierre [5] [0, [19], in the spirit of the celebrated Crandall-Liggett theorem in Banach
spaces [I8], or the Brezis-Komura theory [15] [I6] 36] of maximal monotone operators in Hilbert
spaces, both apply to our problem. Therefore, it is possible to prove existence, uniqueness and
comparison results of mild solutions (solutions obtained as limit of an Implicit Time Discretization
-ITD- scheme, see also [I]). Such mild (or semigroup) solutions, turn out to be unique as a conse-
quence of contractivity of the solution map Sy in the respective spaces, and actually the so-called
T-contractivity (contractivity with absolute value replaced by the positive part) holds and implies
comparison. However, in general mild solutions have low regularity, not enough to guarantee bound-
edness (the energy may not be finite). Once constructed, we have to show that mild solutions are
indeed Weak Dual Solutions and hence bounded, as a consequence of the smoothing effects proven
in Section @l

We devote the first part of this section to briefly explain the relevant ideas of the two nonlinear
semigroup approaches, omitting tedious and standard details: we need these solutions in order to
approximate the WDS that we want to construct in suitable weighted spaces, which is one of our
main results. The last part of the section is devoted to the proof of the existence and uniqueness
theorems for WDS, Theorem 211

5.1. Nonlinear Semigroup in L'(H”"). Mild VS Weak Dual Solutions. The basic theory in
LY(HY) developed by Benilan-Crandall-Pazy-Pierre [5] [6, 9] applies to our setting. Indeed, our
aim is to solve an equation of the form dyu = —L(u), where the operator £ : dom(£) ¢ L'(HY) —
LY(HY) is a densely defined linear m-accretive (see also Remark [.I]) operator of sub-Markovian
type, and the nonlinearity (r) = " satisfies suitable “monotonicity conditions” that we omit
here, since the nonlinearity ¢(r) = r™ with m > 1 is the prototype example and obviously fulfills
the conditions. Indeed, this theory allows to prove existence and uniqueness for a larger class of
nonlinearities and operators, but we prefer to stick to the simplest nontrivial example, in order to
focus on the main ideas. In the present case, the operator is £ = (—Apn~)® and the nonlinearity
o(r) =™, and both clearly satisfy the assumptions required for Theorem 3 and 4 of [19] to hold.
The same assumptions imply that the semigroup is indeed T-contractive, or order preserving, cf.
Chapter 19.4 of [6]. We summarize the above mentioned results in the following

Theorem 5.1 (Nonlinear Semigroup in L*(HY), [5, 6, 19]). Let ug,vo € L*(HY). Then there exist
unique mild solutions u,v € C9([0,00) : LY*(HY)) to Problem [T, such that

/ (u(t, ) — v(t,x))+deN (x) < / (u(0,z) — v(O,x))+deN () for all t > 0. (5.1)
HN HN
and the same holds replacing (+)+ with (-)—. As a consequence,

[lu(t) — v(t)HL1(HN) < |luo — ’U0HL1(HN) for allt > 0. (5.2)
Moreover, nonnegative mild solutions enjoy the following time monotonicity property:

1
the map t— tm-Tu(t,x) is nondecreasing in t > 0 for a.e. x € HY. (5.3)

As we have already explained above, now that we have built unique mild solutions in L'(H),
we need to show that these are also WDS, hence bounded, as a consequence of Theorem We
devote the rest of this subsection to the proof of this fact, borrowing ideas from Section 7 of [14].
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Theorem 5.2. Let u be the mild solution to (L)) corresponding to the non-negative initial datum
ug € LY(HN). Then, u is a WDS in the sense of Definition [Z1 and it is bounded, in particular it
satisfies the smoothing effects of Theorem [Z.2.

To prove the above theorem we need the following auxiliary result:

Proposition 5.3 (LP-stability of Mild Solutions). Let 0 < ug € L'(HN) N LP(HY). Then, the
unique mild solution to (ILT) satisfies

lw( e @y < lluoll e @) forallt >0 and all 1 < p < 0. (5.4)

Remark 5.1. LP stability of very weak solutions. Let us remark that the LP stability is easily
enjoyed by WDS. Indeed, first we have to notice that WDS are indeed very weak (or distributional)
solutions, namely they satisfy the following identity for every test function o € C2°((0,T) x HY):

T T
/ / u(t, x) Opp(t, x) dpgn dt — / / u™(t,2)(—Agn ) p(t, ) dugy dt =0 (5.5)
0 HN 0 HN

The idea to show that WDS are very weak solutions is to put ¢ = (—Apgn )* in the integral identity
of Definition Il of WDS: however, to make it rigorous some approximations are needed. Note that
even if 0 < ¢ € C2°, we always have that (—Ayy)%p < & < eV ="171571 see Lemma[A3 This is a
peculiarity of the nonlocal case, in contrast with the local case s = 1, for which supp(Lu) C supp(u).
For this reason, we need to require further integrability conditions also for very weak solutions, for
instance u € L,.((0,00) : L{, .(HY)) and that ™ € L}, ((0,T) : LL(H"Y)). It is not clear wether
or not WDS and very weak solutions are indeed the same class.

For very weak solutions, the LP stability is just as a consequence of the m-Accretivity of the
operator £ = (—Apn)?®, which reads: if 5 is a maximal monotone graph in R x R, with 0 € 5(0),

u € dom(L), Lu € LP(HY), with 1 < p < 0o, and v € L%(HN), v(z) € f(u(x)) a.e., then
/ v(x)Lu(z)dpgn (z) > 0.
HN
In particular, it is not difficult to see that if 0 < u € dom(£) N LY (HY) N L= (HY), we always have
/ ul(z)Lu™ (z)dpgn (z) > 0 for all ¢,m > 0. (5.6)
HN

Let now u be a very weak solution of u; = —Lu™, corresponding to 0 < ug € C®°(HY) C dom(L) N
LY(HN) N L®(HY). Inequality (54) then follows formally by integrating the following differential
inequality for any p € [1, o],

4 uP (t, x)dpgn (x) = —p/ Pt 2) Lu™ (¢, 2)dpgy () < 0.
dt HN HN

where in the last step we have used (B.6]). The above proof can be made rigorous through a long

but standard approximation argument: the above differential inequality (integrated on [0,77), is

nothing but the definition of very weak solution (5.5]) with the choice of test function (¢, z) = uP~1.

Of course, that choice is not admissible, but it can be approximated by a sequence of admissible

test functions 1, € C2°((0,00) x HY) through a careful but standard limiting process.

We now sketch the proof -which follows the ideas of Proposition 7.1 of [I4]- of the L? stability for
mild solutions, which only relies on the definition of mild solutions (without passing through very
weak solutions, hence avoiding tedious and long approximations).
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Proof. The case p = 1 follows directly by Theorem b1l Fix 1 < p < oo and for n > 1 set
uo,n(z) = Thup(x) where T;, : R — R is defined as follows

x if |[z] <n
T (x) = ' (5.7)
arn if |z| > n.
Clearly, ug,, € LP(HY) ¢ LY(HY) N L°(HY) and ug, — ug a.e. in HY, hence by dominated
convergence g, — ug strongly in LP(HY).
We claim that it is sufficient to show that for any fixed ¢ > 0, the semigroup solution w,(t)
corresponding to the initial datum ug,, satisfies
[[un ()]l Lo ury < llwonll ey < lluoll Lo @y (5-8)

to conclude the proof of the Proposition, since the above inequality easily implies (54). Indeed,
since uy,(t) is bounded in LP(HY), then, up to subsequences, u, — u in LP(H") and, using lower
semicontinuity of weak convergence, we obtain

[l o ury < Hminf [ (8) ]| 2o vy < ol oy -

Hence, the (5.4]) holds true for all p < oo. For p = oo (&) we just let p — oo in the above inequality.

It just remains to prove (5.8, and without loss of generality we can assume ug € L' (HN)NL>(HY).
Mild solutions are obtained via an ITD scheme: consider the following partition of [0, T"] (with tp = 0
and t, =1T)

k
t,=—T, forany 0<k<n,
n

with h =t — tp = % For any ¢ € (0,7), the unique semigroup solution u(t,.) is obtained as the
strong L!(HY)-limit of solutions uj1(.) = u(try1,) to the following elliptic equation:

h(—AHN)S(Uk+1)m + Ug+1 = ui in HY (5.9)

whose solvability is guaranteed by the running assumption on the operator and nonlinearity, cf.
Theorem [£.2], in particular

/ (ug_H — ukuili) dupy = —h/ Ut (—AHN)S(uk_H)p*l dpgy > 0.
HN HN

(This is equivalent to the sub-Markovianity of £). Therefore, we obtain

D p—1
Upq dpgy < ug up_y dpugn
HN HN

p—1
P
< ol ([ ndiev)
A simple inductive argument shows that
uk1ll oy < lluklle@yy < oo < Hluoll ey

We conclude the proof by letting k — oo to obtain

[u()] Lr @y < hkfggngUkJrl(t)HLp(HN) < luoll o vy
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Proof of Theorem We sketch the proof which follows the ideas of Proposition 7.2 of [14]
which deals with FPME on bounded Euclidean domains. We will just emphasize the main points
for convenience of the reader. We first pass to a weak dual formulation of the approximate problem

elliptic problem (0.9)), i.e. we apply (—Ag~)~* to both members of (5.9) to get:

(—AHN)_SUk+1 — (—AHN)_SUk = —h(’l,Lk+1)m n HN .

By multiplying the above equation by 1 € CL(0,T; L2 (HY)), we obtain (upon using the notation

Y = ¢(7 tk))

n—1 n—1
> / [(—Agy) Pursr — (—Agn) " ur] Pr dpggy = —h Y / (wht1)"™ i dpgy -
k=0 7HY k=0 /HY

Since 1) is compactly supported in time, then for sufficiently large n, we have

¢1 = ¢(-,t1) = 1,[)(, %) =0 and ¢n71 — ¢(,T) =0.

By this we infer that

[ s (=) = =B ) ] s

n—1 n—1
— — 1) (—Ag~) Pup dugy = — h m dpgnw .
D o)) Mgy = =0 3 [ )" )

=0 =1

Let us carefully look at I :

n—1
d.h /HN D _h¢k_1)(_AHN)suk dpign

I

—_

n n—1

e

k=1

Now consider the above two integrals separately. Since v is compactly supported, we obtain

k=1
n—1
=D h [ (=Bpy)((r)e( k) (ur — w) dpga
=1 JHY
n—1
< Jug — ull gy Z h H(—AHN)_S((%%(',tk))HLoo(K) —0,
k=1
where we have exploited the fact that, [[ur — ull 1 @w) — 0 and that,
n—1 T
Z h H(_AHN)_S((W)t("tk))HLoo(K) o ; [(=Apn) " (- 1) || oo vy dt < o0
k=1

the latter integral being bounded by arguing as in Lemma [A.3]

1 h /HN(wk)t(x,tAk) (—Ag~) " (ug — u) dugn + Z h /HN(wk)t(x,fk) (—Ag~y) P udpgy.
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On the other hand, we recognize that the second integral is nothing but a Riemann sum, so that

Zh/ (6r)e( ) (—Arw)” uduHN—>/ [ (=)0 dpg .

as n — 0o. Hence,

T
L —— 0/ / (V) (—Apn) % (u) dugn dt . (5.10)
n— o0 0 HN
A similar computation yields
T
I —)0/ / u™ Y dpgy dt . (5.11)
n—roo 0 HN

Moreover, letting n — oo, we obtain
/ [Un—1 (—Ag~) *up — Yo(—Agn) *up] dugy —— 0. (5.12)
HN n— 00
Finally, as a consequence of (5.10), (511]) and (5.12) we obtain

T
/ (V) (—Agn) % (u) dpugy dt — / / u™ ¢ dugn dt = 0.
HN HN

for all » € C1(0,T; L°(HY)). The above expression shows that u is a WDS, recalling that L'(HY) c
LE(HY) and Ll(HN ) C Ll 1(IHIN ). Furthermore, the boundedness of solutions follows by Theorem

221 which holds for WDS with 0 < uy € L'(HY). O

5.2. Nonlinear Semigroup in H~*(H”") and Gradient Flows. The celebrated theory of max-
imal monotone operators in Hilbert space of Brezis and Komura, [I5] 16, 36], applies in this frame-
work, see for instance Brezis’ paper [15]. The link between such theory and the theory of Gradient
Flows has been very well explained by Ambrosio in [I], see also [2]. We will briefly explain how the
previously mentioned theory applies to the present case.

We choose as Hilbert space H~*(HY), the dual of H*(H"), with the Hilbertian norm given by

2
ey = [ FBa) ™ Fbon = [ =024 g (1)
(HN)
HN HN
and the corresponding scalar product. Define the (convex, nonlinear) energy functional
1

Enlf] = —— ™t 5.14
alfl = [ (5.14)
whenever finite, +00 elsewhere. The equation u; = —(—A)*u™ can be interpreted as the subdiffer-

ential inclusion u; € 9[E,,](u), where 9[E,,] is the sub-differential in H~*(H"Y) of the convex energy
functional FE,,.

We summarize in the following theorem the results of the Brezis-Komura theory.
Theorem 5.4 (Brezis-Komura, [I5] 16} 36]). For every ug € domkE,, = H~*(HY), there evists
a unique gradient flow solution starting from wug, that we denote by u(t) = Syug. This defines a
strongly continuous semigroup Sy : H=5(HYN) — H—S(HY) for t > 0, i.e. Sir, = S¢S, for any
t,m > 0 with the contraction property
[u(t) — o(t)|| —suny < lluo = vollg—sqvy  for all ug,vo € H*(HY).

Moreover, the T-contraction property holds true,

() = (&) g-s vy < (o = vo) 4l g-suny  for all ug,vo € H™S(HY). (5.15)
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hence standard comparison holds in H=*(H"). Moreover, for a.e. t >0 we have

1 m
31Oy = = [ 1O e = ~Bfutt)] <0 (5.16)
and J
— B u(t)] = —/ u™ (= A~ ) u"dpgy <0 (5.17)
dt HN

Finally, the equation uy = (—Agn~ )*u™ holds true for almost every t > 0 as equality among functions
in H=*(HN). We call this solutions H~*-strong solutions.

The concept of gradient flow solution corresponds in this case to H ®-strong solutions, which are
a priori, a smaller class than mild solutions, hence more regular. More details can be found in
[1, 16] 36]. The proof of inequality (5I5) is due to Brezis and it has been sketched in Lemma

The proof of this theorem, considered nowadays the nonlinear analogous of the Hille-Yosida The-
orem, follows by a careful analysis of the convergence of the ITD, or the Implicit Euler Scheme. An
excellent exposition is given in the Lecture Notes of Ambrosio [I], where a characterization in terms
of EVI, Evolution Variational Inequalities, is given. Recall that an absolutely continuous curve in
u(t) € H=*(HY) is called an EVI solution if for any y € domFE,, ¢ H—*(HY) we have

5 dt” u(t) — yH?{,S(HN) + Enu(t)] < Enly] for a.e. t > 0. (5.18)

In Section 11 of [1] it is carefully explained that u is an EVI solution if and only if it is a gradient
flow solution as in Theorem5.4] Hence we just have to check inequality (B.I8]), namely

1) =9l y = [ (=) (l0) = ) = [ (= ) (D) s

= _ /HN (u —y)udpygy = — /]HIN u™ L dpgn + /JHIN yu" d pp N

m 1
- (1 - m——|—1> /H u"™ " dpggn + m+1 )y ydeMHN = —Em[u(t)] + Em[y],
(5.19)
where we have used Fubini’s theorem, the dual equation (—Ag~y ) *u; = —u™, and Young’s inequal-
ity ab < m+1a 4 m—HbmJrl

Remark 5.2. Strong H~°® solutions are WDS. When ug is sufficiently integrable, for instance
ug € LYHN) N L*®(HY) (weaker assumptions are possible), then the gradient flow solutions (or
strong H % solutions) constructed in Theorem [5.4] first introduced by Brezis and Komura [15] [16]
[36], turn our to be also WDS. Let us recall the definition of strong H ¢ solution: let u € C°([0,T] :
H=5HN)), ™ € LY([0,T] : H*(HY)), be such that

/ / uOpth dpgn dt = / / (=Agn)Ydugndt — Vip € CH([0,T] - H¥(HY)).  (5.20)
HN HN
or equivalently, since (—Agn)® : H¥(HY) — H~*(H") is an isomorfism, let (—Agn~)%y = n,

/0 /HN(—AHN)_Su&m dpgndt = /0 /]HIN umndugndt Yy e CH[0,T] : H5(HY)). (5.21)

The above solutions turn out to be equivalent to Weak Dual Solutions in the sense of Definition
211 when the initial datum is sufficiently integrable. This can be seen using the Poincaré inequality
Ml fll-s@ny < I fllz2 @y, together with the LP stability of very weak solutions, see Lemma B.7]
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and Remark Bl As a consequence, we have that H~*-strong solutions are also WDS: this is clear
since the class of test functions of WDS is strictly contained in the above class of admissible test
functions, more precisely C}([0,7] : H—*(HY)) c C}([0,T] : L (HNM)).

Notice that the concept of WDS is somehow more general than the one of H™* strong solutions,
indeed nonnegative H* functions are in L}, namely for any 0 < f € H —5(HY) we have

11l oy = /H (= Agy) T dpgy = /H (D) T (= D) P dpgy (5.22)

< </]HIN ‘(—AHN)_S/QT,Z)‘Q d,uHN>; </]HIN ‘(—AHN)_S/Zf‘Q d/J/HN>é = eyl fll s vy -

hence H7® C Ly (HY). Note that ¢y = [in ¥(—Apn) *¢dugy = [y »@dugy = 19l zy < o0
since 0 < € CX(HY) and ® = (—Agn) 5.

We would like to stress that as a consequence of our L}I) — L smoothing effects, Theorem 241 we
have shown that H~*-strong solutions are bounded, see Remark 241

5.3. Proof of Theorem [2.31 The proof of existence of (minimal) weak dual solution will be
obtained by approximations in terms of mild solutions, more precisely the minimal weak dual
solution will be the limit of a pointwise monotone sequence of (unique) mild solutions: we have
decided to take as approximating sequences, L'-mild solutions, whose existence and uniqueness is
guaranteed by Theorem [5.1l However, a similar proof would hold by replacing L'-mild solutions
with H*-gradient-flow solutions, whose existence and uniqueness is guaranteed by Theorem [(.4]

Approximation: Let ug > 0 be the initial datum (the same construction will work in L!(HY),
Ly (HY) or LE(HY)). Define, for n > 1, ug () := Xp,(n) (%) Tnuo(z), where T, is defined as
in (7). Hence, ug, € LYHYN) N L®MHY) and ug,(2) < ugni1(z) < up(x) € LYHY) for a.e.
xz € HN. By comparison, we know that the unique L'-mild solutions satisfy: up (t, ) < Uupy1(t, x)
for a.e. x € HY and a.e. t > 0, hence the limit

u(t,x) ;= lim ioréf Unt1(t, ) (5.23)

n—
exist for a.e. 2 € HY and a.e. ¢t > 0 as limit of monotone sequences of real numbers. This is
our candidate to be the minimal weak dual solution. We will analyze different setups below. As a
consequence of the Monotone Convergence Theorem, we have that w,(t) — u(t) as n — oo in the
strong L'(HY), L(lbl(HN ) or LE(HY)) topology, depending on where ug belongs.

Proof of Theorem 211 The case ug € L'(H"). First we show that the WDS defined in (5.23)
is bounded, more precisely, by semicontinuity of the L°°-norm, we have that for all ¢ > 0

||u0,n||isfzﬁ{zv) H%Hisfiﬁ{zv)
(@)l oo vy < lminf flun (8)]| oo vy < Ry lim inf —— 5= = Ri— x5 =—,

and we have used the L' — L® smoothing estimates ([Z.9)), which hold true for the mild solutions of
the approximating sequence u,,, as shown in Theorem

As a consequence, for all t > 0, u(t,x) € L'(HY) N L>°HY) ¢ LP(HY) for all p > 1. Now, for
1 < p < +00, the elementary inequality a? — b? < paP~!(a — b) gives

0< /H WPt @) — it 2)) dpgy () < pHu(t,x)Hi;l(HN) /H (ut, ) = un(t,2)) dpg (2) . (5.24)

Hence, u,(t) — u(t) strongly in LP, for all p € (1,00) and t > 0, as a consequence of the L!-strong
convergence.
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We are finally ready to verify that u is a weak dual solution in the sense of Definition 2Tt
e uc C([0,T): LY(HY)). This follows by noting that for all 0 < 7 <t or 0 <t < 7, one has

/ fu(t, ) — u(r, 2)| dpuggn () < / Ju(t, 2) — un(t,2) | dpaggn ()
BN

HN
[t ) = ()| dpss )+ [ () = )] dps ).

Then, recalling that u,, € C([0,00) : L}(HY)), the continuity for ¢ > 0 readily follows from above;
similarly, for ¢ = 0 we also obtain that u(0,z) = ug(z) a.e. in HV, by

[t ) = @) dugn (@) < [ fultz) = un(t,2)] dps (0
HN

HN
+ /HN [un (t, ) — wn,o(z)| dpgy (z) + /[HIN [uno(x) — uo(x)| dpgy (z) .

e u™ e L' ((0,T) : L'(HY)) for any fixed T > 0. To this aim, we note that, from inequality (2.9)
of Theorem [2.2] we have

/ /HN (t,2) dpgn (2 )dt</ fut, )™ HN)/ wlt, ) Ay () dt

1 2591 (m—1)+1
< 7 uo(a)| 20 /O ey < 400,

where the latter integral is bounded since N1 (m — 1) < 1.
e 1 satisfies the following integral identity

T a¢ T
/ / (—Ag~y) *(u) = dpgn~ dt — / / u"pdpgy dt =0
0 HN 8t 0 HN

for every test function ¢ € C}(0,T;LS°(HY)). This follows by recalling that we have proven in
Theorem that being u, an L'-mild solution, it is also a weak dual solution, hence we just
have to take limits in the following equality:

T 8¢ T
/ / (—Ag~) " *(up) = dpgy dt — / / up'ty dpggy dt =0
0 HN at 0 HN

for every test function ¢ € C}(0,T;LS°(HY)). Having in mind this goal, we note that

! BN e 2
L)) G st = [ [ (- (G e

and that, as n — +o00, we have

T . a,l/} T . a,l/}
L )= G e = [ ()= G s .

since the sequence {u,} is monotone, u € L' ((0,7); L*(H")) and, by Lemma[A.3] (—AHN)*S(%—f)
€ L>((0,T) x HV). Furthermore, as n — 400, we have

// U, wd,uHth%/ /]HINU ¥ dpg dt

since, the sequence {u/"} is monotone and u™ € L' ((0,T); L' (HY)).
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The proof of Theorem 21 when ug € L'(H) is concluded.

Proof of Theorem 2.1l The cases up € LL(HY) with ® € W and v € L}DI(HN) . The proof
is similar to the one for ug € L'(HY), hence we just sketch it.

Again, the first step consist in showing that the WDS defined in (5.23)) is bounded, more precisely,
by semicontinuity of the L°°-norm, we have that for all £ > 0

250 250
o o HUO,nHLclpll(HN) _ HUOHL}I):(HN)
J06) e vy < T ot ()] vy < o i —— 00— —— S (5.25)

and we have used the L}bl — L* smoothing estimates (2.9)), which hold true for the mild solutions
of the approximating sequence u,,, as shown in Theorem

Similarly for ® € W, using the smoothing estimate ([2.IT), we get

bm o (5.26)

Ja0)l oy < o inf e (6) vy < o iming ooy = il

As a consequence, u,(t) — u(t) strongly in Ly (resp. L), for all p € (1,00) and ¢t > 0, as
a consequence of the Lclpl—strong convergence (resp. Lcll)—strong convergence), using the weighted
analogous of inequality (5.:24]) which has essentially the same proof.

We are finally ready to verify that u is a weak dual solution in the sense of Definition 2.1t
The case of & € W.

e u e C([0,T): LL(HY)). This follows by noting that for all 0 < 7 <t or 0 <t < 7, one has

[t ) = uryn)| o) dps (@) < [ Ju(t,2) = n(t,0)| () dp (0
HN HN

[ Tt ) = ()| Do) dpan )+ [ () = )] D) dps ().
Using that u,,(t) — u(t) strongly in L} and that u, € C([0,00) : LY(HY)) C C([0,T) : LL(HY)),

yield the continuity for ¢ > 0; when ¢ = 0 we proceed analogously.
e u™ e L'((0,T): LL(HY)). This follows by the smoothing estimate (5.20). Indeed, we have

T
/ [t 0@ dus (@)t < [ ), [ ut0) 90) dug (@)

2m—1 TEm 1
< Huo(x)HLg(HN)/O S dt < +oo,
ty™

since mT_l < 1.
e 1y satisfies the following identity

/OT /HN(—AHN)_S(U) %_;deHN(-%’) dt — /OT /]HIN u" ) dpgy () dt =0

for every test function ¢ € C(0,T;LS°(HY)). This follows by recalling that u, is a weak dual
solution and then passing to the limit in the equality:

r —s 87[) r m o
| ) G s @)= [ i dn (@)t = 0
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for every test function ¢ € C}(0,T; L (HY)). To this aim, we note that

T . 8¢ T L a¢
L)) G @t = [ [ (=) ) s )
and that, as n — +o00, we have

T T
[t G dmn @t > [ [ () (G duss ()

since the sequence {u,} is monotone, u € L' ((O, T); L (HN)) and, arguing as in the proof of by
Lemma [A3] it readily follows that ](—AHN)*S(%—%] < CO(t)®(x) for some C € CY(0,7).
Furthermore, as n — 400, we have

/OT/HN Uyt dpgy (z) dt — /OT/HN u™ i dpggn () dt

since, the sequence {u/"'} is monotone and u™ € L' ((0,T); L (HY)).
The case of ®;. This case is completely analogous to the previous ones, hence we omit the proof.

Uniqueness of Minimal Weak Dual Solutions.

The proof is an adaptation to the present setting of the Proof of Theorem 4.5 of [14], we sketch it
here for convenience of the reader. Here ® will denote either an element of the class £ or the ground
state ®1. Essentially, this uniqueness for the minimal WDS follows by the T-contraction property.
Let w be the WDS corresponding to the initial datum wug, obtained as limit of the monotone non-
decreasing sequence uy. Consider another monotone non-decreasing sequence 0 < vgp < vgjy1 <
ug, with vy € LY(HY) N L°(HY), monotonically converging from below to ug € LL(HY) in
the strong L}D(HN ) topology. Repeating the construction, we obtain another weak dual solution
v(t,z) € C°([0,00) : LL(HY)). We want to show that u = v by showing that v < u and then that
u < v. To prove that v < u we use the estimates

/ [vi(t, ) — un(t,x)]er,uHN (x) < / [0(0,2) — un(O,x)]er,uHN (x) (5.27)
HN HN
which hold for all u,(t,-) and vg(t,-), see Theorem 51l Letting n — oo we get that

nh_)rrgo . [o(t, @) — un(t,x)]er,uHN(x) < nh_)rrgo . [0 (0,2) — un(O,x)]er,uHN ()

= / [0 (0, 2) — uo(x)]er,uHN(x) =0
HN

since v (0, z) < ugy by construction. Therefore also vy(t,z) < u(t,x) for t > 0, so that in the limit
k — oo we obtain v(t,z) < u(t,x). The inequality u < v can be obtained simply by switching the
roles of u,, and vy, . O

APPENDIX A. GREEN FUNCTION ESTIMATES IN H¥

This section is devoted to provide proper estimates of Green function G,y (7, y) for the fractional

laplacian on the hyperbolic space for 0 < s < 1. It is well-known that the Green function is given
by the following explicit formula
e k]HIN (ta z, y)

G (z,y) = /O — 4 (A1)
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where kg~ (t,x,y) is the heat kernel for —Ayn. Furthermore, kg~ satisfies the following estimates
(see [20]): for N > 2, there exist some positive constants Ay and By such that

Anhy(t,z,y) < kg~ (t,2,y) < Byhy(t,z,y) for all t > 0 and z,y € HY, (A.2)
where hy(t,z,y) is given by
N _(N— 1)2 (N—Dr 2
hn(t,x,y) := hy(t,r) = (4nt)" 2 e T2 _4t(1—|—7"+t) (1+7°) (A.3)

where r := r(x,y) = dist(z, y).
Using (A2]) we shall obtain the following Green functions estimates:

Lemma A.1. Let N > 3 and 0 < s < 1. Then there exist Ry, Ry,C;,C1,Cy,Co > 0, only
depending on N and s, such that

W for all (z,y) € HN : 0 <r(z,y) < Ri;  (Ad)

C
Gl < Chnled) <

and
CQ ef(Nfl)T(mvy) 62 ef(Nfl)r(:’%y)
= < Ggn(z,y) <
o = B ) S

for all (z,y) € HY : r(z,y) > Rs. (A.5)

Proof. Let hy(t,r) be as defined in (A3), we compute
2
/+°° hy(t, 7") g — /°° (Ant)NPe=—7 =2 T (14 r+t)N=32(1 +7) »
0 0

t tl—s
—(N—l)r/2(1+ ) [ _((N— 1)f r_y2
e r ~N/2—1+s (N=3)/2,~ (=~ )
— t 1 t 2V
(dm)N /2 /0 (14+7r+1)

6—(N—1)7"(1 +7) [ —Ni2s-2 _(WN=DVE v 2
_ =N+2s=2 (N-3)/2,~ (= i)
(4m)N/2 /0 cor Ered ‘ e o

Now making the following substitution one can write

Lo _(N—l)\/i @\/E:_Z+ z2—{—(N—1)7“.

2/t 2 N-—1

o~ (N=1)r/2 g4

Therefore, we have
2 24+ (N —1)r—2z)?
dt = — WERW U A,
(N —-1) 224+ (N =1)r
Further substituting back in (A.6) yields
/+oo hN(t, 74) gt — ef(Nfl)r(l + 74)
0 tl=s - (N — 1)25—3(47T)N/2

{/ (U tr+ (VN = Dr = 2)V P2 (N - Dr — 2% dz}.

e P (N DV 2 (N - )

Now for r — 0o, one can look for the leading term as follows

+o0
/ hf\tfl(t ,7) dt = Cx *(Nfl)r(l_FT)T*NEQS%JrT*BJr
0

NI

X



30 ELVISE BERCHIO, MATTEO BONFORTE, DEBDIP GANGULY, AND GABRIELE GRILLO

{/ © ((Ur + )N =12 + (V2 + (N = 1) = /D)2 ¥ (N = 1) — z/y/r)% dz} .
e (—z/r + /22 + (N —1))N=2542, /22 /r £ (N — 1)

=1IN

The finiteness of I follows easily from the fact that e=*" is the leading term at infinity. Therefore,

recalling ([A.2]), we obtain

+00
/ h]zl(f’sr) dt = CyIye  NV=Drps=l 4 o(e(N=Drps=1y g9 1 0,
0

Hence, we obtain (A.5). Now we turn to prove (A4). To see this we can make the change of variable

as q = Z—j and therefore we can write
T hn(t, ) e"W=Dr/2(1 4p) [ woseen —v-p22 2N T
/0 s dt = Cn —(N=3s) /0 a2 e T <1 +7r+ E) da.
= JN
Again, as before, the integral is finite for 0 < s < 1 and hence
Gs(r,t) = CnJyr~N=29) 4 o(r*(N*QS)) as T — 0T,
This proves the lemma. O

From Lemma [A]] we derive

Corollary A.2. Let N >3 and 0 < s < 1. Then there ezist positive constants Cs,C3,C,, Cy, only
depending on N and s, such that

_ 1
R S - Yy - <1 A.
= (r(z,y))N-2s = Gin (2,9) < C3 (r(z,y)) N2 for all (z,y) 0<r(z,y) < (A1)
. o~ (N—Dyr(a) o . e~ (N=D)r(z,y) i oy >1 A8
_4W < G (a,y) < 4W for all (x,y) € tr(z,y) > 1. (A.8)

Furthermore, the following global estimate holds:

Gin (z,y) < for all (z,y) € HY : r(z,y) >0, (A.9)

G
(r(z, y))N =2
where Cs = min{C3, Cy}.

Proof. The proof of this corollary is a straightforward consequence of Lemmal[A. Il We give a detailed
proof of ([A.§)), the proof of (A7) can be achieved with similar arguments. On the other hand, the
proof of ([A9) follows by noting that e~ (N=17" < =N+s+1 for all # > 1 and then combining (A7)

with (B8).

Proof of (Ag). We may assume Ry > 1, where Ry is as given in Lemma [AT] (otherwise, there is
nothing to prove). Next we set

ef(Nfl)r

g(r) = i with >0 (A.10)

and we note that
g(r(z,y)) > g(Rg) forall 1 <r(z,y) < Ry.
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Set M := max;<,(z,y)<r, Gjn (7, y), then

M M
G]?{N(xay) <M= —g(R2) < g(T‘(,I,y)) for all 1 < T('Iay) < R2'

9(R2) 9(R2)
) ,Cy} we get the upper bound in (AS).

Now, to obtain the lower bound, we note that

g(r(z,y)) <g(1) forall<r(z,y) <Rs.

Then, we set m := min; <, (; )<, Gjjv (¥,y) and we conclude

By taking C'y := max{ -

mg(l) > mg(r(m,y)) forall 1 <r(z,y) < Ra.

Cy}, we obtain the lower bound in (A.S). O

G]?{N(x7y) >m =

Taking C := mm{g(1

It can be useful to check that, if v» € C1(0,T; L (HY)) with o > 0, then (—Ag~)~*(¢)) behaves
like G5(zo,x) near infinity:
Lemma A.3. For all ¢y € CH0,T; L (HN)) with 1 > 0, there exist R > 0 and two positive
functions C,C € CL(0,T) such that
() T A ) < () ) >R A1l
_()W_(_ uv) Tz, t) < ()W forr(xo,x) > R. (A.11)
Furthermore, for all R > 0, there exists a positive function D € CL(0,T) such that

(—Agn) 5 Y(z,t) < D)  for r(zo,2) < R. (A.12)

Proof. Proof of (A11l). We first prove the upper bound. Let g = g(r) be as in (A.I0) and denote
with K C H” the compact support of 1) with respect to the space variable. Then we can write

(=86 0lart) = [ G 0)lot) s () (A.13)

- G]%IN (z,y)
= g(rlan,) | LTI b0 dpn ()

Furthermore, by Corollary [A-2 there exist constants C'y and C4 such that there holds

Cug(r(z,y)) < Gyn(z,y) < Caglr(z,y)) for r(z,y) > 1.
Let v > 0 be such that r(zg,y) < v for all y € K and assume r(zg,z) > 1 + 7, we have

r(z,y) = r(zo,z) —r(z0,y) > 1+7—7=1

Hence,
Giw(®,y) _ — glr(z,y))
gr@0,2) = 450 (w0 2))

Now, using the fact that the function g is decreasing, for r(xg,x) > 1+~ and for all y € K we have

Cav(@9) _ & 90r(@y) _ & 9(r(zo,2) —r(20,y))
(1‘0,1‘))

g(r(zo,2)) =t glr(zo.x)) = 1 gl
Gy VDo) <

for r(zg,xz) > 1+ 7.

<

/\
8
e
8

(wo,) 7“():C )>18
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_ (N=1)r(zo,y)
: 1-s < 04 . 1-s57
(1 _ M) <1 _ M)
r(zo,x) 1+
where the latter term is well defined since r(zg,y) < 7 for all y € K. Now, plugging the above
estimate into ([(AI3]) we conclude that

— Ty VDo)

(N=1)r(z0.9)
1—s T,Z)(y, t) dlu]HIN (y) for all T‘(CC(], CC) >1+4+7.
<1 _ T(ﬂﬁo,y))
1+

=C(t)eC(0,T)

(— g )™ (1) < g(r(z0, ) /K of

Next we turn to prove lower the bound in (AI1)). For r(zg,x) > 1+, invoking again Corollary [A-2]
we have

[ om iy due ) 2.4 [ Sy, )
K 9(

(w0, 7)) & 9(r(xo, 7))

1-s
_c / S(N=1)(r(z0.2)r(z.9)) <m> D 8) dyreon (3
4 x T(I’,y) ( ) IU’HN( )

1—s
>C, /K (N D)r(zow) (%) Py t) dpsn (y) . (A14)

where the last estimate follows from

r(zo, ) — r(z,y) > —r(z0,Y) -

Assume now that r(zg,z) > 37, recalling that r(zg,y) < -, we infer

r(x,y) > r(xo,x) — r(xo,y) > 27

1-s
1 _ T('CL‘O7 y) > 1 .
r(z,y) T2l
Inserting this into (A.I3) we finally obtain

which yield

_ (N-Dr(zow)
(—Apy) " Y(z,t) = g(r(fﬂo,fﬂ))/ Cy Y(y,t) dugn (y)  for all r(zo,x) > 37.

K 2175

=C(t)eCi(0,T)

Summarising, the proof of ([(ALI) follows by taking R := max{1 + ~, 37}

Proof of (A.I2)). As above, let K be the compact support of ¢ with respect to x and let v > 0
be such that r(zg,y) < v for all y € K. Let R > 0, for all r(zg,2) < R we have r(z,y) <
r(z,z0) + r(x0,y) < R+ . Hence, by exploiting the estimate (A.9), we infer

(—Agw) ™ () = /K G (2, 1)y, D) (9)

Cs
<Ol [ o duan (o)
PR J @) ()N =2
and the proof follows by setting D(t) := [[¢)(z,t)|| oo (nvywn fOR%/ TNG—EQS (sinh(r))N=1dr, where wy
is the volume of the N dimensional unit sphere. O
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