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Abstract

We study a priori estimates for a class of non-negative local weak solution to the weighted fast diffusion
equation uy = |z|7V - (Jz|7#Vu™), with 0 < m < 1 posed on cylinders of (0,7) x RY. The weights |z|”
and |z|7?, with y < N and v — 2 < 8 < (N — 2)/N can be both degenerate and singular and need
not belong to the class A2, a typical assumption for this kind of problems. This range of parameters
is optimal for the validity of a class of Caffarelli-Kohn-Nirenberg inequalities, which play the role of the
standard Sobolev inequalities in this more complicated weighted setting.

The weights that we consider are not translation invariant and this causes a number of extra difficulties
and a variety of scenarios: for instance, the scaling properties of the equation change when considering
the problem around the origin or far from it. We therefore prove quantitative - with computable constants
- upper and lower estimates for local weak solutions, focussing our attention where a change of geometry
appears. Such estimates fairly combine into forms of Harnack inequalities of forward, backward and
elliptic type. As a consequence, we obtain Holder continuity of the solutions, with a quantitative (even if
non-optimal) exponent. Our results apply to a quite large variety of solutions and problems. The proof
of the positivity estimates requires a new method and represents the main technical novelty of this paper.

Our techniques are flexible and can be adapted to more general settings, for instance to a wider class
of weights or to similar problems posed on Riemannian manifolds, possibly with unbounded curvature.
In the linear case, m = 1, we also prove quantitative estimates, recovering known results in some cases
and extending such results to a wider class of weights.
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1 Introduction

We investigate quantitative a priori estimates and regularity properties of nonnegative solutions to nonlinear
singular diffusion equations with weights, possibly degenerate or singular, whose prototype is given by the
following Weighted Fast Diffusion Equation

ug = |7V - (|x|7ﬁVum) (WFDE)

posed on a domain of (0, +00) x RY | with N > 3 and m € (0,1). We will always consider the following range
of parameters, see also Figure [2 :

N -2

< N and y—2<p< . (1.1)

This range of parameters is optimal for the validity of a family of the so-called Caffarelli-Kohn-Nirenberg
inequalities [20], then as follows: let 7* := 2(N — v)/(N — (2 + B)),

) e 1/2
([reras) <5, ([ wrtaa) (12

see Subsection for more details; these inequalities are deeply connected with the above WFDE, in its
evolutionary or stationary version, see for instance [8], 9] 21}, [35] [36, [37) [38]; some further connection will be
discussed and explored in this paper.

A priori estimates are the cornerstone of the theory of nonlinear partial differential equations: the main
purpose of this paper is to prove precise quantitative local upper and lower bounds which combine into
different forms of Harnack inequalities; as a consequence we also prove interior Holder continuity for solutions
to this class of equations with a (small) quantified exponent: the optimal Holder exponent is not known.
Indeed, in the case of the Cauchy problem some explicit (Barenblatt-type) solutions are known to be only
Holder continuous at z = 0, as we shall discuss later, see also [, [9].

The weights that we consider are not translation invariant and this causes a number of extra difficulties
and a variety of scenarios that we explain in Subsection Roughly speaking, the scaling properties of the
equation change from R?>*#~7 to (a multiple of) R?, when we are considering the problem around the origin
or far from it, respectively. We focus on the cases in which the change of geometry plays a role: in the other
cases, the results are essentially the same as the classical ones, cf. [17, [32].

Our quantitative interior estimates are formulated for nonnegative local strong solutions, defined in Sub-
section [[LI] A number of interesting problems fall into our setting, for instance, the Cauchy problem on
RY problems on Euclidean domains with different boundary condition (Dirichlet, Neumann, Robin, etc.),
as well as the so-called “large solutions” (which tend to +o0o at the boundary of the domain). Moreover, our
estimates can be extended to a wider class of solutions, through lengthy but standard approximations. We
prove analogous results also in the linear case m = 1, as we shall discuss below.

The above nonlinear equation has been introduced in the 80s by Kamin and Rosenau [65], [66, [67], to model
heat propagation -or more generally singular/degenerate diffusion- in inhomogeneous media; the parabolic
problem has been studied by many authors since then, mostly in the case m > 1 and with only one weight
[1, 17, 28] [40] 4T, [49] [50L (9L [63] 641 68, [7T, [76], 80}, 81, [82], [83], [84] [87], [88), [89 [93].

In the non-weighted case v = 8 = 0, the WFDE becomes the standard Fast Diffusion Equation (FDE)
which has been intensively studied in the recent years by many authors: it is hopeless to give here a complete
bibliography, hence we refer to the monographs [90, [91] and [30, 32] for a complete account, as well as for the
physical relevance of the model. We just remark that our results hold also in the non-weighted case, and we
recover the previous results with a different proof.

More recently,[WFDE]has been investigated for its deep relation with the so-called Caffarelli-Kohn-Nirenberg
inequalities, [20]; in particular, the intriguing issue of symmetry /symmetry breaking, has attracted the atten-
tion of many prominent researchers, |8 [9], [39] 2] [35] [36, 37, [38], [44]. The study of such problem partly relies
on the study of the Cauchy problem for the WFDE on R¥ for which the regularity estimates of this paper
are fundamental and were not present in the literature: sometimes an extra hypothesis had to be added to



fix this issue. This happens for instance in [8] 9], where the sharp asymptotic behaviour of solutions to the
Cauchy problem for WFDE is studied: the regularity estimates proven here are indeed essential to ensure
the validity of those results in full generality.

Lately, new connections between weighted parabolic equations and nonlinear diffusions on Riemannian
manifolds were explored in [I3] 14} B6] 48| [92]. This intriguing connection motivates the present work, which
makes a preliminary step towards understanding the behaviour of singular nonlinear diffusion on manifolds
possibly with unbounded curvature; it has to be noticed that in this latter case the weights are locally regular
and degenerate only at infinity, see for instance [51].

Since the pioneering paper of Fabes, Kenig and Serapioni [42], weighted (degenerate or singular) elliptic
and parabolic equations have been investigated in the linear case m = 1, [2], 3], 19} 22] 23] (24 25| 26, [60, 6T,
62, [73], [78]; in many cases, the weights are assumed to belong to the “natural” (for second order differential
operators) Muckenhoupt class Aj: the reader may notice that the weight ||~ does not belong to A2 when
v € (=00, —N), a case that we consider here. Our contribution in this direction are quantitative Harnack
inequalities and Holder continuity for weak solutions to linear equations with measurable coefficients. Our
results agree with the known results [53], 54, [74], [75] and extend those in some range of parameters.

Ideas of the main results and organization of the paper. The behaviour of solutions to the non-
weighted FDE presents strong differences between two ranges: good fast diffusion range m, < m < 1 and
very fast diffusion range 0 < m < m,: the critical exponent being m, = (N — 2)/N, see [17, [90]. We show
here that also solutions to the [WFDE]| behave quite differently in the two ranges; the critical exponent m.
now depends on the weights through v and 3, in the range given by

M, = W € (0,1). (1.3)
Our first main result consists in quantitative upper bounds, see Theorems[I.2) and [2:1] proven in Part I, which
take the form of local smoothing effects, that in a simplified form read

1
1-m

(24B—7)Vp "

K1 _ —
swp () < gy | [ )P vl dy m[
vE€BR(0) V=)0 l B2r(0)

where the exponent 9, = [(24 3 —7)(p—pc)] ! is sharp (see below) and the constants 1, s > 0, depending
only on N,y and 3, have an almost explicit expression. In the so-called good fast diffusion range, m, < m < 1,
solutions corresponding to up € L (|z|~7 dz), turn out to be locally bounded. In the very fast diffusion
range, 0 < m < m,, a counterexample given in Remark [I.3]shows that this is not necessarily true. Indeed, the

smoothing effect holds only for data in LY (||~ dz) with p > p,, the so-called critical integrability exponent,
defined as
_(=m)(N—-19)
Pe = ) (1.4)
2+6—-v

Notice that ¥, > 0 whenever p > p. and that p. > 1 only when m € (0,m.). We refer to the monograph [90]
for a more detailed exposition of the relevance of such exponents in the non-weighted case § = v = 0 both
for the smoothing estimates and for extinction phenomena.

The second main result is a precise quantitative lower bound for positive solutions, and it shows a remarkable
property of WFDE, called “instantaneous positivity”: as it happens in the case without weights, see [16], 17,
32, 33, [34], non zero data immediately produce strictly positive solutions. A simplified version of our result
reads: 1
1—m

inf  wu(t,z) >k [ for any t € [0, t.], (1.5)

z€B2r(0) R2+B’Y:|
where t, = t.(ug) ~ HU‘OHII_;(%R(O))’ is precisely defined in (1.14). We call ¢, the “minimal life time” of the

solution u, following [I7], since it represents the amplitude of the time interval in which any nonnegative
local solution stays positive. Roughly speaking, if the solution is nonnegative in a small ball, then it becomes
instantaneously positive in a bigger ball (expansion of positivity) and for some more time, precisely quantified
by the minimal life time t,; as a consequence, it becomes also Holder continuous. The above lower bound
is somehow optimal, indeed solutions to fast diffusion-type equations may extinguish after a finite time
T = T(up): ts is a (sharp) lower bound for T'; see Section [3| for more details.



Our estimates are quantitative and we show an (almost) explicit expression of £ > 0, which depends on the
parameters N, m,y, 3, and possibly on ug or other geometric quantities. Note that in the good fast diffusion
range m € (me, 1), k does not depend on the initial data. This does not happen in the linear case m = 1,
where the lower bound depends on the initial data, and also, it is in contrast with the degenerate case m > 1,
where the finite speed of propagation forces to wait some time in order to have strict positivity, see [91]. In
the very fast diffusion range, £ > 0 also depends on ug through Hy, ~ |[uol|Lz (B,)/|[wollLy (Bs). See for
a precise definition.

The proof of is complex and contains the main new technical novelties of this paper. Due to the
presence of the weights, the approach developed in [I7] for the model equation (5 = v = 0) that relies on
moving plane methods (Alexandrov reflection principles) can not be applied. Moreover, parabolic De Giorgi-
type methods, typically used for equations with coefficients, see [32], can be also applied to the case with
weights in appropriate Muckenhoupt classes, see [87, [88]; however, to our best knowledge, these techniques
do not provide quantitative results, indeed the constants in the estimates are not always computable. We
therefore develop in Part II a new strategy that allows us to keep the constants explicit.

Upper an lower bounds fairly combine in the form of parabolic Harnack inequalities, our third main result
proven in Part III. In the non-weighted case already it has been a longstanding problem to understand which
form the Harnack inequality may take (if any) in the very fast diffusion range; the first answer has been
given in [I6] [I7] and then generalized to other contexts, see the monograph [32]. A simplified version of our
Harnack inequalities reads

sup u(t,z) <Fs inf wu(t,z) for any b <t <ty (1.6)

z€BR(0) z€BR(0) 2
where the constant K3 > 0 depends on N, 7, 8 and possibly on the initial data ug in some ranges. The minimal
life time ¢, quantifies the size of the so-called intrinsic cylinders, which roughly speaking represent the right
domain where regularity estimates can be stated in a clean form. The size of such intrinsic cylinders depends
on the solution itself, due to the singular/degenerate character of the nonlinearity v, see [31, [32].

In the very fast diffusion range, K3 may depend on ug through some weighted L? norms, and this dependence
cannot be avoided in view of explicit counter-examples, see [I7, [33] for the non-weighted case. On the other
hand, in the good fast diffusion range, K3 does not depend on wugy anymore. In all cases we provide an
explicit expression for K3, see Remark It is remarkable that in we may take the infimum and
the supremum the same time (elliptic-type Harnack inequality), or even at a previous time (backward-type
Harnack inequality): this feature is typical of fast diffusion or of singular evolutions [I6] 17, [32] B3], and is
compatible with the fact that solutions can extinguish in finite time; this happens to be false (for general
local weak solutions) even for the linear equation m = 1, in which case forward Harnack inequalities typically
hold. See Theorem [I.6] below for a more general statement and remarks.

An important consequence of Harnack-type estimates is Holder continuity, that we also establish in Part III.
A simplified version of our estimates states that there exists « € (0,1) and K, > 0 such that, if 0 < u < M,
on (to,to + t«] X Byg,(0) we have, letting 0 =2+ 5 — v

u(t, @) — u(7,y)| < Ra Ry "Mo(lz —y|” + Mg" |t = 7]) 7,

for all to+ gt* <t 7T<ty+ %t* and all z,y € Bg,/4(0). See Theorem for a precise statement. The Holder
exponent a depends on the constant K3 of , and it will be chosen uniformly in the good fast diffusion
range, where K3 does not depend on u (nor on ug). On the other hand, in the very fast diffusion case, o may
depend on ug through some weighted LP norm: this is somehow natural, since solutions corresponding to data
in L}y may be unbounded, as already discussed above. We provide a (non optimal, but explicit) expression of
the exponent « in Part III, and we show that it can vary depending on the cylinder: this may seem strange
at a first sight, but indeed it is perfectly reasonable in view of the example given in Remark [I.9] We can
appreciate here the effect of the weights on the regularity of solutions.

The proof of Holder continuity in the nonlinear case depends on the regularity results for linear equations
with weights. We prove in Part III both Harnack inequalities and Holder continuity for weak solutions to
linear equations with measurable coefficients, whose prototype is given by u; = |z|7V - (|x|’ﬁ a(t, x)Vu), with
0 < Xp < a(t,x) < Ar; in our results we keep track of the dependence on Ag, A; in all constants, as Moser did
in the non-weighted case, [75]. We refer to Section for more details.



Finally, the Appendix contains the proof of the energy estimates of Part I, the proof of some functional
inequalities that we use, together with a number of technical results. We have posponed those long and
technical proofs there in order not to break the flow of the paper, and focus more on the main ideas.

We shall now present the main results and the different scenarios, together with the notation and definition
of solutions that we are going to use.

1.1 Precise statement of the main results in the different scenarios

In order to state our main results, we need to introduce first some notations and definitions. We will write
a < b whenever there exists constants cg,c; > 0 such that cpa < b < cja; we let a Vb = max{a,b} and
a A'b=min{a,b}.

Functional spaces. Let p > 1 and Q C RY be an open connected set with smooth boundary (at least C?).

1

For any v € R, p1, will denote the measure i, () := [q, [2|77dz and || f|| Lz ) = (fo |fIP 2|77 dz) . We will
denote by L (Q2) the weighted LP-space with respect to i, it is known that L2 (€2) is a Banach space, see
[69]. In what follows we will systematically deal with doubly weighted Sobolev spaces, in which the norms
of the function and of its derivatives are taken with respect to different measures. In the present weighted
setting the usual definition of Sobolev spaces may not yield to a complete space, see [69], therefore, we will
follow the ideas of Fabes, Kenig and Serapioni [42], see also [56], and to avoid technical difficulties, we shall
always assume that the parameters v and [ satisfy assumption . We define H, }/ 3 (Q) to be the closure of

C®° (©2) with the topology given by the norm ||¢||%,, @) = [#l3,, + IV9ll3 5, and D, 5 (Q) to be the closure

s
of C2° () under the norm ||¢||p, ,(q) = [[Vo|l2,5. This procedure lead to the definition of a complete space in
which functions have a unique weak gradient, obtained by approximation. Without any further assumption
on the weights, the limit of such approximation may fall out of Ll _ (), see |42, section 2 and 3| and [56].

loc
As a consequence, solutions to [WFDE]| need to be considered in a suitable weak sense, as follows.

Definition 1.1 (Weak and strong solutions) Let Q = (T, T] x Q C (0,00) x RN. A functionu: Q — R
is a local weak solution to equation (WFDE) in Q if
w € Croe((To, T); L2 1,.(Q)  and  u™ € L, (To, T); HY 410.()), (1.7)

v,loc

and the following identity holds true,

/Q fu(t, 2)é (£2,7) — ults, ) (b, )] 2] 7 da

t2 t2
:/ /u@ \m|_7dxdt—/ /vum-w |z| =7 da dt,
t1 Q t1 Q

for every open subset [t1,t2] x K C Q and for any test function ¢ such that

¢ € W2 ((To, T); L2(K)) N L2 o ((To, T); Do, 5(K)).

loc

loc

A local weak (or strong) sub (resp. super) solution satisfies (1.8) with < (resp. >) for any nonnegative test
function in the same class.

A local strong solution to equation is a local weak solution such that u, € Li,.((0,T); L! ().

About the class of solutions. As already mentioned in the Introduction, most of our results will be
proven for local strong solutions: lengthy (but nowadays standard) approximation procedures allows one to
extend our results to a wider class of solutions, the so-called limit solutions [91], sometimes also called SOLA,
Solutions Obtained by Limit of Approximations [5, [72]. In particular, our result apply to weak solutions in
the sense of the above definition. However, such approximations are often long and technical in the framework
of local solutions, but easier when dealing with global problems, like Cauchy, Dirichlet, Neumann, Robin, or
even for large problems (Dirichlet problem whose solutions go to +oo on the lateral boundary). We shall say



that most of the weaker concepts of solutions are included in the so-called class of limit solutions, i.e. limit
of strong solutions, for which our estimates apply by a simple limiting process.

Weights and different scenarios. Our results concern quantitative a priori upper estimates of local type.
We will consider a fixed cylinder of reference Q = (Tp, T] x Q C (0,00) x RY, as in Definition and the
estimates will take place on a smaller cylinder, typically sufficiently far from the boundary of 2. Due to the
lack of translation invariance of the weights, we need to find the right quantity that takes into account for
the change of geometry, following [26, [77], 87, 88] we define for any xo € RY and any R > 0:

2

N (Br(x0))

N
p;;Y;]B(R) = (/ |$|(B—7)7 d.%‘) , and E;61 pg(’]’B(R) < RQM
Br(zo)

16 2" :
b Bafag)) = 0P (0> (19)

where the latter equivalence is proven in Lemmal[5.2] Roughly speaking, the scaling properties of the equation
change from R?>TA~7 to (a multiple of) R?, when we are considering problems around the origin or far from
it, respectively. There are at least four possible scenarios, see figure (|1)):

(a) When 2o =0 and Ry > 0 , we have pJ:?(Ry) ~ R,

(b) When xo # 0 and 0 € B, (z0), we have p);?(Ro) ~ R,

(¢) When zg # 0,0 & Bpg,(zo) and Ry > |zo|/2, namely x is relatively far from the origin but the singularity
is still felt by the equation, and in this case we have p).?(Rg) ~ R3+577.

(d) When zg # 0, 0 € Bg,(z9) and 0 < Ry < |zo|/2. This is the case where z is relatively far from the
origin and does not heavily affect the geometry of the parabolic cylinders. In this case we are essentially
dealing with a nonlinear singular parabolic equation (governed by the nonlinearity «™) and where the
diffusion is driven by a uniformly elliptic operator; more specifically the standard (non-intrinsic) parabolic
cylinders, depend on the ellipticity constants which in turn are proportional to |z|®~7, more precisely
pLP(Ro) ~ RE |z|?~7; note that all these latter quantities are bounded and bounded away from zero in
this case; see for instance [75] for the linear case and [I7], 32] for the nonlinear case.

(a)

Figure 1: A representation of possible scenarios (a), (b), (¢) and (d).

We will focus only on the cases (a), (b) and (¢) in which we have novel results, and where the geometry of
the weights really plays a role; as already mentioned, the case (d) follows from nowadays standard results.



For the sake of simplicity, from now on, we will always make one of the following assumptions on the ball
Bpg, (z9) where our local estimates will take place:

(1) Let zp = 0 and any Ry > 0, or

(2) Let g # 0 and |z9]/32 < Ry < |x0|/16, or
(3) Let g # 0 and (5/2)|zo| < Ry < 4|zo|.

We notice that under the assumption (1), (2) or (3) a simple calculation shows that (see proof of Lemma [5.2))

fiy(Br(%0))
1(Br(x0))
where the constant K17 > 0 depends only on N, -y, 5. Before stating our main results we first need to introduce
the following parameters whose role has been already explained above (recall that p. is defined in )

R R*TP=7 < R? < Ry R?PPY (1.10)

1 1
c=2+p8~-7v and ﬁp:apf(Nf'y)(l—m):a(p—pc)' (1.11)

Theorem 1.2 (Local Upper Bounds) Let u be a nonnegative local strong (sub)solution to|WFDEF]| on the
cylinder Q x (0,T]. Let moreover p > 1 if m € (me,1) and p > p. if m € (0,m¢]. Let Bag,(z9) C  and
assume that Br,(xo) satisfies either (1),(2) or (3). Then there exist K1,R2 > 0 such that for any t € (0,T]
we have

o

K1

sup  u(t,y) < P [/B luo(y)|” |y~ dy
2Rq (20)

1 (Bry (o)) 1 }1‘"
yEBRy (o)

/‘L’Y(BRO (xo)) Ri(Q)

where 9, and o are defined as in (1.11). The constants R1, Ko depend only on N,v and (.

—&-/ﬁz[

Part I contains the proof of Theorem [2.I] which implies the above theorem as a particular case.

Remark 1.3 (i) The above smoothing effect may fail when m < m., if we choose exponents p < p.. Indeed,
there is an explicit counterexample to the above LY — L smoothing effect for solutions with initial data

in Lf'; loc With p < pe, given by the following function:

Ut,z) = c(T — t) T |z| " Tom,

where ¢ = ¢(m, N,~, () is chosen in such a way that U becomes a local solution to in the cylinder
(0,7) x RY. In the non-weighted case 3 = v = 0, the above counterexample was shown in [I7, 90].

(ii) It is worth noticing that when v = 2 + 8 or when o = 0, i.e. outside our range of parameters , also
in linear case the smoothing effect fails: this has been proved in [26] by means of counterexamples.

(iii) The above upper bound contains two terms, the first takes into account the influence of the initial
data, while the second takes into account the “worst case scenario”, that happens when the local weak
solution comes from the so-called large solutions, namely solutions to the Dirichlet problem which go to
+0o at the lateral boundary, see for instance [16] [17].

Our second result concerns quantitative positivity estimates. In order to state our main positivity results,
we need to introduce first the following intrinsic quantities, for p > 1:

14 pody
H, (f,20, R) i LB 2 (Br(@0)) ( fy 0y #7121 dz )
p (s, R) := tir(Br(0))77 ﬂ'v(BR(:UO))% fBR(zO)f‘ﬂ*“’ .

(1.13)

" . B—
H, = Hp(f, xo,R) :=1+ (|SEI§| vV 1) Hp(f, xO,R)lfm > 1,



where ¥, and o are defined as in (L.1I); we notice that in the cases (1), (2) and (3) the quantities |zo|/Ro
and i, (Br(20))°" p1,(Br(0)) =%, become independent of ¢, R. The above quantity is an adaptation to
the weighted case of a similar one introduced in [I7] and it plays an essential role in the positivity estimates:
in particular, I:Q, encodes the geometric information of the weights which is relevant in the estimates. An
important aspect of these quantities, that will play an important role in our main results, is that both Hy,
and ﬁp are scaling invariant, with respect to the natural scaling of the equation, see for instance formula
(3-53). Finally, we would like to emphasize that in the good fast diffusion range, i.e. when we can choose
p =1, H, (hence flp) does not depend on f:

iy (Br(0)) "
Hy(f, w0, R) = ————05—

fi~(BRr(0))7"

We are now in the position to state our main positivity result.
Theorem 1.4 (Local Lower Bounds) Let u be a nonnegative local strong (super)solution to [WFDE| on
(0,7) x Q and let 0 < ug € LY || () withp > 1 if m € (me,1) and p > pc if m € (0,mc]. Let Bar(zo) C Q
and assume that Br(xo) satzsﬁes either (1), (2) or (3). Define the minimal life time t, as

H“O”Ll(BR(xo))

t, = t.(uo, w0, R) = iy BT — 2 28T 1.14
(om0 ) = e R B )y (1)
Then, there exists k = @(Hp(uo,xo, R),R,N,m,~, 6) > 0 such that
: pg(Br(wo)) 1 ]“”
inf  wu(t,z) >k |—/———F7F — or any t € |0,t, NT. 1.15
Lt ulta) [MBR(%)) ’ for any t € [0,t, AT] (1.15)

The constant ks« > 0 depends on N,m,~,B3 and it is given in Corollary ' Kk has an (almost) explicit
expression given in (3.51) and depends on Hp(uo, xo, R) only when m € (0, m,].

Remark 1.5 (i) Roughly speaking, the above lower bound shows that any bounded nonnegative solu-
tion becomes instantaneously (strictly) positive on a whole time interval (to, ¢« (to)] . This result will allow
us to give an estimate on the size of the intrinsic cylinders, which are the natural domain for Harnack
and Holder continuity estimates, see also Part III. We construct intrinsic cylinders inside arbitrary ones:
in the literature this is often an assumption, cf. [32].

(ii) All the constants are computable: from the expression (3.51) of k, we deduce that when pr, defined in
(1.13)), is large enough, then there is a constant ¢; > 0 depending on N, m, p, 8,7 such that

ngl/z

K= H T m(1l—-m) m)

(iii) As already mentioned above, when m, < m < 1, the constant H, does not depend on o anymore, hence
formula (1.15]) provides an absolute lower bound, i.e. independent of u and ug :

s(Br(zo)) t

Iy B0 2 8 [ufy(BR(a:o)) =

1—m
] for any t € [0,t. AT,
2€B2r(z0)

where k' only depends on N, m,~, 3. However the presence of uy is still felt through ¢, ~ ||uo||1 m,

(iv) Part II contains a detailed proof of Theorem [1.4] which is the major technical contribution of thlb paper.
Our proof applies also to the non-weighted case v = 8 = 0, and we recover the result of [I7] with a different
proof.

Our quantitative upper and lower bounds fairly combine into Harnack-type inequalities.



Theorem 1.6 (Harnack Inequalities) Let u be a nonnegative local strong solution to[WFDE] on (0,T) x
and let 0 < ug € Lg’IOC(Q) with p > 1 if m € (me, 1) and p > pe if m € (0,m.]. Let Bsr(xo) €, to €[0,T)

and assume that Bag(xg) satisfies either (1), (2) or (3). Define

te = tu(u(to), xo, 2R) = H*(QR)UM(BQR(JUO))mfl||U(t0)||iTBm( ;
2R(T0

Then, for any € € (0,1), there exists 3 > 0 such that for any t,t £ 0 € [to + et.(to), to + t«(t0)] N (0,T)

sup  u(t,z) <R inf wu(t£6,x). (1.16)
zE€BR(xo) zE€BR(x0)

The constants k., 3 > 0 always depend on N,m,~, 8 and are given in (3.46) and (4.24)) respectively; K3 may
also depend on R,z and ¢, and, when 0 < m < m,, it depends on H,(ug, zo,2R) defined in (1.13).

Remark 1.7 (i) In we may take the infimum and the supremum at the same time (elliptic-type
Harnack inequality, § = 0); we can even take the infimum at a previous time (backward-type Harnack
inequality, @ < 0): both inequalities are in contrast with the classical parabolic Harnack inequality valid
for the linear heat equation (m = 1), which needs to be forward in time (infimum at a later time, 6§ > 0),
[65] 74, [79]. Indeed, elliptic and backward Harnack inequalities are typical features of fast diffusion
equations, as already observed in [I7,[32]. They are false in general for the Heat Equation (m = 1) and for
the Porous Medium Equation (m > 1), when dealing with local solutions (i.e. regardless of the boundary
conditions), or in the case of solutions to the Cauchy problem posed on RY. However for solutions to the
homogeneous Dirichlet problem, also when m > 1, elliptic and backward inequalities have been proven,
see [I0] [T, (18, 43, &5).

(ii) Our result is quantitative, in the sense that all the constants are computable: from the expression

of K3, when H), is large enough, we deduce e

73 - E 1 m H (UO,I‘O,ZR) Hm(l m)
where ﬁp is given in (1.13), and ¢ > 0 only depends on N, m,p, 3,.
(iii) Notice that in the good fast diffusion range, we can choose p = 1 and obtain a more classical form of the

above Harnack inequality i.e. with the constant independent of ug:

sup wu(t,r) <Fy inf w(t+0,x),
x€BR(%0) z€BR(x0)

with ¢, as in the formula above and where K5 depend only on N, m, p,~, 8 and possibly R, zg,e. As
already explained in the Introduction, in the very fast diffusion range we can not eliminate the dependence
on ug in the above Harnack inequalities ; indeed, explicit counterexamples as in the non-weighted
case can be constructed, see |17, 33].

Our last main result concerns continuity estimates, and the proof relies on some results for linear weighted
equations that we describe later.

Theorem 1.8 (Interior Holder Continuity) Let u be a nonnegative local weak solution to the (WFDE)
on Q:=1[0,T) x Q. Let to € [0,T) and Bigr, (o) C Q and assume that Byg,(xo) satisfies either (1), (2) or
(3). If u < My < o0 on (to, T A (to + t«)] X Bag,(xo) with t. = t.(u(to), zo,4Ro) as in , letting

Do = 1 AR (T A7 A2 (p1F) ™ (T AL.)8),
with a suitably small K19 > 0 as in , then there exist a € (0,1) and K., > 0, such that
R, Mo
Dg (Ro A RZ7 )

[ult, x) = u(r,y)| < 7 (Jo =yl + 277 ft =777 ) (117)

for all t,7 € [to+ Sty to + £t.] N (0,T) and for all z,y € Bg,(xo). The constants o € (0,1) and &, > 0
depend on N,~, B, Hy(u(to), zo,4Ro) and possibly on Ry, xzo.



Remark 1.9 (i) We provide a (non optimal, but explicit) expression of the exponent « in Part III, and we

(v)

show that it can vary depending on the base point zy and on the radius Ry : this may seem strange at a first
sight, but indeed it is perfectly reasonable in view of the following example. Consider the Cauchy problem
on the whole space: the fundamental (or Barenblatt) solution, has a selfsimilar form B(t, z) = t*F(|z[t=°)
where F(|z]) = A(D + |z|7)Y/ (=1 see |8, []. Clearly this explicit solution is merely Hélder continuous
at zero when o € (0,1], is C1® when o € (1,2] and so on, but such a solution is always C>(RM \ {0}).
We can appreciate here the effect of the weights on the regularity of solutions. Again, it is worth noticing
that when o = 0, Holder continuity fails, as well as the upper bounds, see Remark (ii).

We have decided to state the Theorem in this simplified form, to focus on the main result. Indeed it is
quite easy to show that it holds for ¢,7 € [t + 3et.,tg + et N (0,T), for any e € (0,7/8), just the price
of having a dependence on in the constant %,, as it happens for the Harnack inequality of Theorem [I.6]

The above theorem is stated in a general form emphasizing the fact that bounded solutions are C'* on a
smaller intrinsic cylinder, whose size depends both on ¢, (i.e. on the L! norm) and on the L bound Mj.
A closer inspection of the proof reveals that by slightly changing ¢, to t. = t.«(u(to),zo,8Ry), and using
the upper bounds of Theorem [1.2{or we can choose Mo = cH,(u(to), T0,8Ro)(t./R§)Y/1~™, by means
of the same computation (4.23)) as in the proof of Theorem

Also, the exponent o depends on H,, and ¢, in a quantitative way,

Co er(l—m) pr(1-m)/2
Qo ~ exp (—th " ’

*

where ¢; > 0 only depend on N,m,p, 3,v. See the end of the proof of Theorem [I.8] for more details.
Therefore, the size of the intrinsic cylinders in the good fast diffusion range can be chosen to depend only
on t, (i.e. on the L}{JOC norm of u(tg)), while in the very fast diffusion range it has to depend also on
H,. The same happens for the exponent «. This reveals a typical feature of the fast diffusion equation,
for which there are strong differences between the two regimes. We last notice that such quantities are
stable in the limit m — 17, in which case we recover the linear results. On the other hand, by the above
formulae, it is also clear that & — 0 when either m — 0 or H,, — +oco. This is compatible with the fact
that solutions to the Dirichlet problem with m = 0 (i.e. the logarithmic diffusion) extinguish immediately,

cf. [29,[90], and with the fact that if H, = 400 the solution maybe unbounded.

We have already mentioned above that the optimal Holder exponent « is not known, since « in general
has to depend on Ry, zo and ug. However, in some particular cases, o can be chosen uniformly in the
whole range m € (0,1). This happens for instance in the Cauchy problem on the whole space, when we
deal with the class of solutions trapped between two Barenblatt, in which case H,, can be shown to be a
suitable constant, see for instance [8, [@]. Notice that in the latter case, solutions are C* around the origin,
and classical elsewhere.

About a uniform Hélder exponent. A closer inspection of the proof reveals that indeed it is possible
to choose a uniform Holder exponent: in the good fast diffusion range, we can let p = 1 and choose
Mo = [[u(to)||r1 (Byg,) to obtain an (explicit) exponent a which only depends only on N, 7, 3.

Harnack inequalities and Ho6lder continuity in the linear case. The study of quantitative regularity
estimates for linear parabolic equations with measurable coefficients began with Moser [(5]. We show in
Section analogous quantitative Harnack inequalities and Holder continuity for weak solutions to linear
equations with degenerate/unbounded coefficients, whose prototype is given by u; = |z|7V - (|x|fﬁa(t, I)Vu),
with 0 < Ao < a(t,z) < A1; in our estimates, we keep track of the dependence on A\g, \;. We do not claim
originality for these results, indeed in many ranges of parameters they were already known [23] 24| 25 [26],
54, [53]; however we did not find in the literature the quantitative result that we needed, hence we sketch the
proof in Section The motivation for this analysis comes from the application to nonlinear equations: our
proof of the Hélder continuity for solutions to WFDE, heavily depends on the linear estimates.
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1.2 Possible generalizations.

Other range of parameters. Formally our results extend to a wider zone of parameters, namely zone (II) in
Figure which amounts to require: v > N and 7 —2 > 8 > &2~ note that in this case the weight |z|~7 is
not integrable at z = 0, also || ~? is allowed to be not integrable and o = 2+ 3 — v < 0. Allowing this range
of parameters would require more technical results about the weighted functional spaces and inequalities
involved in our proofs: we have decided to not treat this case here, since a rigorous proof would require a
significant amount of technical results that would increase the length of the paper. For the sake of simplicity
we assume that N > 3, but our method works with straightforward modifications also when N = 1,2.

More general equations. We can allow for more general weights, equations and nonlinearities. For instance,
all the results of the present paper easily generalize to nonnegative solutions of

N
w;l(x)ut = Z 0i (4; j(x)0;u™ + B(x)u™),

ij=1

with
N B+
wy(z) < |z[7, 0 < Aolz| Pl < Z Aij(@)6€5 < Mz ~PIEf, and  [Bi(z)| < Aifz|” 7

i,j=1

for some constants 0 < Ag < Ap; we can also translate the singularity at another point xy # 0. Note that
the upper bounds extend also to signed solutions, recalling that in this case we have to work with odd
nonlinearities u™ := |u|™ .

A close inspection of the proofs reveals that all our results can be adapted, with some extra work, to
nonlinearities F(u) with F € C*(R\ {0}) with F/F’ € Lip(R) such that there exist 0 < mg < m; such that

1 F\' 1
— < (=) <=
m1 — \F’ T my

It is often convenient to take mg, m; € (0,1), but we can also allow m; > 1; the above assumption guarantees

that ¢ s ¢t u(t,-) is monotone non-increasing, see for instance [27]; as a consequence, all the proofs
of the present paper can be repeated with minor modifications. The rough idea is that our results extend to
nonlinearities that behave at zero like a concave power, F(u) < |u|™0 "ty for |u| ~ 0, and for large u behave
like another (not necessarily concave) power F(u) < |u[™ ~1u for |u| > 1. We stress that on one hand the
qualitative results are still true (boundedness, positivity and continuity) also for more general nonlinearities.
On the other hand, although qualitatively the same, the quantitative results shall have a quite different form,
namely the exponents in the estimates and the dependence by the data in the constants and in the estimates
may change in function of mg,m,; one advantage of the present method is that all the quantities can be
controlled in a quantitative way.

The space-time estimates of Theorem and Proposition in its space-time form , can be extended
to even more general nonlinear operators of the form

w;l(z)ut =V - A(t,z,u,Vu) + B(t,z, Vu,u),

with w, as above and |A(t, z, u, Vu)| < At]z|~?|V]u|™| and A(t,z,u, Vu) - Vu > )\0|x|’5’V|u|m‘2. Again,
the assumptions on the power-like nonlinearity can be weakened, as above, and we can allow a concave F' with
F(u) < |u/™ tu for u ~ 0, and regular outside zero. As for the lower order term B, the typical assumption
would be [B(t,z,u, Vu)| < A|z|~?|V]u|™] + Mw;*(x)|ul™, but they can be weakened. On one hand, it is
possible to obtain upper bounds in a refined form like Theorem or 2:I]also in this generality. On the other
hand, precise lower bounds like in Theorem [T.4] or [3:I] are not easily extended in this degree of generality: the
major technical difficulty is represented by the absence of time monotonicity for solution to a homogeneous
Dirichlet problem, namely that ¢ — tl%m u(t, ) is monotone non-increasing.

Finally, our methods can be adapted to hold also on Riemannian manifolds; we can possibly allow for
manifolds with unbounded curvature, as already mentioned, and this partially motivates the present paper.
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Figure 2: In light grey the region (I) of parameters 8 and v as in (|1.1), where all of our results hold. Note
that a big part of the region falls outside the A5 region. The region (II) in dark grey correspond to a range
of parameters that we do not treat, but where our results formally apply, as discussed in Subsection [I.2

1.3 Weighted Functional Inequalities

In order to study regularity properties of the solution to [WFDE| a key point in our approach is represented
by weighted functional inequalities, that we briefly recall here. For any v < N, consider the measure
pir(B) := [ |z|77 dzz, which is known to be doubling, i.e.

piy(Ba2r) < Dypiy(Br), (1.18)

where Bp, is a ball contained in RY and the constant D, depends only on the dimension N and the parameter
7, see [56, Chp. 15]. On the whole RY | there is a celebrated family of interpolation inequalities, the so-called
Caffarelli-Kohn-Nirenberg inequalities [20], that we state hereafter in a special case, namely as in (1.2)). Let
v, B as in , then there exists a constant S, g > 0 such that for any f € C>° (RN ) the following inequality
holds

cvy €Sy Vfla gy where | pr—2— N 7 (CKNT)

||f||Lg (RN) = Pv,8 L3 (RY) N—-(2+p8)’

where the weighted L” norms are defined in subsection [I.] This family of inequalities contains both the
classical Sobolev inequality (y = 8 = 0) and the Hardy inequality (8 = v — 2), cf. [70]. In our range of
parameters (see Figure [2) we always have r* € [2,2N/(N —2)].

Proposition 1.10 Let N >3, v, 3 be as in (1.1), r* be as in (CKNI) and o as in (1.11). Let 2o € RY and
R > 0. Then, there exists a constant S, g > 0 depending only on N, B,, such that for any f € H,17B(BR($0))
the following inequality holds true

[ llLes (Br(zo)) < Sv.8 (IIVfIILg(BR@O)) + piy (Br(0)) 75— ||f||Lg(BR(xo))) ~ (CKNI2)
The above (CKNI2|) will play the role of the classical Sobolev inequality in the proof of both upper and lower

bounds, hence we have have given a short proof of the above inequality in
Another essential tool in our proofs will be the following weighted Poincaré inequality.
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Proposition 1.11 (Poincaré Inequality) Let be N > 3 and 7,8 < N as in (I.1), zo € RY and R > 0.
Then there exists a constant Py g > 0 such that for any ¢ € H;B(BR(xo)) we have

P (e Pl ae) <P R S
(m(BR(xo»/Bm"b nie x) P2 G oy T ) 00

where ¢, = fu (BR(JJO))_1 fBR(xo) ¢lx|~7 dx; the constant Py g > 0 depends only on N,~, 3.

The above Poincaré inequality is a direct consequence of a more general one, called Sobolev-Poincaré inequality
see [56, Chp. 15|, and also [42] [45] [57, 47] and references therein for the known results. For the sake of

completeness, we have decided to give a proof of the above inequality in

In the proof of positivity estimates we will also use BMO -Bounded Mean Oscillation- weighted spaces
and a weighted John-Nirenberg inequality; we recall here the definition and inequalities that we will use, for
convenience of the reader.

Definition 1.12 A function f € L} | (Q) is said to be in BMO, () if

~,loc
17 L /|f Follel ™ de < +
BMO.(Q) = Sup — T €T 00,
= By

where B are balls compactly contained in Q and fp = p(B)~" [ flz|™7 da.
The following version of the John-Nirenberg Lemma can be found for instance in [56, Thm 18.3].

Lemma 1.13 (Weighted John-Nirenberg inequality, [56]) Let f € BMO,(S2). Then, for any ball B
compactly contained in Q the following inequality holds

1
1i~(B)

where K5 and Rg are positive constants depending only on N, .

1

—_—, 1.20
Fol flsaro. @) (1.20)

/ eS\f*?B\‘x|*7dx§E5 for any 0<s<
B

From the above inequality there follows Corollary that will play a crucial role in Part II.

Corollary 1.14 Let u : Q — R be a positive measurable function such that log(u) € BMO~(Q?). Then the
following inequality holds
2 1
i~ (B) s ||u|; =5 for any 0<s< = , 1.21
V( ) ” ||L7 (B) HGHIOg(U)HBMO.Y(Q) ( )

o

lullis (5) < &

where B is any ball compactly contained in U, g > 0 is as in Lemma[I.13 and K7 > 0 is a constant depending
only on N,~.

Proof. The proof of this result follows by the weighted John-Nirenberg inequality ([1.20)); it is a straightfor-
ward adaptation of the proof of [74, Theorem 4], see also [I5], Proposition 4.4]. ]

2 Part I. Local upper bounds and energy estimates
The main result of this part is a precise and quantitative local upper bound, which ensures that sufficiently

locally integrable solutions are indeed bounded at a later time, as precisely stated below; we state here the
most general form of upper bounds, which includes the cases considered in Theorem [I.2]
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Theorem 2.1 Let u be a nonnegative local strong solution to|WFDE| on the cylinder Qx (0,T). Let moreover
p>1ifme (mel) andp > pe if m € (0,m.]. Let Bag,(xo) C Q, and assume that Bg,(xg) satisfies either
(a), (b) or (c). Then there exist Rg, K9 > 0 such that for any 0 <t —to <T

¥y

1
t—tg] ™
} e

1§

K8 _ _
sup  u(t,y) < —— Ny / luto,»)I” [yl dy|  +Fe [
Y€ Brq (o) (t=to)N=7% |, (o)
where ¥, and o are as in (1.11). The constants Rs,Rg depend only on N,v, [ and on the quotient |xo|/Ro;
they both have an explicit expression given in (2.35).

We have already observed the main features of the above upper bounds, see Remark [I.3] Note that Theorem
is a particular case of the above, in the sense that the dependence on |zg|/Ro can be eliminated in the
constants kg and Ko, simply by choosing the cases (1), (2) and (3). We shall now proceed with the proof of
the Theorem, in Subsection 2.4} Before that, we need a number of preliminary results, some of them having
their own interest.

2.1 Local space-time energy estimates

We collect in this Subsection all the energy inequalities that we will use in the rest of the paper, the proof
is quite technical; but follows by nowadays standard ideas; the hidden difficulty lies on the careful approx-
imations needed to deal with the singular/degenerate nature of the weights. We postpone the proof to
in order to not to break the flow of the proof. In order to state the energy inequalities in all
the possible scenarios, we introduce an auxiliary function: to avoid unnecessary complications, we consider
balls Bg, (z¢) C Bgr,(x0) such that 0 € Bg,(zo) \ Br, (%o). Let 0 < Ry < Ry and 0 =2+ 5 —~ € (0,00) and

define )
Ro + [z \ ™ -
_— f 2
(Ro R, , f0<o<?2,
— Roy—Ri\" 7 .
ho (Ro, Ry, 20) = q 1V [ —7— , ifo>2and0€ Bg,(x), (2.2)
Ry — |zo| ,
Ry — R\~ . —-—
1V | ———— fo>2and 0¢ B .
(|x0| _RO) , ifo>2and0¢ Bg,(zo)

The function h, takes into account the change of geometry and cover more general cases than the ones defined
in (1), (2) and (3). We moreover observe that whenever Bp satisfies one of the hypothesis (1), (2) or (3) we

have (Ba(zo))

N o My R\T0

he (4R, R, x0) < hy (2R, R, x0) < C, and R4 RC < 2L

w7 7 s (Br(ao))

where the constant C, g > 0 depends only on the constants 7, 3. This is consistent with the weighted
estimates proved in the linear case, see [24] [54] 53] and also Remark below.

<FirR7,

Lemma 2.2 (Energy estimates) Let 29 € RY, 0 < Ry < R such that 0 ¢ Bgr(zo) \ Br, (o) and let
0<m<1,0<Ty<T1 <T.

e Let u be a non-negative local strong subsolution to in (To,T) x Br(zo). Let p > 1 and assume
u € L2 ((To,T) x Br(zo)). Then there exists c1 > 0 depending only on m,p, N, such that

T
sup / uP(r,z) |z|77 dz —I—/ /
T€[T1,T] | / Br, (z0) Ty J Bg, (z0)

ho (R, RlaxO) 1 :| /T/ -1 -
<c — + uPtml 4 yP) |27 dedt. 2.3
= [ (R— R1) Th=To] Jr, JBr(o) ( ) Il 23)

ptm—1

2
Vu' 2 2|77 dx dt
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o Let & >0 and u > 0 be a local strong supersolution to|[WFDE| in (To,T) x Br(xo).
- For all 0 < p < 1 —m there exists co > 0 depending only on m,p, N, such that

T
/ w(To, x)P|x| ™7 dx—|—/ /
Br, (z0) To J Br,(z0)

ho(R, Ry, x0) 1 }/T/ 1 _
<c + wPT™L L Pz da dt; 2.4

- For all p > 0 there exists cg > 0 depending only on m,p, N, such that

T
sup / u(r,x)7P |z|77 dz +/ /
T€[T1,T] Br, (zo0) T, J Bg, (z0)

ho (R, Ry, o) 1 ”T/ Cptmel | - _
<c — + w Pty TP) 2|77 dadt. 2.5
- 3{ (R—Ry) T —To] J, BR(wo)( ) Iz 25)

The constants ¢y, co, c3 have an explicit expression given in the proofs.

p+m—1
2

2
Vu || =8 da dt

—p+m—1
2

2
Vu 2| 7P dx dt

The next Lemma plays the role of the celebrated Caccioppoli inequality and corresponds to the above estimates
in the borderline case p =1 — m. It will be a key ingredient in the proof of the positivity estimates of [3]

Lemma 2.3 (Caccioppoli estimates) Let m € (0,1), § > 0 and u > § be a local strong supersolution to
in (Ty,T) x Br(xo). Let 1p € C(Q) with supp(v)) C Br(xg) CQ and Ty <7 <t <T. We have

2 t
/ w(r,2) M2 2~ de + " (1 —m)/ / ¥? [Viogul? [z|~? dz dt
Br(zo) 2 7 J Br(wo) (2 6)

t
<2(1 —m)/ / |V|? |z~ dzdt+/ u(t,z)' =™ ¢? |z da.
T BR(I()) BR(CEO)

We finally observe that letting m — 1~ in (2.6]), and recalling that «!=™ /(1 —m) — logu in such limit, we
recover the classical Caccioppoli estimate, valid for m =1 and 8 =+ =0, cf. [4] [74], [75] [89].

2.2 Behaviour of local LZ norms.

Proposition 2.4 Let m € (0,1) and u (t,z) : [To,T1] x @ = R be a nonnegative local strong solution to the
\WFDE| Let xg € Q and R > 0 be such that Bag(xo) C Q. Then, for any 0 < t,7 € [Ty, T1] we have

1-m 1-m
B 1-m
/ w(t,z)|z|”7 dz < / w(r )|z 7 dz +E10M\t—ﬂ, (2.7)
Br(xo) Bar(wo) pay (R)

where the constant Kig depends only on N,m,~y and 5. Moreover, under the assumption that Br,(xo) satisfies

either (1), (2) or (3), (2.7)) becomes
1-m 1-m B l—m
/ u(t,z) |z de < / w(r,z) ||~ da JrE'lOM\th\, (2.8)
Br(zo) Bar(zo) R

where By = Ri1o k17 El_(il ; Ri6 , R17 depend only on N,v, 8 and are as in (L.9), (1.10) respectively.
Remark. The above Lemma quantifies the displacement of local mass backward and forward in time, and

has been first proved in [58] in the non-weighted case and for solutions to the Cauchy problem on R™:
inequality (2.7) implies conservation of mass (letting R — oo, when m > m,). It has also been used to prove
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estimates from below for the extinction time in different contexts: for the Cauchy problem when m > m,,
for any m € (0,1) for the Dirichlet problem or on Manifolds with negative curvature, see [I3], [I7, [90]. Also
in this weighted case it allows one to prove the same results: we use it here (also) to prove lower bounds for
the extinction time for the Minimal Dirichlet problem for all m € (0, 1), see .

Proof. Let ¢ be a cut-off function supported in Bog(zg) and let ¢ = 1 in Br(xg). In what follow we will
write Bp, instead of Bg(z) when no confusion arises. We adopt the notation £ gf = |z|"V - (|z| PV f), see

also (5.22)). Let us compute

d
G [, o) el de

_ ’ /B Lo (@) 6 (@) el da 29)

[ s 6 @)lel o

< /B 5 (6 (@) el

The Holder’s inequality with conjugate exponents % and ﬁ gives
1-m

/ um|cv,5<¢>||x|-’vdxs[/ u¢<x>|x|—m4 [ ¢1—%|£7,ﬁ<¢>|ﬁw|-vdx}
Bar Bar Bar

—c@[[ ww ol aa]

Notice that joining the above estimate and (2.9)) we get the closed differential inequality

d
G )o@l

<cw| [ wteaoler as]

An integration in time shows that for all ¢,7 > 0 we have

(/Bmu(am)éb(x) IxI_de>1m < (/BZRu(T,x)Qs(x) |m|—vdx>1m+(1 ) C ()|t —].

Since ¢ is supported in Bar and equal to 1 in Bg, this implies (2.7)). The above proof is formal when
considering weak or very weak solutions, in which case, it is quite lengthy (although standard) to make it
rigorous: we start by considering the integrated version of inequality 7 which follows by Definition of
weak solution plus an integration by parts (that can be justified through approximation); we then conclude
by a Grownwall-type argument.

The proof is concluded once we show that C (¢) is bounded: choosing ¢ as in Lemma we get

T | Ly 5 (0)| 7 < Fao (pLP(R)) T,

where the constant K1y > 0 does not depends on xy but only on N, m,~ and §. Finally, we get

(1_m>0(¢>:(1_m>[3 ()75 1L, (6 (@) ol de| spvf‘i;(OR)wBR)l-m.

Using (1.9) and (1.10)) one easily gets (2.8). The proof is now concluded. []
When p > 1 similar estimates still hold in the following slightly weaker form.

Proposition 2.5 Let m € (0,1) and u be a nonnegative local strong solution to [WEFDE on (0,T] x Q. Let

p>1andu(r) € L5710C(Q) for some T > 0. Let g € Q and 0 < Ry < Ry be such that 0 € Bg,(zo) \ Br, (zo).

Then for any t > 7 we have

1—m 1—m
P

/ u(t,x)? |x|77dz < / u(r,z)? |x|77 da + Kpry Rpowo (t—T) (2.10)
Br, (z0) Bry (z0)
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where the constant Kry rp.o.z, 15 given by

he (Ro, Ry, x0) 1-m
KRy, Rpowo = Ry — R1)° [ty (Bry (z0) \ Br, (20))] 7

where ¢, ~ m(1 —m)/(p—1) depends only on p,m, N.

Remark. The above estimates prove stability of local LE norms. Analogous estimates have been proven in
[17), 30}, B1L [32] in the non-weighted case and in [I3] on manifolds of non-positive curvature.

Proof. The energy inequality (5.4) can be written as follows, for any 0 < ¢ € C°(Q)

d
dt

2mp

/uw 27 do < 7/up+m—1|w|2 e~ da.
p—1Jg

Using Holder inequality with exponents p/(1 —m) and p/(p + m — 1) we get

/ VY[ fo] P da = / (V2|8 T T b T R g
Q

1,7 1-m
< [/ up¢2 |x7dz] {/ |V7,/1|1 m\x| Bl m|$|ﬁyp+m 1 _gptm—1 dz]
Q

Combining the above estimates we obtain the following differential inequality

d 1_1;7n
/’U,p’L/J |z| 77 dz < Cy {/ uPe? |x|_7dx} ,
Q

dt

which, integrated over (7,t) gives us

{/Qu(t,:r)PwQ |x7dz] T {/QU(T’x)pW |I|Wd4l‘pm +¥% i

The above proof is formal when considering weak or very weak solutions: a rigorous derivation of the above
inequality can be done in that case by using directly the energy inequality and a Grownwall type
argument. To conclude the proof, we need to show that Cy is finite. To this end, we choose 1 = ¢ with
0 < ¢ < 1so that Supp(@ - BRov SUPP(WW) - BRO (1‘0) \ BR1 (l‘o) = AR07R1; we take b > p/(l - m) 50
that

2(p+m 1)

V()| T gp(x) ™ o < CigPtT T | Ve(a)| T

As a consequence, we obtain

CQ(RO — Rl)iliziﬂ .

1—m

2p >
1-— ma _ 2m(1 — m) / |V’(/J| 1-m | I'Yp_*—mmlfﬁﬁ da
ARy, Ry

p p—1 At
» 1—m
Cy el o dz | he(Ro, Ry, 20) 1om
, (y—B) = o 0, 411, L0 - —
—= F x aT—m) —— <ep—"" 7 A » =K ,
(Ro — Ry) T /ARO Rl v || =" (Ro— R)’ o (Ao ) flo- b0

where ¢,,c0, ~ m(l —m)/(p — 1), and in the last step we have used inequalities (5.11f), (5.12), (5.13)),
depending on the different cases. []

2.3 Space-time smoothing effects for linear and nonlinear equations

We prove here a weighted space-time LY — L° smoothing effects, through a Moser-type iteration. This result
represents the core of the proof of our maln upper estimates, Theorem [2.1 Here we will cover more general
cases than the ones defined in (1), (2) and (3).
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Theorem 2.6 Letu € LY, ((0,T)x Br(zo)) be a nonnegative local strong (sub)solution to WFDE, letp>1
ifm € (meg,1) andp > p. if m € (0,m,]. Let 7g € RN, 0 < Ry < Ry < R be such that 0 & Bg,(vo) \ Br, (7o)
and let 0 < Ty <1y <T. Then there exists a constant K11 > 0 depending only on v, 8, N,m,p such that the
following inequality holds

o
he (Ro, R 1 (W dzdt] "
sup u(ryy) < 7y | PePo Fr2o) | } / / (WP + 1) 5 (2.11)
(1,y)€(T1,TI1X Bry (%0) (RO_Rl) Ty — 1Ty To J Bry(x0) |£L"7

where o and ¥, are defined in (L.11)), h, is defined in (2.2) and Ri1 is given in (2.29).

Remark 2.7 This result is similar to Theorem 2.4 of [I7], but in this weighted case an important geometric
factor appears: h, defined in . Since the weights are not translation invariant, the factor h, will change
in a strong way the behaviour of the local estimates in the different situations (a), (b), (c) and (d), described
in Section The thechnical hypothesis 0 ¢ Bgr,(xo) \ Br, (zo) assumed in Theorem [2.6| gurantees that the
quantity hy (Ro, R1, %) is finite. In the non-weighted case, similar estimates are proven in [30, 32], B3], with
different operators and nonlinearities.

Remark 2.8 (The linear case with coefficients) A close inspection of the proofs (both of the above
Theorem and of the energy inequalities) reveals that indeed the above result still holds in the limit m — 1,
and even for more general equations, see Proposition [£.4} roughly speaking, we can consider solutions v to
the linear equation v; = £, g v, where the prototype operator has the form £, gv = |2|"V - (a(t, :c)|x|*BVv)
with 0 < Ag < a(t,z) < A1 < co. We refer to Subsection for more details.

We now proceed with the proof of Theorem [2.6] which relies on a variant of the celebrated Moser iteration,
adapting the proof of Theorem 2.4 of [I7] to the weighted setting under consideration, for this reason we
will be rather sketchy in the proofs. As already mentioned in Subsection [T} the role of weighted Sobolev
inequalities will be played here by the Caffarelli-Kohn-Nirenberg inequalities 7 in the following form:

Lemma 2.9 (Iterative version of CKNI Inequality) Let r* := 2(N — v)/(N — 2 — 8) with 7,8 as in
(1.1). Then for any ball Br(xo) and for any f € LQ(TO,Tl;HiﬁBR(J:O)) and for any a € [1,7*/2] the

following inequality holds
dy dt dy dt
/ [ P (Bata) / [

T
[ ] o=

To Br(xo) (2.12)

1

_ _ dy \*
x sup | py(Br(wo)) 1/ FRemD (y, 1) e
te[To,T1] Br(xo) |y|

where ¢ = 7*/(r* —2) = (N —)/o, o is given in (1.11) and the constant S, g > 0 is the one appearing in
(CKNI2.

Proof. We will write Br instead of Br(zg) and prove the result on (Tp,T7) x Bg. Since r*/2 and ¢ are
conjugate Holder exponents, using Holder and (CKNI2)) inequalities we get

2 1

dx _q dz eda |7 1 dz |°
/ f2a ’y :/ f2f2(a 1) ’Y < / f ,y / f2(a 1)q .
Br(zo) |x| Br(zo) |x‘ Br(xo) |x| Br(zo) |x‘

1

Y dx dx de | ?
o Brleo) ™5 [ P [ o
K Br(zo) T Br(zo) |=|? te(To, T1) | J Br(wo) |z |7

Inequality (2.12)) follows by integrating in time. []

<2874
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Proof of Theorem [2.6, Throughout this proof u will be a local strong solution to [WEFDE] defined on
Q = (To, T] x Br(zo). We shall define v(t,z) = u(t,z) V1, so that v is a local strong subsolution to the same
equation. Notice that v satisfies v < v < uw + 1 almost everywhere in Q. Let us fix o € RY, and simply
denote Bp = Bgr(xo) (Br, = Br, (zo) resp.) when there is no ambiguity. In what follows we will make some
a priori estimates of the solution: the quantity h, will be involved and we can assume it to be bounded, as it
will be clear later. We recall that 0 =24+ 8—~v> 0, r* =2(N —v)/(N —2— (), and we set ¢ = (N —v)/o.
We will split the proof into several steps. We first deal with the case p > 1, the case p = 1, which only affects
the good fast diffusion range m. < m < 1, requires some extra work, and will be discussed at the last Step.

e STEP 1. Preparation of the iteration step. Let 0 < Ry < Ry < Rand 0 < Ty < T3 < T and define
Qo := (To,T] X Bg, (z9) and Q1 := (T1,T] x Bg, (zo). Recall that we are assuming p > 1. We are going to
prove the following inequality:

.y dtde 1 [he (Ro, Ry, o) 1 dtde]tta
a(p+m—1) < (25 )2 (2e )1+ | Pe U0, Fi, o // » 913
//Hlv |(E|’Y —( ’Y7ﬁ) ( Cl) (RO 7R1)U + T1 _TO Ov |$|'Y 9 ( )

where ¢ = 7*/(r* — 2), a € (1,r*/2) is such that (p + m — 1) (a — 1) ¢ = p; moreover, ¢; > 0 only depends on
m,p, N and is given in the energy inequality (2.3).
To prove the above inequality, we first recall the CKNI inequality (2.12)) with f? = pP+tm—1;

t a ptm—1
// ua“’*ml)ﬁ'i <282, U/ (vp+m*1|x|*”+uw(BRl)W\Vv K Izlx\’ﬁ) dxdt]
1 Q1

X | sup /’L'Y(BRl)il/ @t D@D
te(T1,T) Br, (z0)

(2.14)

Q=

Next, we estimate the first term in the right-hand side using the upper energy inequality (2.3 applied to
v > 1, so that vPT™~1 < P and

// (vmm*l 2|77 + 1y (B, ) ¥ [Vo 52 |x|*ﬁ) dedt < j// oP |z dz dt, (2.15)
1 0

where we have assumed (without loss of generalityﬂ) that

J :=2c11,(Br,) N7 {

ha (RO; RlaxO) 1 :l Z 1. (216)

(Ro — Ry)° T 1Ty

We next estimate the second term in the right-hand side of (2.14]), using again (2.3 applied to v > 1. Since
we are assuming p > p., we can choose a € (1,7*/2) such that (p+m — 1) (a — 1) ¢ = p, to get

1
q 1

are A he (Ro, Ry, 7o) 1 dtdz |

(p+m—1)(a~1)g 1T o (Ro, Ry, %o )

sup v < |2 ( +— + )//v . 2.17

te(Ty,T] / || "\ (Ro— Ry) Ty —Tp 2 || (@17)
0

Br, (z0)

Combining inequalities (2.14), (2.15) and (2.17) we finally obtain (2.13).

e STEP 2. The k' iteration step. We define a sequence of increasing exponents pp — -+oo and nested
cylinders Qi C Q41 as follows. We define first the exponents py, recalling that ¢ = r*/(r* — 2):

pon = (14 2 ) em=1 <1+q>k+l [po—a(1—m)] +q(1—m). (2.18)

Indeed, by , it is clear that this is true at the k-th iteration step for large k. Indeed we could have done everything
by replacing k with k + ag for a suitable large ag: after the whole iteration process, this would only affect only estimate ,
where C'1 and Cs would depend on ag, but a posteriori the dependence on ag can be easily eliminated. We have decided to omit
this, to focus on the main ideas.
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Notice that in the range m € (0, m.], we have py, < pry1 — +oo if and only if pg > p., while when m € (me, 1)
it suffices to have py > 1; this justifies the assumption on the initial datum.
Next, we define the cylinders Q C Q = (Tp, T] X Bp, as follows:

Qi := (T}, T] x Bp, (v0)  suchthat Q= QoD Qk D Q1 = Qoo = (Teo,T] X Br., (2.19)

where we have chosen a decreasing sequence of radii Ry > Ry > Ri4+1 — R and and increasing sequence of
times Ty < T, < Tk41 — Too such that

Ry — Ry
(k+ 1)

where ( note that we choose a so that Cy, Cy will be finite)

1 > 1 - > 1 -
a=2V-, 01:<Z(k+1)a> and 02=<ZW> . (2.21)

k=0 k=0

Too - TO

Ry — Rgp1 = C1 (EDES

and Tk+1 - Tk = Cg (220)

Plugging all the above defined quantities in inequality (2.13)), observing that letting p = pi implies pry1 =
a(p+m — 1), we can write the k'" iteration step as follows

1

m 2 1 1
[/ vpk+l|x‘7'y dxdt‘| S [QS’Y,ﬂ]m [201](1+E)Pk+1 |:h0' (Rk‘7Rk‘+1)‘r0) +
Qk+1

l) 1
a4/ Pr41

1 }( +
(Br — Ri+1)” T — T

mar ()7
X [// vp’“|x|_'ydmdt] .
Qk

Bounds for the constants. It is convenient to bound the constants appearing in (2.22]) by a quantity which
does not depend on p, but only on m,~, 8, Ry, and Ry. Recall the expression of ¢;, given in ([2.3)

(2.22)

—1 2 —1)?
c1 = 2Ky Py with Crpr = i A m (Px ) 5
Pk (pk +m —1)

m,Pk

and with Ky > 0 depending only on N. The quantity c,, p, needs to be bounded uniformly for all £ > 0:
since px > po > 1V p. it is easy to show that

2
1
Crmpre > (1 - Po> A2m (1 - pOerml> so that ¢; =c1(pr) <€=7¢(m,N,py) < +00.

As a consequence, ¢;(pr) < ¢ can be bounded uniformly by a constant that depends only on N, m, pq.
On the other hand, h, (R, Ri+1, zo) may be bounded by a fixed quantity depending only on o, Ry and R,

o (Ri, Ri1,%0) < ho (Ro, Roc, 20) (k + 1)@= 07 @77, (2.23)
the constant C7 being the one appearing in (2.21)).
Finally, we can rewrite the k" iteration step (2.22) as follows

ey . i (141)
// VPR 2| TV da dt < I [// oPF || 77 da dt] ) (2.24)
Qrt1 Qr

where the constant Iy is bounded by,

-1
I < [QS%ﬁ]Q l% <hc7 (Ro, Reo, x0) Cy N C; )

Qe

(Ro — Roo)? Too — To (2.25)

=Jo Jy 17 (k+1)P0F3)
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where b = 2a if 0 < 0 < 2, b = o« otherwise. The assumption (2.21) on « ensures that b > 1.
e STEP 3. The iteration. We now iterate the inequalities (2.24]) and obtain

e ul S B YR s ()
// oPRL || 7Y dae dt < H [j”’“r1 ) [// Pz 7Y dx dt} . (2.26)
Qk+1 j=1 0

Using inequality (2.25) we can estimate the first term appearing in right-hand side of ([2.26)) :

H IPk+1

k+1 t1—j _1_ vk 1y7 k—
1 (+%)k+ J <[ 1+(11] Phil ZJ:O(1+q) [(k+1)b,:|ﬁ [kb'}ﬁ(1+%),,,[Qb’}ﬁ(l+%) 1

)k+1—j
Jody et

)

[ 1+1:|pkl+1 o (143) R4, (1+1

j=1
where b’ = (1 + %) Notice that there is a constant ¢’ > 0 depending on pg, N and ~, 8 such that

k+1 Y k+1 j v
lim H j”k+1 i) < exp

k—o00 4

o] 7

q . N
g —— ] lo < (¢')Po—al-m) < +00.
_ 1<q+1> gj | =€)

po—q (1 —m)

Using the expression (2.18)) of py, we see that
k+1
1
(1 + 5)

J
. Z] =0 (1 + ) q . 1
lim = and lim = .
koo Prgl po—q(1—m) ko0 Phi po—q(1—m)
We can now take the limit in (2.26) as & — oo obtaining (recall that limy—eo [[flL26(q,) = [ fllL=(@u))

a1l P q(l m)
||’UHLoo(ro) < (C Jo)po a(i= m)Jpo po=a(1=m) (// PO ‘.’E| ’dedt> o . (227)
0

Recalling that Jy and J; are as in (2.25]), and that v(¢, ) = u(t, ) V 1, so that uP° < vPo < uPo 41, we obtain

from (2:27)

q+1 1
_ he (R07 R, -770) 1 :| po—a(I—m) |:// _ Po—a(l—m)
supu <K = + uPo + 1) |z|77 dz dt ; (2.28)
Qoo YL (Ro— Reo) Too = To Qo ( )l

where the ®11 > 0 depends only on m, pg, N, v and 5. We see that this is exactly inequality (2.11] -, recalhng
that r* :=2(N —~)/(N=2-=08), g =7"/(r* = 2), 0¥y, = 1/(po —q(1 —m)) and (N — v+ 0)¥,,

= m
and that

2g _b e
Fiy = [28, 5] 7o et {2@(01 ® vc,;l)} romatimm (2.29)

where S, g is as in Proposition , C4,Cy are as in7 b=2aif 0 < o0 < 2, b =oca otherwise, and
¢ =7¢(m, N,pog), is as in Step 2. The proof of Theorem in the case pg > 1 is concluded by letting py = p,
Roo = R1 and Too = Tl.

e STEP 4. The case p = 1. So far, we have proven the space time smoothing effect for solutions in LE° for
any po > 1. Unfortunately we cannot simply take the limit as pg — 1 in inequality since the constant
¢ would blow up, being proportional to ¢; ~ (pg — 1)}, explicitly given in . We show how to deal with
the limiting case p = 1. A standard way to proceed is to first prove the result for bounded initial data, for
instance ug,, = ug A n, then by a lengthy but straightforward approximation procedure the result holds for
L,ly solutions. We are going to use inequality which holds true on any couple of cylinders of the form
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Qoo C Q := (I,T] x Br(xo) C Q := (T, T] x Bg(zo) C Qo for any py > 1, and implies (by Hélder’s and
Young’s inequalities)

1 q(I—m o
ol g) < 30l @) + &/ H ol (230
where J; > 0 is as in (2.25) and can be estimated as follows,

he (R, R, %) 1

J <7 — = + — 2.31

1 T T (2.31)
with ¢ = 2 CC’_b/a vV 0517 with ¢, C1,Cy > 0, as in the previous step. Moreover,

¢ = 9T = (¢ Jo)Tit=m >0 (2.32)

and ¢, Jy > 0 are as in the previous step, and depend only on pg, N and ~, 5.

We are now in the position to iterate the above inequality, using ideas inspired by a classical Lemma due to
DeGiorgi, that can be found in many different sources, for instance see Lemma 3.6 of [15]. Fix 0 < 7 < 1 and
define cylinders Q; := (t;,T] X By, (xg) where

ro=R and 74 :=r;+ (1 —-7)7(R—R)
to=T and tiq:=t;—(1—71)7"°(T~-T),

we iterate (2.30) as follows

_ (g+1)91
1 ho’ (R7E7 -’I:O) 29 i
- < = - + " A\ _ + _ oy —io(q+1)91
lelhoan < holhomcan +¢ | T + 5| il "
2.33
& — (g+1)91 k—1 :
]-) 1773 ho' (Rvﬂa -TO) 1 9 1 -t
<(5) Molimgn +¢" |2+ ——— 01737y 3 (277
<2 (R - E) I =T ’L:O
Mmoo 1 < (a+1)d . s
where ¢ := ¢ A=A . Taking the limit k — co we get
_ (q+1)01
—_ ha Ra E; Zo o9
Il = Il (@) 7 | PRt o L ol e

Finally, the constant &1 = ¢’ > po (27"’(9’+1)191)_i < 00, whenever 277?11 « 7 < 1. We have proven
inequality (2.28]) also when uy € L', and the only thing that changes is the constant %;1, which in any case
only depends on py, N and +, 5 and we can even fix py > 1 taking for instance pg = 2. []

2.4 Proof of Theorem [2.1]

The aim of this section is to prove Theorem we only sketch the main points, which are analogous to
those in Section 2.3 of [I7], where a detailed proof is given, just for simplicity here we take to = 377¢. Let
u(t, ) be a weak solution to[WEDE]in the cylinder (0,T) x Bag, (o), and let 0 < 7 < T, and define e = 1/3
and p = (3/2)Ry. We apply Theorem to the rescaled function

o\ T-m
@ (t, ) = Mu (7t px) where M = (p> ’
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which turns out to be a solution to the [WFDE|fover the cylinder @ = (0, 1] x B(14.) (,0_1:50). Consider the
cylinders Qo = (0,1] x By (p~ o) and Q1 = ((1/3)7,1] x Bi_. (p~ o). Applying estimate (2.11) to @ over
these two cylinders we get

1
a+1 p—q(m—1)
sup @ < R11[23%h, ((3/2)R0,R0,x0)}1’—q$—m [// (G +1) |2|77 dz dt} .
Q1 0

Applying the inequalities obtained in Proposition [2.4{and Proposition [2.5/to @, on the domains By (p~'zg) C
Biie (p~'xo), for times ¢ € [0,1] and integrating them in ¢ over (0,1) we obtain

1 ptm—1
ptm—1 1— 2 1-m
/ / P x|V dedt < 2 R / 0 (0,2)" |z|77 dz + (L/C,
0o JB, Bit. p+l-—m

which holds for any p > p. ift m € (0,m.] or p > 1 if m € (m,, 1); notice that K > 0 is an upper bound
for the two constants given in and when p = 1 or p > 1 respectively; the expression of K will
be given below in . Rescaling back to u, using inequality (a + b)® < kja® + kob® and recalling that
he (1,1 —€,p7 @g) = ho (p, p(1 — €),20) and py(Bi(p~ zo) = p? N puy (B, (w0)), we finally obtain

Cl pfq(infl) T i—m
sup U ———g— / u (0,9)" [y~ dy +Cs [Rg} )
((1/3)7,7]x Bry (0) T p+a(m—1) Bapg (20) 0

where the constants are (recall that € = 1/3 and p = (3/2)Rp):

m— (g+1)
Oy = kyRy 20 am=0 [23% by ((3/2) Ro, Ro, o)) 70—

pt+m—1 p+q(1n*1)
- (1—-m)21=m MW(B(3/2)R0($0)) o e
C2 = ke p+1—m K ((3/2)Ro)N—7 [23%ho ((3/2)Ro, Ro, wo)]7=20=77 (2.35)
. { ¢y (37hq (2Ro, (3/2) R, 20)) =7 (2Ro) TN 1, (Bap, (wo)) if p> 1
"1™ (2R0)"™N puy (Bag, (20)) (027 (Ro/3)) ™ ifp=1,

where ¢, is defined in (2.10)). This concludes the proof. []

3 Part II. Positivity estimates

This second part of the paper is devoted to the proof of our main positivity result, Theorem [I:4] The proof is
delicate, quite long and technical, and represents the major novelty of this paper, as already explained. The
strategy of the proof of our local lower bounds, Theorem relies on the study of the worst-case scenario:
we will prove lower bounds for solutions to a “smaller problem”, that we will call the Minimal Dirichlet
Problem (MDP), following [I7]. Then, by nowadays standard comparison arguments, see e.g. [58 O1], we
can extend the result to local nonnegative solutions. Let us consider a the Minimal Dirichlet Problem, i.e. a
homogeneous Dirichlet problem localized on a ball, with a smaller initial datum:

8tu = |33\'YV . (|x|_5Vum) in QT = (O,T) X BRD(Z‘O)
u(t,z) =0 for t > 0and z € 0BR, (o) (MDP)
u (0,2) = UoXBp(z) = 0 in Bp, (o), with 4R < Ry.

Extinction time for MDP and minimal life time. We will show that nonnegative solutions to MDP extinguish
in finite time T' = T'(ug) > 0. Moreover, T' (hence its lower bound t.) provides an estimate of the time interval
for which any non-negative super-solution is strictly positive: recall that also super-solutions can extinguish
in finite time. For this reason we call ¢, minimal life time of the (super)solution u, following [I7]. Estimating
T in terms of the initial datum (or of the solution at a reference time) will provide estimates on the size of
the intrinsic cylinders (the natural domains for positivity and Harnack estimates, whose size depends on )
for any local super-solution. Let us state the main result of this part.
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Theorem 3.1 (Interior Lower Bounds for MDP) Let 0 < 4R = Ry and u be the solution to
corresponding to the initial datum uoXpg(ze) € LY (Br,(70)) with p > p. when m € (0, m.] and with p > 1
whenm € (me, 1), moreover assume that Br, (o) satisfies either (1), (2) or (3). Then, there exist ks, Rpo > 0
depending on N, m,~, 3, given in and respectively, such that we have the following estimates for
the extinction time T = T'(ug):

1-m . 1-m
t, = Kk R° [uollLy (8r) <T< MW(BR(L(Q?Q))(N*W) ||u0||L£(BR0(w01)) (3.1)
Ha(Br(xo)) o (Bro (20)) 7

Moreover, there exists k > 0 such that

pg(Br(zo)) t
fi(Br(z0)) R?

The constant £ > 0 depends on N, m,~, 8 and has an (almost) explicit expression given in (3.51), and only
when 0 < m < m, it depends also on Hy, defined in (1.13).

inf  u(t,x) >k [

=m
] for any t € [0,t.]. (3.2)
z€B2r(z0)

Remarks. (i) Theorem holds for more general scenarios, as it will be clear by a close inspection of the
proof presented in this Part. However, to simplify the presentation we have decided to state the result only
under assumptions (1), (2) or (3), since as already remarked, they represent the most relevant cases.

(ii) We recall that  has a precise behaviour given in term of [}p’ and that when m > m, it does not depend
on ﬁp, see Remark (ii) and (iil) for more details.

(iii) A closer inspection of the proofs reveals that analogous results hold for solutions of the Dirichlet problem
on arbitrary bounded domains € and general initial data. Bounds on the extinction time similar to
have been obtained in [I7] for the model equation, and in [I3] on Riemannian manifolds.

Strategy of the proof of positivity estimates. As already explained above, it is sufficient to prove our
lower estimates for solutions to the reduced problem MDP, and to avoid unnecessary technicalities, we will
work with strictly positive solutions which solve a “lifted problem”; cf. Subsection The proof of our main
positivity result is quite complex, as already mentioned in Subsection [I.2] indeed, more standard techniques
seem to fail to give quantitative estimates, hence we develop a new method, that we split it into four steps:

T Step 1, Section B4 L5 Step 2, Section [B5] I-¢ Step 3, Section [3.6] Le Step 4, Section [B.§ L
vy v vy v

Moser iteration Smoothing Parabolic John-Nirenberg Smoothing

Prop. [3.4] for Lifted Problem, then let § — 0% for MDP (Cor. [3.11))

The first step (Subsection consists in proving a L™ —L_ ® estimate through a lower Moser-type iteration
with negative exponents; due to the nonlinear character of our equation, such iteration does not allow one
to reach all negative exponents, in contrast with what happens in the linear case here we can only reach
—s < —(1 —m). The second step (Subsection [3.5)) consists in proving quantitative L% — L7 estimates for
any € € (0,1—m). Subsection contains the third step, a parabolic analog of the celebrated John-Nirenberg
Lemma: our Lemma provides a Reverse Hélder inequality for small exponents, in the form of a L7® — LS
estimate, and it holds for solutions to the (lifted) MDP; the proof relies on the monotonicity properties of
the solutions to the MDP, combined with a weighted version of the celebrated John-Nirenberg Lemma, which
we borrow from [56]. Corollary collects all the results of the first three steps, in the form of L™>° — LY
smoothing effect for solutions us to the [j-MDP] Next, letting § — 0, we prove Corollary which is the
analogous result of Corollary [3.4] for solutions of the MDP. Subsection [3.8] contains the fourth and last step,
namely L7 — L}Y estimates, see Lemma [3.12} gathering all the previous results, we finally obtain the L=° — Lly
estimates in Corollary The proof of Theorems [3.1] and [T.4] is contained in Section [3.9

3.1 Basic properties of solutions to the Minimal Dirichlet Problem

We summarize here the standard properties of solutions to the [MDP| which will be used in what follows.
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Proposition 3.2 Let ug € LE(Bg,(w0)) with p > p. when m € (0,m.] and with p > 1 when m € (m,, 1).
Then there exists a unique strong solution to the problem [MDP and the following properties hold:

(i) There exists K12 = R12(7, 8, N,m,p) > 0 such that for any t > 0

opd
[0lTE B o)
||U(t)||Loo(BR0(g;0)) < Ri2 t(N—W)I;p . ) (3.3)

whereﬁp:m and0:2+ﬂf’y

(i1) For all t > 0 we have Hu(t)HLg(BRO(mO)) < ||“0||L£(Bao(zo))~

(iii) For allt > 0, the function t — u(t, x)t_ﬁ is non-increasing, for almost any x € Bg,(zo).

Remark. The constant K12 may be chosen to be independent of By, (zo), as explained in the proof.
Proof. Existence and uniqueness of strong solutions follow by minor modifications of standard arguments,
cf. [0I]. Also properties (ii) and (iii) follow by standard arguments that can be found in [9I]. The upper
bounds (i) hold as a consequence of the smoothing effects for the Cauchy problem on the whole space,
namely inequality with the norms taken on RY. The proof of such global estimates is easier than its
local counterpart: on one hand, such bounds can be proven directly by doing a Moser iteration, and then
noticing that the solution the MDP (extended to zero outside of Bpr,(x0)) is a subsolution to the Cauchy
problem for posed on RY. On the other hand, such upper bounds can be deduced from the local
upper estimates of Theorem by letting Ry — oo in inequality (2.1)) (in such limit the constant Kg becomes
independent of Ry and the second term vanish), so we obtain in the latter case, assumptions (1),(2),
(3) do not play an essential role, since we can always consider zo = 0. []

3.2 Proof of the bounds [3.1] on the extinction time for MDP.

We now prove the two sided estimate on the extinction time. While the lower bounds follows from
Proposition 2:4] the upper bounds requires the following Proposition, in which we show that Sobolev and
Poincaré inequalities imply extinction in finite time for solutions to the MDP, as already observed in [I3} [I7]
for the model equation (8 = = 0) both in Euclidean and Riemannian manifolds settings.

Proposition 3.3 Let u be the solution to the [M. corresponding to ug € LE(Bg,(z0)) with p > p. V 1.
Then, for all ¢ > 1 there exists a constant K4 > 0, such that for all 0 < 7 <t we have

[Ju(t )||Lq(BR (z0)) < Ju(r )HLq(BRO z0)) q(t -7), (3.4)
as long as the right-hand side is nonnegative where the constant K, is given by

o e (1_pe . _ 4(g—1)(L —m)

Ro = R B x N=") (1 % ) with g = ————2~ 7

q (IVOIU"Y( Ro( 0)) q,0 E%3 (q +m— 1)2 ’
where K13 depends only on geometrical quantities, but not on Ry; we recall that 0 =2+  — 7.

Proof. We will write B, instead of Br,(xo) and LY instead of L% (Bg,) when no confusion arises. We
combine weighted Sobolev and Poincaré inequalities (CKNI|) via Holder’s inequality as follows:

/]

vy < Iz IFIE, < mMBRo)2<N“—~><1*9>|\VfuL;. (3.6)

gt+m—1
2

for any s € (2,7*) for any function f € D, 5. Letting now s = —1—, f = u and 6 = p./q, and

m
recalling that s < r* if and only if ¢ > p., we have that inequality 6) implies

||f‘ 9 [ 1—m pe

q
iy = llulls T <R (Ba, O
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Next, we formally take the derivative L norm of u to get the following differential inequality

4q(q —1) a+m=1 4q(q—1) _ e _(1—g), qa(1-1==
2 QK%S:U‘"/(BRO) w1 )HUHL(% )

d q =2
— g =——— v < -2 7
dtHu”Lv (q_|_m_ 1)2H u HL?B = (q_|_m_ 1)

Integrating this last inequality in [r,¢] C [0,7] we get (3.4). A rigorous proof (long and technical, but
nowadays standard) can be done by using energy inequalities and Grownwall-type arguments. []

Proof of Inequalities As an immediate corollary of inequalities (3.4)), there exist the extinction time
T > 0; moreover, it satisfies the upper bound which is nothing but inequality (3.4) with7 =0andt=1T.
The lower bound follows by letting ¢ = 0 and 7 = T in formula (2.8)).

3.3 Lifted problem and a first positivity result

In this section we address the question of proving quantitative estimates of positivity for the[MDP] We begin
by introducing the following “lifted” problem: let § > 0, 0 < R < Ry

Oyus = |z|'V - (\J;|_5Vug”) in (0,00) X Br,(xo)
us =9 on (0,00) x OBg, (o) (6-MDP)
us (0,2) = uo(2)X By (z0) () + 0 for x € Br,(x0).

The results of Proposition hold also for solutions to the more precisely, (ii) and (iii) hold in the
same form, while (i) holds with an extra ¢ factor on the right-hand side, as explained below; the proofs of
the latter facts are a straightforward modification of the case § = 0, indeed, it is clear that vs = us — 9, solves
a homogeneous Dirichlet problem with a regularized nonlinearity: dyvs = |z[YV - (Jz| =V (v]* + 6™) — ™),
as in Appendix B of [10], or as in Chapter 5 of [9I], where even more general nonlinearities are treated.
However, we recall explicitly the two main estimates that we will use in what follows: the time monotonicity
property (iii) of Proposition namely the fact that ¢ — u(;(~,t)fﬁ is non-increasing in t; the upper
bounds, namely, there exists %12, given in (3.3)), such that for any (¢,z) € (0,00) X Bg, (o)
2K

§ < us(t,z) < ﬁnuomﬂw + 5\\1;;?;%(%)) +26 := My (ug, 6, t). (3.7)
The next Proposition proves L=°° — L€ estimates for solutions to this is the core of the proof of the
main Theorem [3.I] and it contains the first three steps explained above. In what follows, we need to assume a
certain weighted L? integrability on the initial datum, otherwise the above inequality may fail, as thoroughly
explained before. It is convenient, even if not strictly needed, to assume us to be bounded: this will simplify
the proofs of the lower iteration.

Proposition 3.4 (L~ — L estimates for Let ug be a strong (super)solution to[5-MDF on (0, 00) x
Bry(z0), corresponding to uoXBy(xy) € LE(BR,(T0)) with p > p. when m € (0,m.] and with p > 1 when
m € (me,1). For any 0 < Ty < Ty < Ty < Ty, such that T3 — Ty > T — Ty, for any xo € RY and for any

0 < R2 < Ry < R such that 0 ¢ Br, (x0) \ Br,(%0), and for any € > 0 such that

RO |$ I B— —1/2
1 0 1—-m
— [ — V1 M, 0, T, 3.8
+ T, (Rl ) P(u07 ) 0) 1 ’ ( )

1

0<e<ysAN(1—m) with vy = ——
K14 Ke

there exist s > 1 —m and Ky > 0 such that

inf Us > Ko [(1 + Mp(uo, 6, To)l_m)]n€+575f7§171€5 (T — To)fﬁ

(T4, Ta] X By (z0)

__o& hg(Rl,RQ,.’Eo) 1 n5+55+s’£"’145
B 5y
19 505t

(;)’" (B, (20)) ( /B Rl(ﬂ)ﬂé(ﬂ@flﬂﬁl”ﬂf) (3.9)
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where k. is the smallest k € N such that (r*/2)ke > 1 —m and

k 2 ka
7\ 1 N —~ 11— (%)
== , =— 1) <0, =—-———'5— <0, 3.10
5 ( ) = e ss+m1<2+5’y+ > s e 1-2 (310)

with he, M, and r* defined in (2.2), (3.7) and (CKNI) respectively; we also provide the expression of the
s 2

_se . ___ 2 se ) . )
constant ko = figky* " Ry T 2Vt 53m=1Ce) it K3, Ky, 7 depending only on N,m,p,3,v,e and

gwen in (3.11), (3.23)), (1.21) respectively; K¢ given in Lemma depends on N,~, R14 given in Lemma
depends on N,~, 3, m.

The next four subsections will be devoted to the proof of the above Proposition.

3.4 Step 1. Lower Moser Iteration.

In this section we prove L™ — L ™% smoothing effects by means of a lower Moser-type iteration. We will
cover more general cases than (1), (2) or (3). We are going to prove a priori estimates of the solution to the
[0-MDP] and such bounds involve the quantity h, that under our assumptions will always be bounded.

Proposition 3.5 (Nonlinear case) Let u be a strong (super)solution to on (Ty,T2) X Bpr,(x0),
corresponding to ug € LY (Br,(20)) with p > p. when m € (0,m.] and with p > 1 when m € (m,,1). Then,
for any s > 1 —m, for any 0 < Ry < Ry < Rq such that 0 € Bg, (zo) \ Br,(zo) and for any Ty € (To, T»),
there exists ks > 0 such that

inf w> s | (14 M, (uo, 8, To) ™™ (
(T1,T2]X Bry (z0) = 23 [( p( 0 0) )

he (R1, Rz, x0) " 1 )]ns
(R1 — Ry)” T — 1Ty

N _ 1
T, o GTm=D . SFm=T
X (> (Ty = Tp) stm=T1 / u (T, x)|x| 7 da (3.11)
I Br, (z0)

where ns 1= —Wﬁ (HN’% + 1), he and M, are defined in (2.2)) and (3.7) respectively, and k5 > 0 depends

on s’p)N777/67m'

Remarks. (i) We recall that the technical assumption 0 € Bg, (zo) \ Br, (o) is needed only to guarantee
that the quantity h, is finite.

(ii) The above estimate also holds when m = 1, in which case we can take any s > 0, see Proposition
This fact considerably simplifies the proof of lower bounds in the linear case: the lower bound is formulated in
terms of a space-time integral on a bigger parabolic cylinder, and this is the classical result in linear parabolic
equations, see for instance [23] 24], 25| 26] 54l 53, [74], [75]. We refer to Section for further details.

Proof of Proposition Throughout the proof us will be a strong (super)solution to on a
generic cylinder @ := (Tp,T) X Br(xg) where T and R are fixed, and will be chosen at the end of the proof;
we will write u = us, and Bgr = Br(xg) (Br, = Bg,(z¢) resp.) when no confusion arises. We recall that
c=24+8—-v>0,r*=2(N—7)/(N—-2-0), and we set ¢ = (N —v)/o. We will split the proof into several
steps.

e STEP 1. Preparation of the iteration step. Let 0 < Ry < Ry and 0 < Ty < T7 < T and define Qg := @ and
Q1 := (T1,T] x Bpg, (z9). We are going to prove the following inequality, with a € (1,7*/2):

he (Ro, R1,x0) 1 TH‘

Il ’““(’”“)mdedts[2S»y,ﬁ12[2c<m,p>1”"{ (Bo—Ri)”  T1—T

s (3.12)
x [1 +M5(u0,(5,T0)1_m]1+% [// u P T dxdt} "
0

To prove the above inequality, we first recall the CKNI inequality (2.12)) with f2 = «™ =1 and p > 0:
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alm dx dt —
[ e St 2525[//( Pl 7 + i (Br,) ¥

X MV(BR1)_% sup / u("L—P—l)(a—l)q‘x|_,Y da
te(T1,7]J Br,

m—p—1 1|2
Vu™ 2 ’ |x|_6> dxdt]
(3.13)

1
q

We are going to estimate the two terms on the right-hand side of the above inequality, by means of a modified
form of the lower energy estimates (2.5)), which easily follows by using (3.7): for any p > 0 and any 71 € (Tp,T)
and R; € (0, R) we have

T
d —ptm=-1(2 dxdt
sup / u(T,x)_p—x +/ / ‘Vu E xﬁ <3 [1 + M(uo, 6, To)' ™ m]
r€[T1,T] o) || 2 5o ||
Ry (Zo 1 Bbrq(Zo
. (3.14)
y [fw(l%c,l%haio)+ 1 }/ / T dmdt’
(R — Rl) T, —Th |l‘|7
To Br(zo)

where Mj(ug,d,To) is defined in (3.7), and p > p. when m € (0,m.] and with p > 1 when m € (me, 1); hs is
defined in (2.2)), and ¢3 > 0 depends on m, p, N, as in and is given in the energy inequality (2.5)). We estimate
now the first term of (3.13) using (3.14):

I (el (B
1

J _263/1"}/(331) [1+M (U0,5 T())l m] |:

Cp1 |2

Vu 2

|x|_6) dzdt < J// u™ P 2|7 da dt. (3.15)
Qo

where
hg(R, Rhl'o) 1

> 1.
(R—Rl)g Tl—T0:| -
Note that it is not restrictive to assume that J > 1, by an argument similar to the footnote related to formula
[@.16).

We estimate the second term in the right-hand side of (3.13) using again (3.14)), observing that we can
always choose a € (1,7*/2) such that (m —p —1)(a — 1)g = —p to get

1
¢ 1
sup / uPlz| 7 dz| < [es (14 Mp(uo, 8, Tp)' ™))"
te(T1,T] J Br,

(3.16)

h0<R’ Rl,l‘o) 1 % // —p+m—1|..|— é
dx dt
x{ (R—Ri)° +T1*To Ou || T

Combining inequalities (3.13]), (3.15) and (3.16) we get (3.12).
e STEP 2. The k'" iteration step. We first define an increasing sequence of exponents py, recalling that
qg=r*/(r* —2) and py > 0, set

1 k+1
D1 i= <1+>pk—<1+> pg — +00.
q q k—4o00
Next, we define the cylinders Q := (T}, T] x Bg, (%) as in , so that Q@ D Qr D Qr+1 — Qoo; We have
chosen a decreasing sequence of radii Ry > Ry > Ri11 — Ro and an increasing sequence of times Ty < T <
Tir1 — T asin , namely Ry — Ri+1 = C1(Ro— Roo)(k+1)"% and Ti41 — T = Co(Too —Tp) (k+1)~27
where a =2V o~ ! and Cy,Cy > 0 are as in .
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Plugging all the above defined quantities in inequality (3.12]), the k*® iteration step reads

~FepidTm
// u~ Prert1=m) 0 =Y g dt (3.17)
Qr+1

> 26, 4] T (205 (1 4+ My(ug, 6, T1) ') P ()

R e (14
y {hg(Rk,Rk_H,a;o) + 1 } Prt1tT ( ) [// uf(p’“+17m)|:c\77 dzdt] AR ( ) .
(Ri — Ri41) Tevr — Tk 8

Bounds for the constants. It is convenient to bound the constants appearing in (3.17) by a quantity which
does not depend on p, but only on m, v, 3, R and Ry. Recall that c3 := 2Ky, ¢y, p, is given in the energy

2\ —1
inequality (2.5): while K, > 0 depends only on NN, the quantity ¢, p, = p’;:l (p’;:l A ?ﬁfﬁii%z) needs to

be bounded uniformly for all k > 0; since py, > po > 0 it is easy to show that we have ¢,,, , < (1+py*)/(1A4m),
so that 2c3 = 2¢3(pr) < ¢ = ¢(m, N,pg) < +00; hence 2¢3(pr) < ¢ can be bounded uniformly by a constant
that depends only on N, m,pg. As in , also h, (Rg, Ri+1,20) can be bounded by a quantity depending
only on o, Ry and R, as follows:

ho (Ri, Rivs1, 20) < ho (Ro, Roo, w0) (k + 1)°C=0+ 0 ¥~

where C7 > 0 is as in (2.21). Moreover, by (3.7) we have that My(uo, 6, Tx) < Mz(uo, 9, o), since Ty < Ty,
(3-17]

Finally, we can rewrite the k" iteration step (3.17) as follows:

~(1+1

=1 _\ a)
—(Pk+1+1 m) dzdt pk+1+1*m pk+1+1 m —(pk-‘rl—m) dx dt Pk+1+1 m (318)
Qrt1 |$|’Y k+l Qk |$"Y ’

where the constant Iy, is bounded by

b 1+,
ho (Ro, Roo, 20) Cf o _ ! 1
Iny1 < 28, 6] [c( (Fo 7o) ¢ 42 )(1+M5(u0,5,TO)1 m)] (k +1)°(1+3)

(RO - Roo)a Too - TO

hU (R07Rooax0) 1 (319)

b 1+% )
< [25,,4)° {C(Cla vy ( (Ro— Rw)” | Toc To) (1 + My(uo, d, To)l_m)] (k +1)*(+%)

1
= Jody (k4 1))

where b = 2a if 0 < 0 < 2, b = o otherwise. The assumption (2.21) on « ensures that b > 1.
e STEP 3. The iteration. We now iterate inequalities (3.18]) to get

1
lc+1 j 1+1 kt+

k1 (2 \Uy)
// u—Prerr1-m) ST dx dt P > H I pk+1+1 ™ // —(pot1—m) dzdl P (3.20)
Qr41 |x|'y o |3’J|'y

We estimate the product appearing in the above inequality as follows:

k .
k+1 S S 1\J _
Hmml e ()T {JOJ“?ITMHW =) {(ml)b/}mﬁ. [2b’]m(1+ D)
= 1
L] AT > (1+5) k1 v 1\FH1-]
o E S | P
j=1
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where b/ = (1 + %) Recalling that pp = (1 + %)kpo we get

i=0 141

k .
-1 1\’ 1-—
_ E <1 + > -, 4 and P + ’ :n Do -
Prk+1 +1—m q k—+oo Po ( ) + k—+o0
q

Moreover, it is easy to show that
k+1 1

1 H P <1+1>l’;,+1+1 (1+‘Z)k+l_j 1 v i a jl ( //)i
im jrotts —m < lim exp - ( ) ogj | <(c")ro < +00.
koo o k=400 po + (1(%7)",:11 o\atl

Taking the limit in (3.20)) as k — oo we obtain

. —
é)nfu > {c/’ J0J11+"} ’ (// u = (Po+1=m) g =y d:cdt> . (3.21)
it 0

Note that Jy and ¢”” depend only on m, pg, N, v and 3, while J; depends also on Ry — Ry, and T, — Tp.
e STEP 4. The goal of this step is show that estimate (3.21]) implies estimate (3.11]). To this end, we use the

time monotonicity properties of the solution, namely the fact that ¢ — (¢, 2)t” 7= is non-increasing in time
for almost every x € Bg,(zp). Recalling that py > 0, we get for any ¢ € [Tp, T

potl—m

T 1—m
/ u(t,x)™ 1P 7Y da < <) / w(T, x)™ P~ x| 77 da.
Brg (20) To Br (o)

Hence, (3.21)) can be estimated as follows (recall that Jy, J; are defined in (3.19))

q potl—m -
11720 [Ty po(T—m) PO
infu>g [JoJlH"] ’ <0> ’ (T - To)fﬁ / u™ PN (T, ) || Y da
Qoo T Brg (z0)

This is exactly (3.11)), with Ry ~» Ry, Roo ~ Ro, Too ~>T1, T ~»Th and s :=py+1—m, p:=p. [
Remark. Note that the estimate degenerates in the limits m — 17 or m — 07, indeed the term
m—1" m—0T

po+l—m _ g+l
(To/T) poti-my L, 0; also, by (3.19)) and previous discussions we have J; ~ 1/m, so that J; " ——— 0.

3.5 Step 2. Smoothing effects for negative norms.

In the previous step we have proved an estimate of type L™°° — L™°  which holds for any s > 1 — m, but
this is not sufficient in order to use the reverse Holder inequalities of Corollary which may hold only for
exponents close to 0. In this step we solve this issue by proving L=° — L ¢ estimates, for any ¢ € (0,1 — m),
through a finite iteration.

Proposition 3.6 (L~° — L™° Smoothing Effects) Letus be a strong (super)solution to on (0, 00) X
Br,(w0), corresponding to uoXpr(zo) € L5 (BRy(20)) with p > p. when m € (0,m.] and with p > 1 when
m € (me,1). Let 0 < Ry < Ry < R be such that 0 ¢ Bpr, (o) \ Br,(zo) and let 0 < Ty < Ty. For any
e € (0,1 —m) there exists s. € (1 —m, 77(1 —m)| and k4 > 0 such that

_1 N
se T\ T=m
/ us(Ty, x) 5|z~ da >k <O> / us(Ty, ) "¢ |z| ™7 da
Br, (z0) T Br, (z0)

[ w810 (s By v (PRt LNV g

1
e
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where k. is the smallest k € N such that (r*/2)ke > 1 —m and

1—(2)"
se = (r*/2)ke>1—-m and (= féil (TQ)
1 if e # (1 —m)(2/r*)F for all k € N
ky = "@2{ _#(i)kﬁ ) ( @ *)k (3.23)
/’L'Y(BRI) =m\2/) 72 ife=(1—m)(2/r*)" for some k € N,

where hy, My, and r* are defined in . ) and (CKNI) respectively, while &) only depends on N,m, 3,v,¢.

Proof. The proof relies on a finite iteration and it is split into two steps. Let us fix o € RV, and simply
denote Bg = Bgr(xg) and u = us > § > 0, when there is no ambiguity.

e STEP 1. Preparation of the iteration step. We are going to prove that for any s € (0,1 — m), for any
0 <Ry <Ry <R<Rpand0 <ty <1y, there exists a constants k, > 0, depending on ¢,~, 8, N, m, xo and

R, Ra,t9,t1 and the norm of the initial data [|uol|Lz (B (xy)) Such that

s

/ u(to,x)%*s\xrw dz >c / u(ty, ) %|z| 77 da , (3.24)
Br, (z0) Br, (z0)

Yy —1/s
where ¢ = [(NV(BRQ = \/é1> 453,5} (t1/to)/ (A=) E; is as in (3:28) and S, 4 is as in (CKNI2).
Note that while s € (0,1 —m), in general 7*s/2 may be bigger than 1 —m: we will exploit this fact in the
next step. We first integrate in time inequality (CKNI2|) applied to f = upﬁ';ﬁl, with p € (0,1 —m), to get

Joimnrs | [t [ o

to BR to BR

t

/ /“gwm n dr d7<25
|7

to BR2

2 dadr
||

Recalling that by (3.7) we have u(t,z) < M,(uo,d,t), for all t > ¢y and x € Bpg(zg), then the energy
inequality (2.4) implies for all p € (0,1 —m) (recall that p+m —1 <0 and v > § > 0)

/t/ Tu 2 dadt <C/“/ m—1 dzdt
to BR2 “r|ﬁ - to BRl |x|'Y

_ _ ha’(Rl R2 xo) 1
= ¢y [14+ My (ug, 6,t9) ™™ k)
C2 [ + p(an ) 0) } |: (R1 _ RQ)(T t, — t:|

he and M, are defined in (2.2) and (3.7) and ¢z = co(m,p) > 0 is as in (2.4). Combining the two above
inequalities we obtain

p+m—1
2

where ¢ € (to,%1) and

2

t t1
/ / o m=) dx dr < QS7 5 (/M(BR Y&=5 TV E C / / ybrm—1 dxdr (3.25)
v
to BR2 ‘Jf| BRI 110) |x|

We recall that ¢ — (¢, x)t_ﬁ is non-increasing in time for almost every « € Bg,(xo), hence we can estimate
the two sides of the above inequality: the left-hand side can be estimated from below

2
7‘

2 . 5
t r* e T—m *
r* (p+m—1) d ~t1—”m/ — " r* (ptm—1) d
/ / u(T, ) i dr > ———9%— / u(to, ) rpt S0 ,  (3.26)
to BR2(:E()) |§[,'|’Y tol—m BR2 (:Eo) |x"y

where é = (1 —m)/p. Analogously, we can estimate the right-hand side of (3.25]) from above,

P P

t1 B d dt tm _ tm B d

/ / u(t7 x)p+m_1 - Yy S ! ﬁerf(l) / U(t], x)p+m_1 a’jy : (327)
to 7 Brg,(zo0) |x‘ t, 1-m Br, (z0) |$|

(X}

31



Finally, letting s = —p + 1 — m, we have s € (0,1 — m); taking t?/(1=™) = (t’f/(l*m) + tg/(lfm))/Q, we have

2 = (/) B0y g/ (mm) g/ Do that (B:25), (B-26) and (B:27) give (3:24). Note that we
also have

he(R1, Ra, xo) 1
(R1 — Ra)° ty — to

€ < 2c9 [14 My(uo, 6, t0)" ™™ =7, (3.28)
since we have that p < 1 —m implies t; —t = t; — [(tf/(lfm) + tg/(lfm))/2](1_m)/p > (t1 —to)/2.

e STEP 2. The finite iteration. Fix ¢ € (0,1 —m) and assume that ¢ # (1 — m)(2/r*)* for all k € N,
to avoid that (r*/2)*¢ = 1 — m for some k € N; the remaining cases are similar and will be discussed
at the end of the proof. Let k. be the smallest positive integer such that (r*/2)¥e > 1 — m: note that
k. > log[(1 — m)/e]/log[r*/2]. We are going to iterate inequality k. times; let us define a decreasing
sequence of exponents, and increasing sequences of radii and times for all 0 < i < k.

sii= (/2% e, rii=Ry+ ki(R1 ~Ry)  and  t; =T+ ki(T1 —Tp) (3.29)

Note that by construction s; € (0,1 —m) for all i = 0,...,k. , sg. = ¢ and s¢ = (r*/2)*e > 1 —m, so that
we can rewrite inequality (3.24]) as follows:

o)l ot ., oy = Cilleltinnllly o 5, oy (3:30)
where ¢; = ¢(s;,t;, ;) has the expression

¢ = [4S§,B (1 Ve(m,1—m —s;41) (1 + M, (uo, 9, ti)l_m))} ~T

1
ho (rit1, 73, 20) 1 )} s+l
+

(rig1 —1i)° tiv1 —t;

[ : }11 | (3.31)

i (B oo 5 v
tit1

where ¢ = ¢(m,1 —m — s;41) is as in (2.4). Iterating k.-times inequality (3.30]) we get

ke—1
Ls1 (Brl) 2 e Z (H Ci) ||u(tks)HL;ske (Brks)' (332)

=0

lutto)l -0, = collu(ts)
Recalling that tg = Ty < ty, = T1, 7o = R2 < 1. = Ry < R, and that so = (7*/2)%s¢ > 1 — m we have
(Tl 0 ) 2 Tl

where C' > 0 is the lower bound of the product Hf;gl ¢; that we are going to estimate explicitly below. From

formulae (3.31)) and (3.29) we deduce that

t O\ T o (ho(Ry, Re, o) 1 )} gy el
¢ > ¢ Bp,(z N=7 V + 1+ M,(uo,6,Tp)" ™) | =i+t
(tm) [m( 2 (20)) ( ) (14 My (0, 6, T0)'—™)]

since M, (uo, 9, ;) < Mp(uo, 6, Tp); moreover, ho (rit1,7:, 7o) < k7% by (Ry, Ry, o) and pry(Br,y) < piry(Br,);
—1

finally we have set ¢, = [24Sﬂ2fyﬁc(m, 1—m—si1) K2V + k:g)} “*! Finally, we can estimate C as follows:

ke—1 1 k-1 ksil—.’l
11 Lo\ = - ( (ha(Rl,Rg,z()) 1 ))]
¢ 2 ||gl 14+ My(ug,d,To) ™ Y,
=0 (T1> pals |:( P( 0 0) ) H (Rl _ RQ)U Tl — TO
1 L)kf

To> = { - ( <ho(R1,R2,mo) 1 >)}_
> kL= 1+ M,(ug, d, T m V + ’
Z Ry <T1 ( (U0 0) vz (Ry — Ro)? T - Ty
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where we have put p := pu,(Bg,(20))” ¥ and we have used that 3= " = Zk ! (T ) =1[1-

-5L+1
(T%)kg |/[1— 2], and that Hf;gl (ti/tiz))” ™ = (Ty/T1)Y =™ and we have defined &/, Hf e, >0

so that it only depends on N, m, 3,7,¢.
e The cases when e = (1—m)(2/r*)* for some k € N. When ¢ = (1—m)(2/r*)* € (0,1—m), one can start by a

slightly smaller value, say & = 15™ [(72* )k + (*)k—H] < ¢, proceed as above and obtain (3.32) with ks = k+1,

namely HU(TO)”L*SO(BR )2 > Clu ( )||L “(Br,) with sg = ( */2)¥+12 > 1 —m, and then conclude by Hélder’s

inequality, observing that Hu(T1)||L “(Br,) = [L—Y(BRl) ||u(T1)HL “(Br,) Since —€ > —¢; finally we notice
k . 2

that £ — % = -2 (%) 553 O

3.6 Step 3. Reverse Holder inequalities

In this subsection we prove the Step 3 of the proof of our positivity result. More precisely we prove L7¢ — L*
estimates, in the form of reverse Holder inequalities.

Proposition 3.7 (Reverse Holder inequality for _ Let ug be a solution to on (0,00) X
Bry(z0). Let uoXBr(zo) € LE(BRry(70)) with p > p. when m € (0,m.| and with p > 1 when m € (me,1).
Then for allt > tg > 0 and all 0 < Ry < R, there exists vs = vs(tg,up) > 0 such that

_2/e
et (D1 (B, (o)) < o~ i (Br, (@) “llus ()5, (woyy  for all0 < <vs, (3.33)

where
—1/2

1 RU |x0| A= 1—
— V1 M o,t m
FieFe + t() ( R P(U’Oa ) 0) )

M, is given in (3.7), K14 is as in Lemma and Rg, Ry are as in Corollary|1.14)

Remark. As it happens in the elliptic case, the above reverse Holder inequality plays a fundamental role in
the proof of the lower bounds; the above Proposition can be considered the parabolic analog of the celebrated
John-Nirenberg Lemma, cf [46]. As far as we know, in the literature of parabolic equations, there are basically
only two techniques that allow one to prove the above estimates: one is due to Moser [74], the other is due
to Bombieri and Giusti [6], see also [75]. None of the previous techniques applies directly to our nonlinear
setting: in order to ensure the validity of the reverse Holder inequalities of Corollary we need to show
that logu € BMO, (u is a solution to the MDP or to the [-MDP)). In order to obtain a quantitative control
on the BM O, norm, we will use the Caccioppoli inequalities (2.6|) of Lemma combined with the weighted
Poincaré inequality of Proposition [I.11] as follows.

Vs =

Lemma 3.8 Let us be a non-negative solution to on (0,00) xQ and let Bar(wo) C Q. Letug € LE(Q2)
forp > p.if 0O <m < m.orp>1ifm., < m < 1. Then for anyt > 0 thefunctzonlogu(;() €
BMO~(Bgr(xg)), more precisely there exists a constant K14 = R14(N,m, ) > 0 such that for any t > 0

1
_ R7 (laol , "7 em| 1
[ log us(t)l| Baro, (Br(zo)) < F1a |1+ W V1 M, (uo, 6,1) T Rovs (3.34)

where My, is given in (3.7) and Re is as in Corollary |1.14}

Proof of Lemma We will write © = ug, since no confusion arises here. Let R > p > 0, h > 0 and
1 € C°(B2y(xo)) . Then by Cacciopoli’s inequality (2.6) of Lemma we get

2 1—
M/ / V2|V logul? dt|z|# dz
2 BZp ‘LO) h

h o, 1—m
§2(1—m)/ |v¢|2|x|*ﬁdx+/ Wt x]i ARG NI
Ba,(z0) B2y (z0)
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By Lebesgue’s Differentiation Theorem, the Steklov averages % f:+h 12|V log u|? dt converge, for almost every
t, to ¥?|Vlogu|? as h — 0. Using the time monotonicity property of u, namely that u(r + h,x)!=™ <
u(r,x)t—m (Tj—h), we get

1—m h _,1-m 1
/ U (T+ ,fE) u (Tvx)w2|x|*’}’ dx < 7/ Ulim(Tvx)w2|x|i’y da.
B (20) Bz, (o)

h T

Now we can take ¢ = 1 on B,(y) and ¢ = 0 outside By, (z0), such that [V¢| < cyp~! and let v = logu,
letting h — 0 we obtain

dx 4 dx 2 dx
V?Vou(T) P — < — V¢2—+7/ W= ()2 S
[, R < VLt ma—mr Ja, OY

20(20) Bap ()

denpip(Bap(xo)) | 244(B2p(20))
<— f}2m2 — T(l—m)rg2

(3.35)

My (uo, 9, T)lfm.

In order to estimate the BM O, norm of v = log u on Bg(z¢), we need to estimate the quantity 1 (B,(y)) ™" [ @) |lv—
p

VB, (yllz|77 dz on any ball B,(y) € Br(zo). To this end, we use the weighted Poincaré inequality (1.19),
Holder inequality and estimate (3.35)), and we obtain the following:

! (1) ’ P,fﬁpQ 2 2 i
uAB () u{T) — o7 x|V dw S’i/ | Vo(r)|*|z| =" dz,
<u7(Bp(y)) /Bp@,)' (1) =v(7), (| | ) 5B Lo [Vo(r)[* 2]
< 4CNP~$,BDB N 2P’$,ﬂD7 p2M7(Bp(y)) Mp(u0,57 7_)lfm
oo m2(L—m) ps(By(y)) T ’

where D, (Dg) is the doubling constant of the measure p., (pg) respectively, defined in (L.18). Finally, by
Lemma [5.2]

2

2
9 ~ N~ B—v
P 1 (Bp(y)) < R / 2|13 da < i / 2|13 dz <ca (|x0| \Y 1) R7,
115(B,(y)) B, (x0) Br (o) R

where R1g,¢1 > 0 only depend on N, v, 3 and Ry given in[I.9] This concludes the proof. []
Proof of Proposition We have shown that logus(t) € BMO~(BRg,(20)) for any ¢t >ty > 0 in Lemma

more precisely, inequality (3.34) gives || log U5(t)||BMOV(BR1(xO)) < 1/Rgvs for all t > t3. We are now in
the position to apply inequality (|1.21)) of Corollary which gives inequality (3.33]), namely

_2/s
)L (B, (o)) < b (B, (20))*[0(8) 1=+ 1. o)

forallt > tg >0, and all 0 < s < v5 < 1/(Fq| log u(t)| Bro, (B, (z0)))- Letting s = & concludes the proof. [J
The above results extend to the case of the [MDP] as in the following lemma.

Proposition 3.9 (Reverse Hélder inequality for Let u be a solution to[MDH on (0, 00)x Br, (%¢),
corresponding to the initial datum uoXpg(ze) € LY (Br,(70)) with p > p. when m € (0, m.] and with p > 1
when m € (Mg, 1), with 4R < Ry and assume that Br,(xo) satisfies either (1), (2) or (3); let T = T(up) be
its extinction time. Then, estimate holds for w, with 6 = 0. Moreover, let H, be as in , then for
every 7, € (0,1] we define

(NI

opdp EN B—
* 1+ (R V 1) Hp(uO,LL'(), R)l_m >0, (336)

so that for every t € [Tuty, ti] C (0,T) with t. = t.(ug,xo, R) is as in (L.14). We have

(| log w(t)|| Bar0, (Br(zo)) < (Fevo) ™. (3.37)

34



Finally, for all t € [Tty t.] C (0,T) and all 0 < Ry < R, we have
_2/e
||u(t)||L§(BR1 (o)) < /{7/ i (Br, (mO))Q/EHU(t)HL;E(BRl (0)) for all 0 < e < 1. (3.38)
The constant Fys = Ky5[m(1 —m)]~1 depends on N,m,~, 3 and e, Ry > 0 are as in Corollary[1.14]

Proof. Inequality (3.37)) follows by letting § — 0 in inequality (3.34)), exploiting the lower semicontinuity of
the BMO.,(Br(xo))-norm, then substituting ¢ = 7,t, < T, with ¢, given in (L.14), and finally noticing that

1 S50+ c

1— - 3 1—
Mp(Uo,(S,T*t*) m— — op0, Hp(UO,l’o,R) m,
T*t* RUT* P

where ¢z > 0 depends on N, v, 8 and m. Inequality (3.38) then follows as in the proof of Proposition 0

Remark 3.10 When we are in the good fast diffusion range, i.e m € (mg, 1), we can choose vy independent
of ug , indeed, by letting p = 1 in (3.36) and recalling that H(ug,zo, R) = p(Br(zo))7?* R7OWN=1%1 we

have that )
7o 2ol . \*7 [ 1y (Br(z0))7»\' "]
v = Tt 1+( v1> () |

ReFk15 R RU(N*’Y)ﬁp

This will have important consequences, but in particular we immediately obtain an absolute bound of the BMO
norm of logu on intrinsic cylinders, namely || log u(t)|| prro, (Br(we)) < (Revo) ™', for all t € [1.t.,t.] C (0,T).
Unfortunately the dependence on g cannot be dropped in the very fast diffusion range, i.e. when m € (0, m.].

3.7 End of Step 3. Proof of Proposition and L™ — L* estimates for MDP

We now sum up all the results of the first three Steps to prove the L™°° — L¢ estimates for the |f-MDP| Next
we prove analogous estimates for the MDP by letting 6§ — 0.
Proof of Proposition . Let us first fix € > 0 as in (3.8]), namely such that

B—
RO'
+ 2 ('120' v 1) M,,(ug, 6, tO)l_ml

to 1

—1/2
1

K14 Ke

O<e<vsA(l—m) with Vs =

where M), is given in , K14 1s as in Lemma so that the Reverse Holder inequality holds. Then
we are in the position to use the L™% — L~ smoothing effect of Proposition with £ € (0,1 —m) as above,
together with the L=°° — L% lower bounds of Proposition ; combining all the above results we obtain,
choosing R = (R; + Ry) /2 and times as in the statement:

vy (he (BoRawo) 1
(1+M(uo,5To) )( (R Rg) JrT1—To>

Tle

95+m 1

W= ~
T Bg(wo)

—e ha- R 7R 9 1 175—’_#@‘5
> fghigs " [Q(QVU) (14 My (0,0, T0)" ™) (MV ( (.5311 RZ)J;O) - T - To)) }

1 5€+'m, 1

T T—m T T—m € _
13 T3 Bry (z0)

- ho(Ri, R 1 R
> ﬁ3ﬁzg+m*1 |:2(2VO') (1 + Mp(uo,& To)l—m) (N\/ ( ( 1, 2ax0) + = 7 >):|
1— 40

(1 — R2)?

1 T
L .55+m

i To ﬁf—} _2 ol - 1
(7)) I @) E ([ ws(a)lel (T~ )~
3 Br, (wo)
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where we have put p := ju,(Br, (xo))fﬁ. In the first step we have used (3.11]) with s, > 1 —m as in (3.23),

2 \ke
and0 < Ry < R< Ryand T € (Th, Tz). Notice that 7. := —Sﬁﬁ %]\rﬁ% + 1), ¢ = —%%; hs and
M, are defined in and respectively, and k5 > 0 is as in (3.11) only depending on 5,]3, N,~, B, m.
In the second step we have used (3.22) with 4 as in (3.23), noticing that My (ug, 6, To) < My(ug, 6, Ty) and
that h, (E, Rg,xo) = hy (Rhﬁ, wﬂ2(2_")+hg (R1, Ra,x0), and where s. > 1 —m and k, > 0 are given in
. In the third step we have used the Reverse Holder inequality with € and vs as above, with ®r
are as in Corollary 0

Taking the limit § — 0. L™°° — L interior estimates for MDP. Consider the solution u of the [MDP
with initial data ug. Then the solutions of the “lifted problem” [(=-MDP] us are ordered with respect to é: more
precisely, for 6 > ¢’, for any x € Br(z¢) and for any ¢ € (0, 00)

us(t, ) > ug (¢, ).

In particular, for any « € Br(zo) and for any ¢ € (0,00), the limit as § — 0 exists and it equal to u(t,z). See
[10, Section B.3] for more details. Note that the constants in the inequality (3.9) remain stable as 6 — 0%
(see also Proposition |3.9). As an immediate consequence of Proposition we get

Corollary 3.11 (L=>° — L¢ estimates for MDP) Let u be a strong (super)solution to on (0,00) x
Br,(w0), corresponding to the initial datum uoX y (xy) € LE(Br,(z0)) with p > p. when m € (0,m,] and with
p > 1 when m € (me, 1), moreover assume that 8R = Ry and that Br,(xq) satisfies either (1), (2) or (3); let
T =T(ug) be the extinction time. Let }NIp be as in (L13), and define, for any fived 7. € (0, %),

1— *Upﬁp
Vo = J”& M (0,1 m). (3.39)
515Hp(u07l’07R)§

Then, [2Tuts, (1 — T)ti] C [Tuls,te] C (0,T) with €. = ti(uo,z0, R) is as in (3.42). Moreover, for any
e € (0,1p) there exist s: >1—m and k. > 0 such that

GernD
B inf u> K, / u(ts, z)%|x| 77 dx (3.40)
[2T*t*’(1_7*)t*]XBQR(IO) B4R(m0)
with
2 = —21
e = 1ty 70 (Bag(o)) " T (1 2m)E,) T (3.41)
se Ce
. %* s h0(4R, 2R7 900) 1 775+sg+m—1
H R)y[1V — B NAV| —————— =
X |: p(’U;O,.’L‘Q, )( Ro’) (IU”Y( QR(xO)) ( (QR)O' + T*t*

where s; > 0,71:,(: < 0 are as in (3.10), 6. = (1 — podp) (775+ Se Ge ) + 2= h,, M, and 9,

Se+m—1 1-m s.+m—1’

are defined in (2.2), (3.7) and (1.11) respectively; finally, k5 > 0 depends only on N,m,p,,v,€ , through
ks, Ky defined in (3.11), (3.23), and through Re, Ky, which are defined in Corollary|1.14; %5 is the same as

in Proposition[5.9

3.8 Step 4. Reverse L' — L° smoothing effects and interior lower bounds for
MDP.

Next we obtain a useful Lemma about quantitative positivity of local L% norms and a local reverse L — L!
smoothing effects for solutions to the MDP.

Lemma 3.12 Let u be the solution to on (0,00) x BR, (o), corresponding to the initial datum uoX g (zo) €
L2 (Br,(w0)) with p > p. when m € (0,m.] and with p > 1 when m € (me, 1), with 4R < Ry and assume that
Br, (z0) satisfies either (1), (2) or (3); let T =T (ug) be its extinction time and define 0 <, <T as
—/—1 o
T 7 ~ Ryp R 1-m
te = t(uo, 20, R) = 50 PRERERNED 011 L: (o) (3.42)
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where ®yg > 1 is the constant defined in (5.23) depending only on N,~, 8 and m. Then there exists kg > 0
such that

a%)) / — 1 / _ —y
_— uplz| Vde < —————— u (s, x) 2|77 da, (3.43)
i BrE) S o Bareo)) e ")
where Ky depends on N,v, B, m. Moreover, for any € € (0,1) the following estimate holds
€ 1—e
! / - —1 1— Hp (ug, 20, R) . _
— wolz|Vdx | <k K u® (t, z)|z| 77 de, (3.44)
(M’y(BR(xo)) Br(zo) 0 tir (Bar(70)) Byg (o)

where H, (ug, zo, R) is defined in ([.13)) , kg = R (F}o22™™ (N=2)%% waﬂp, with K12 > 0 depending only on
P 9 10 Ny
N,m,~,B,p (given in [B3.3)) and wy ~ being such that wy RN~ = 1, (Br(0)).

Proof. Let u(t,x) be a solution to MDP)|over the cylinder Bg,(z¢) x (0,T). Applying inequality (2.8 with
times t = 0,7 = ¢, and radii R and 2R we obtain

1 S
1 / dx 2m / B dx Ello—m (t*> 1—m
_ wp— < ————— u(ty, ) — + ————— iy (Br(x0))
11y (Br(x0)) 2" ™ py(Br(20)) [ RTm !
BR(ID) 4R (345)
B 277 D2 / fomdz 11 / da
< U\lx, )72 5 o N U0T5>
1o (Bar(20)) e[ " 2y (B) *lap
Bir(zo) Br(zo)

where we used the fact that ug is supported in Bg, the doubling property of the measure p., and the fact that

u(t,z) > 0. Inequality (3.43)) is then deduced from (3.45) with constant k, = %27ﬁD;2 . We now turn our
attention to inequality (3.44)), which will be deduced from (3.43)). Let ¢ € (0,1): using the smoothing-effect

inequality (3.3), namely [[u(t)[lLo (Bg, (20)) < E12||u0||i§?gR(mo))f(N7w)ﬁp (recall that %12 does not depend on
Br(zg)) applied at t = t, we get
”uO”L}Y(BR(zo))
tin(Br(20))
where in the last step we have used inequality (3.43) and the equality wy ,RY ™7 = p.(Bg(0)); the con-

(V=)0 wj'\,ﬁj; We finally combine the above inequality with [|u(t.)[|r1 (Bss(z0)) <

[u() Lo (Bry) < EoHp(uo, o, R)

stant kg = K12 (E/1022—m)
||u(f*)||i;€(B4R(mO))||u(f*)||ii(B4R(mo)), and we obtain inequality (3.44). [J
Putting together all the results of the 4 Steps, we obtain the following

Corollary 3.13 (L= — L! estimates for MDP) Let u be a strong (super)solution to on (0,00) x
Br,(w0), corresponding to uoXpn(zo) € LE(BRy(20)) with p > pe if m € (0,m.] orp > 1 if m € (mg, 1),
moreover assume that 4R = Ry and that Bpg,(xo) satisfies either (1), (2) or (3); let T = T(ug) be its
extinction time and define t. € [0,T] by

1—
o 10llL (Breo))
tin (Br(z0))' ™

where Ky, = 5_12”%’161, Rio = 1 depends only on N,v,8 and m as in (5.23). Then, there exists £ > 0 such
that

te = ti(uo, xo, R) = ks (3.46)

inf u > k(Hy, R)t8~™0 (3.47)

[%,t.]xB2r(wo)

where k has an explicit form given in (3.51), in particular for R bounded and pr >> 1 we have

/2

Re m(lp—M) _ ‘,130| B—~
K= Fos with  Hp(ug, o, R) =1+ <R v 1) H,(ug,zo, R)*™™ > 1, (3.48)
P

37



and with c1,co > 0 only depending on N,m,p,3,~.

Proof. Let H, be as in and fix 7, = 571 Ky = (1 — ?*)Zm*QEEl , and t, := (1 — T )ts, where I, is
defined in ; recall that D, > 1 is the doubling constant of the measure 1, and By > 1 is as in (5.23))
(since %), is a constant in an upper bound, hence without loss of generality we can take it bigger than 1). Next
we fix vy (that depends on 7,) as in with 7, = 7.. Finally, we choose € = g¢ := (2/r*)*0 (1 —m), where
ko is the smallest integer such that €9 < 9. Note that we have ko > log(vp)/log(2/r*) —log(1—m)/log(2/r*).
With these choices, we know that k. = ko + 1 and the exponents s, > 1 —m, 7., (. < 0 given in become

%\ ke * *
T r So r
= = _— :1— —>1_ R — >0
50 = Seo (2) fo=(1-m)3 M etm—1 r—2
N—v
5755 T 1 1 7r(1—m)—2¢
sq i — :—2L<0 = :———0<0'
s *= Nleo Aomy =2 ~ 0 =% = Ty =)

Note that, even if g depends on vy (through k), the exponents s. and 7. now only depend on N,~, 3, m.
We are now in the position to combine inequalities (3.40) and (3.44) (with Ry > 4R) as follows: for any
0 < R; <4R < Ry we have

EO(Sos«fmfl)
B inf u >k, / w(ts, z)°)z| 77 da
[2T wts,(1 =T )t | X Bar(z0) Bar(zo)

[ E— R | —
c0(sp+m—1) SoFm—1
el I ey AR
- EQHP <u07$05 R) o M'Y(BR(‘TO)) Br(zo)

*

ford ___so . T
ZE(H])’R) j'(<17m)(a‘(H»mfl) :ﬁ(Hp,R) j'(gl—m)(r =32y

where in the second step we have used inequality (3.44) and k. is as in (3.41) and kg is as in (3.44). Finally
we have used the expression of ¢, given in (3.46)). We estimate the x(H,, R) as follows

S0

B eg(sgt+m—1)

,, [ Lo Ptz (3.49)
ﬁng (UO,QS‘O,R)

0 _ sg—2eq N _(eo-Dsg s
> Ky To iy (Bar(20)) 0CoFm=D ((1 — 27,)t,) 0F"~T H, (ug, zg, R)F0Gorm=1 g 00

s0 o
~ t* e ha_ 4R’ 2R,I‘ 1 7750+#
X |:HP(UO7Z‘0,R) (1 V ) (M’Y(B2R(x0)) N—v ( ( O) + _ >>:|

Ro (2R)” Tuls

where we just used the expression of ﬁp = ﬁp(uo,xo,R) given in (3.48) and rewritten in the constant
appearing in (3.41). We then estimate

[ﬁp(uo,xo,R) (1 % ;) (M(BQR(xO))N"w Y (h”(4g}§)§’ %o) + ,1, ))Fﬁm (3.50)

Tals

~ s0 <o t
>H Nsotsotmet | (1 *
= p(’LLO,LU(),R) Y Vv (1 —?*)R‘T X

Txls

(hg(4R7 2R, x0)

(2R)"(1 —7.)\ ] ™ottt
(2R)” ’

\ Mw(BzR(HJO))_NG‘”> <1 +

where we just used the expression of ¢, given in the beginning of the proof. Recall that the expression of £,
given in Proposition [3.4] is:

50 2 s
o SoFm—1—"5:Fm-1(2Vo)(nsy+ 22— <o)
EQ — ﬁ3ﬁ4 /4/7 € 2 S0 ' sg+m—1 ,
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1 r*-2
where k, = K, (Bag) 0 2. All the above estimates finally give the expression of &

i 2 s S0
L I SoFm—T —" sc¥Fm—1 (2Va) (s + sorm=1C0) s0Gotm=T1)
K i=K3K, [ 2 0 Kg (3.51)

X7 1y (Bar(w0))” 0 F =T H, 1-7

: Kl ‘a —t;*)R”) <h0(4(];’1§)1j’£0) VMW(B2R(370))NUW> (1 + W)]Wm-

9_ 50 ( 2r . N _ 1
TR gt G0 5 (1 — 27, ) soFm=1
*

We also recall that as in Lemma [3.12) kg = K12 (/-;1022 m)(Nf'Y)ﬁ wzﬂ , with K12 > 0 that depends only
on N,m,v,B3,p and is given in (3.3)) and wy , being such that wN,YRN 7 = py(Bgr(0)). Notice that for

sufficiently small g < v9 ~ m(1 — )/H;/ , we have that (o + % ~ £ Finally, notice that when R is

. ~ \HY?/m(1-m)
bounded and H), is large enough, we have that £ ~ (Rc4/HpC°) »

N7m7p’ﬁ’r)/' D

, where ¢; > 0 only depend on

3.9 Positivity for local solutions. End of the proof of Theorems and

We are now in the position to conclude the proof of the main results of this Part, Theorems [I.4] and [3.1]
End of the proof Theorem [3.1] -. Let u(t, z) be a solution to the on the cylinder Byg(zo) x (0,T),
where T' = T'(up) is the extinction time. Recall that 0 < ug € LE(Br(z0)) for p > p. if 0 <m <m,orp>1
if me<m <1 Let M = fBR(wo) ug|x| =7 dz > 0 and define the rescaled solution @ as follows

. RN=v .
i(f,8) = = —u(ri,Re),  7=R7-IUTmIp

The rescaled solution @ solves the on the cylinder By(R™ ') x (0,7) With mass 1 and extinction time
T. We are in the position to apply Corollary to get: (recall that # = R™'x and t=1 —1t)

- ~ oty . 1
inf  a(f,2) > k(Hp, 1)t ™0 2 where . = K,

_ 3.52
. 25 1o (Bl (3.52)

where the value of @(ﬁp, 1) is given in (3.51]), while ﬁp(ﬁo, Zo,1) and k, are given in Corollary Note
that the quantity H,, is actually scaling invariant, namely

Hy(tig, &0, 1) = Hy(ug, zo, R). (3.53)
Note also that £, only depends on N, m,, 3, but not on u, ug nor R, o (here is where we use either assumption
(1), (2) or (3)); indeed, using i, (B1(p~ 20)) = p7 Ny (B,(20)) it is straightforward to check that ¢ =< k.
Recalling that ¢ — ffﬁﬁ(f, &) is non-increasing in time for almost every & € B1(Zg), we get as a consequence
of (3.52)), for all 0 <t <,

. t 1—m R . Aé,\
inf a(t, ) > | = inf  a(ty,z) > k(H,, 1 gmmIeT =2 4y
2€B> (ko) ( ) N <t*> Z€Ba(io) ( ) - 7( P )

= A(Hp, 1) iT (3.54)
We have used a scaling argument to obtain a cleaner constant  in the final lower bound (3.2), in this way,
Kk = k(Hp, 1) shall depend on R,z only through H,. This is a consequence of our assumptions (1),(2) or (3)
and the explicit expression of &£(H,,1) given in (3.51) (recall that 7, = 1/5):

ST - 5T o(2V0) (ns 7@) ~Go D -0 £\~ soFesT
K 1= K3y Ry < 2 0TS Fm =150 g 57 %o (3t,) " (3.55)

50(1*+2) sg eg—1 Nsg+ 3 Soi(L1
T T spfm-— so T somm—t (Cot+—2—) 5. 4 0T soF
C, O Hy T Kl v 4t*) Cyp <1 + t)]
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In the computation of the above constant, we have used systematically the identity s (Bi(p~tzg) =

p" "Ny (B,(z0)) which holds under our assumptions: as a consequence all the constants in the right-hand
side of formula (3.51) will depend only on N, m,~, 8, and some of them on H,. More precisely, kg < kg %o
as well as 1, (Bs(R '2¢)) < Cn, and h, (4,2,R71x0) = C, g, where Cy ,C, s only depend on N,~ and
7, B respectively. Recall also that R® < R%u.(Bgr(%o))/1s(Br(xo)). Finally, we observe that when H, is

o Hp/?

T m(1-m)

large, we have £(H,) =< }NIP , where ¢o only depends on N, m,~, 3. Undoing the rescaling we obtain
the lower bound (3.2)) and the proof of Theorem is concluded. []

Proof of Theorem Once the positivity result is proven for solutions to the [MDP} namely once
Theorem [3.1] is established, then by a standard comparison argument, the positivity result can be extended
to any nonnegative local (super)solution. For strong (super) solutions the result is immediate, while for more
general concepts of solutions, such as weak energy or very weak, the proof follows by a long but straightforward
limiting process; see [58] and [91] for more details about the non-weighted case; the case with weights follows
along similar lines. []

4 Part III. Harnack inequalities and Holder continuity

In this third part of the paper we study regularity estimates for nonnegative solutions to both linear and
nonlinear equations.

4.1 The linear case

We are going to prove Harnack inequalities and local space-time Holder continuity for nonnegative local
solutions to the linear equation with Caffarelli-Kohn-Nirenberg weights. The equation

N
UVt = W~ Z 81‘ (Ai7j (t7 .’1?) 6j1}) 5 (41)

ij=1

is posed on the cylinder @ := (0,7) x 2, where A; ; = A;, and for some 7,8 < N satisfying (1.1)), i.e.
y—2<pB< (%) v, as well we suppose that there exist constants 0 < \g < A\; < +00 such that

N
wy =zt and 0 <oz PIEP < D Auj(t )€ < MlalPER (4.2)

ij=1

The regularity estimates that we present in this section are not present in the literature in the full range of
parameters that we consider here, but several results have been obtained in different settings, see [23] [24]
25, [26], [43] 541 (53], [74), [75], [85]. We will only sketch the proofs, since they are minor modifications of those
obtained by Chiarenza-Serapioni and Gutierrez-Wheeden, [24], [54], [63] combined with the original proof of
Moser [75]. We shall keep track of the dependence of the Harnack constant by Ao, A; in a quantitative way
as in [75], since in the nonlinear case this will have remarkable consequences.

In this weighted setting the Harnack inequality holds on suitable cylinders which take into account the
geometry of the problem; recall that under assumptions (1), (2) or (3) we have

2
N

— N N'y(BR(xO)) 2 24—
pLP(R) == / z|B=1% dg <= ———R°=<R .
o (B) (mm' | 5 (Blzo))
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The following cylinders generalize the standard parabolic ones:

Qr(to, o) == {(t,x) e RT x R : tg — plP(R) <t < to, |v —xo| <2R} ,

1 1
QF (to, o) = {(t’m) ERT xRY: tg — Zpll)ﬁ(R) <t<to, |z —wol < 2R} ; (4.3)

7 5 1
Qr(to,zo) == {(t,m) eRt xR%: to—gpgf(R) <t<ty-— gpg’oﬁ(R), |z — x| < 23} .

It is convenient to introduce a suitable parabolic quasi-metric which carries on the information of the weights.
Let (t,7), (s,y) € (0,00) x RY we define

s (1) (s.)) =l — ol v (527) (1t — s, (4.4)

-1
where Ty := (z + y)/2; the behaviour of (p;fy’ﬁ ) is analyzed in Lemma Similar quantities have already

been introduced in [52] in order to prove Holder continuity of the solutions to weighted parabolic equation
similar to , but with different weights. In [26] it has been observed that although they imply continuity,
they do not always imply Holder continuity. For general classes of weights it is not possible to deduce any
uniform modulus of continuity with respect to a standard parabolic quasi-distance. However, for our class
of weights, we still manage to deduce Holder continuity from Harnack inequalities. Indeed, the quasi-metric
d~ g is controlled (on bounded space-time domains) by the following, more standard, parabolic quasi-distance

(see Lemma [5.3):

1
~ — — S| 1 = — >
{ |z —y| + |t — s] ifo=24+p—v2>2, (4.5)

do‘ t,z), (s, = :
((t,), (s,9)) lz—y|+|t—slz f0<o<2.

The following first result generalizes the Harnack inequality of Moser [75], in the spirit of Chiarenza-Serapioni
[24, 25, 26] and Gutierrez-Wheeden [54} 53]:

Theorem 4.1 (Parabolic Harnack inequality in the linear case) Let v be a nonnegative bounded local
weak solution to equation (4.1) on @ := (0,T) x Q, under assumption (4.2)). Then, for all Qr(to,zo) C @,
there exists Ky > 0 such that
-1
sup v < E?O LA Y Y (4.6)
QE(tg,ajo) Q;(to,zo)

The constant K¢ > 0 depends on N,~, 3, but not on v nor on Ag, \1.

Remark. As remarked before, although this result has been proven before at least in some range of para-
meters, the dependence of the Harnack constant on the ellipticity constants Ay, Ay was not clear nor explicit;
such dependence is needed in the proof of Holder continuity for nonlinear equations , as we will show at the
end of this section; this was pointed out by Moser in [75], where a complete proof of in the unweighted
case § = v = 0 can be found. The (nontrivial) fact that %, only depends on N,~, S is also pointed out
by Gutierrez and Wheeden in [53] after the statement of their Harnack inequalities, Theorem A; indeed we
sketch here an adaptation of their proof to our case.

As it often happens for linear parabolic equations, Holder continuity follows by Harnack inequalities using
a nowadays standard argument, cf. [74], that we sketch in the proof of Proposition We will assume in
what follows, without loss of generality, that K, > 2 and 0 < Ag < A1, and we define

Ekal-‘r}\l

1

—1
moo M1
where A > 4 which depends on v, 5, N and is given in (5.20). As well we introduce the notion of distance

between sets of the form Q = (0,7) x Q C (0,00) x RN. Let Q" = (T, T») x ' C Q, we define
d Ni= inf gV (2Bt — 8]). 4.8
1@ Q)= Iy, 12V (057) (It =) (4.8)
(s:y)€Q’

a:=logy, €(0,1), (4.7)
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We observe that if the d., g(Q, Q") = 2D then for any (¢,z) € Q' the parabolic cylinder Qp(t,z) C Q.

Proposition 4.2 (H6lder Continuity in the linear case) Let v be a nonnegative bounded local weak so-
lution to equation (4.1) on Q := (0,T) x Q, under the assumption (4.2)). Let Q' := (T1,T) x Q' C Q and let
2D =d, 3(Q,Q"). Then there exist o € (0,1) as in (4.7) and Ry > 0, such that for all (t,x),(s,y) € Q'

|U(t,{1}) _/U(Ta y)| Ko
sup 7 < Ao llvliLe (@), (4.9)
(t.2).(r)e@ Ay ((5,2),(s,9))" = D @

where By > 0 depends only on N, v, B, Ao, A\1.

The following corollary is immediate, and shows how the above estimates imply a more uniform modulus of
continuity.

Corollary 4.3 Under the assumptions of Proposition there exist a € (0,1) as in [4.7) and &, > 0, such
that for all (t,z), (s,y) € Q'

|'U(t,1') B ,U(Tv y)| Ela
sup S 7H’U||Loo(Q), (410)
(ta)(rape@ ([T —y| + [t — s|zv7 ) = D®

where %L, > 0 is given by

1, ooz
— — —a y=8
R, = KoKk 2
o e (Trlr\/sup |x0|> , if0<o<2.
zoEN

Where R19 > 0 depends only on N,v, 3 and is given in (5.17)).
The proof of the above results relies on the following upper and lower bounds.

Proposition 4.4 Let u € Lg,loc((O,T) X Br(xo)) with p > 0 be a nonnegative local strong (sub)solution to

[4.1) and let 2o € RN, 0 < Ry < Ry < R such that 0 & Br,(z0) \ Br,(0) and let 0 < Ty < Ty < T. Then
there exists a constant Ry, > 0 depending only on v, 5, N,p such that the following inequality holds

T ]
/ / yp 3Edt (4.11)
To BRO(IO) |l.|’y

where o is defined in (1.11)), hy(Ro, R1,20) is defined in (2.2)) and Ryin is a computable constant such that
2(N—~) N—+0)

Riin S5, 5° (Ao 'A1) ", with S, 5 as in Proposition (1.1,

N—~v+o
op

_ [he (Ro, Ry, 0) 1 }
sup U(Ta y) S Klin o +
(1.9)E(T1, T|x Br, (x0) (Ro— R1) T —1To

Proposition 4.5 Let u be a nonnegative local strong (super)solution to (4.1) on (0,T) x Br(zo), with 0 <
Ry < Ry < R such that 0 € Bg,(xo) \ Br,(x0) and let 0 < Ty < Ty < T. Then for any p > 0 there exists a
constant ky;, > 0 depending only on v, B, N,p such that the following inequality holds

N—n+o -1
he (Ro, Ry, N 4 dedt| *
inf u(ry) > hygy | B0 R T0) } / / u s (4.12)
(7.y)E(T1, T X Br, (o) (Ro — Ry) Ty —Tp To J Brg (z0) |7
where o is defined in (L.11)), h, is defined in (2.2) and k;;, is a computable constant such that ky,, 2
2(N—y _(N—v¥o)

)
S,p" ()\61)\1) 7? where S, g is as in Proposition|1.10.

Remark. The above estimates have been previously obtained by several authors in different settings, we
just mention here the closest results: Lemma 3.17 of [53] (in the case of general Ay weights), Lemma 2.1 of
[24], and Lemma 1 of [75] when there are no weights. The proof follows Moser’s idea: using weighted Sobolev
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inequalities and upper (resp. lower) iterations , to obtain upper (resp. lower) space-time smoothing effects;
indeed, the space-time upper bounds (4.11)) can be obtained also by taking m = 1 in the proof of Theorem
note that the two factors uPT™~! and uP in the energy estimates are now the same, hence the
proof can be done directly with u, and we do not need to use the subsolution v = u V 1; as a consequence,
the factor +1 in the integral in the right-hand side of formula disappears. Analogously, the space-time
lower bounds follow by a minor modification of the proof of Proposition with m = 1, more precisely
we just repeat the Steps 1, 2 and 3 of the proof and we obtain the analogous of formula , which can be
rewritten in the form . Note that these proofs are considerably simpler than in the nonlinear setting,
m € (0,1).

Proof of Harnack inequalities, Theorem The proof follows the lines of the original Moser proof in
[75]. Once obtained local upper and lower bounds, and , the hardest part of the proof consists in
obtaining a reverse Holder inequality that allows one to join them and deduce the Harnack inequalities (4.6}).
To our knowledge only two techniques are known to perform this task: one originally due to Moser [74] that
gives a suitable reverse space-time Holder inequality on shifted cylinders, and another due to Bombieri and
Giusti [6], see also [75], which shows how estimates (4.11)) and imply (local) absolute upper and lower
bounds that allow to obtain the Harnack inequality We will follow the latter strategy, and just sketch
the proof, which is essentially the same as Section 4 and 5 of [53], see also [75]; we shall focus on the points
where we some non-straightforward changes are needed. Last, we just remark that it is enough to work in a
cube of size 1, then the result will follow by rescaling.

e STEP 1. Bombieri-Giusti Lemma. We are going to use a weighed version of Bombieri-Giusti Lemma as it
has been done in Section 5 of [53] (see also Lemma 3 of [75]). Notice that the following Lemma applies to
measurable functions f, not necessarily solutions to a PDE.

Claim. Let A, B,p, 0,6 be positive constants, and Q1,Qr,, @r,,Q, as in . Also, we assume that the
positive measurable function f defined on @, and the doubling measure v on R¥ T satisfy the inequalities

A 1\’
sup fP < 7/ fPu(t,z) dedt and v{(t,z) €Qq : logf > s} < () v(Q1) (4.13)
QRI (RO - Rl)B QRO Sp
for all s > 0, % <0< Ry <Ry<1,all pe (0,p). Then there exists ¢y = ¢o(A, B,d) > 0 such that
co
logsup f < ———. 4.14
Qo p(1—0)*8 (4.14)

The proof of the above claim is a minor modification of the proof of Lemma 5.1 of [53], see Section 5 of [53] for
more details. Indeed, for some range of parameters, for instance when our weights fall in the Muckenhoupt
class As, the proof is exactly the same. The only point where we can not directly adapt those proofs, is when
a suitable “localized” weighted Poincaré inequality is used: in our context, such inequality reads

— B
Br(vo) || ps(Br(Y0)) By 2]
_ -1
where f = (fBR(yO) “l‘;(ir'fy) dx) (fBR(yO) f(x)fw(—lgi,) da:), for on any ball Br(yo) C RY and for an extra “weight”

2
¢ € Co(Br(yo)), 0 < ¢ <1 with convex super-level sets, where ¢, = ¢y 4.3 (lBR(yO)VfBR(yO) cpdx) . This

inequality is proven in Lemma 4.1 of both [53, [54], and the relies on results of [86] (or, in the non-weighted
case see Lemma 3 of [74]); this is the point where the restriction on the class of weights appears. We recall
that the results of [53] [54] do not cover all the range of parameters «, 3 that we consider here: they hold
for weights which satisfy the Ay property (or generalizations of it), and this is not always the case in our
setting. A closer inspection of the proof of Lemma 3 of [74] reveals that it is enough to prove (4.15)) just for
one function ¢ with the properties that 0 < ¢ <1 on Br(yo), and for some ¢ € (0,1) and some Rs € (0, R)
we also have that ¢ > 6 on Bg,(yo) C Br(yo) and ¢ =0 on 0BRr(yo). We are going to show that inequality
(4.15) is indeed a consequence of the so-called Intrinsic Poincaré inequality
/ <2 #1(@) / 291 (x)
(A2 = A1) [f(x) = f] dr < Cyp IV da, (4.16)
Br(uo) |7 Br(uo) ]
where 7 is the first eigenfunction of the operator £, g (with Dirichlet boundary conditions and with uni-
tary L2 norm) on Bg(yo), f = (fBR(yo) f(x) #1(2) dz), and A1, A2 are respectively the first and the second

[
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eigenvalue of the £, 3 on Br(yo). The proof of inequality (4.16) is quite standard: this inequality is indeed
equivalent to the second Poincaré inequality

dx
2 2
)\2||g||L3(B) < ||VgHL%(B) for all g € D 5 (B) such that /Qggalw =0.
The above inequality is true on balls as a consequence of the compactness of the embedding D., 5 (B) C L2 2(B),
where D, g is defined in Subsection [1.1} finally, inequality (4.16 - follows by letting g = (u — @)1, see for
instance Lemma 3.1 of [I2]. The Claim is proven.

e STEP 2. Proof of the Harnack inequality. We are going to apply twice the result of the previous step to
get local upper and lower bounds that will finally combine in the Harnack estimates . In this case the
proof is an adaptation of Section 6 of [53], see also Section 3 of [75] for the non-weighted case, we will just
emphasize the essential changes.

Let us assume first that we are in the position to apply the Bombieri-Giusti inequality with Ry = 3/4 and
Ry =R=2/3and o =1/2, to both f ~ v and f ~ v~! on Qx(to, o) and QF(to, zo) respectively; we will
briefly explain at the end of this step how to proceed to ensure that the assumptions are satisfied by
both v and v~!. Using inequality for f =e V9 on Qg (to, o), where V and M, are chosen as in
, we obtain the desired absolute local upper bounds:

sup v=e"2"V sup f<eMVexp (10223> <E€/\1 eV, (4.17)
Qy(to,w0) Q35 (to,z0) p(1/2)

Mo—V

Proceeding analogously for f = e~ v~ ! on Q;(to, xg), we obtain the desired absolute local lower bounds:

-1

inf wv=e MV su > e M=V ey —CO) > %, )0 gV 4.18
Q7 5 (to.x0) Qr/z(tlo),mo) d B P ( p(1/2)%8 b2 ( )
Notice that the last inequalities in and follow by the choice of V, M5 as in and can be
proven by following exactly Section 6 of [53], hence we omit the details. Finally, the Harnack inequality
follows by combining inequalities and and Ky = Re,1 - Re2-

It only remain to show that we can actually use inequality for f = w and f = ™!, hence we need
to ensure the validity of hypotheses in both cases. This is done by proving the so-called logarithmic
estimates, see for instance Lemma 4.9 of [53]. The proof of that Lemma can be repeated also in our setting,
and shows that: for any nonnegative bounded solution v defined on (a,b) x Bs /5, bounded below by a positive
constant in (a,b) X By, then there exist ¢;, Ms,d and V such that, for any s > 0

§
11y {(t,2) € (to,b) x Bi(wo) : logu < —s — My(b—to) — V} < 1 [i z;gﬁzii - 1 ] (b—to),
1py(Bi(w) 1 1° 19
py {(t, ) € (a,t0) X Bi(zg) : logu > s —Ma(a—ty) —V}<c [s 105 (B (20)) fo a} (to — a),

where the constants ¢i,d > 0 only depend on N, 8,v, Ma ~ pg(Bi(zo))/py(Bi(xo)), and V' depends on v,
but it is the same in both cases, as explained carefully in Section 6 of of [53]. Details about the proof of the
above estimates can be found in Section 4 of of [53], which in turn extend ideas of Moser (Section 2 and 3 of
[75]) to the weighted case. The latter estimates, together with the local upper and lower bounds, and
, allow to apply the Bombieri-Giusti result in both cases. Hence and hold and the proof
is concluded. The general statement follows by a scaling argument.

Finally we recall that, as Moser first noticed in [75], with the present method it is possible to keep track of
the dependence on the “ellipticity” constants 0 < A9 < A\; < +o00 throughout the proof: also in the present
weighted setting we were able to keep track of such dependence in the constants. []

Proof of Hélder continuity, Proposition [4.2] We adapt the Moser’s proof to our weighted case, see
[74, [75]. We first prove how the oscillation of the solutlon decrease geometrically on parabolic cylinders. We
recall that if the d, g(Q,Q’) = 2D then for any (t,z) € Q' the following inclusion holds Qp(t,z) C Q. Fix
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r € (0, D/2) and denote for simplicity Q, := Q,(to, zo) and QF := QF(t9, 7). Let us introduce the following
quantities:

V,:=supv, V., :=supv, V, :=info, Kf::infv.

Qr QF Qr QF
We are in the position to apply the Harnack inequality (4.6) to the nonnegative solution Vs, — v to obtain
=+

=sup(Va, —v) < H inf(Vo, —v) = H (Vo =V, ).

Vo =V,
" Qr QF

r

—1
Notice that without loss of generality we can set H := E;‘O A > 4, with K¢ as in (4.6). Similarly, using
v —V,, we obtain V. —V, < H (V)" —V,,) which, summed up with the previous inequality, gives

H(V V)4V, =V, <(H=1) (Vo = V).
Using Q,/4 C @ (see Lemma formula [5.21)), we conclude that

—t + H-1 — H-1
oscv<oscv=V,K6 —VI< Vo, —Vso )= 0SCV .
Qr/a — QF " - - H ( 2 727«) Qar

Recall that without loss of generality we have assumed that H/(H —1) <4 < A, see also (4.7); a well-known
iteration technique (see, e.g., [47, Lemma 6.1]) then shows that

(o3

oscv < A % 0sCv for all r € (0,D], (4.20)

r QR

with o :=log(H/(H —1))/log A € (0,1), as in (4.7), and H > 1 as above.
Now, we fix (¢,z),(s,y) € @', and we first assume that ' is convex. The first case that we analyze
corresponds to d g((t,x), (s,y)) < D. Hence, there exists an integer k > 1 such that

D D
Ak+1 < d%ﬁ((tax)a (s,y)) < e

from which follows that (¢, ), (s,y) € Q%(t Vs, Ty) CQp(tVs,Ty) C Q, where Ty = (z + y)/2. Using
A
we get the following estimate

AD\® Ao .
oites) o)l <, oo v (Gop) Tl S e duatoh ) lolhey (420)
D/Ak (z7,tvs)

The second case corresponds to d g((t,z), (s,y)) > D, and we proceed as follows

2|lvllL

7:@)d%ﬁ((t7 LL’), (5; y))o‘ .

[o(t,s) —v(s,y)| < 2[|v]|Le(g) < D

The constant K, > 0 is given by
Ra =1V A%, (4.22)

where « is as in (4.7) and A as in (5.4)); it depends on N,~, 8 and Ao, A;. In the case when ' is not convex,
the result follows by a standard covering argument, however for the purposes of the present work, we only
need quantitative information on balls. The proof is now concluded. []

Proof of Corollary As a consequence of inequality (5.18) of Lemma we know that there exist a
constants %' > 0 such that for any (¢, ), (s,y) € Q we have

dy5((t,2), (s,y)) < F (|x oyt S|ﬁ) 7

which proves the Corollary. []
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4.2 The nonlinear case

This Subsection essentially contains the proofs of Harnack inequalities and Hoélder continuity for WEFDE,
Theorems [I.6] and [I.8] respectively.

Theorem 4.6 (Alternative form of Harnack inequality) Under the assumptions of Theorem for
any to > 0 there exist constants Rg, Ky, i« > 0 such that

oy
_ ||u(t0)H€P(BQR(wO)) .
sup u(t,z) <FRg N s +Ry inf w(tx6,x)
z€BR(xo) té Uy x€BR(xo)

for any

L0 E (o do+ L) NOT),  and  L(to) = KR7ps (Br(eo) ™ ulto)| " .
R(zo

The constants Rg, Ry, ks« > 0 depend on N,m,v,B; k. > 0 is given in the proof of Corollary and
Ry = Kok 1 where Rg,Kg > 0 are as in ([2.1), while & > 0 has an (almost) explicit expression is given in
(3.51); note that k,Rg and Ry depend on R and x¢ and, when 0 < m < m., k depends also on Hp(ug, o, R)
defined in (1.13]).

Proof. It follows immediately by combining inequalities (2.1) and (1.15). [

Proof of the Harnack inequalities of Theorem Due to the time translation invariance of the
equation it suffices to prove the result for t = 0. Assume t € (et t.), for € € (0,1) fixed. Recall that

R? < R?p(Br(z0))ps(Br(xo))~t. Using the upper bound (L.12)), inequality (1.10) and formula (1.13) we
get

pody 1 _ pody = B oy
sup  u(t,z) < El”“‘)”ww | " < R l[uolle (5, 5 (w0 B Ry | [t 10
€ Br(z0) ; —= +H(N=7)9p Rir R (Et )(foy)ﬁpqtﬁ = Ro
4 - K17
—_ oV, o 2R = ¢ = — 0¥ _ H 9R . 4
Fawoy * Hy(uo 20, 2R) | R | [ L )7" By 7 Fa |y Hp(ue, @0, 2R) | 1
2ﬁ pop —1—1m o - 21fm 71,1,,1 opdp R )
g l—m li17 I‘El cTom
(4.23)

where w, = B;(0) and 17 as in inequality (1.10). We recall next the lower bound (1.15), that in this case
reads

t 1—m
inf  w(t,z) > inf  u(t,z) >k
IGBR(CD()) ( ) IEBQR(mO) ( ) |:(2R)U:|
By combining the two above inequalities we get for any t € (ety, t.):

for any t € [0,¢.] N (0,T).

— 0¥y -
Riw Ro2T-m H,(ug, 0, 2R . .
sup  wu(t,z) < | 4 22 1\/% inf  w(t,z):=%s inf w(t )
2E€BR(x0) K EEF 61—";: x€BR(z0) x€BR(wo)

The constants %1,%2 > 0 depend on N,m, v, and are given in (1.12)); x > 0 is given in (3.51): notice that,
when 0 < m < m,, k depends also on Hp(ug, zo, 2R) defined in ((1.13). We finally recall that

K3 ‘= T
K

- opip
- KKq7

gl-m

_ Elwgﬁp n EgQﬁ [1 v HP(UQ, g, 2R)

m

1/2 (4.24)

=, ,00
= |Kiw, P+ T
v —T-m Re

K17

opdp
gl-m

— 2# H , ,2R HV'CZ m(1—m) ~
K2 p(uo ) ) ( P ) when Hp S 17

~ B—
where H,(uo, o, 2R) := 1+ (% \Y 1) Hp(ug, 0, 2R)'™™ > 1 and ¢1, ca > 0 only depend on N, m, p, 3, 7.
See also Corollary for a more detailed the expression of k, ¢1,ce. This concludes the proof. []
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We can prove an analogous continuity result for local solutions to the (WFDE), using the upper and lower
bounds of Theorems [2.1] and and the the linear results of the previous subsection.

Proof of the Hélder continuity estimate of Theorem We split the proof in two steps.

e STEP 1. Intrinsic rescaling. We begin by considering a local solution u on the cylinder @ := (0,7] x Q.
Fix tg, Ry > 0 such that Qjp (to,z0) := (to, T A (to + t+)] X Bar,(z0) C Q. We define the rescaled solution
4 as follows:

a(t,2) == My tu(t,x)  with ¢t = RJM; ™, x = Rot,
where Mo is any positive real number such that Mo > [|ul|Lec(Qup, (t0,20))- It I8 €asy to check that if u is a

local solution on Q}x (to;Zo), then 4 is a local solution to the same equation on Q% (fo, 20) == [to, T A (fo +
2?*)] X B4(i‘0), where

18E0) 155 s sy luCo)lLyBacan ]
f*=£*a£,.f3,4 :H*4U j 4(Zo _ *0' o4 4Azo ’
(@lto), 70, 4) piy (Ba(g)) =™ Mo piy (Ba(2o))

Moreover, [|@|pe (g1 (iy,4,)) < 1 since by assumption we have Mo = [[ul[Loc (Qup, (to,20))-

We are now in the position to apply the lower bounds of Theorem to @ on Qi (to,%o):

1

P dy] T e :
inf  4a(t,z) >k [ O] for any ¢ € [fo + 1i., %0 + 1] N (0, 7)), (4.25)
x€ B (o) 29

where 2 is the radius of the ball. Notice that x has an (almost) explicit expression is given in (3.51)), and
(in the very fast diffusion range, i.e. when m < m, and p > 1) depends on Hy,(4(to), Z0,4) defined in (1.13)).

Clearly inequality (4.25) implies

o a1
inf a(t,x) = inf W(t,x) >4 Tty ™.

(t,2)€Q3 (fo.%0) (t,z)€[fo+Es /2,E0+E.]N(0,T) x Ba(Z0)

e STEP 2. Applzcatwn of the linear result. @ can be considered a solution to the linear equation (4.1f) with
a(t,z) = ma™ (t z); we are now in the position to apply the result of Corollary ﬂ 4.3 inside the cyhnder
Qs = [fo + 1. /2,10 + £,] N (0,T) x By(do), since in Q% we have

Noi=m <ma™ !t =a(t,x) <47 =) (4.26)

Then, on the cylinder Q% := [fo + (5/8)i.,to + (7/8)i.] N (0,T) x By (&), the result of Corollary implies
that there exist o € (0,1) given in (4.7)), and %, > 0, depending on N,~, 3, Ag, A1 such that

ja(t, &) — A(ﬂz))| Fo R
sup ) <D—||u\|Loo(Q4R) D—‘j‘l, (4.27)

(£:8),(7,9)€Q] (\gz — i+ [ -7

where we have used that [|@|r~(q, ) < l@llL (@1 (ip.50)) < 1 With D = d,, 5(Q3, Q7) defined in (4.8). Due to
the particular form of the cylinders Q)7 and ()5, we have that

_ -1 “
D=1A_int (pg’ﬁ) (T At /8) > 1 ARL(T A, /)Y ATpd (p;f) (T'Ni./8) = Dy
yebi(x

The latter inequality follows by assumptions (1), (2) or (3). Undoing the intrinsic change of variables, (4.27))
transforms into (1.17)) and the proof is concluded.

~1/a
Hp/ /m(1—m)
)

Finally, note that when H, is large enough, by Corollary |3.13| we know that s ~ (RC4 / ﬁgs)

—1

A

%, o tM ~ C7 771/2

cr
f given in , with Ao, A1 given in (4.26)), behaves like o ~ exp (ESH,,’" P >,

recalling that ¢; > 0 only depend on N,m,p,B3,v. []

hence o = log 4
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5 Appendices

We collect in this Appendix several technical facts and proofs, used in the rest of the paper.

5.1 Appendix-A

This Appendix is devoted to the proof of the upper and lower energy estimates of Lemma [2.2] and of the
Caccioppoli estimate of Lemma [2.3]

Approximation (via truncation) of powers of strong solutions. The proof of the energy estimates
relies on the idea of using u? "'y as a test function, where ¢ is a suitable smooth cutoff function and u
is a solution to the WFDE. As the reader may guess, this is not an admissible test function, hence we
need to proceed by a careful approximation. An additional difficulty is represented by the presence of
singular/degenerate weights: under our assumptions, u is merely a function in Cioc((To, T); Ls’IOC(Q)) such
that u™ € Lj,.((To, T); H) 510.(2)); as already observed, u need not be a function in Ly, () and its gradient
Vu needs not to be the distributional one, see [42, [56]. The goal of the next Lemma is to show that a
suitable truncation of a strong solution to [WFDE] belongs to the class of admissible test functions, hence
an approximate energy identity holds. Here we follow the approach used in [4] and in [74]. Let p > 1 and
1 <l < k: we define following auxiliary functions for u > 0

(u AR5 —17Y, ifl<p<l+m, /“ .
J, = a1 G = J, ds.
p(u) { (WA DS MuAk) ifp>1tm, p(u) 0 p(s™)ds

Note that J, is a bounded Lipschitz function, for all choices of k> > 1 and p > 1. Recall that u?~! is not
an admissible test function, hence we will use a truncation of it, in the precise form of J,(u™).

Lemma 5.1 Let u be a non-negative strong local solution to|WFDEF in (To,T) x Br(xzo). For everyp > 1
and for any [t1,t2] C (To,T) the following equality holds

to ta
/ / uJp(u™) Y de dt + / / Vu™ - V(J,(u™)) de dt = 0, (5.1)
t1 JBgr(zo) t1 J Br(zo)

for any ¢ € C*((Ty, T); C%(Br(x0))). A local strong sub (resp. super) solution satisfies (5.1) with < (resp.
>) for any nonnegative test function in the same class.

loc

Proof. By definition v € L{, (To, T; H) 3,0.(Br(%0))), hence there is a sequence ¢, € C((To,T) X
Bpr(xo)) which converges strongly to «™ in L2 _(Tp, T} HlﬁJoc(BR(wo))). Since Jp(+) is a Lipschitz function,

5
the family {1.J,(¢)} is a subset of WiL*(To, T; L2(K)) N LY, (To, T; Dy 5(Br(0))), hence an admissible test

c loc

function in the sense of Definition ﬂ;fl, so that
/Q[u(t%x) Y(ta, ) Jp(dn)(t2, ) — ults, ©)(t1, ©)Jp(Pn)(t1, )] 2|77 dz
to ta
= / / w(WJy(dn))e |z| ™7 da dt —/ / Vu™ N (P Jp (b)) x| 77 dz dt.
t1 JQ t1 JQ

Integrating by parts in time the first integral on the right-hand side, we obtain

tg t2
/ / e Ty ()t dz dt+/ / Vu™ - V(J,(hn)t0) dz dt = 0; (5.2)
t1 Br(zo) t1 Br(zo)

the reader may observe that this integration by parts makes sense since u is assumed to be a strong solution,
ie. uy € LY((Ty, T) x Br(zo)). Taking the limit as n — oo in (5.2) gives (5.1). []
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5.1.1 Proof of the energy estimates of Lemma

We split the proof of Lemma in several parts: first we prove the upper estimate, then the lower.

Proof of the upper energy inequality (2.3)) Let us fix zg € RY , and simply denote Br = Br(xo) when
there is no ambiguity.
e STEP 1. Reduction. The upper energy inequality (2.3 @ follows by a slightly different inequality:

| umoria de+// et 28 gyt
Br, T JBg,
ho (R, Ry, o) } /T / 1 _
< C(m, — + uPT™= L yP) |z e dt. 5.3
omon) | Pt [ ) lal (59

Indeed, inequality (2.3) follows from (5.3) by letting T = 7 and taking the supremum in 7 € [T3,T].
e STEP 2. First energy inequality. In this step we want to prove the following inequality:

p—1

[U(T7x)p ¢2 (T7 CL’) - U(To,w)p¢2 (TOax)] |$|7’Y dz
p Br

[ ] el
p+m_1 T() BR

2 / / uf 1 |¢hy] |x|_7dxdt—|—m/ / Pt V)2 || 7P dadt |
To BR TO BR

Following Moser’s approach [74], we would like to test the equation with uP~1¢2  but unfortunately this is
not an admissible test function: we shall proceed by approximation, using J,(u™)? as in Lemma this
approximation extends to our weighted setting some ideas from Aronson and Serrin [4]:

Yol P dat (5.4)

T

/ / gy (™2 ||~ ”dxdt+/ V™ - V(J, (w™)?)2| P de dt = 0. (5.5)
To 4 Br

To JBr
Recalling that 9,Gp(u) = J,(u™)us, an integration by parts (in time) in the left-hand side of (5.5)) gives

[ 6 0)(T.0) 0* (7.0) = Goyla) (To0)"? (T, )] [ol 7
oo , T i (5.6)
+/ V-V (J, (™)) ] dxdt§2/TO /BR bl ebe| Gy ()]~ dla .

To /Br

Note that J,(u™) — J,(u™) and Gp(u) — Gp(u) as k — oo where

) (W — 1y fl<p<l4m, s /
J = p—1 G = J d
o { (A5 “tu ifp>1+m, () 0 P e

Since J, is Lipschitz, taking limits as k — oo in inequality (5.6) we get (by dominated convergence) :
5 m2 dodt
[ [Gntma) i (1) = Gyt Ty v? ()] S / [ v v

Br To Br (5.7)

T T
< 2/ / ||| G (w) || = dae dt — 2/ YT, (™) Vu™ - Vip |z| 7P da dt.
T() BR T[) BR

We combine now the following numerical inequality jg (u™) < (%) j;( Myt 4 (22— 1) T{u™ > 1}
with Young’s inequality |v - w| < |v|?/4 + |w|? to obtain
~ 1 ,= 2
21Ty (W)Y - V| < U, (@) [V P+ VR E (L), (5.8)
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where f(l,u) = [1+ (% —1) 1{u™ > I}]. Combining and we get

T
| [Gat @) v (T.0) = Gyt 0? (o) lal ot 5 [ [0 ) (9 el o e
BR TD BR

T B 9 T
<2 [ [ wivdGy el arar s 2 [ e ol azar,
To Br pil To Br

Finally, we obtain (5.4]) by taking the limit as I — oo in the above inequality: we notice that in such limit

. 1 |2
Jp/(um) |Vum|2 — Cpm ’Vup+2 . ’ in the appropriate integral sense, where ¢, ,,, is a suitable multiplicative

constant, as well G, — u”/p and f(I,u) — 1 by dominated convergence.

e STEP 3. Choice of the test function . By a suitable choice of test function, we can show that inequality
implies . It is always possible to choose a smooth 0 < ¢ < 1 supported in [Ty, T] X Bg, such that
v =1on [T1,T]|x Bg,, ¥(To,x) = 0 for all z € Br and ¢ (t,x) = 0 for all (¢,z) € [Tp, T| x OBg, so that there
exists K, > 0 (depending only on N) such that [V (t, z)[> < Ky (R — Ry) > and |1 (t, )| < Ky(Ty —Tp)~*
for all (¢,x) € (Ty,T] x Br \ Br,. With this test function, we estimate the two sides of separately.
Estimating the right-hand side of . We will show that

T T
V / W |t |x|_7dxdt+/ / Bl [Ty x|_ﬁdxdt]

To J Br To 4 Br

1 he (R, Ry, o) r dz dt r dz dt
o Zo X _q dz
<2K + : 1’0] //up +/ /u”“" =, 5.9
w{Tl—To (R—Ri) 2] g, |z (59)
o Br Br

where the function h, (R, Ry, o) is defined in (2.2)). Indeed, plugging the above chosen % in the right-hand
side of inequality (5.4)) we get

T
Cm,p U u(T, )P ¢* (T, -) va\*”dx+/ P2 VU2 x|3dxdt]
Br To JBr
T T
<2 / / uP 1 [y x| dxdt+/ / Pt V)2 || 7P dadt (5.10)
To JBr To Y Br

where the constant c,, j, is given by

p-1, 2m(p-1)°
P (p+m-1)%

Cm,p =

We just have to estimate the quotient |z|~#/|x|~” in the right-hand side of in terms of h, (R, R1,0)
and R — R; to get . First, recall that V) (t,-) is supported in Bg (z9) \ Br, (o) for all t € (Ty, T1].
Next we split two cases, namely o < 2 and o > 2.

~ Case 0 < 0 < 2. In Br(xo) \ B, (z0) we have |z|=# = |z[7=8|z|=" < (Jzo| + R)"™” |2|77, hence

(lzo| + R)Y ™7 (|x0| + R)”‘ﬂ 1 ho (R, Ry, %)
(

(R—Rl)Q R—Rl R—Rl)a = (R*Rl)g ) (511)

sincewerecallthat0<a:2+ﬁ—’y<2means7>ﬁand%2"1‘2 R—RR1 > 1.

— Case 0 > 2. Recall that ¢ > 2 means that v < 3. We now consider two sub-cases. Recall that we consider
balls B, (1‘0) C BR(QSQ) such that 0 ¢ BR(I‘O) \BR1 (1‘0) .
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If 0 & Br(wo), i-e. |wo| > R, then in Bg(zo) \ Br, (x0) we have |z|=# = |z|=7/|z|f~7 < |z|77/ (|zo| — R)" 77,
hence

(5.12)

(o = B _ (R—R1 )’B‘W L _ ho (R Ry )
(R—Ry)° |zo| — (R—R1)” = (R—R1)”

If 0 € Bgr, (z0), i.e. Ry > |xo| then in Br(xg) \ Bg, (70) we have |z| =% = |z|=7/|z|*~7 < |z|=7 /(R —|x0])?~7,
hence

(Ry — |ao)?—7 _ ( R—- R, >5—7 : 1 ho (R, Rlﬂfo)_ (5.13)

<
(R—Ry)’ Ry — |mo]

R—Ry)°" = (R—Ry)°
Estimating the r left-hand side and the right-hand side of (5.10).  We just notice that since ¥ = 1 in
[T1,T] x Bg, we get

/ (T, 2)P |a:|ﬂdxg/ W(T,2)? 42 (T, ) |2|~7 da,
BRl

Br

T T
/ / Vu =5 le‘ﬁdxdtS/ / W2 [VuEE 2 2|8 da dt.
T1 JBr, To Y/ Br

Summing up, inequality (5.10) becomes

T
Cm.p / U(T7$)p|$|_7dx+/ / V™5 |2 |28 da dt
Br, T, JBg,

hs (R, Ry, 20) 1 /T/ _ _
<9IK ) ) p+m—1 p Y dz dt
= 4 BRI gy Jp, U ) e et

where ¢c; = C (m,p) := 2Ky cT_n}p and Ky > 0 depends on N. The proof of the inequality (2.3) is concluded. [J

and

5.1.2 Proof of the lower energy inequalities (2.4) and ({ .

We will perform before a common step, used in the proof of both inequalities. Let us fix g € R, and simply
denote Br = Br(x¢) when no confusion arises. We always consider p € R\ {0}.

e STEP 1. First energy inequality. In this step prove the following inequality for —p <1 —m, p # 0:
p+1

P |:‘/BR (w(T, )~ V2 (T, x) — u(Ty, )P 3? (Ty, x)) || dx}

2 1
+ m(p+ / /
(m— p—l Ty J Br

m—p—1 2 .1-8 p+1 [T _ _
<2m um TP VY * || TP dedt + 2—— u P |y |27 dedt.
To JBr b Jr JBr

We just sketch the proof, since it is similar - but simpler - to Step 2 of the proof of the upper energy inequality
[2.3): we approximate u~P~11)? with admissible test functions, we use the weak formulation of the equation
(1.8) and after a double limiting process, we obtain:

T
4 1
_(p+1)/ / Utu_(”+1)qp2|x|‘7dxdt+ m (p+ //
To Y Br - To Y Br

Sw/ DV
(m—p—1) To JBr

2| P dzdt (5.14)

'an 1

zp |z| =7 da dt

o1



6|w|2
2

p+1
m—p—1

1 2 1)
ptl / B (P2 |z|” 7dxdt+ mpt / /
To Y Br *p*]- To J Br

< 2m/ / u™ P V)2 || 7P da dt.
To Y Br

Integrating by parts in time the first term of the above inequality, we obtain (5.14)).

In the following steps we show that (5.14) implies both (2.4]) and (2.5). We will just sketch the proof, since
it is very similar to the proof of inequality (2.3]).

Using Young’s inequality, i.e., |v - w| < Ll I , with e = — > 0 we get the following inequality

—p—1]2
7‘ G|z| P dzdt

e STEP 2. Proof of inequality (]2.4] . In order to keep the same notation in the proofs, we will change the
51gn of the exponent p with respect to the statement of inequality (2.4 ., namely we will switch p to —p. So

— 1 < p <0, hence we have p—“ < 0. We follow the Steps 3 of the proof of inequality (2.3 . we choose a
smooth 0 < < 1 supported in [TO, T] x Bpg, such that ¥ =1 on [Ty, T1] X Bg,, ¥(T,z) =0 for all z € Bg
and ¢ (t,z) = 0 for all (¢,2) € [To,T] X OBg, so that there exists K > 0 (depending only on N) such that
IVt 2)|2 < Ky (R—Ry)™ 2 and [y (t,2)| < Ky(T —Ty)~" for all (t,z) € (Tp, T] x Bg \ Bg,. With this
choice of ¢ we obtain the following inequality:

T
/ u(To,x)_p|x|_7dx+/ / Vu
Br, (%0) To JBr,
T T
<cy l/ / um PPz P dxdt—|—/ / u Pl ||| 7 dxdt] .
To J/Br To /Br

Proceeding as in Step 3 of the proof of inequality (2.3)) we obtain inequality (2.4]), with
2 (m Y ‘pml‘)
Cy = Kﬂ, .
2m|p+1]
Ip+1] (|p| (7:15—1)2)

e STEP 3. Proof of inequality (2.5). We choose 9 as in Step 3 of the proof of inequality (2.3) and repeating
the same estimates used there, we can estimate (5.14)) to get

T
/ w(T,z)™P |z|77 da —I—/ / Vu
Br, (%0) T, JBr

he(R, Ry, x0) 1 ]/T/ b1 _
<ec U+ w PTML yTPY 7Y de dt,
3[ (R— Ry) Ty —To| Jr, BR( ) I

Finally, inequality (2.5) follows by letting T = 7 and taking the supremum in 7 € [T7,7] in the above
inequality. The constant cs > 0 becomes

—ptm—1 |2
2

|z| =P da dt

p+1
4Kw mV »

c3 = > 0, since p > 0.

11 4m(p+1)
P P A (m—p—1)2

The proof of Lemma [2.2] is now concluded. []
5.1.3 Proof of the Caccioppoli estimates of Lemma

We just sketch the proof. We use the test function 12u =™, assuming first 0 < § < u < M, and we approximate
it as in Step 2 of the proof of the upper energy inequality (2.3)) so that we obtain

—// V20 (u ™) x| 77 dz dt + m? (1—m)// V2|V log u|?|z| =P dz dt
Q Q

(5.15)
<2m(1l— m)/ YVlogu - Vo |z| = dx dt,
Q
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where Q = (7,t) X Br(xo). Inequality follows by using Young’s inequality ab < ea® + b?/4e, with
e = m/4 , on the right-hand side of and integrating by parts in time the first term of inequality .
Note that the assumption u € [d, M| can be removed by a lengthy but straightforward approximation, but we
refrain from doing this here, since we apply only to solutions to a “lifted” Dirichlet problem ,
which we already know to be positive and bounded. []

5.2 Appendix-B

The goal of this Appendix is to prove the weighted Caffarelli-Kohn-Nirenberg and Poincaré Inequalities of
Propositions [[.10] and [[.I1] and to provide some useful quantitative information about the auxiliary function
pgf and its inverse. We recall here the expression of pgf defined in (|1.9):

pal (R) = ( / 2 =% dw)
Br(zo)

We begin with a technical lemma on the behaviour of the function p:*.

2
N

Lemma 5.2 Let N > 3, assume that v, 8 € R satisfy (L.1)). Then there exists Rig,R1s > 0 such that for any
y € RN and for any R > 0 the following inequalities hold

B
Efﬁl p;”B(R) < RQLR(Z/)) < EIGPZ’B(R) , (5.16)

pa(Br(y))
R R2[RV |yl]”™7 < p)P(R) < FisR2[RV [y))*"

The constants Rig,R1g > 0 depend only on N,~, 3.

Proof. We will only prove the first inequality appearing in , the second one will follow by the same
estimates, noticing that Step 2 and 3 correspond to the cases |y| < 2R and |y| > 2R. The proof will be
divided in different cases.

e CASE 1. Assume y =0 and R > 0. This case is done by a direct calculation.

e CASE 2. Assume that 0 < |y| < 2R. The reader may observe that in this case the following inclusions
holds B, (y) C B4-(0) C Bs,(y) . Then, by the doubling property, we obtain the following inequalities (recall
that c =248 —7)

B (o2 (BRW) ™ 1g(Br(Y)) < (525 (Bar(0)) ¥ ps(Bar(0)) < CLR*P=YRN P
< CoR?piy(Bar(0)) < CsR? 1y (Bsr(y)) < CaR?py(Br(y)).

The other inequality is obtained by similar techniques.
e CASE 3. Assume that 0 < 2R < |y|. Assume that z € Br(y), therefore % <z < %
inequality (5.16)) we will show that the quantity I defined by

2 —1
1 N Y1 1
I = —/ |z|("_2)7 dz —/ |z|_ﬁdz —/ |z|77 dz ,
(RN Br(y) RN Br(y) RN Br(y)

is bounded (above and below) by a constant independent of y and R. For any @ > —N we can estimate
fBR(y) |z]* dz as

. In order to prove

CsRN |yl < / 2% dz < CoRN [y ",
Br(y)

where the constants C5 and Cg depend only on the dimension N. Therefore the quantity I is bounded (above)
by
1< CrlylP Nyl ~Plyl” < Cr,
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recall that ¢ = 2+ f — 7. The very same technique works also for the other bound. []

The function p;f (r), is increasing in r therefore it has an inverse which we denote by (p;f)fl, whose
behaviour we show in the next lemma.

Lemma 5.3 Let v, 3 € R satisfy (1.1) and N > 3. Then there exists Fi9 > 0 such that for any o € RY and
for any s > 0 the following inequalities hold

y—8 =B

Ry 52 {55 v |$0|} T (p28) T (s) < Fros? {s% v |g;0|} = (5.17)

where constant g > 0 depends only on N,v,B. As a consequence, for any xo € Q C RN and for any
s € (0,T], we have:

Es
o

K19 S ’ Zf0-227

v.B) s) < e
(p%) (5) < Rig 82 <Tclr\/sup |x0> , if0<o<2.
xo€EN

(5.18)

Proof. We first observe that inequality (5.18]) easily follows by (5.17), hence we only have to prove the
latter.

e CASE 1. Assume xo = 0. Under this assumption we know that pl*’ () = 7. Therefore (p;f)_l (s) <s
e CASE 2. Assume xg # 0. Here we deal with two different cases. First, we observe that if 0 < r < |zo| w

have p:?(r) = r%|xo|?~7, therefore (p;f)_l (s) = s%|xo|% and the estimate holds when r < s2 |z 2

1
E

¢

o .

A

|zo|, i.e. when s7 < |zo|. Next, when 0 < || < r we have p3:P(r) < r? and therefore ( ;65)71 (s) = s7, the
estimate holds when s > |zo|. The two estimates give (5.17), and this concludes the proof. []

Proof of the weighted Poincaré inequality of Proposition The Poincaré inequality (|1.19) will
easily follow from Holder’s inequality and from the following weighted Sobolev-Poincaré inequality proven in
[45, Theorem I]

2 e da ” o R/*"Y(BR(y))%
</BR@>'¢ ol ) = O (Bay)

(/ V|2 |z| = dx) . (5.19)
Br(y)

where ¢ = 1, (Br(y)) ™" fBR(y) ¢|lz|~7 dz, Br(y) is any ball and C; > 0 depends only on N, and 8. [

=

Proof of Proposition m Inequality (CKNI2|) follows from (|5.19)), estimating the constant as in the
. = - 1 i1y .
above proof, then using [|f — fllLe(Br(z0)) = 1Lz (Br(ze)) — fiy(Br(20))? and Hélder’s inequality. []
The following technical lemma is needed in the proof of Proposition

Lemma 5.4 Let N > 3, assume that v, 5 € R satisfy . For any positive real number A,

A> 4V 25V (47%)7 (5.20)
and for any r > 0, for any o € RY the following inclusion holds

Qryalto, To) C QF(to, o), (5.21)
where QE and Qg are defined in , and Rig > 0 s as in .

Proof. We prove only in the case 0 < ¢ < 2, namely v > [, since the case ¢ > 2 is actually simpler
and follows by the very same steps. In order to prove the inclusion we need to verify two conditions:
2R/A < R/2 and 4p}:°(R/A) < p}:P(R). The first condition is automatically verified by (5.20), hence we
only need to verify the latter, which easily follows by the following estimates:

2 4E§8771R2 {R\/ |x0|](7ﬁ)

_ R [R

S Ao K1g

—(v=8)
] .

which follow from w < &V |zo| together with the condition (5.20). The proof is concluded. []
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5.2.1 Further estimates on test functions

The operator Ly 3f = |z[7V - (|#|7#V f) acts on smooth functions as follows:

x
|z[?

Lyp(9) =z |A¢ - =5 -Vo|. (5.22)

In the proof of Proposition [2.4] we use the following technical Lemma.

Lemma 5.5 For any xg € RY and any R > 0 there exists ¢ € C2(RY) such that supp(¢) C Bagr(xo), ¢ =1
on Br(zo), 0 < ¢ < 1 and the following estimate holds:

1 1

ST (2)|Ly,p(0) (@) T <Tag (037 (R) 7 for allw e RV, (5.23)

where K19 > 0 depends only on N,~, 3 and m.

Proof. We define a function ¢ := ¢ (Jx — x0|"R_")b with b > 0 to be chosen later; we choose the cutoff
function ¥ : [0,00) — [0, 1] to be smooth. A simple calculation shows that

V¢ =boR % (|J: — alco|‘71’7{_")b_1 )’ (|ax — J:0|”R_") |z — 20|7 " 2(z — x0),
A¢ =boR™ "2 |z — wo|” % [o|lz — 20| "R™7 ((b— DY'|* + o) + ¢/ (N + B — )] .

Using the expression ([5.22)) we get

—m —bm —bm+(b—2) 1

¢ |Ly <¢)‘ﬁ =yYT-m |L,3 (¢b)‘ﬁ = T-m [boR_“|x|2_‘7|x — x0|”_2] 1=—m
ol — 0l B (5= DI+ 9”) + 6 (N + 8 ) — g Blal=>(z — o) -2 7 .

We need to split the proof in two cases, depending on the relation between |z¢| and R.

e When 0 < |zo| < 3R: Choosing ¢ = ¢(|z — 20|) to be a equal to 1 on B(7/4)r(z0) and zero outside
Bar(x0), we have supp(L,5(¥°)) € B(z/4)r(20)°NBar(x0); since B /ayr(0) C Bz 4)r(xo), it turns out that
supp(L., 5(¥?) C{(1/4H)R < |z| < 3R} N{(7/4)R < |z — 79| < 2R}. Taking b > 2 we obtain

1-m

—m

¢17m

where we have used that 0 < ¢ < 1; note that C, > 0 depends only on ¢ and, by in this case
p3:P(R) < R°, this proves (5.23).

e When |zo| > 2R: In this case we choose 1(|z — zo|) equal to 1 on Bg(zo) and equal to 0 outside
B(s/sr(wo). In this way, supp(Ly,s(1°)) € {R < |o — xo| < (5/4)R} € {(1/3)|zo| < |2] < (11/6)]wol}:
noticing that {R < |z — zo| < (5/4)R} C {|z| > R/4}, using and proceeding as in the previous case,
we conclude the proof of . O]

Ly (@) < Cy [boR™)TT [047 (b — 11| + [0]) + [¢/|(N + 8 — 7+ 4I8)] ™™
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