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Quantitative Local and Global A Priori Estimates
for Fractional Nonlinear Diffusion Equations

Matteo Bonforte®? and Juan Luis Vazquez®*

Abstract

We establish quantitative estimates for solutions wu(t,z) to the fractional nonlinear diffusion
equation, dyu + (—A)*(u™) = 0 in the whole range of exponents m > 0, 0 < s < 1. The equation
is posed in the whole space € R%. We first obtain weighted global integral estimates that allow
to establish existence of solutions for classes of large data. In the core of the paper we obtain
quantitative pointwise lower estimates of the positivity of the solutions, depending only on the norm
of the initial data in a certain ball. The estimates take a different form in three exponent ranges:
slow diffusion, good range of fast diffusion, and very fast diffusion. Finally, we show existence and
uniqueness of initial traces.
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1 Introduction

We consider the class of nonnegative weak solutions of the fractional diffusion equation
O+ (=A)*(w™) =0 in (0,T) x R?, (1.1)

where m > 0,0 < s<1,d>1, and T > 0. The precise definition of the fractional Laplacian is given
in Appendix In most of the paper we assume that the initial data are given:

u(0,z) = up(z), (1.2)

where in principle ug € Ll(Rd) and ug > 0. However, in Section [2| we consider solutions of possibly
changing sign and then we use the notation ™ to mean |u|™ v for powers of signed functions. We refer
to [I1l, 12] for the basic theory of existence and uniqueness of weak solutions for the Cauchy problem
—. These papers also comment on the physical motivation and relevance of this nonlocal
model, describe the main results on L? and C'“ regularity, and give references to related literature.
Recently, the existence and properties of Barenblatt solutions for the Cauchy Problem was established
in [I8]. For s = 1 we recover the classical porous medium/fast diffusion equation, whose theory is
well-known, cf. [I7]. We will call the case s = 1 the standard diffusion case.

The main purpose of the paper is obtaining quantitative a priori estimates of a local type for the solu-
tions under consideration. Such estimates were obtained for the standard PME by Aronson-Caffarelli
[1] and by the authors for the standard FDE [4, [5 [6] . This is not always possible for the present model
due to the nonlocal character of the diffusion operator, but then global estimates occur in weighted
spaces. The results take different forms according to the value of the exponent m, a fact that is to
be expected since it happens for standard diffusion. The case m > 1 is called the (fractional) porous
medium case : contrary to the standard porous medium equation, it does not have the property of finite
propagation, an important difference established in [I1),[12] . The range of exponents m € (0, 1) is called
the (fractional) fast diffusion equation, and it has special properties when (d — 2s)/d =:m, <m < 1,
which we call the good fast diffusion range. When 0 < m < m, it is known that some solutions ex-
tinguish in finite time, which is a clear manifestation of the change of character of the equation, since
solutions of the Cauchy problem exist globally in time and are positive everywhere in @ = (0, +-00) x R?
ifm>me..

Outline of the paper and main results. In Section[2] we derive upper bounds in form of weighted
L' estimates, valid for nonnegative solutions of the Cauchy problem in the whole fast diffusion range
0 < m < 1. Actually, they are valid for the difference of two ordered solutions, the precise statement is
given in Theorem Contrary to the purely local L! estimates known in the standard fast diffusion
case, cf. [I0], the estimates for s < 1 are valid in weighted L!-spaces and the weight must decay at
infinity with a certain decay rate, not too fast, not too slow. This is again a manifestation of the
nonlocal properties of the fractional Laplacian. The estimates will be important as a priori bounds for
solutions, or families of solutions, through the rest of the paper.

In Section [3] we use the estimates of Section [2] to construct solutions for initial data that belong to
weighted L'-spaces, in particular for data 0 < ug € L. _(R?) such that ug(z) grows less than O(|z|?/™)
as |z| — oo, in particular for all bounded data. These solutions can be uniquely identified as minimal
solutions in a precise sense and satisfy many of the properties of the known class of bounded and
integrable weak solutions.



Section [ studies the actual positivity of nonnegative solutions via quantitative lower estimates for the
good fast diffusion equation. Precise local lower bounds are contained in Theorem The behaviour
as |z| — oo (so-called tail behaviour) is studied in Section and global spatial lower bounds are
derived as a consequence in Section [4.2 The merit of the estimates is that they are quantitative and
most of the exponents are sharp. The lower estimates of this section can be adapted for the exponent
m = m, separating both fast diffusion subranges, but only when ug € Lf , for some p > 1. However, we
refrain from doing this particular case in the present paper since the proof uses some other techniques
that would lengthen the text.

The very fast diffusion range 0 < m < m, is studied in Section The weighted L' estimates of
Theorem continue to hold, but this does not allow to obtain the same type of quantitative lower
bounds since the technique used in the good fast diffusion range does not work anymore. There are
two problems: on the one hand the L'-L> smoothing effect does not hold for general L! initial data,
on the other hand the presence of the extinction phenomenon makes things more complicated, and the
extinction time enters directly the estimates of Theorem These difficulties have already appeared
in the standard FDE, s = 1, and were treated in our paper [6]. However the technique used in that
paper does not extend to 0 < s < 1 and we present here a technique that is based on the careful use
of weight factors, and in the limit s = 1 gives a simpler proof of the result of [6]. We also study the
problem of characterizing the finite time extinction in terms of the initial data; thus, we determine a
class of initial data that produces solutions that extinguish in finite time, see Proposition [5.3] as well
as a roughly complementary class of initial data for which the solution exists and is positive globally
in time, see Corollary [5.2).

Section [6] is devoted to study similar questions for the porous medium case. Theorem establishes
local lower bounds of the Aronson-Caffarelli type for all 0 < s < 1. The question of optimal decay as
|x| — oo is an open problem; for selfsimilar solutions it is solved in [I§].

In Section [7] we address a different question that complements our previous results, i.e., the question
of existence and uniqueness of an initial trace for nonnegative weak solutions defined in a strip Qr =
(0,T] x R%. The main results are stated in Theorems and This result can be combined in
the reverse direction with the existence of solutions with initial data a nonnegative Radon measure,
Theorem 4.1 of [I8]. In the final appendix we collect the definitions of weak, very weak and strong
solutions, together with a number of technical results.

We still need to mention the relation of these estimates with the linear fractional heat equation, case
m = 1, for the sake of completeness. The lower bound of Section [6] for m > 1 passes to the limit m | 1
and solves the first case, and this coincides with the limit m 1 1 of a part of the estimate for m < 1
obtained in Section [4 for m < 1. See Proposition [4.3]

NoTAaTIONS. Throughout the paper, we fix m. = (d — 2s)/d, m; = d/(d + 2s), p. = d(1 — m)/2,
and ¥ := 1/[2s — d(1 —m)], which is positive if m > m.. We will call s-Laplacian of f the function
—(—A)®f. This is consistent with the use in the standard case s = 1.

2 Weighted L' estimates in the fast Diffusion range

We will derive weighted L' estimates which also hold for the standard FDE (i.e., the limit case s = 1).
When s < 1 the equation is nonlocal, therefore we cannot expect purely local estimates to hold. Indeed
we will obtain estimates in weighted spaces if the weight satisfies certain decay conditions at infinity.



We present first a technical lemma which will be used several times in the rest of the paper.

Lemma 2.1 Let ¢ € C*(R%) and positive real function that is radially symmetric and decreasing in
lz| > 1. Assume also that ¢(z) < |z|~ and that |D?*p(x)| < colz|~*2, for some positive constant o
and for |z| large enough. Then, for all |x| > |xg| >> 1 we have

C1 .
W, Zfa<d7
¢ log |z Fo—d
Ay <{ i o o= 2.1)
%, ’l/fOé>d,
A

with positive constants cy,ca,c3 > 0 that depend only on «,s,d and ||goHoz(Rd). For a > d the reverse
estimate holds from below if ¢ > 0: |[(=A)*p(x)| > calz| @29 for all |x| > |zo| >> 1.

The proof is easy but technical, and is given in Appendix for the reader’s convenience. We point
out that the large-decay case a > d is what makes the estimate in the fractional Laplacian case very
different from the usual Laplacian case. In particular, the s-Laplacian of a nonnegative smooth function
with compact support is strictly positive outside of the support and has a certain decay at infinity,
indeed the minimal decay |z|~(4+2%) is obtained for the (—A)*p when ¢ > 0 is compactly supported,
cf. [12]. A suitable particular choice is the function ¢ defined for a > 0 as ¢(z) =1 for |z| <1 and

1
(1 (o2 = 1))

o(z) = if || > 1. (2.2)

We are now ready to present the weighted estimates.

Theorem 2.2 (Weighted L! estimates) Let u > v be two ordered solutions to the equation (1.1)),
with 0 < m < 1. Let pr(z) = ¢(x/R) where R > 0 and ¢ is as in the previous lemma with 0 < p(x) <
|z|~% for |z| >>1 and

2
d— <a<d+—8.
m

1—m
Then, for all 0 < s,t < co we have

(u(t,x) — U(t,l’))(pR(.%') dz o < (u(s,a:) — v(s,m))ng(:U) dx o + %(:—1 (2.3)
(/. ) =L S

with C1 > 0 that depends only on o, m,d.

It is remarkable that the estimate holds for (very) weak solutions, maybe changing sign. Also, it is
worth pointing out that the estimate holds both for s < ¢ and for s > ¢. In the limit s — 1 we recover
the well known L' local estimates for the standard FDE.



Proof. e STEP 1. A differential inequality for the weighted L'-norm. If 1 is a smooth and sufficiently
decaying function we have

i/ (u(t, x) — v(t, x))w(:):) dz

Ra

[ (arum = oy vds
Ra

—(a)

L= (o) vds

<y 2 / (u - v)™ [(~A)y| da
Rd

Notice that in (a) we have used the fact that (—A)® is a symmetric operator, while in (b) we have
used that (u™ — v™) < 217 (u — )™, where u™ = |u|/™ 'u as mentioned. In (c¢) we have used Holder
inequality with conjugate exponents 1/m > 1 and 1/(1 — m). If the last integral factor is bounded,
then we get

i/ (u(t,z) —v(t, 2))Y(z) dx

Rd

<ol (/R (ut, 2) — v(t, 2)) () dm)m

Integrating the above differential inequality on (s,t) with s,¢ > 0 we obtain:

</Rd (u(t, ) — v(t,z)) ¥ (z) dx> e </Rd (u(s, ) — v(s, 2)) () d:n) o < (1—m)CL™ |t — 5|

which is (2.3) once we estimate the constant Cy, for a convenient choice of test function.

e STEP 2. Estimating the constant Cyy. Choose ¢(x) = pr(z) := ¢(z/R) = ¢(y), with ¢ as in Lemma
and y = /R, so that (—A)*)(z) = (=A)*¢r(x) = B> (=A)%(y)

Gy = / (A OREITT (g / Ay
RE pp(x)T-m RE p(y) T

_ pii / (AT / (-8 el dy]: bR
B, p(y)Tm By p(y)tm

where it is easy to check that the first integral is bounded, since ¢ > ko > 0 on By, and when |y| > |x¢|
with |zg| >> 1 we know by estimates ([2.1]) that

( ok
’|O¢—|—3257 lfO[<d,
y 1-m
(D) p(y)|=n _ | Kaloglyl o
W= ) TR ’ (2.4)
p(y)Tm
k
e, ifa > d,
ly| =

an <a<d+ % . Note that all the constants k; depend only on

therefore ky is finite whenever d — 1=

a,m,d. []



Remark. The estimate implies the conservation of mass when (d — 2s)/d = m. < m < 1, by letting
R — oo. On the other hand, when 0 < m < m,. solutions corresponding to ug € L'(R%) N LP(R?) with
p > d(1 —m)/2s, extinguish in finite time 7" > 0, (see e.g. [12]); the above estimates provide a lower
bound for the extinction time in such a case, just by letting s =T and ¢t = 0 in the above estimates:

1 1-m

Moreover, if the initial datum wug is such that the limit as R — +oo of the right-hand side diverges to
+o0, then the corresponding solution u(¢,z) exists (and is positive) globally in time, as explained in

Corollary [5.2).

3 Existence of solutions in weighted L'-spaces

Theorem 3.1 Let 0 < m < 1 and let ugp € LY(RY, pdz), where ¢ is as in Theorem with decay at
infinity |x|~%, d — [2s/(1 = m)] < a < d+ (2s/m). Then there exists a very weak solution u(t,-) €
LY(RY, o dx) to equation (T.1)) on [0,T] x R%, in the sense that

T T
u(t, x z)dxdt = " (t, x)(—=A)° z)dx or a 0 dy
| [ eteamaara= [* ] wmasayriaara, poraits e c2(0.7)x R

This solution is continuous in the weighted space, v € C([0,T] : LY (R%, p dz)) .

Proof. Let ¢ = pgr be as in Theorem with the decay at infinity |x|~®. Let 0 < ug,, € L*(R%) N
Lee (Rd) be a non-decreasing sequence of initial data up,—1 < ug, converging monotonically to ug €
L'(RY, pdx), i.e., such that [pa(up — uno)pdaz — 0 as n — co. Consider the unique solutions up (¢, z)
of equation ([1.1)) with initial data wup,. By the comparison results of [I2] we know that they form a
monotone sequence. The weighted estimates show that the sequence is bounded in L!(R?, ¢ dx)
uniformly in ¢ € [0,7]. By the monotone convergence theorem in L!(RY ¢dx), we know that the
solutions wuy, (¢, ) converge monotonically as n — oo to a function u(t,z) € L*((0,T) : LY(R%, ¢ dz)).
Indeed, the weighted estimates show that when ug € L'(R?, ¢ dz) then

</Rd u(t, z)p(x) dx)lm = lim (/Rd ot 2)0(2) dm)lm

1-m
im un(0, 7)) p(z) dx d(1-m)=2s :
<1 (/R( n(0,2))¢p(x) d ) +CiR £t B

n—o0

1-m
= (/ uo(x)p(x) dm) 4 Oy RII-m)=2s 4
Rd

At this point we need to show that the function u(¢, x) constructed as above is a very weak solution to
equation (T.1]) on [0, 7] x R?, more precisely we have to show that for all ¢» € C2°([0, T x R%) we have

//Rd u(t, ) (t, x) do dt = //Rd (t,2)(=A)*(t, ) dz dt . (3.2)

By the results of [12] we know that each wu, is a bounded strong solutions, since the initial data
ug € LN (RY) NL>®(R?), therefore for all ¥ € C([0, T] x RY) we have

/OT /Rd U (t, ) (t, ) de dt = /OT /Rd W™t ) (— A Y(t, ) da dt . (3.3)
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Now, for any 1 € C°([0,T] x R?) we easily have that

lim//untxwttxdx—// (t,z) i (t, ) dx
n—oo Rd R4

since 1 is compactly supported and we already know that u,(t,z) — u(t,z) in Llloc. On the other
hand, for any 1 € C>([0,T] x R?) we have that

nl;n;o /OT /]Rd upt(t, x)(—A)°¢Y(t, x) dedt = /OT /Rd u™(t, z)(—A)Y(t, z) de dt

since u, < u and

0</ /Rd (t,2) — u™ (¢, 2))(— A) (¢, z) dz dt

—u )™ m T ’(—A)sl/f(t»x)‘
< [ [ t.0) = wnta g e 202

< /OT (/R u(t, z) —un(t,x)|<p(:n)dx>m (/R iz i o

T
< C/O /Rd(u(t,x) —up(t,z))pdzdt — 0

where we have used Holder inequality with conjugate exponents 1/m and 1/(1 — m), and we notice

that ) -
( / |(=8)0(t, )| ‘lm e dt) “c
R N

p(z)™

since v is compactly supported, therefore by Lemma we know that [(—A)Sy(t, z)| < ez|z| (@429,
and the quotient

‘|<—A> o(t,x)| |7 c3
p(z)m T T

is integrable when ‘Hfii:nm > d that is when a < d + (2s/m). In the last step we already know that
Jpa(u(t, ) —un(t,))pdz — 0 when ¢ is as above, i.e. as in Theorem Therefore we can let n — oo

in (3.3) and obtain (3.2)) .
For the solutions constructed above, the weighted estimates ([2.3)) show that when 0 < ug € L* (Rd, pdx)
imply

/ u(t,x)g&R(x)dx—/ u(s,z)pr(z)dr| < 27=m mClR = |t—5]11m (3.4)
R4 R4

which gives the continuity in L'(R? ¢dz). Therefore, the initial trace of this solution is given by
ug € LY (R, pdz). [

Remark. The solutions constructed above only need to be integrable with respect to the weight
¢, which has a tail of order less than d + 2s/m. Therefore, we have proved existence of solutions
corresponding to initial data ug that can grow at infinity as |:17|(25/ m)=¢ for any ¢ > 0. Note that for
the linear case m = 1 this exponent is optimal in view of the representation of solutions in terms of
the fundamental solution, but this does not seem to be the case for m < 1.



Theorem 3.2 (Uniqueness) The solution constructed in Theorem by approximation from below
is unique. We call it the minimal solution. In this class of solutions the standard comparison result
holds, and also the estimates of Theorem [2.2].

Proof. We keep the notations of the proof of Theorem [3.1] Assume that there exist another se-
quence 0 < vo € L'(R%) which is monotonically non-decreasing and converges monotonically to
ug € LY(R?, pdz) . By the same considerations as in the proof of Theorem we can show that there
exists a solution v(t, ) € C([0,T] : L*(R%, ¢ dz)). We want to show that u = v, where u is the solution
constructed in the same way from the sequence ug,. We will prove equality by proving that v < u and
then that u < wv. To prove that v < u we use the estimates

/Rd [oe(t, ) — un(t,x)erw < /Rd [06(0, ) — un(O,x)]+dx (3.5)

which hold for any wu,(t,-), vk(t,-) € LY(R?), see Theorem 6.2 of [I2] for a proof. Letting n — oo we
get that

lim [og(t, ) — un(t,a:)]+ dz < lim [0(0, ) — un(O,m)]+ dzr = / [ve(0,2) — uo(:r)]Jr dz =0

n—oo Rd n—oo Rd R4
since vg(0,z) < wg by construction. Therefore also vi(t,2) < u(t,z) for ¢ > 0, so that in the limit
k — oo we obtain v(t,z) < u(t,z). The inequality u < v can be obtained simply by switching the roles
of u, and vg . The validity of estimates of Theorem is guaranteed by the above limiting process.
The comparison holds by taking the limits in inequality ([3.5]), as it has been done for L!-solutions in

2. O

4 Good fast diffusion range

The first result of the section will be the existence of local lower bounds. In the proof we will use
Lemma, which is a simple optimization lemma that we state in Appendix [8.5]. We recall that
me:=d/(d —2s) and ¥ := 1/[2s — d(1 — m)] which is positive for m > m,.

Theorem 4.1 (Local lower bounds) Let Ry > 0, m. < m < 1 and let 0 < uy € L}(R% pdz),
where ¢ is as in Theorem [2.2] with decay at infinity |v|~*, d — [2s/(1 —m)] < a < d + (2s/m). Let
u(t, ) € Ll(Rd, wdx) be a very weak solution to Fquation corresponding to the initial datum ug.
Then there exists a time

L 2s—d(1—m) 1-m

ty = Cs Ry HUOHLl(BRO) (4.1)

such that )

T 1
inf w(t,x) > KRy, '"™tT-m  if 0<t<t,, (4.2)
2€BR, /2
and

inf  u(t,z) > K HUO%I?BR(’) ft>t 4.3
xegRO/QU( ,T) > N if 2>t (4.3)

The positive constants Cy, K1, Ko depend only on m,s and d > 1.



Figure 1: Black: Lower bounds in the two time ranges. Blue: Upper bounds (smoothing effects), which
has the same behaviour when t > t, .

Remarks. (i) The lower estimate for small times is an absolute bound in the sense that it does not
depend on the initial data (though ¢, does depend).
(ii) We obtain the following expressions for K; and K3 and Ci:
K
K = 2 prI— and
1 i-m
[2%+1319 (wa Ioo)w:| 1

1 259
25 N7 | A ) @so) T 1T a—d 1 (4.4)
d(1 —m) 2s (259 )d(l—m)ﬂ 2(a —d) + 1 wy4dCP

KQ:

1
C, = 250 (wd 9d Ioo) a7

where C; > 0 is the constant in the L!-weighted estimates of Proposition that depends on a, m,d,
withd < o < d+ %, and I, > 0 is the constant in the smoothing effects (4.6)), cf. Theorem 2.2 of [12].
(iii) We can always choose aw = d/m < d + 2s/m , since 2s > d(1 —m).

Proof. The proof is divided in several steps.
e STEP 1. Reduction. By the comparison principle that it is sufficient to prove lower bounds for
solutions u to the following reduced problem:
O+ (—A) (™) =0, in (0,00) x R?,
u(0,-) = uoXBg, =g, in R4,

(4.5)
where m, < m < 1,0<s < 1,and Ry > 0. We only assume that 0 < ug € Ll(BRO), which implies

that ug € L*(R?) since supp(up) C Bp, and also that lluollr ey = lluollLi(pg,) - It is not restrictive to
assume that the ball Bg, is centered at the origin.
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e STEP 2. Smoothing effects. In [12] there are the global L! — L smoothing effects which provide
global upper bounds for solutions to the Cauchy problem [I.I]. We apply such smoothing effects to
solutions to our reduced Problem [4.5] to get

I I
() e ety < 25 1103y = 235 luolEi{s, ) (4.6)

where ¥ = 1/[2s — d(1 — m)] and the constant I, only depends on d, s, m .
e STEP 3. Aleksandrov principle. We recall Theorem 11.2 of [I8], we have that

u(t,0) > u(t,x), for all ¢ > 0 and |z| > 2Ry .
Therefore one has that
JuOlow i pn) = Sup  ult,a) < u(t,0). (4.7)
xGRd\BgRO

e STEP 4. Lower estimates for the L®-norm on an annulus. We combine the L'-weighted estimates
of Theorem with the smoothing effects of Step 2: estimates (2.3 read in this context

</BR " dx)l_m = </Rd uowr () d“:)l_m : (/Rd“(t»l‘)@zz(x) df”)l_m +C R (4.8)

we have chosen R > 2Ry > 0 and ¢r(r) = ¢(x/R) with ¢ as in Lemma (with the explicit
form given in formula (2.2)), so that gr(z) = 1 on Bg and 0 < ¢g(z) < || for |z| >> R with
d—2s/(1—-m)<a<d+2s/m, and we recall that C; > 0 depends only on a,m,d.

1-m
1-m _ d(1—m)—2s
HuOHLl(BRO) C1R t < </Rd u(t,x)pr(x) dl‘)

1-m 1—m

We first estimate (I), to this end we observe that if we choose d < o < d + 2s/m we have that

/ or(z)de = / or(z)dx —|—/ or(zr)de = / er(z)dx —|—/ 1dz
RN\ Bz R, RNBr Br\B2g, RN\Bpr Br\B2g

1
< / o7 4z + waR!
RN\Bg [1+ (|z/R|? —1)*]

+oo d—1

= wde/ ! 78 dr + wyR?
1 1+ (r2 —1)4"
4 d—1 +o0o d—1

:wde / " a/8d’r+/ " a/8dr+1

114 (r2 = 1)4] 4 [14(r2 = 1)4]

+o00 4o/8 1
<(a) waR? [1 + 49 4 4o/8 / rd_l_o‘dr] =wgRY |1 +4% + a_d]
4 o — d 4

< o= )+

a—d
(4.10)
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where we have used that R > 2Ry and in (a) we have used the fact that ¢ < 1 and that 1+ (r2 - 1)4 >
r8/4, if r > 4. Therefore we have

1

([)177 :/ u(t,l’)QDR(J)) dr < Hu(t)HLOO(Rd\BQRO)/ @R(x) dzx
R\ Bsg,

R4\ Bag,
< wd4dw &
- a—d

2(«
RY|u(t)||p.0 (RI\Bygy) < wqd? — Reu(t,0)

where in the last step we have used inequality (4.7) of Step 3, derived from Aleksandrov principle.

We now estimate (I1) as follows:

um%zé wm%mmswmmm/ () dz

Bsag,

I,
<(a) Wa 29 RY |u(t) o0 may () wa 2 RY #%3 ||U0”isf€330)

where in (a) we have used that pr(z) = 1 on Bg, 2Ry < R and |Bg| = wgR?. In (b) we have used the
smoothing effect (4.6 . Plugging the above estimates into (4.9) gives

1-m
[wdeRdIOO HUOHQSﬁ }

_ d(1-m)—2s 4 ~ L' (Bry)
luollii (5, ) — C1R ts (di=m (4.11)
20 —d)+177™
+ foat 2O g o),

or equivalently

1-m
wdeRgIOO HUOH%T?BRO)] 1 Cit
HuOHLl(BR ) ¢d(1—m)) RA(-m) — R2s (4.12)
20 —d)+1 o -m
< |:wd4d(a_)d:| ul (t, O) .

e STEP 5. Optimization. The previous estimate (4.12]) is useful only if we can make sure that the
left-hand side has a positive lower bound. Let us write inequality (4.12]) as

A(t) Bt P20@—d)+177"
F(tR) =rga—ny — s = { e A u "t 0), (4.13)
with
AW = (M~ Sl M=l - C = [n2 Rl ol )] B= 1 (44)
- fdi—myo | » 7 T HOlLY(BR ) » T |7 0100 [luollt: (Bry) , b=101 .

where C7 > 0 is the constant of L'-weighted estimates of Theorem and I, > 0 is the constant of
the smoothing effects (4.6]) of Step 2. We now optimize the function F' as in Lemma so that there
exists

1
C\ da-m)s A1
t, = 250 <M> — 240 (wd o Ioo) RS ol (4.15)
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and

9 250 O p9
R(t) = 2sBt > R(t) = 2s (2s09) BY(Cdti=m)
C\dA-m)A(t)) T [d(1—m) (2s9)40-m) — 1| gty

B 2s (2519)%Y
B [d(l —m) (2s9)d1-m) — 1

(4.16)

v 1
} wi 2 RyI&CY >0y 2Ry,

where in (a) we have used that the constants I, > 0 and C > 0 are constants in the upper bounds
(4.6) and (4.8) respectively, so that we can chose them to be arbitrarily large to fulfill the condition

R(ty) > 2R. Therefore for all ¢ > t, we have that

wd4d2@“—d)+1} T 0) > F(R().1) [<2Sm

a—d

=3
—
|
~
|

1 d(1—m)]>0 A2
_1] [ 24 ] (Bt)d(1-m)?

25 \7 ] [aa=m)]*” Ag)>? 1
dl—-m)) %2 Cil(l—m)ﬂ 1d(1—m)?

since A(t) > A(t,) for all ¢ > t,, and it is easy to check that

1 ! (2592170 _ 0
— W H 0||L1(BR ) (2819)d(1—m)19 || OHLI BR ) >0,

A(t,) =

since we recall that 2519 > 1. Summing up we have obtained

ol

for all ¢ > t, > 0, where K5 only depends from «,m, s,d and takes the form

o (ta) -

Note that in the limit m — 1 the constant K5 — 0. By a standard argument it is easy to pass from
the center to the infimum on Bpg/5(0) in the above estimates.

1 259
Al —m) (2s9)MmY g | T g 1
2s (250 )07/(1—7”)19 2(a —d) + 1 wyddCP

(4.18)

e STEP 6. Positivity backward in time. Using Benilan-Crandall estimates which depend only by the

homogeneity of the equations, cf. [3]
u

(I —m)t

we can prove positivity in the time interval [0,¢,]. These estimates in the fractional case has been

proven in [12], and imply that the function: w(t,z)t~%(=") is non-increasing in time, thus for any
€ (0,t«) and = € Bp,/5(0), inequality (4.17) gives

(4.19)

up <

250 1
t 1 ||U0HL1 B 1 K t 1
U(t,f) 2 u( *l’x)tlfm Z KQTR)tlfm = 2 pr T |:R25:|
£ te T 28050 (wa L) ao |
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where Ko > 0 is given in (4.18)), and ¢, is given by (4.15)), and it is easy to check that

||U0Hisiﬁ,gR ) _ luoll£375,,) B 1
df+ 12— 1 o+ Ao+ 2
AT [zsﬁ(wdzdf )i (Ro)¥ lluo {75, )] 1 [Q%H.sﬂ(wdfoo)ﬁ R

The proof is concluded. []

Remark. This lower estimate holds in the limit m — 1 and gives lower estimates for the linear
fractional heat equation of the form

Proposition 4.2 Let u > 0 be a weak solution to the Cauchy Problem (1.1)), corresponding to uy €
LY(R?) and m = 1. Then ¥ = 1/2s > 0 and the estimate says that for given Ry and t. := Cy R%®, then

[uollLr(Bg,)

inf  wu(t,z) > Ky L4/s

if t2> 1. 4.20
ZEBRO/Q f - ( )

The positive constant Ko depends only on C1, s and d.

The proof is easily obtained from the integral representation of the solution.

4.1 Minimal space-like tail behaviour

As a corollary of the previous lower bound, we obtain a quantitative bound from below for the space-
like behaviour of any nonnegative solution. We consider a solution that has a certain initial mass M in
the ball of radius 1 and apply the result of Theorem after displacing the origin of space coordinates
to a point xo with |zg| >> 1. We then consider the formula for the critical time with center zg
and radius Ry = |xo|+ 2, so that the ball B, (o) contains the mass M mentioned above. As Ry — 00
also t, — co. We can therefore use the lower bound to get an estimate of the form

u(t, o) > G(ug,t) |zo|~2/0—™) (4.21)

where G(up,t) is given in (4.2]). According to the results of [I§] the Barenblatt solutions have this
precise spatial behaviour in the range m. < m < mi, with m; = d/(d + 2s), therefore the asymptotic
estimate is sharp in this range.

4.2 Global spatial lower bounds in the case m; <m < 1

We would like to prove that the solution can always be bounded from below by a Barenblatt solution,
so the lower bound will be sharp. In the range m. < m < mq the lower bound of Theorem gives
sharp lower bounds with the same tails as the Barenblatt solutions, as explained in Section In
the range m; < m < 1 the lower bound given by is not sharp and the following Theorem
(respectively Proposition when m = 1) proves that any solution with data in L!(R?) can always be
bounded from below by a Barenblatt solution (respectively by the fundamental solution when m = 1).
See Figure [2
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Figure 2: Lower bounds for the spatial decay rates of solutions. Recall that m. = (d — 2s)/d and
my =d/(d+ 2s)

Theorem 4.3 (Global Lower Bounds when m; < m < 1) Under the conditions of Theorem
we have in the range m; < m <1

u(t,x) > ()

Z e when |x| >> 1. (4.22)

valid for all 0 <t < T with some bounded function C > 0 that depends on t,T and on the data.

Proof. The proof consists of several steps.

e STEP 1. We begin under the extra assumption that up(x) > 2¢ > 0 in a ball, that can be taken to
be Bi(0) by scaling. Therefore, there exists a t; such that u(t,z) > ¢ for all 0 < ¢t < #; and all |z| < 1.
We also assume that ug is continuous and goes to zero uniformly as |z| — oo.

Consider the function ugc(z) = ug(x) + €, and let u.(t,z) > u(t,xz) be the corresponding solutions.
By the usual theory, [12], we know that u. > ¢, u. — e € L1(R?), since ug € L'(R?). Moreover, it is
proved in the theory that u. — ¢ as |z| — oo for every ¢ > 0.

e STEP 2. Let u = u*(t+ 7, ), where u* is the Barenblatt solution with mass M > 0. We refer to [1§]

for a complete discussion about Barenblatt solutions. By choosing the mass M := fRd udz very small,
we can find 7 = 7(g) > 0 so that u(t,z) < ¢/4 for [x| > § and 0 < ¢t < t1, and u < /2 for |z| > 1.

e STEP 3. We compare both continuous solutions in the exterior domain = {x : |z| > 1}. At the first

time where u touches u. from below at a point |z| > 1, we have J;(u: —u) < 0. Let now w = u* —u™

to get

(-8 =k [ O 4y

w(z) —w(y)
(o<1} T —y|dT2s

w(z) — w(y)

dy + ks dy=9L+1
" ez o — yldRs

= ks,d
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We want to prove now that both I < 0 and Iy < 0, which leads to a contradiction. In this way we
conclude that u < u, for all 0 <t < ¢; and all |z| > 1.

The fact that Io < 0 comes from the fact that w(z) = 0 by our choice of z and w(y) > 0 since (z,1)
is the first contact point. Due to the fact that w(y) > 0 near |x| = 1 and w is continous we get Io < 0.

As for I, the denominator is like a constant in that domain and we have to estimate w(y). We know
that for § < |z| < 1 we have u. > ¢ and u < ¢/4, hence w(y) > C'¢™ > 0 and this contributes to the
integral something that is like —C ¢™, which is not small. In the small ball |z| < § we use the worst
case estimate —w(y) < uw and wu(t1,y) has mass at most M which is small, this contributes at most a
bad term of order

c udr < CM™ §H=m)
|z[<é
which is small if § and M are small (here we use m < 1). Therefore I; < 0.

Moreover, one has to ensure that u(0,z) < u.(0,z) for |x| > 1. Since u. > € and
w(0,2) = 7 F(lal 7 P) < 7O P (7 ) = erm ot A2 _ o2 <

at least for sufficiently small 7, recall Step 2. By the parabolic comparison theorem we conclude that
u < uc for all 0 < ¢t < t; and all |z| > 1.

e STEP 4. We finally let ¢ — 0 and also 7 may go to zero, and we obtain that u*(z,t) := lim._0 u. = u,
therefore we can conclude that u(z,t) > ¢/|z|"?* when |z| >> 1 and t = t;.

e STEP 5. Once we have obtained the spatial lower bound at times ¢ < ¢;, then we can compare with
a Barenblatt solution and continue the lower bound for all times, to finally get that the spatial tail of
the solution u can be bounded from below by u > ¢/|z|2% when |z| >> 1.

5 Very fast diffusion range

In the very fast diffusion range 0 < m < m,, the weighted L' estimates of Theorem continue to
hold, but this does not allow to obtain quantitative lower bounds since technique used in the good fast
diffusion range does not work anymore. One problem is that the smoothing effect does not hold for
general L! initial data, therefore the optimization of Lemma is no more valid, since 2s < d(1 —m)
in this range. Hence the need for new weighted L! estimates, in the form given in Step 3 of the proof of
Theorem below. Another problem typical of this range of exponent is the presence of the extinction
time, which enters directly in the estimates of Theorem We present here a technique that is based
on the careful use of weight factors.

Theorem 5.1 (Local lower bounds I) Letu be a weak solution to the equation (1.1)), corresponding
to ug € LY(RY) N LPe(RY) with 0 < m < m. = d/(d —2s), 0 < s <1 and let p. = d(1 —m)/(2s). Let
also T = T (ug) be the finite extinction time for w. Then for every Ry > 0, there exists a time

2s5—d(1— _
t, = C, R m)\\“()”il@}ao) < T(up), (5.1)
such that )
luollfi g, y ¢
inf  u(t,x) > K— o) U if 0<t<t,, (5.2)
CCEBRO/Q Rom Tm(lfm)
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where Cy and K are explicit positive universal constants, that depend only on m, s, d.

The expression of the constants is

1

ks,d w? ks,d m
Cu = Jd+1—2s K= Bdri-2sg) (5:3)

where k; g is the constant of the representation formula ¢(z) = ks 4 fRd % dy and wy is the volume
of the unit ball.

Proof. of Theorem It is divided into several steps as follows.

e STEP 1. Reduction. By the comparison principle that it is sufficient to prove lower bounds for
solutions u to the following reduced problem:

{ Ou+ (=A)*(u™) =0, in (0,00) x Rd’ (5.4)

U(O,) :uUXBRO =1ug, in Rda

where m > 1,0 < s < 1, and Ry > 0. We only assume that 0 < ug € L'(Bg,), which implies that
up € LY(R?) since supp(ug) C Bpg, and also that [uollp: (rey = HUOHLl(BRO)' It is not restrictive to
assume that the ball Bp, is centered at the origin. We call My = HUOHLl(BRO).

e STEP 2. Aleksandrov principle. We recall Theorem 11.2 of [I§]. In view of the fact that the initial
function is supported in the ball Bgr,(0), we have that

u(t,0) > u(t,x), for all ¢ > 0 and |z| > 2Ry .
Therefore, one has
sup  u(t,x) < u(t0). (5.5)
xeRd\BgRo

e STEP 3. L! Weighted estimates. Choose a test function ¢ > 0 such that —(—A)%p = p with p = 0
on Byp, and on qul, and 0 < p <1 on the annulus A := Bpg, \ Bag,, with 0 < 2Ry < Ry, and Ry as in
Step 1, such that supp(up) C Bg,. Using the explicit representation of ¢ in terms p and the integral
kernel K (z,y) = ksalz — y|"~2* we get the estimates

P(y) ks d”p”l
() = ks dy > ’ > ko >0, for all z € Bg,(0),
(l‘) . /Rd |$ y‘d Y= (R1 +R0)d 2 0= orane RO( )

since |x —y| < Ro+ Ry. We can always choose p > 1/2 on the smaller annulus Ay = Bag,43(r,—2R,)/4 \
ByRo+(Ri—2Rg)/4 © A, so that

A 1
ol = [ oty [ pla)da > ol L Bam s —2moa \ Bamos (i —2moil
1 0

d
Wd

Wy d
> = -2
5 > (R1 — 2Ry)

<2R0 + (B~ 2R0) + (R — 2R0)>d _ <2R0 (- 2R0)>

since (a + b)? — a? > b? for any a,b > 0. Then kg > 0 takes the form

ksawa (Ri—2Rg)?
2 (R1 + Ro)di%

kg := (5.6)
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Now we observe that letting T'= T'(ug) > 0 be the finite extinction time for the reduced problem ([5.4)),
we obtain

up(x)pdr = (0 x)pdr — u(T,x)pdr = — ! O-u(T, x)p(z) dedr
R4 R4 Rd

0
/ Rd —A) (u™(7, 7)) p(x) dudr = OT /Rd u™ (7, x)(—A) () dedT
/ / (1,2)p(x) dedr
/t*/ (1,2 dxdT—i—/t*T/Aum(T,x)p(:r) dadr := (I) + (I1)

where 0 < t, < T will be chosen later.
Next we estimate (I). We first observe that

/Aum(T,x)p(:U) dz < /BRI w™(7,2) dz < |Bg, [ (/BR u(r, ) d:v)m
< |Bp [ </Rdu(7', 2) dx)m <|Bp [ </Rd wo(2) dx>m

< |BR1|17mM6n

(5.7)

since 0 <m < 1,0 < p <1, and in the last step we have used the fact that ||u(t)[| 1 re) < ||uollrrgra),
which has been proven in [12], together with the fact that My = HuOHLl(BRO) = ||uo /|11 (re)- Therefore,

ts
/ / (7, 2)p(x) dedr < |Bg, |'"™t. MJ" . (5.8)

We now estimate (II) by using the Aleksandrov principle:

(I1) / / (1,2)p(z) dedr </ / (7,2) dodr =(o) (T —t*)/ u™(m,z)de
t t A (5.9)

T = t)lAlsupu™(m, 2) < (T = t.)|Alu™ (1, 0)

where in (a) we have used the mean Value theorem for the function U(7) = [, u™(7,z)dx so that

there exists a 71 € [ti, T such that ft 7)dr = (T — t,)U(11). In (b) we have used the Aleksandrov
principle, which gives Supu M(r,x) < u (71 0). Summing up, we have obtained, joining (5.7), (5.8))

T€EA
and .
[ unla)ede < [Bay 17" 6 M + (T = £.)| A" (7,0 (5.10)
R

for some 7 € [ty,T]. In addition, we have fle uo(z)pdr > Mokyg. We finally remark that from
inequality (5.10]) we get a lower bound for the extinction time, just by letting ¢, = 7" in formula (5.10)):

l—m

—— 5.11
o

koM < / up(x)pde < |Bg, "™ T Mg, that is T > ko
Rd
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e STEP 4. Choosing the critical time t,. We now choose t, to be small enough, more precisely

ko M&_m
ty = ———— < T, 5.12
2 B[ = (42
we note that t, < T follows by (5.11]). With this choice of ¢,, inequality (5.10) becomes
k
EOMO — koMo — | Bg, |" ™ te MY < (T — t.)|Aju™(71,0) < T | Al u™(71,0) (5.13)

which is the desired positivity estimate at a time 71 € [t.,T], namely

ko My
< u"™(11,0 5.14
2T [Br, \ Bar,| (71,0) (5.14)

e STEP 5. Positivity backward in time. Using Benilan-Crandall estimates which depend only by the

homogeneity of the equations, cf. [3]
u

(1 —m)t
we can prove positivity in the time interval [0,71]. These estimates in the fractional case has been
proven in [12], and imply that the function: w(t,z)t~%(=") is non-increasing in time, thus for any
t € [0, 7] we have that

1

1
tTom ti-m ko My ] m {l-m
u(t,0) > w(11,0) > ——u(r,0) >
6,0) 2~z ulm,0) 2 im0 Earavom] =2
| 1 1 (5.16)
ks.a (Ri —2Ro)4]™ tm L
= 2 d—2 d 1 MOm
4(R1 + Ro)?2% RY — (2Ro)*|  pma=m
since t, < 71 <T'. Moreover we have that
k (R R, )d 1 - !
-9 0)4™ m  f1-m 1
; O > s,d 1 Mm
ult,0) 2 [4(}21 + Ro)4=%  d(2Rp)*! } Tt
. ) (5.17)

1/m e i
_ <k5’d) < Ry B 1) m ti-m Mom
1 d—2s
4d 2Ry Twt—m (Ry + Ro)
where we have used the numerical inequality a? —b? < da®!(a —b), valid for any @ = Ry > 2Ry = b to

pass from (5.16]) to (5.17). By a standard argument it is easy to pass from the center to the infimum
on Bry /o (0) in the above estimates. The proof is concluded once we let Ry = 3Ry. []

Remarks. (i) This result can be written alternatively as saying that there exists a universal constant

Ki = max{K™™, Ci/(lfm)} such for all solutions in the above class we have: for any 0 < ¢t < T and
R>0

1
u tTw  TTw
ol e | 122, T inf W (t,2)| . (5.18)
Rd Ri-m tT-m R2s 2€Bp/s

This is easy to prove: by the previous Theorem, we have that either t, < ¢, that is

1
”U0||L1(BR) < t T=m
Rd — C*RQS
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or that 0 <t <t, and (5.2)) holds, namely

1

U 1 Ti-m

I OHLd(BR) < _ inf w™(t,z)
R KmtT-m R2s x€BR/»

therefore, letting K; = max{K "™, Ci/(l_m)} we get (5.18)) .

This equivalent version is in complete formal agreement with similar estimates proved by the authors
in [6], in the case s = 1. However, our proof below differs from the one in [6], and provides an alternative
proof when s = 1. On the other hand, here we are considering solutions to the Cauchy problem, while
in [6] we consider local weak solutions (i.e. without specifying boundary conditions). These estimates
have been called Aronson-Caffarelli estimates in [6], when s = 1, since they are quite similar to the
one that can be obtained for m > 1, see Section [6] Finally we shall remark that in Section [5.1] we will
obtain quantitative upper estimates on the extinction time, and this will help to eliminate 71" from the
above lower estimates.

(ii) By comparison it is easy to prove that this estimates hold for a larger class of solutions, more
precisely for the class of very weak solutions to the Cauchy Problem constructed in Theorem (3.1
Section This implies that the positivity result holds for solutions u(t,-) € Ll(Rd, ¢ dx) corresponding
to initial data 0 < ug € Ll(Rd,gpdx), where ¢ is as in Theorem with decay at infinity |z|™%,
d—1[2s/(1—=m)] <a<d+(2s/m).

Once comparison is used, we can use as 1" the extinction time of the reduced problem in Step 1
of the above proof. In this way the quantitative result applies to solutions w that may not extinguish
in finite time. Therefore we can interpret 7" as the minimal life time for the solution u(t,-), a concept
that was already introduced by the authors in [6] , for which formula provides a quantitative lower
bound, namely

2s—d(1—m -m
b = O Ry fluol| 3,y < Tuo). (5.19)

Corollary 5.2 (Solutions that do not extinguish in finite time) Let 0 < m < m, and consider
an initial datum 0 < ug € LY (R?, o dx), where ¢ is as in Theorem in particular, when ug € L(RY).
Assume moreover that

.. 25 _gq
%I_r}lfg R1-m HUUHLl(BR) = +00. (520)

Then the corresponding solution u(t,x) exists and is positive globally in space and time, hence does not
extinguish in finite time. Moreover the quantitative lower bounds (5.2) of Theorem hold for any
0 <t <t, witht, given in (5.1) and T = T(UOXBRO) < 400 is the extinction time of a reduced problem.

Proof. If we consider an initial data with that behaviour at infinity, then by Theorem there exists
a very weak solution. By letting R — +o00 in the above lower bound for T', to conclude that the
minimal life time T'(ugxB,) — 00, recalling that in this very fast diffusion range we have 2s < d(1—m),
since 0 <m < me. [

Remark. A practical assumption on the initial datum ug that implies (5.20)) is
lim inf ]a:|1375mu0(x) =+00. (5.21)

|z| =400

In view of Proposition [5.3| below, the exponent is sharp.
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5.1 Estimating the extinction time.

We next estimate the extinction time in terms of the initial data, extending a classical result of Benilan
and Crandall [2]. This is needed to eliminate the dependence on T' in the above lower estimates when
we consider initial data in L!(R?) N LP<(R%). For a detailed study of extinction time in the standard
fast diffusion equation, see [16].

Proposition 5.3 (Upper bounds for the extinction time) Let u be a weak solution to the equa-

tion (T.1)), corresponding to ug € L'(R?) N LPe(RY) with 0 < m < m. = d/(d —2s), 0 < s < 1 and let
pe = d(1 —m)/(2s). Then for all 0 < s <t the following estimate holds true

[/R lu(t, z)|Pe dx} i [/R (s, )P d:c} i 4m%__2”38:2 251 s) (5.22)

Moreover, there exists a finite extinction time T > 0 which can be bounded above as follows

d(d — 25)S?

<
T< 4m[d(1 _ ) ]H OHLPC (Rd) *

(5.23)

Proof. The proof presented below is analogous to the one of Theorem 9.5 of [12], but here we pay
attention to the quantitative estimates. We multiply the equation by |u[P~?u with p > 1, and integrate
in R?. Using Strook-Varopoulos inequality in the form (8.7)), we get

[t apdr=—p [ Ayt o
R4 Rd

_ Amp(p—1) / B
B+ m— 1 Jau| A
dmp(p — 1) d(ptm—1) T
ot m— 1282 /Rdu| a2 dx

where in the last step we have used the Sobolev inequality (8.8]) applied to f =
make the choice p = p. = d(1 —m)/2s, so that p. = %, and we know that p. > 1 if and only if
m < me = d/(d—2s), and inequality ([5.24]) becomes

10+m12

dz (5.24)

IN

+m—1
2 . Now we

1— 28

d . 4mld(1 —m) — 2s] ) d
T o lu(t, z)[Pedz < — 25(d — 2552 </Rd lu(t, z)[P da:) (5.25)

S

Integrating the above differential inequality on (s,t) gives both (5.22) and inequality (5.23). O

Thanks to the above estimates we can get rid of the extinction time 7' in the lower estimates of
Theorem [5.11

Theorem 5.4 (Local lower bounds II) Let u be a weak solution to the equation (1.1)), correspond-
ing to ug € LY (R?) N LPe(RY) with 0 < m < m. = d/(d —2s), 0 < s < 1 and let p. = d(1 —m)/(2s).
Then for every ball Bag, C €1, there exists a time

25—d(1—m)
ty := Cy R, <7

lu 0HL1 (Bgy) =+ 0) < HUOHch (RY) (5.26)
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where we recall that T(ug) is the finite extinction time, such that

1
[uoll% g T
inf w(t,r) > Ko d_(QSRO) . if 0<t<t,, (5.27)
z€BR /2 ROT

HUOHITZZ(BRO)

where Cy and K are explicit positive universal constants, that depend only on m, s, d.

The expression of the constants

am[d(1 — m) — 2] w0 . d(d—25)S?
d(d —2s)S? ’ © 4Am[d(1 —m) — 2]

where Cy and K are as in and kg is the constant of the representation formula ¢(z) =

s Jpa it dy.

Remark. This result can be written alternatively as saying that there exists a universal constant

K3 = max{K; ™, Ci/(l_m)} such for all solutions in the above class we have: for any 0 <t < T and
R>0

Ky =K (5.28)

HUOHLl(BR)
RA[1V [Juollrre (5]
This equivalent version is in complete formal agreement with similar estimates proved by the authors
in [6], in the case s = 1.
Proof of Theorem[5.4 The proof is the same as for Theorem as far as the first 3 steps are concerned.

At the end of Step 3, we need to bound from above the extinction time for the reduced problem ([5.4])
with the estimates ([5.23)) which give

< K3

m
Ri-m  t1-m R2s z€BR)o

e 1
55— + inf  w™(t, :U)] (5.29)

2s

d(d—28)832 Pe 4 %TS_ d(d—23)852 e d
T < Am[d(1 — m) — 2s] [/Rd [uo () [P d ] = md( —m) - 23 [/BROI o(@)[Ped ] . (5.30)
)

since supp(ugp) € Bg, . Then the proof follows simply by replacing 7" with the above upper bound. ]

6 The Porous medium case

Lower estimates for nonnegative solutions of the standard porous medium equation were obtained in
Aronson-Caffarelli in a famous paper [I]. We want to show in this section how such a priori estimates
extend to the fractional version considered in this paper.

Theorem 6.1 (Local lower bound) Let u be a weak solution to Equation (1.1), corresponding to
ug € LY(RY). and let m > 1. We put ¥ :=1/[2s +d(m — 1)] > 0. Then there exists a time

e = € REFAD) g | D (6.1)

such that for every t > t, we have the lower bound

2519
HUOHle(BR)

inf wu(t,z) > K 20

6.2
JSEBR/Q ( )

valid for all R > 0. The positive constants C and K depend only on m,s and d, and not on R.
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Remark. This result can be written alternatively as saying that there exists a universal constant
Cy = Ci(d, s,m) such for all solutions in the above class we have

/ up(z) dz < Cy (Rl/ﬁ(m—%—l/ (m=1) 1 (0, t)l/Mtd/?S) . (6.3)
Br(0)

This equivalent version is in complete formal agreement with Aronson-Caffarelli’s estimate for s = 1.
However, our proof below differs very strongly from the ideas used in Aronson-Caffarelli’s case since
we cannot use the property of finite propagation of solution with compact support, which is false for
s < 1.

Proof. It is divided into several steps as follows.

e STEP 1. Reduction. By the comparison principle that it is sufficient to prove lower bounds for
solutions u to the following reduced problem:

du+ (—A)*(u™) =0, in (0,00) x RY, (6.4)
u(0,) = uoXBg, =g, in RY, '
where m > 1,0 < s < 1, and Ry > 0. We only assume that 0 < ug € L(Bg,), which implies that
up € LY(R?) since supp(ug) C Bg, and also that [uoller(ray = HUOHLl(BRO)‘ It is not restrictive to

assume that the ball Bp, is centered at the origin.

e STEP 2. Smoothing effects. In [12] there are the global L!-L>° smoothing effects, which can be
applied to solutions to our reduced Problem as follows:

I I
()o@ < 75 29 lwoll ey = tdﬁllwﬂi‘?ﬂg,% ) (6.5)

where ¥ = 1/[2s + d(m — 1)] and the constant I, only depends on d, s, m .

e STEP 3. Aleksandrov principle. We recall Theorem 11.2 of [I8]. In view of the fact that the initial
function is supported in the ball Bgr,(0), we have that

u(t,0) > u(t,x), for all ¢ > 0 and |z| > 2Ry .
Therefore, one has
sup  u(t,z) < wu(t,0). (6.6)
LL‘ERd\BzRO

e STEP 4. Weighted estimates. If ¢ is a smooth, nonnegative, and sufficiently decaying function, we
have

~(a)

c?t/Rd u(t, x)yY(x)dz

[ (arumypds = | [ (-8 vds
Rd Rd
< Oy 18 Wy [ ulti) da

Im 2s¥(m—1) s
<) Wu ollf e (=4l e oy /R ugfa) da
! 250(m—1)+1 _ Kluo, ]
= W H( ) wHLOO (R4) ||u0||L51 (B'n; )) = tdﬁ(Tl) .
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Notice that in (a) we have used the fact that (—A)® is a symmetric operator, while in (b) we have used
the smoothing effect of Step 2 and the the conservation of mass: [pqu(t,z)dr = [p4ug(z)dz,
for all ¢ > 0, together with the fact that supp(ug) C Br,. We refer to [12] for a proof of the smoothing
effect and of the conservation of mass. Summing up,

d K
@ oo dx' < Lot

since d(m — 1) = 1 — 2s¥. Integrating the above differential inequality on (0,t) with ¢ > 0 we obtain:

& K
_[27“‘;;1” £250 < /Rd u(t, z)p(x) do — /Rd u(0, 2)¢(z) do < [27“‘;;1” 250

We will use this in the form

/Rd w(0, 2)0(z) dw — th < /Rd u(t, z)e(z) dz . (6.7)

Moreover, if 1 € L'(R?) and R; > 2Ry, we have

c

/Rd u(t, x)p(x) dw:/BR u(t, x)(x) d:c+/ u(t, z)(z) do

o |Brl swp ult,o)+ swp u(te) [ d(@)de (6.8)
|$‘<R1 wERd\BgRO B%

I
<@) IBRlltdﬁlluOHislﬂBR ) +u(t,0) . Y(x) dz
R
where in (a) we have used the fact that ¢» < 1, Ry > 2Ry, and that ¢ € L*(R?). In (b) we have
used the smoothing effect (6.5 of step 2 and the Aleksandrov principle of Step 3. Putting together

inequalities (6.7)) and , we obtain
K[UO, QJZ)] t2s19 I 2519

[ w0, ayia) do = ZUE 0 — (B 535 ol < (t.0) [y, @ 69)

Next, in order to estimate Kug, | in a convenient way we take ¢ (z) = ¢(|z|/R) with ¢ as in Lemma
2.1|, we have |(—A)%)| < c3R™2 | for some constant c3 = c3(d, s). Then,

— 2s9(m—1)41 _ calZ! 2s9(m—1)+1
Ko, ) = I (=)l oe ey luollf g < = s luollF5 i (6.10)
When R > Ryp and Ry > 2R, we arrive at
2s¥(m—1)+1
03Im 1 HUOHLI Bry) s
luoller(Bry) = —5.5 R2$R 27 — wyR{ dﬂIIUOHif?BRO) < u(t,0) . Y(z) dx
fy (6.11)

u(t,0)R? /Rd o(z) dz = c4R%(t,0) .
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e STEP 5. Choosing the parameters. We want to choose t > 0, R > Ry and R > 2Ry so that the
left-hand side of (6.11) is larger than |luol|r, Bry) /2, which will then give the desired bound from below
for u(0,t). We first make the choice

o7
d Ro) ,d9

=2 12
i dwal s ’ (6.12)

which will satisfy the condition Ry > 2Ry if and only if £ > ¢, where
t) = CsRO||UoH£1(?;;(1)))ﬁ’ ¢5 = 217 U walo) /1. (6.13)

Now we can make the second choice, R has to be large enough, for instance:

_1N\ 1/2s
(m—1 4egImt
R= 06||u0||L§’(”BR3) ', = <M) (6.14)

Both choices will give for ¢t > t, the lower bound

HUOHLl(BR )
_ " VTl t, 0 ,
2c4 R4 < u(t,0)
which can be rewritten as
ol 2325 1
RQ) . .
mT <wu(t,0), forany ¢>t,, with c¢7= m . (6.15)

By a standard argument it is easy to pass from the center to the infimum on Bp/»(0) in the above
estimates. [

Remark. In the limit m — 1 of the estimate of Theorem [6.1] we obtain the result of Proposition [4.2
for m = 1.

Open Problem. To calculate the positivity of the solutions for small times is not known yet.

7 Existence and uniqueness of initial traces

The existence of solutions of the Cauchy Problem (1.1)-(1.2) can be extended to the case where the
initial datum is a finite and nonnegative Radon measure. We denote by M™*(R?) the space of such
measures on R?. Here is the result proved in Theorem 4.1 of [I8§].

Theorem. For every i € MT(R?) there exists a nonnegative and continuous weak solution of Equation
(T.1) in Q = (0,00) x R? taking initial data p in the sense that for every ¢ € C?(R%) we have

t—0t

lim [ u(t,z)p(x)dx = /gp(:r)du(x). (7.1)
In this section we address the reverse problem, i.e., given a solution to find the initial trace. In the

case s = 1 such question was solved thanks to the works of Aronson-Caffarelli [I], Dahlberg-Kenig [§],
Pierre [13] and others, see a presentation in [I7], Chapter 13.

25



Lemma 7.1 (Conditions for existence and uniqueness of initial traces) Let m > 0 and let u
be a solution to equation (T.1)) in (0,T] x RY. Assume that there exist a time 0 < Ty < T, some positive
constants K1, Ko, > 0 and a continuous function w : [0, +00) — [0, +00), with w(0) = 0 such that

(i) sup / u(t,z)de <Ky, VYR>0, x9€R?, (7.2)
tE(O,Tl] BR(-'JUO)

as well as

(i1) [/Rd u(t, r)p(r) dx} i < [/Rd w(t', z)o(z) dx] ) + Ko w(|t —t']) (7.3)

for all 0 < t,t' < Ty and for all p € C°(R?). Then there exists a unique nonnegative Radon measure
w as initial trace, that is

/ edp = lim u(t, z)p(x) dx, for all ¢ € C°(R?) .
Rd

t—0t JRd

Moreover the initial trace p satisfies the bound (7.2) with the same constant, namely p(Br(zo)) < K1 .

Notice that the constants K; and K3 may depend on u and ¢, usually through some norm.

Proof. The proof is divided in two steps in which we prove existence and uniqueness of the initial trace
respectively.

e STEP 1. Euzistence of the initial trace. Hypothesis (i) easily implies that

t—0t

limsup/ u(t,z)de < K, VR>0, zp € R%.
Br(zo)

Moreover, it implies weak compactness for measures (to be more precise, weak* compactness, see
Theoremin the Appendix, so that there exists a sequence t;, — 07 as k — oo with 0 < ¢, < T1,
and a nonnegative Radon measure p so that

lim u(ty, x)p(z) doe = / wdu for all ¢ € CO(RY).

k—oo JRrd R4

The bound ([7.9) on the initial trace: u(Bgr(zo)) < K; follows from the above bound on the limsup.

e STEP 2. Uniqueness of the initial trace. The initial trace whose existence we have just proved may,
of course, depend on the sequence t;. We will now show that this is not the case, thanks to hypothesis
(). Assume that there exist two sequences t; — 07 and t} — 0% as k — oo, so that u(tx) — p and
u(t)) — v,with p,v € M+ (R?). We will prove that

/Rd odu = /]Rd pdv for all p € C°(RY). (7.4)

so that u = v as positive linear functionals on C2°(R%). Then by the Riesz representation theorem (cf.
Theorem we know that u = v also as Radon measures on R%. Therefore, it only remains to prove
. hypothesis (ii) implies that for any ¢,# > 0, with 0 < t +#' < T} < T, and any ¢ € C°(R?) we
have w(|(t +t') —t|) = w(t’) and

&7

[ /R [ ult 2)e(z) dxr < [ /R L+t 2)p(r)de |+ Kyw(t)). (7.5)
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First we let ¢t = ¢ and ¢ > 0 to be chosen later, then we let t; — 01 so that u(tx) — p, and we get

[/R @du} T < [/R u(?, z) dx] " Kow(®). (7.6)

Then we put t' = ¢}, and let ¢}, — 0T so that u(t}) — v, w(t;) = w(0) = 0 and we obtain the first

inequality
[/ godu} < [/ godu] : (7.7)
Rd R

Then, we proceed exactly in the same way but we exchange the roles of ¢, and ¢}, to obtain the opposite
inequality [ fRd gpdu]a < [ fRd godu]a . Therefore we have that 4 = v as positive linear functionals on
C>®(RY) as desired. ]

Theorem 7.2 (Existence and uniqueness of initial trace, FD case) Let 0 < m < 1 and let u
be a nonnegative weak solution of equation (L.1)) in (0,T] x R%. Assume that [w(T) |11 (may < 00. Then
there erists a unique nonnegative Radon measure p as initial trace, that is

Ydp = lim u(t, z)p(x) do, for all 1 € Cy(RY). (7.8)
Rd

t—0t+ JRd
Moreover, the initial trace p satisfies the bound
u(Br(x0)) < [u(T) s ey + CLRM 72T, (7.9)
where Cy = C1(m,d,s) > 0 as in (2.3).

Proof. The proof is divided into three steps.

e STEP 1. Weighted estimates 1. Existence. First we recall the weighted estimates of Theorem [2.2],
which imply for all 0 <¢t <717 <T

</Rd u(t, z)pr(x) d:c)l_m < (/Rd w(T, x)pp(x) dx>1_m + O RI-m=2s |7

< Nw(T) |l rey + CyRII-m=2s .= K,

since ¢r < 1 and where C; > 0 depends only on «,m,d as in Theorem [2.2]. Since ¢r > 1 on Bp it is
clear that this implies hypothesis (i) of Lemma therefore it guarantees the existence of an initial
trace that satisfies the bound p(Bpr(7o)) < K1 = [|u(T) |1 ey + Cy R —m)=2s T

(7.10)

e STEP 2. Pseudo-local estimates. Uniqueness. In order to prove uniqueness of the initial trace is is
sufficient to prove hypothesis (ii) of Lemma namely we need to prove that

Mdu(t,x)wx) dxr < [/Rd u(t', )y (x) dxr + Kaw(lt —#)) (7.11)

for all 0 < t,¢/ < Ty < T and for all ¢p € C®(R?). We will see that this is true for a = 1 and
w(t —#|) = [t —t|. Let ¢ € C*(R%), then we have
—A)S
< [ o (22O,
R4

—A)Su™ — me_A)S
| arumidsl = | [ wn(-ayvde e

[(=4)*4 ()| _— </Rd gdem)l_m (/Rd U¢Rdx>m

% /Rd u(t, z)Y(x) dz

=0 | ™ @)

< k7l orllL me) K1 = K2
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Notice that in (a) we have used the fact that (—A)® is a symmetric operator. In (b) we have chosen
¢r(x) = ¢(z/R), with ¢ as in (2.2) of Lemma with the decay at infinity « = d + 2s. It then

follows that [(=A)* ()|
[ -

Lo (R4)

since we know by Lemma [2.1] that |[(—A)%y(z)| < ks |z|~(4+29) | and we have chosen ¢g > ke/|z|t2* .
We have also used the fact that the L™-norm (m < 1) is less than the L' norm since the mea-
sure ¢pdx is finite. In the last line of the display we have used the bound of Step 1, namely that
(fRd u(t,x)pr(x) da:)l_m < Myp 4 C1RU=—m)=2s T .— [, for all 0 < t < T} . Summing up, we have
obtained:

< Kj.

(jlit/Rd u(t, x)yY(x) dz

Integrating the above differential inequality we obtain:

/ u(t,z)(x)de < / u(s, x)Y(x)de + Ko |t — s| for any s, > 0 and all ¢» € C°(R?). (7.12)
R4 R4

e STEP 3. We still have to pass from test functions 1 € C2°(R?) to v € CO(R?) in formula (7.8)), but
this is easy by approximation (mollification). []

Remarks. (i) The proof applies with minor modification to the class of solutions with data ug €
LY(R?, pdx) constructed in Section .

(ii) Notice that estimates (7.12) are only pseudo-local estimates: the global information about w(7T),
namely the bound [[u(T)|1,1(ray is contained in the constant K and therefore in Ko.

(iii) The existence of solutions and traces for the standard FDE with (not necessarily locally finite)

Borel measures as data is studied in Chasseigne-Vazquez [7]. We do not address the corresponding
question here.

Theorem 7.3 (Existence and uniqueness of initial trace, PME case) Let m > 1 and let u be
a solution to the Cauchy problem on (0,T] xR, Assume that (D)1 ey + [[w(T)| oo (ray < +o0.
Then there exists a unique nonnegative Borel measure p as initial trace, that is

Ydp= lim [ w(t,z)p(z)dz,  for ally € Co(RY). (7.13)
R4 t—0t Jrd
Moreover the initial trace u satisfies the bound
R25+d(m—1) ﬁ a )
u(Br(zo)) < Ch — 7 + T2 u(xo, T)27 | , (7.14)

where Cy = Cy(m,d,s) >0 as in Theorem [6.1]

Proof. The proof is divided in three steps

e STEP 1. Weighted estimates I. Existence. First we recall the lower bounds of Theorem (6.1]) rewritten
in the form (6.3))

R25+d(m—1) m—1 4 |
/ u(s,z)de <Cy || ——— + T2s u(zo, T)27 | == K. (7.15)
Br(zo) T
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on the time interval (s, 7] C (0,7]. It is clear that this implies hypothesis (i) of Lemma therefore
it guarantees the existence of an initial trace that satisfy the bound u(Bgr(xo)) < K.

e STEP 2. Smoothing effects and mass conservation. In [12] there are the global L! — L* smoothing
effects which provide global upper bounds for solutions to the Cauchy problem [I.I]. We apply such
smoothing effects to solutions to our reduced Problem [£.5] to get

2d19[ 2519
() [[Loe ey < g5 u(t/2) I (Ray (7.16)

where ¥ = 1/[2s + d(m — 1)] and the constant I, only depends on d, s, m. Moreover, we know that
there holds also the conservation of mass on the time interval [¢/2,T] C (0, 7], so that inequality (7.16])

becomes
2d19[ 259
[w(®)[ILoo (ray < —75— e = (D) 1 gy - (7.17)

e STEP 3. Weighted estimates II. Pseudo-local estimates. Uniqueness. In order to prove uniqueness of
the initial trace is is sufficient to prove hypothesis (ii) of Lemma namely we need to prove

[/Rd u(t, z)i(x) dx} "< [/Rd (', 2)(x) dxr + Kyw(lt —t)) (7.18)

for all 0 < t,#/ < T} < T and for all ¥ € O®(RY). We will see that this is true for a = 1 and
w(|t —t'|) = [t7 — t"9]) with o = 25/[25 + d(m — 1)]. Let 1 € C*(R%), then we have

—A)’u™p dx u™ (=AY dx
[ arum [ umeare
< OIS ey N8 Wleqasy [ ) da

2d19(m l)Im 1

% /Rd u(t, x)Y(x) dz

~(a)

2s9(m—1) s
s LLC] eyl [ G P [T e
2d9(m=1) m—1 2859(m—1)+1 s Ko
= el A Yl @ = ey

Notice that in (a) we have used the fact that (—A)® is a symmetric operator. In (b) we have used the
smoothing effect (7.17)) of Step 2. Summing up we have obtained:

jt/Rd u(t,x)yY(x)dz| <

Integrating the above differential inequality we obtain for any s,¢ > 0:

K,
— tdd(m-1) °

for all 1 € C*(RY). (7.19)

/ u(t, x)Y(z)de < / u(s, x)(z) dz + 250 Ko ’t%ﬁ — 250
Rd Rd

e STEP 3. We still have to pass from test functions 1 € C°(RY) to 1 € C2(R?) in formula (7.13),
but this is easy by approximation (mollification). [J

We notice that the estimates ([7.19)) are only pseudo-local estimates: the global information about
u(T), namely the bound |[u(T)||;,1(gay is contained in the constant K.
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8 Appendix: Complements and computations

8.1 Definition of the fractional Laplacian.

c/2

According to Stein, [15], chapter V, the definition of the nonlocal operator (—A)?/#, known as the

Laplacian of order o, is done by means of Fourier series

(=A)72f)(z) = (2mla])? f(x), (8.1)

and can be used for positive and negative values of o. If 0 < ¢ < 2, we can also use the representation
by means of an hypersingular kernel,

o) o . [ 08 »

20167 ((d+0)/2)
7d/2T(1—0/2)
powers of a linear self-adjoint nonnegative operator, in terms of the associated semigroup, which in our

where ¢q 5 = is a normalization constant. Another classical way of defining the fractional

case reads
1 dt

(~8)7"20(0) = gy || (@00~ o) g 83)

In this paper we consistently put o = 2s, 0 < s < 1 (sometimes, also s = 1).

8.2 Definition of weak and very weak solutions

We recall here the definitions of weak and strong solutions taken from [12]. We finally introduce the
definition of very weak solutions.

Definition 8.1 A function u is a weak solution to Equation (L.1) if:

e u € C((0,00) : LYRY)), |u|™u € LE _((0,00) : Hs(Rd));

loc

o The identity
x % _ > _A)S/2 m—1 _A\S/2 _
u—— dxds (=AY 2(Ju|™  u)(—=A)*?p deds = 0. (8.4)
0 R4 8t 0 R4

holds for every p € C3(R? x (0,00));

e A weak solution to Problem (1.1))—(1.2)) is a weak solution to Equation (1.1)) such that moreover
u € C([0,00) : LY(RY)) and u(0,-) = uy € LY(R?).

Note that in [I2] these weak solutions are given the more precise name weak L'-energy solutions. We
recall that the fractional Sobolev space H*(R9) is defined as the completion of C§°(R?) with the norm

) 1/2
ol = [ J6P10E ) ==l
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Definition 8.2 We say that a weak solution u to Problem (1.1)—(1.2) is a strong solution if moreover
O € L®((1,00) : LY(RY)), for every T > 0.

Definition 8.3 A function u is a very weak solution to Equation (1.1) if:

o w € C((0,00) : L, (RY). ful"tu € Ll ((0.00) : L' (BY, (1 + |a]) =429 d))

loc

e The identity
/ / ua—w dzds — / lu|™"tu (=A)*p dzds = 0. (8.5)
0 Rd ot 0 Rd
holds for every o € C°([0,T] x RY) ;

e A very weak solution to Problem (1.1 f is very weak solution to Equation (1.1) such that
moreover u € C([0,00) : L. (R%)) and u(0, - ) =y € LI _(RY).

loc loc

8.3 Some functional inequalities related to the fractional Laplacian

We recall here some useful functional inequalities which have been used throughout the paper.

Lemma 8.4 (Stroock-Varopoulos’ inequality) Let 0 < s <1, q> 1. Then

4(qg —1
/ o720 (=A)*v dz > ((12)/
R4 q R

for all v € LI(RY) such that (—A)%v € LI(RY).

EINE

dz, (8.6)

Remark. We have used the above Stroock-Varopoulos inequality, applied to 0 < v = v and ¢ =
(p+m —1)/m > 1, whenever p > 1, which is

dm(p — 1) ptm=1|
P2y )y de > ——5 2 - dz. :
Lt )y de > S [ Ay . (87)
Theorem 8.5 (Sobolev Inequality) Let 0 < s <1 and 2s < d. Then

£ e < 8|27 (8.5)
where the best constant is given by

T d—2s T(d %TS T d—2s

st [T DO D 89)

I (45) F(d/2) T (%

and is attained on the family of functions
_d—2s
F(z):=a [62 + (x—w0)2] 2 with z,20 € R anda € R, b>0.
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8.4 Proof of Lemma [2.1]

Proof. The proof is divided into several steps.
e STEP 1. The integral is convergent. First we have to prove that

/ go(x)—ga(y)dy’<oo for any z € R?
R

-1 o
A o) =| | TR

to this end we fix z € R% and we split the integral in two parts:

o) —ely) o) — ¢(y) plr) —ely)
/R dy—/ dy+/| dy=I+11

d \93 - y’d+23 z—y|>6 |33 - y|d+2s z—y|<d |'7; - y|d+28
where § > 0 is taken so small that the following Taylor expansion around z € R? holds true

o(y) = p(x) + Vo(z) - (y — 2) + (y — ) D*0(T) (y — x)

for some T € By(z). Therefore we have

= e(@) — oly)
- ‘/Ixyga |z — y|dt2s dy'

:‘/ Vo) g 2) gy, | (v =)' D@ y—2) |
lz—y| <o lz—y|<é

|z_y|d+25 |$_y|d+2s
< 10.5lhe | | o
@ gigea TIMTED | s o =yl
dr d
< DijellLe Toea-s — 0 Koo
< s 10ij¢lL (Rd)/o ri=20-5) — ) 231 — )

where in (a) we have used that

Vo(z) - (y — z)
P.V./ dy=0
lz—y|<é ‘JJ - y‘d+2s Y

for symmetry reasons. In (b) we used the fact that |0;;¢(2)] < K for some positive constant K that
depends only on . On the other hand, the outer integral is easily seen to be finite, indeed

p(x) = e(y) / 1 < dr wy
1= / o gldres W - dy| < 2wy = ‘
‘ o—yl>6 |2 —ylit? lo—y|>o [T — y|dT2s s rit2s T g52s

The above estimates for I and IT do not depend on x € R? hence |(—A)*p(z)| is finite for all z € R?.

< 2|l o0 (ray

e STEP 2. Better estimates for |x| large. ~ We are going to use the hypothesis that ¢ is radially
symmetric and decreasing for |z| > 1 and that p(z) < |2|~, |D?p(z)| < co|z|*2, for some positive
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Figure 3: The 4 regions in which we split the integral

constant o and for |x| large enough. We are interested in the behaviour of |(—A)®p(z)| for large values
of z, therefore we fix x € R? with |z| sufficiently large. We have to estimate

L

to this end we split the integral into four parts, see Figure

e(x) — ¢(y) e(z) — () o) — ¢(y)
/d |z — y|dt2s dy = |z — y|dt2s dy + |z — y|dt2s d
R Yy ly|>3|x|/2 Y {lz|<2|y|<3|z|[}\B|z| j2(x) Y

+/ de/ LA R L) R
Blipp(a) [T =Y i<lel/2 1€ =Yl

Cas [(=A)%p()| =

9

(8.10)

We estimate the four integrals separately, keeping in mind that we are assuming ¢ > 0 in this latter
case. The first integral can be estimated as follows

p(r) — p(y) * dr Ky
I= / = dy < wap(a _
yl>3lzl/2 |2 —y|dT2s (@) oy 7rv5s [z]o+2s

2

since ¢(y) < ¢(x) when |y| > 3|z|/2, therefore |¢(x) — ¢(y)| < ¢(x), and we remark that the constant
k1 depends only on a, s,d, since p(x) < |z|~* and |z| is large enough. The second integral gives

3lz|
e(z) - o(y) ‘ o @) [ aag

171 < < S v
) ‘I _ y‘d+2s (’$|/2)d+28 % ’x|a+2s

/{I|<2|y<3w|}\3z/2(1

since o(y) < @(x/2) when |y| > |z|/2, therefore |p(z) — ¢(y)| < ¢(x/2), and we remark that the
constant ko depends only on a, s,d, since p(z/2) < |z|7® and |z| is large enough.

33



We can estimate the third integral as follows:

/ o(z) — ¢(y) dy
w—y<lzl | —y|Pree

/ Vo(z) - (y — ) / (y — x)" Hessp(Z) (y — x)
+ dy
|x_y|§% ’fL’ _ y’CH-QS Ix—ylﬁ% ’(E _ y’d-i-QS

111 =

<(a) 1;;’1}261“81']@‘&“(3@(»’0))

1
——d
/||~ o — g2
=]

K, [z dr Ky [z \** k
< _ "3 _ N3 i _ 3
= zlet? Jy 1208 T |zt \ 2 T |afot2s

where in (a) we have used that

Vo(z) - (y — )
P.V./ dy =0
|lx—y|<é ‘33 - y‘d+2s Y

for symmetry reasons as in Step 2. In (b) we used the fact that |z — x| < |z|/2 implies |z]/2 < |z| <
3|x[/2, therefore [07p(2)| < co/|2|*T? < 2°F2¢ /|2|*T2 for all 2 € Bjyj5(x), recalling that |z| is always
taken large enough. The constants k4 and k3 depend only on «, s, d.

It only remains to estimate the fourth integral:

e(z) — o(y)| 2d+2s /
IVS/ ‘—deé . o(y)dy.
wl<lzl/z |@—y|Ht? 225 )y <Ll 2

since we observe that |y| < |z|/2 implies ¢(x) < ¢(2y) < (y) which gives |p(z) — o(y)|] < ©(y),
moreover we also have that |y| < |x|/2 implies that |y — x| > |z|/2. The term represents the long-range
influence of the inner core of the function at large distances and will make for different conclusions of

the lemma depending on the case. Indeed, we have the following estimates for |z| large enough:

e If o > d the last integral is finite and we get IV < ky/|x|?t25.

e If a < d the last integral grows like |2|9~® and we get IV < ks/|z|*+2s.

e Finally when o = d we get IV < kglog |z|/|z|%F2° .

We finally remark that the constants kg, ks, kg depend only on «;, s,d.

e STEP 3. Positivity estimates for |z| large. In the case when o > d we need to prove that if ¢ > 0
then we have that |(—A)%p(z)] > cq|z| (@29 for all |2| > |z¢| >> 1. We split the integral into four
parts, as in Step 2, equation (8.10)), see Figure

Caa(=A)p(x) = /Rd W dy=1+11+II1+1V

We have proven in Step 2 that ||+ |[IT|+|I11| < (ki +ko+ks) /|z|*T2* and we recall that the constant
k; depend only on a,s,d. We just have to obtain better estimates for the last term, to this end we
further split the integral in two parts:

_ o) —ply) , p(z) B ©(y) T
IV—/|y dy—/|y ————dy /|y —————dy =1V, — 1V}

I<lzl/2 | —yloT2s <|al/2 [T — y|d+2s <|zl/2 |7 — y|dT2s
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Let us calculate

o(r) p(z) / k4
OSIVa:/ — Y —dy < — - dy <
lyl<|al/2 [T — y|dT2s (12/2)4+25 [y 1<12l/2 |a|ot2s

since | —y| > |z|/2 when |y| < |z]|/2 and ¢(z) < |z|~*. We remark that the constant k4 depends only
on a, s,d. On the other hand, I'V;, > 0 and

e(y) 1 el ey
0<1v - | ay < [ ey < S
lyl<lzl/2 |7 — yliT2s (Iz]/2)4+25 |y 1<1a1/2 ||d+2s

Summing up, we have obtained that

o) —
C(—AYp(a) = —cqs /Rd wdy > cas [IVo — (1) + [IT) + {11 + |TV,] )]

S HSOHLl(Rd)_ ks = il ks Cds o _C4
2 Cd,s | [d+2s zfot2s | PlILL(Rd) |z[o—d | Jz[dt2s = [g[dt2s

since |I| + |[II| + [ITI| + |IVy| < (k1 + ko + k3 + ky) |2]|%F2% = ks |2|*2% and ¢4 > 0 since o > d, if we
choose |z| sufficiently large, namely |z|*~% > s/ el ey - O

8.5 Optimization Lemma

We state and prove here a simple technical lemma that has been used in the proof of Theorem [.1].

Lemma 8.6 Let 0 <m,s<1,2s>d(l—m),9=1/[2s—d(1—m)] >0 and B,C,t > 0. Define

F(t,R)::Rﬁl(f)m—gi, with A(t)::M—td(l?mw.
Then there ezists
C aa-mo
ty 1= 250 <M> >0 (8.11)
and
- 25 Bt v s 259)20 17 pPCanm
70~ (armawm) 270~ [ | 70 612

so that for all t > t, we have
1
_ B 25\ 7 d(1—m)]*?  Ax)?
F(R(t),t) = [(d(l —m)) — 1] [ 5 } (Bt)d(l—m)ﬁ > 0.

Proof. First we observe that A(t) is monotone increasing in ¢ > 0, and that A(t./2s9) = 0, where ¢,
has the expression given by (8.11)), so that A(t) > A(t«) > A(t/2s9) = 0 since 259 > 1, and

(2s0)41-m)? 1
(250)d0—m)9 M >0

A(t) =
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Moreover, it easy to check that ¢, is also the value for which A(t,) — t.A'(t,) = 0. Next we fix a time
t > t. and we find the maximum with respect to R of the function F (¢, R):

d(1 —m)A(t) 2sBt
RA(1-m)Y+1 R2s+17

OrF(R,t) = —

and OrF(R(t),t) = 0, so that the maximum is attained at R(t) whose expression it is easily checked
to be (8.12). It only remains to prove that R(t) > R(t.) > 0, to this end we observe that

ORPe S-Bmﬂﬁ [Aiwr_l T

and it is clear now that the minimum is attained at ¢, , since 8t§(t*) = 0, because we already know
that A(t.) —t.A'(t.) = 0. O

8.6 Reminder about measure theory

We recall here some basic facts on measure theory for convenience of the reader. We refer the interested
reader to the books [9] [14].

Definition 8.7 A measure u is regular if
VA C R? 3B p-measurable such that A C B and u(A) = u(B).
A measure p is Borel if every Borel set B(R?) is u-measurable. A measure p is Borel regular if
VA C R 3B € B(RY) such that A C B and u(A) = u(B).

A measure p is Radon if is Borel reqular and p(K) < 400 for any compact set K C R%,
A sequence of measures i, converges weakly (star) to the measure p, i, — 1 as n — oo if

lim odp, = / odu for all ¢ € CO(RY).
R R

n—oo

Theorem 8.8 (Weak compactness for measures) Let {u,} be a sequence of Radon measures on
R? satisfying
sup pp (K) < oo for any compact set K C RY.
n

Then there exists a subsequence [i,, and a Radon measure jv such that pu,, — pu ask — oo.

Theorem 8.9 (Riesz Representation Theorem) Assume L : C°(R?) — R is linear and nonneg-
ative, so that
Ly >0 forall0 < p e CF

Then there is a unique Radon measure p on R% such that

ch:/ edu for all p € C°
R4
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