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Abstract. We use logarithmic Sobolev inequalities involving the p–energy functional re-
cently derived in [16], [22] to prove Lp–Lq smoothing and decay properties, of supercontrac-
tive and ultracontractive type, for the semigroups associated to doubly nonlinear evolution
equations of the form u̇ = �p(um) (with (m(p − 1) ≥ 1) in an arbitrary euclidean domain,
homogeneous Dirichlet boundary conditions being assumed. The bounds are of the form
‖u(t)‖q ≤ C‖u0‖γ

r /tβ for any r ≤ q ∈ [1, +∞] and t > 0 and the exponents β, γ are shown
to be the only possible for a bound of such type.

1. Introduction

A well–known property of the heat equation is that, denoting by u(t) its solution corre-
sponding to the initial datum u0 ∈ Lq, the bound

(1.1) ‖u(t)‖r ≤ Cr,q
‖u0‖q

t
d
2

(
1
q
− 1

r

)
for any r ≥ q ∈ [1, +∞]. This property is called supercontractivity if r < +∞ and ultracon-
tractivity if r = +∞. Although this property is essentially obvious for the heat equation on
R

n (since one can use the explicit Gaussian form of the kernel representing the semigroup
at hand) it is not (although it still holds) for the semigroup associated to uniformly elliptic
second order differential operators and in more general contexts. It is however well–known
that bounds like (1.1) are equivalent to the validity of suitable Sobolev inequalities for the
Dirichlet form associated to the generator of the evolution at hand, or even to (weaker)
families of logarithmic Sobolev inequalities for such Dirichlet form. It is essential, to this
end, that the semigroups considered enjoy the Markov property, a property equivalent to the
fact that the (self–adjoint) generator of the evolution defines a Dirichlet form: this means in
particular that they can be extended to positivity preserving contractions on each Lp space
including the case p = +∞. For an excellent reference on such topics, which originate from
the pioneering work of L. Gross [23], we refer to [14] and to the references quoted there.

In some recent papers we have tried to extend this connection to several nonlinear set-
tings. In particular, the heat equation associated to the p-laplacian and to p–sublaplacians
corresponding to a collection of Hörmander vector fields as been dealt with in [11], [13], [7];
the cases p > d and p < d require an entirely different treatment, as well as the cases of
Dirichlet or, respectively, Neumann boundary conditions if the equation is considered on an
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incomplete manifold. There, an essential tool is the recently established notion of nonlinear
Dirichlet form (see [12] and the former papers [9], [3]). The other essential tools are suitable
entropic type estimates and a logarithmic Sobolev inequality involving the p–energy func-
tional Ep(u) =

∫ |∇u|p dx, an inequality which has appeared for general p for the first time
in [4] and has been proved in a more abstract setting in [11], [13], where it is derived as a
consequence of Sobolev inequalities. Later on, such inequality has been established by [16]
and [22] in R

n with sharp constants.
The porous media equation u̇ = �(um) has been studied recently in [8] and displays similar

contraction properties. Recently, the paper [18] considered the doubly nonlinear equation
u̇ = �pu

1/(p−1). Such equation displays special scaling properties (if u is a solution then λu
is again a solution for all positive λ) which make the discussion very similar to the linear
case, provided existence and some qualitative property for the solution are shown and the
appropriate logarithmic Sobolev inequality is used. It should however be mentioned that the
existence results proved there were already known even for more general equations and set
of data (see [5], [24]).

Our aim here is to consider, on an open connected domain M ⊂ R
n, the doubly nonlinear

evolution equation in the general degenerate case

u̇ = �pu
m := ∇ · (|∇um|p−2∇um), (p − 1)m ≥ 1.

Special cases are the porous media equation (p = 2), the heat equation driven by the p–
Laplacian (m = 1) and the case dealt with in [18] (m = 1/(p − 1)). The sharp logarithmic
Sobolev inequalities established in [16], [22] will be a crucial tool. Here, as usual in the
literature, we use the convention um = |u|m−1u. Homogeneous Dirichlet boundary conditions
are assumed when M 
= R

d, although they may be irrelevant if the p–capacity of the boundary
is zero.

Several authors gave existence results for weak solutions to this problem on bounded
domains (see e.g. [2], [6], [10], [29]), and in more general situations including the whole
Euclidean space (see e.g. [21], [24]) and general domains (see e.g. [5]). We recall that a
function u(t, x) defined in M × (0, T ) is a weak solution of

(1.2)

⎧⎨
⎩

u̇ = �p(um)
u(0, ·) = u0 ∈ Lq(M)
u(t, x) = 0, if t > 0 and x ∈ ∂M

if

um := |u|m−1u ∈ Lp
(
0, T ; W 1,p

0 (M)
)

−
∫ T

0

∫
M

[
−u(t, x)ϕ̇(t, x) + |∇ (u(t, x)m)|p−2 ∇ (u(t, x)m)∇ϕ(t, x)

]
dxdt

=
∫

M
u0(x)ϕ(0, x) dx

for all ϕ ∈ Lp
(
0, T ; W 1,p

0 (M)
)
∩ W 1,1

(
0, T ; L1(M)

)
such that ϕ(T ) = 0.

Our first result is the following:
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Theorem 1.1. Let u(t) be the weak solution to the problem (1.2) where M ⊆ R
d is an open

connected domain and p > 1, m > 0, m(p−1) ≥ 1, q ≥ 1. Then the following supercontractive
bound holds true:

(1.3) ‖u(t)‖� ≤ C
‖u0‖γ

q

tα

Where
� > q ≥ 1

α =
d

�

� − q

pq + d(m(p − 1) − 1)

γ =
q

�

p� + d(m(p − 1) − 1)
pq + d(m(p − 1) − 1)

.

(1.4)

Moreover the following ultracontractive bound holds true:

(1.5) ‖u(t)‖∞ ≤ C
‖u0‖γ

q

tα

Where

α =
d

pq + d(m(p − 1) − 1)

γ =
pq

pq + d(m(p − 1) − 1)
.

(1.6)

The exponents α, γ are the only possible for a bound like (1.3) or (1.5) to hold.
Finally the contraction property

‖u(t)‖q ≤ ‖u0‖q

is valid for all t > 0 and q ∈ [1, +∞], where for q = ∞ the bound is valid for data in
∪r∈[1,+∞)L∞ ∩ Lr.

Remark 1.2 (sharpness of the bounds). Besides noticing that the exponents in the above
bound are the only possible, we also comment that the L1–L∞ bound involves a power of t
which is exactly the one appearing in the well–known Barenblatt solutions in R

n, both for
large and small times (see e.g. [20]). It will be a consequence of the subsequent Theorem
that the long time behaviour in the case of domains of finite measure is sharp as well, by
comparison e.g. with the results of [28].

Remark 1.3 (the case m = 1/(p − 1)). We comment further on the differences between our
discussion and the one given for the special case studied in [18]. They lie in the fact that,
when using the usual strategy of deriving the Lr(s) norm of the solution w.r.t. time, two
separate entropic (or Young) terms of the form

∫
uα log u dx with different α are present

in our case: one coming from the time dependence of r and the other one from the time
dependence of u itself. The two terms have different sign and therefore they can be usefully
estimated in terms of the p–energy functional only after a delicate analysis of the Young
functionals involved . In the case m = 1/(p − 1) (and only in such case) the two terms
correspond to the same value of α and hence the discussion bears no essential difference with
the linear case, provided some steps which are in principle only formal are justified, a step
performed in [11] by arguments adaptable to the cases at hand as well.
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Remark 1.4 (The case m = 1, p = d). The discussion of [11], [7] allowed to consider the
equation u̇ = �p for p > 1 but different from the Euclidean dimension d. In fact, bounds of
the form (1.5) were proved there and the exponents α, γ converge, both as p ↑ d and as p ↓ d
to the corresponding values given here: but the proportionality constant C blows up in both
cases, so that the methods used there did not allow to treat such case.

To investigate further the similarities (or the possible differences) between the contractivity
properties of the linear heat semigroup and of the nonlinear semigroups studied here, one
should recall that, if the Lebesgue measure of the domain D is finite, the spectrum σ(−�)
of −� is purely discrete and inf σ(−�) = E0 > 0, so that the spectral Theorem implies
exponential time decay of any solution as t → +∞. A natural question is if a similar
behavior is enjoyed by the solutions to the equation at hand. The answer is negative in the
case m(p − 1) > 1, since it is known (see [28]) that the large time behavior is of the form
t−1/[(p−1)m−1] at least if the domain and the datum are sufficiently smooth. In the same
paper it is shown also that in the case m(p − 1) = 1 the solution decays exponentially, at
least if both the data and the bounded domain are sufficiently smooth. The bounds are sharp
in both situations. Clearly the latter bounds are sharper than what we stated in Theorem
1.1 if t is large and it is in this sense only that the finite measure assumption improves the
time decay. We now state our second result, whose proof relies essentially on the validity of
Theorem 1.1. It holds for general domains with finite measure and all initial data without
any smoothness assumption.

Theorem 1.5. Let u(t) be the weak solution to the problem (1.2) where M ⊆ R
d is an open

connected domain with finite measure and p > 1, m > 0, m(p − 1) ≥ 1, q ≥ 1. Then the
following holds:

• if m(p − 1) > 1 then the following ultracontractive bound holds true for any t ≥ 1 :

‖u(t)‖∞ ≤ K1

tα
1(

C ′t + ‖u0‖−(m(p−1)−1)
q

)γ/(m(p−1)−1)

where

α =
d

pq + d(m(p − 1) − 1)

γ =
pq

pq + d(m(p − 1) − 1)
.

(1.7)

In particular for any t ≥ 1 we have the absolute bound:

(1.8) ‖u(t)‖∞ ≤ K2

t1/(m(p−1)−1)
;

• if m(p − 1) = 1 then the following ultracontractive bound

‖u(t)‖∞ ≤ K3e−σt‖u(0)‖q

holds for any t ≥ 1, where

σ =
(r − 1)mp−1pp

rp+1
λp
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and λp is the constant appearing in the Poincarè inequality

‖f‖p
p ≤ λ−1

p ‖∇f‖p
p, f ∈ W 1,p

0 (M).

Remark 1.6. The constant λp has an interpretation as ground state energy of the p–Laplacian,
see [25] and references quoted.

2. Preliminary Results

We start defining the following Young functional, of crucial importance in the sequel:

(2.1) J(r, u) =
∫

M
log

( |u|
‖u‖r

) |u|r
‖u‖r

r

dx

for any r ≥ 1 and u ∈ X =
⋂+∞

p=1 Lp(M).

Lemma 2.1. Let u(t) be a weak solution to (1.2) corresponding to an C∞
c (M) initial datum

u0. Then the following inequality holds true:

d
ds

log ‖u(s)‖r(s) =
ṙ(s)
r(s)

J (r(s), u(s))

− r(s)(r(s) − 1)mp−1pp

(r(s) + m(p − 1) − 1)p

1

‖u(s)‖r(s)
r(s)

∥∥∥∥∇
(
|u(s)|

r(s)+m(p−1)−1
p

)∥∥∥∥
p

p

.
(2.2)

Proof. We remind the reader that the solution corresponding to an initial datum u0 ∈ C∞
c (M)

exists and is essentially bounded, when M ⊆ R
d is any open domain (not necessarily

bounded). See [5] for the existence, where such result is given for even more general equa-
tions. Existence is proved in [24] as well for the case of the whole R

d, for a class of initial
data which is essentially optimal and larger then the class considered here. As for the L∞
bound it follows from minor modifications of Lemma 3.2 of [24] (for the case m(p − 1) > 1)
and Lemma 5.1 of [24] (for the case m(p − 1) = 1).

Now we compute:

d
dt

‖u(t)‖r
r = r

∫
M

u(t, x)r−1u̇ dx = −r

∫
M

∇ (
u(t, x)r−1

) · ∇ (u(t, x)m) |∇ (u(t, x)m)|p−2 dx =

= − r(r − 1)mp−1pp

(r + m(p − 1) − 1)p

∫
M

∣∣∣∣∇
(
|u(t, x)|

r+m(p−1)−1
p

)∣∣∣∣
p

dx

(2.3)

This property can be proved as in Lemma 3.1 of [11] according to the definition of weak
solution given above, given the fact that the solution corresponding to the data presently
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considered is in L∞ at all times. Therefore, by the definition of the Young functional:

d
ds

log ‖u(s)‖r(s) =
ṙ(s)
r(s)

∫
M

log
( |u(s, x)|
‖u(s)‖r(s)

) |u(s, x)|r(s)
‖u(s)‖r(s)

r(s)

dx

+
r(s)

‖u(s)‖r(s)
r(s)

∫
M

u(s, x)r(s)−1 u̇(s, x) dx

=
ṙ(s)
r(s)

J (r(s), u(s))

− r(s)(r(s) − 1)mp−1pp

(r(s) + m(p − 1) − 1)p

1

‖u(s)‖r(s)
r(s)

∫
M

∣∣∣∣∇
(
|u(t, x)|

r(s)+m(p−1)−1
p

)∣∣∣∣
p

.

(2.4)

�
Now we need to estimate the p-energy term and this will be possible using a suitable

logarithmic Sobolev inequality (LSI in the sequel). We will use the LSI that appears in the
work of Del Pino and Dolbeault (for the case p < d, see [16]) or in the work of Gentil (for
all p ≥ d and other generalizations, see [22]). These two results can be summarized in the
following proposition:

Proposition 2.2. (Del Pino-Dolbealt [16], Gentil [22])
Let p ∈ (1, +∞). Then for any w ∈ W 1,p(Rd) with ‖w‖p

p =
∫

Rd |w|p dx = 1 we have:

(2.5)
∫

Rd

|w|p log (|w|p) ≤ d

p
log

[
Lp

∫
Rd

|∇w|p dx

]
with

Lp =
p

d

(
p − 1

e

)p−1

π
p
2

⎡
⎣ Γ

(
d
2 + 1

)
Γ

(
dp−1

p + 1
)

⎤
⎦

p
d

Remark 2.3. Inequality (2.5) is optimal and functions for which equality holds are known
from the above mentioned papers if p 
= 1. For such limiting case (p = 1) see [4]. It will
be however clear from the sequel that what will really be useful for determining the correct
exponents in our bounds is the d/p factor appearing in the r.h.s. of (2.5), the value of the
constant Lp having influence only on the value of the proportionality constant C in our main
Theorems.

We will use the above LSI in a slightly different form which is more useful to our purposes:

Proposition 2.4. (Logarithmic Sobolev Inequality)
Let M ⊆ R

d and let f ∈ W 1,p
0 (M), with p ∈ [1, +∞). Then the following LSI holds true for

any ε > 0:

(2.6) ‖∇f‖p
p ≥ ‖f‖p

p

ε Lp

[p

d
J (1, fp) + log ε

]
Proof. Just let w(x) = f(x)

‖f‖p
in the LSI (2.5) and use the definition of the Young functional

(2.1) and the numerical inequality log x ≤ − log ε + εx. �
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In the next lemma we will use the LSI (2.6) to estimate the p-energy functional:

Lemma 2.5. Let u(t) be a weak solution to (1.2) corresponding to a C∞
c (M) initial datum

u0. Then the following inequality holds true:

d
ds

log ‖u(s)‖r(s) ≤ − ṙ(s)
r(s)

d(m(p − 1) − 1)
pr(s) + d(m(p − 1) − 1)

log ‖u(s)‖r(s)

− ṙ(s)
r(s)

d

pr(s) + d(m(p − 1) − 1)
log

(
mp−1pp

d Lp

r(s)2

ṙ(s)
(r(s) − 1)(pr(s) + d(m(p − 1) − 1))

|r(s) + m(p − 1) − 1|p
)

(2.7)

Proof. The first step in the proof is to use the LSI (2.6) in the inequality 2.2 applied to the

function f = |u(s)|
r(s)+m(p−1)−1

p :

d
ds

log ‖u(s)‖r(s) ≤
ṙ(s)
r(s)

J (r(s), u(s))

− r(s)(r(s) − 1)mp−1pp

(r(s) + m(p − 1) − 1)p

1

‖u(s)‖r(s)
r(s)

∥∥∥∥∇
(
|u(s)|

r(s)+m(p−1)−1
p

)∥∥∥∥
p

p

≤ ṙ(s)
r(s)

J (r(s), u(s)) − r(s)(r(s) − 1)mp−1pp

(r(s) + m(p − 1) − 1)p

× 1

‖u(s)‖r(s)
r(s)

∥∥∥∥|u(s)|
r(s)+m(p−1)−1

p

∥∥∥∥
p

p

ε Lp

[
p

d
J

(
1, |u(s)|

r(s)+m(p−1)−1
p

p
)

+ log ε

]

=
ṙ(s)
r(s)

J (r(s), u(s)) − 1
ε Lp

r(s)(r(s) − 1)mp−1pp

(r(s) + m(p − 1) − 1)p

‖u(s)‖r(s)+m(p−1)−1
r(s)+m(p−1)−1

‖u(s)‖r(s)
r(s)

×
[p

d
J

(
1, |u(s)|r(s)+m(p−1)−1

)
+ log ε

]

(2.8)

since
∥∥∥∥|u(s)|

r(s)+m(p−1)−1
p

∥∥∥∥
p

p

= ‖u(s)‖r(s)+m(p−1)−1
r(s)+m(p−1)−1.

Now choosing

ε =
1
Lp

r(s)2

ṙ(s)
(r(s) − 1)mp−1pp

|r(s) + m(p − 1) − 1|p
pr(s) + d(m(p − 1) − 1)

d

‖u(s)‖r(s)+m(p−1)−1
r(s)+m(p−1)−1

‖u(s)‖r(s)
r(s)

= ε1

‖u(s)‖r(s)+m(p−1)−1
r(s)+m(p−1)−1

‖u(s)‖r(s)
r(s)
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we obtain:

d
ds

log ‖u(s)‖r(s) ≤
ṙ(s)
r(s)

J (r(s), u(s))

− ṙ(s)
r(s)

d

pr(s) + d(m(p − 1) − 1)

[
p

d
J

(
1, |u(s)|r(s)+m(p−1)−1

)

+ log
‖u(s)‖r(s)+m(p−1)−1

r(s)+m(p−1)−1

‖u(s)‖r(s)
r(s)

⎤
⎦ − ṙ(s)

r(s)
d

pr(s) + d(m(p − 1) − 1)
log ε1

≤ ṙ(s)
r(s)

[
J (r(s), u(s)) +

p

d

d

pr(s) + d(m(p − 1) − 1)
J

(
1, |u(s)|r(s)+m(p−1)−1

)

− d(m(p − 1) − 1)
pr(s) + d(m(p − 1) − 1)

J (r(s), u(s))

− d(m(p − 1) − 1)
pr(s) + d(m(p − 1) − 1)

log ‖u(s)‖r(s)

]
− ṙ(s)

r(s)
d log ε1

pr(s) + d(m(p − 1) − 1)

(2.9)

In the last inequality we used the estimate:

(2.10) log
‖u(s)‖r(s)+m(p−1)−1

r(s)+m(p−1)−1

‖u(s)‖r(s)
r(s)

≥ (m(p − 1) − 1)
[
J (r(s), u(s)) + log ‖u(s)‖r(s)

]

which follows from two basic facts. First, the function N(r, u) = log ‖u‖r
r is convex with

respect to the variable r ≥ 1, so its derivative is an increasing function of r ≥ 1. Moreover
N

′
(r, u) = J(r, u) + log ‖u‖r, so the following inequality:

N(r +m(p− 1)− 1, u)−N(r, u) ≥ N
′
(r, u)[m(p− 1)− 1] = [J(r, u) + log ‖u‖r] (m(p− 1)− 1)
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holds if m(p − 1) ≥ 1 and leads to (2.10).
Finally one gets:

d
ds

log ‖u(s)‖r(s) ≤
ṙ(s)
r(s)

[(
1 − d(m(p − 1) − 1)

pr(s) + d(m(p − 1) − 1)

)
ṙ(s)
r(s)

J(r(s), u(s))

−p

d

d

pr(s) + d(m(p − 1) − 1)
J

(
1, |u(s)|r(s)+m(p−1)−1

)]

− ṙ(s)
r(s)

d(m(p − 1) − 1)
pr(s) + d(m(p − 1) − 1)

log ‖u(s)‖r(s) −
ṙ(s)
r(s)

d log ε1

pr(s) + d(m(p − 1) − 1)

=
ṙ(s)
r(s)

p

d

d

pr(s) + d(m(p − 1) − 1)

[
J

(
1, |u(s)|r(s)

)
−J

(
1, |u(s)|r(s)+m(p−1)−1

)]
− ṙ(s)

r(s)
d(m(p − 1) − 1)

pr(s) + d(m(p − 1) − 1)
log ‖u(s)‖r(s) −

ṙ(s)
r(s)

d log ε1

pr(s) + d(m(p − 1) − 1)

≤ − ṙ(s)
r(s)

d(m(p − 1) − 1)
pr(s) + d(m(p − 1) − 1)

log ‖u(s)‖r(s)

− ṙ(s)
r(s)

d log ε1

pr(s) + d(m(p − 1) − 1)

(2.11)

where we used two further properties of the Young functional, namely:

rJ(r, u) = J (1, ur)

and
J (1, ur) − J

(
1, ur+m(p−1)−1

)
≤ 0, if m(p − 1) ≥ 1

the proof of the first property is straightforward from the definition of the functional J . As
for the second property, the fact that J (1, ur) is a non-decreasing function of r ≥ 1 is a
consequence of the convexity (w.r.t. the variable r) of the function:

φ(r, u) = log ‖u‖1/r.

We refer to [1] for a proof of such fact, but comment that it is equivalent to the well known
interpolation inequality:

‖u‖1/r ≤ ‖u‖θ
1/p‖u‖1−θ

1/q

valid when 1
r = θ

p + 1−θ
q . Now deriving φ respect to r gives us:

d
dr

φ(r, u) = −1
r
J

(
1
r
, u

)

thus, as derivative of a convex functions, −1
rJ

(
1
r , u

)
is non-decreasing.

Now the statement follows by the definition of ε1. �

The previous lemma gives a differential inequality for the function y(s) = log ‖u(s)‖r(s)

that we state more explicitly in the next lemma.
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Lemma 2.6. Let u(t) be a weak solution to (1.2) corresponding to a C∞
c (M) initial datum

u0. Then the following differential inequality holds true for any s ≥ 0:

(2.12)
d
ds

y(s) + p(s)y(s) + q(s) ≤ 0

With

y(s) = log ‖u(s)‖r(s)

p(s) =
ṙ(s)
r(s)

d(m(p − 1) − 1)
pr(s) + d(m(p − 1) − 1)

q(s) =
ṙ(s)
r(s)

d

pr(s) + d(m(p − 1) − 1)
log

(
mp−1pp

d Lp

r(s)2

ṙ(s)
(r(s) − 1)(pr(s) + d(m(p − 1) − 1))

|r(s) + m(p − 1) − 1|p
)

(2.13)

In particular, choosing r(s) = �−r(0)
t s + r(0), with � ≥ r(0) ≥ 1, one gets the bound:

y(t) = lim
s→t−

y(s) ≤ lim
s→t−

yL(s) = yL(t)

with

yL(t) =
r(0)
�

p� + d(m(p − 1) − 1)
pr(0) + d(m(p − 1) − 1)

yL(0)

− d

�

(� − r(0))
pr(0) + d(m(p − 1) − 1)

log(t) + C(p, m, d,Lp, r(0), �)
(2.14)

Proof. The fact that y(s) satisfies the differential inequality (2.12) follows immediately by
the inequality (2.7) of lemma (2.5), by our choice of p(s) and q(s). Therefore y(s) ≤ yL(s)
for any s ≥ 0 provided y(0) ≤ yL(0) where yL(s) is a solution to:

d
ds

yL(s) + p(s)yL(s) + q(s) = 0

i.e.

yL(s) = e−P (s)

[
yL(0) −

∫ s

0
q(λ)eP (λ)dλ

]
= e−P (s) [yL(0) − Q(s)]

where

P (s) =
∫ s

0
p(λ)dλ, Q(s) =

∫ s

0
q(λ)eP (λ)dλ.

Choosing r(s) as in the statement one gets, after straightforward calculations,

e−P (t) = lim
s→t−

e−P (s) =
pr(0) + d(m(p − 1) − 1)

r(0)
�

p� + d(m(p − 1) − 1)

and

Q(t) = lim
s→t−

Q(s) =
d

p

pr(0) + d(m(p − 1) − 1)
r(0)

[ −1
p� + d(m(p − 1) − 1)

+
1

pr(0) + d(m(p − 1) − 1)
] log

(
mp−1pp

dLp (� − r(0))
t

)
+ c1(p, m, d, r(0), �)

for a suitable numerical constant c1(p, m, d, r(0), �). �
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End of proof of Theorem 1.1. First we prove the claim for a C∞
c (M) initial datum. Then the

stated supercontractive bound (1.3) and ultracontractive bound (1.5) follows setting r(0) = q,
noticing that r(t) = � and using the fact that each Lq norm of the solution is decreasing in
time. Using the fact that the solution at all times belongs to L∞, one has indeed

F
′
(τ) =

d
dτ

‖u(τ)‖r
r = − r(r − 1)mp−1pp

(r + m(p − 1) − 1)p

∫
M

∣∣∣∣∇
(
|u(τ, x)|

r+m(p−1)−1
p

)∣∣∣∣
p

dx ≤ 0(2.15)

and therefore

log ‖u(t)‖� = lim
s→t−

log ‖u(t)‖r(s) ≤ lim
s→t−

log ‖u(s)‖r(s) = lim
s→t−

y(s)

So finally one obtains:

log ‖u(t)‖� ≤ lim
s→t−

y(s) ≤ lim
s→t−

yL(s) = yL(t)

that becomes:

log ‖u(t)‖� ≤ q

�

p� + d(m(p − 1) − 1)
pq + d(m(p − 1) − 1)

‖u(0)‖q

− d

�

(� − q)
pq + d(m(p − 1) − 1)

log(t) + E(p, m, d,Lp, q, �)
(2.16)

Taking now the exponentials of both members gives the supercontractivity inequality (1.3),
valid for all � ≥ 1 and for all smooth, compactly supported data. The quantity E above can
be calculated explicitly by tedious but completely straightforward computations, and it is
then easy to show that it admits a finite limit as � → +∞.

Letting � → +∞ in the above inequality (2.16) then gives us:

log ‖u(t)‖∞ ≤ pq

pq + d(m(p − 1) − 1)
log ‖u(0)‖q

− d

pq + d(m(p − 1) − 1
log(t) + E(p, m, d,Lp, q).

Taking the exponential of both members gives the ultracontractivity inequality (1.5) for all
data u0 ∈ C∞

c (M). Therefore for the data at hand the contractivity property:

‖u(t)‖∞ ≤ ‖u0‖∞
can then be obtained letting q → +∞.
Now we remove the assumption of boundedness of the datum u0 ∈ Lq. To this end consider
a sequence of functions uk ∈ C∞

c (M), converging to u0 as k → +∞ in Lq. Let uk(t) be the
weak solution corresponding to the datum uk. Then our bounds show that

‖uk(t)‖� ≤ C ‖uk‖γ
q

tα
≤ C

This implies that the sequence uk(t) is bounded in L� (for all � ∈ (q, +∞]) and hence weakly
convergent (or weakly∗ convergent, if � = +∞) to a limit, say v(t). We claim that v(t) = u(t)
for any t > 0, where u(t) is the weak solution to our problem corresponding to u0. This
follows from the continuous dependence on the data in the appropriate topologies proved in
[5]). That u(t) satisfies the stated bound is then a consequence of the lower semicontinuity,
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in the appropriate topology, of the norms involved. The other (simpler) statements follow
similarly for general data as well.

To prove the fact that the exponents are the only possible for a bound of such a type we
use a scaling argument. In fact, if u(x, t) is a solution of the equation at hand and c > 0 is
given, then

v1(x, t) = cu(cm(p−1)−1t, x)

is a solution as well, corresponding to the initial datum cu(0, x). Then the bound (1.3)
applied to v1 can be written as

‖u(cm(p−1)−1t)‖� ≤ C

tα
cγ−1‖u(0)‖γ

q

so that, setting cm(p−1)−1t = s one must have

‖u(s)‖� ≤ C

sα
cγ−1+α[m(p−1)−1]‖u(0)‖γ

q ∀c > 0

and hence the condition

γ − 1 + α[m(p − 1) − 1] = 0

must hold. Similarly, the function v2(x, t) = u(cpt, cx) is a solution of the equation considered,
in the spatial domain c−1M . The corresponding initial datum is u(0, cx). The bound (1.3)
applied to v2 then reads, after a change of spatial variables,

1
cd/�

‖u(cpt)‖L�(D) ≤
C

tα
c−dγ/q‖u(0)‖γ

L�(D)

so that, setting s = cpt, one must have

‖u(s)‖� ≤ C

sα
c

d
�
− dγ

q
+pα‖u(0)‖γ

q ∀c > 0.

The condition
d

�
− dγ

q
+ pα = 0

must then hold as well. It is immediate to check that the only solutions to the couple of
equalities just proved are the constants α, γ given in the statement. The proof is similar
when the ultracontractive bound (1.5) is involved.

�

Proof of Theorem 1.2. We split the proof in the two stated cases, namely m(p − 1) > 1 and
m(p − 1) = 1. In both cases we will use the Poincarè inequality:

‖f‖p
p ≤ λ−1

p ‖∇f‖p
p.

In both cases it suffices to prove the bounds for C∞
c data, as discussed at the end of the proof

of the first Theorem.
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The case m(p − 1) > 1: Hölder and Poincarè inequalities can be used to obtain a closed
differential inequality which reads:

d
dt

‖u(t)‖r
r = − r(r − 1)mp−1pp

(r + m(p − 1) − 1)p

∥∥∥∥∇
(
|u(t)|

r+m(p−1)−1
p

)∥∥∥∥
p

p

≤ − r(r − 1)mp−1pp

(r + m(p − 1) − 1)p
λp

∥∥∥∥|u(t)|
r+m(p−1)−1

p

∥∥∥∥
p

p

= − r(r − 1)mp−1pp

(r + m(p − 1) − 1)p
λp ‖u(t)‖r+m(p−1)−1

r+m(p−1)−1

= − r(r − 1)mp−1pp

(r + m(p − 1) − 1)p
λpVol(M)−(m(p−1)−1)/r ‖u(t)‖r

r+m(p−1)−1
r

r

so the function φ(t) = ‖u(t)‖r
r, satisfies the differential inequality:

d
dt

φ(t) ≤ −C
′
φ(t)

r+m(p−1)−1
r

that leads to:

‖u(t)‖r ≤ 1(
C ′t + ‖u0‖−(m(p−1)−1)

r

)1/(m(p−1)−1)

with

C
′
=

m(p − 1) − 1
r

C =
(m(p − 1) − 1)

r

r(r − 1)mp−1pp

(r + m(p − 1) − 1)p
λpVol(M)−(m(p−1)−1)/r

Now we use the ultracontractive inequality (1.5) and the above inequality, together with the
semigroup property:

u(t) = Ttu0 = Tt/2u(t/2)
and we obtain:

‖u(t)‖∞ ≤ K0
‖u(t/2)‖

pr
pr+d(m(p−1)−1)
r

t
d

pr+d(m(p−1)−1)

≤ K1

t
d

pr+d(m(p−1)−1)

1(
C ′t + ‖u0‖−(m(p−1)−1)

r

) 1
(m(p−1)−1)

pr
pr+m(p−1)−1

A simple numerical inequality will give us the absolute bound 1.8:

‖u(t)‖∞ ≤ K3

t1/(m(p−1)−1)
.

The case m(p − 1) = 1: we proceed as in the previous case (but we do not need Hölder
inequality) to get a closed differential inequality that reads:

d
dt

‖u(t)‖r
r = −r(r − 1)mp−1pp

rp

∥∥∥∇(
|u(t)| r

p

)∥∥∥p

p

≤ −(r − 1)mp−1pp

rp−1
λp‖u(t)‖r

r
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in this case the function φ(t) = ‖u(t)‖r
r, satisfies the differential inequality:

d
dt

φ(t) ≤ −Cφ(t)

that leads to:
‖u(t)‖r ≤ e−

C
r

t‖u(0)‖r = e−σt‖u(0)‖r

with C = (r−1)mp−1pp

rp−1 λp. Again by using the ultracontractivity inequality (1.5) together with
the semigroup property, one gets:

‖u(t)‖∞ ≤ K0
‖u(t/2)‖r

td/pr
≤ K1

e−σt

td/pr
‖u(0)‖r

This concludes the proof. �
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