Ultracontractive bounds
for nonlinear evolution equations
governed by the subcritical p-Laplacian
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Abstract. We consider the equation 4 = A,(u) with 2 < p < d on a compact
Riemannian manifold. We prove that any solution u(t) approaches its (time
independent) mean u with quantitative bounds on the rate of convergence
lu(t) — Tlloo < Clluo — |7 /t? for any ¢ € [2,+00] and t > 0. The proof
is based upon the connection between logarithmic Sobolev inequalities and
decay propertiesof nonlinear semigroups.
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1. Introduction

Let (M, g) be a smooth, connected and compact Riemannian manifold without
boundary, whose dimension is denoted by d with d > 3 . Let V be the Rieman-
nian gradient and dz the Riemannian measure and consider, for 2 < p < d (the
subcritical case), the following functional:

(1.1) Ep(u) = /M [Vul? dz

for any u € L?(M), where we adopt the convention that &,(u) equals +oo if the
distributional gradient of u does not belong to LP(M). It is well-known that &,
is a convex, lower semicontinuous functional. The subgradient of the functional
Ep/p, denoted by A\, generates a (nonlinear) strongly continuous nonexpansive
semigroup {7} : t > 0} on L?(M). On smooth functions, the operator A, reads

Apu = div (|VulP~>Vu) ,
| | = ||z indicating the norm in the tangent space at x. We refer to [16] as
a complete general reference for parabolic equations driven by operators of p—

Laplace type in the Euclidean setting, there can be found also existence results
(for weak solutions) in Euclidean setting as well as other properties of the solution.
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It should be remarked here that the function wu(t,z) := (Tiu)(z) is also a weak
solution in the sense of [16] of the equation @& = A,u, so we will speak equivalently
of weak solution or time evolution associated to the semigroup at hand. To be
more precise, by weak solution to equation

(1.2) { 4= Ay(u), on 5074—00) x M
u(0,-) = ug € L*(M)
corresponding to the initial datum wug € L?(M) we mean that
u € LP((0,T7); WHP(M)) n C([0, T; L*(M))
for any T' > 0 and that, for any positive and bounded test function
¢ € WH2(0,T;L%(M)) N LP((0, T); WP (M), o(T) =0,

one has:

/M uo(2)p(0, ) dz = — /0 ' /M w(t)' (t, z) dz dt
- /0 ' /M [Vu(t,z)|" % Vu(t, z) - Vip(t, z) dz dt.

Let us denote by @ the mean of an integrable function wu:

H—#/ u dz
~ vol(M) [y, '

Let finally u(t) := Tyu be the time evolution associated to the semigroup at hand
and to the initial datum u(0) = u € L(M) (or the weak solution to problem (1.2),

as well). Then u(t) does not depend upon time, so that it equals u: we prove this
fact by means of abstract semigroup theory in Lemma 3.1.

Theorem 1.1. Let (M, g) be a smooth, connected and compact Riemannian ma-
nifold without boundary and with dimension d > 2. Consider, for any t > 0,
the solution u(t) to the problem (1.2) with w(0) € LY (M) with ¢ > 1. Then the
following ultracontractive bound holds true for all t € (0,1]:

C(p,q,d, A, Vol(M))

(1.3) lu(t) -2, < 3 [u(0) —al|,
with:

d q
1.4 L _ . ba
(14) b pg+dp—2) " pg+dp—2)

where A are the constants appearing in the Sobolev inequality

lw = Tllpasa-p) < AlVull,
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If t > 1 one has instead, for all data belonging to L?>(M):
C(p7 2’ d7 Z? VOI(M))

(1.5) [u(t) =l <

= 2p
(Bt + [lu(0) — ﬂngfp) @pFdp-2)(r—2)
and in particular, for any e € [0,1]:

2p(l—e)

C(p,2,d, A, Vol(M))||u(0) — a|| T

(1.6) [u(t) = Ulloe <
(Bt) Cp+d(p—2)(r—2)

where 5
B = — b= 2;)7+d(p72> :
A" Vol(M)P26-d
The proof will show that identical conclusions hold for the solutions to the
equation @ = Ayu in bounded Euclidean domains, or in compact manifolds with
smooth boundary, with homogeneous Neumann boundary conditions.

Corollary 1.2 (absolute bound). For allt > 2, all e € (0,1) and all initial data ug
in LY(M) there exists c. > 0 such that

(1.7) u(t) — || < cot™ 178/ (=2,

independently of the initial datum wug. Moreover, if the initial datum belongs to
L™ (M) with ||u(0)|» <1 then

lu(t) =l < e llu(0) —alfzt~ 1=/ =2)
for all t > 2|ju(0) — wl||2~P.

The proof of this corollary is identical to the proof of the corollary (1.2) of
[5] since the proof presented there is independent on the range of p.

A few comments on the sharpness of the bound are now given:

e (compact manifold or Neumann cases). It is known from the results of [1]
that a lower bound of the form

_ C
lu(t) —allz > /09

holds for any L? data and all ¢ sufficiently large. A similar bound for the L> norm
thus holds as well. Hence the bounds in Corollary 1.2 are close to the optimal ones
for large time. For small times a comparison with the Barenblatt solutions ([16])
shows that the power of time is the correct one for data belonging to L', while for
data in LY with ¢ > 1 the L°° our result is better in the sense that norm diverges
at a slower rate depending on ¢, a property which is familiar in the theory of linear
ultracontractive semigroups but which seems to have not been explicitly stated so
far in the nonlinear context.

e (Dirichlet case). A similar result can be shown on compact manifolds with
smooth boundary, homogeneous Dirichlet boundary conditions being assumed.
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The main difference is in the fact that the solutions approach zero when ¢ tends to
infinity. The proof stems from the appropriate Sobolev inequality for functions in
WyP(M) and is easier than in the previous case. For short time remarks similar
to the Neumann case hold. By using the optimal logarithmic Sobolev inequality of
[14] for the p—energy functional, bounds which are sharp also for general L' data
and small times can be proved easily by the present methods in the Euclidean
case.

A comparison with some previous results is now given. While a discussion
of similar problems in the whole R™ has been given long ago in [19] by entirely
different methods, and recently improved in [12], nothing seem to have appeared,
apart of some estimates of a somewhat similar nature given in [16] (in any case the
Neumann case and the compact manifold case are not discussed there) concerning
asymptotics of evolution equations driven by the p—Laplacian in bounded domains
before the recent work [8]. In this paper a similar discussion is given for the Eu-
clidean p—Laplacian with Dirichlet boundary conditions on a bounded Euclidean
domain: the solution approaches zero, instead of @, in the course of time. In [10]
a generalization of such results to a much larger class of operators is given, but
Dirichlet boundary conditions are still assumed. The Dirichlet boundary condi-
tions determine the form of the Sobolev inequalities on which our work relies and
thus the situation is different from the very beginning. We shall also comment later
on the case of Dirichlet boundary conditions is much easier and can be dealt with
in the present case as well, and that the case of Neumann boundary conditions
displays exactly the same properties discussed in Theorem (1.1). In the case of the
present type of evolutions it seems that even the fact that u(t) approaches @ in
the course of time is new. Similar results have been proved in [5] in the case p > d.

2. Entropy and Logarithmic Sobolev Inequalities

In this section we will prove a family of logarithmic Sobolev inequalities, which
will be an essential tool in the rest of the paper. They involve the entropy or Young
functional below:

@1) Jr) = [ os (ZLHI) :ZHT: a

well defined for any 7 > 1 and u € X = (5 L (M).

p=

Proposition 2.1. The logartithmic Sobolev inequality

IV 715 .
+ eVol(M)P/P —loge
I1£117 I1f1I7

holds true for any € > 0, for all f € W'P(M), 1 <p<d, d>2. Here
A=204

eA

d
(2.2) pJ(p,u) < ’
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and A is the constant appearing in the classical Sobolev inequality:

pd

(2.3) u— 7 i

pr < Z||V“||p7 pr=
Proof. First we notice that

p* |E|V01(M)1/p* = [lullp= — [[u]|p~
< flu—allpe < Al[Vul,.

[[u

Thus

el < (ANVull, + [a[Vol(an)/» )
(2.4)

< or-! (Zuwug + |ﬂ|onl(M)P/P*)

where we have used the numerical Young inequality (a + b)? < 2P~1(a? + bP).
Now we prove the LST (2.2):

T (o, 1) :/Mlog(IU(x)”) ju(@)P - _ d*p/Mlog \U(I)I{% u@)”

P D 2 p
ullp / lullp p |7 [[ullp

2
d— dpi_p"rp
<1=Py, / @)=
M

P 2 4p
lJully™"
d
d—p
IRETI L B
- 0og pd = —log D
P = P llullp
flullp

d <2p—1A||Vu||g + 2P~ Vol (M)P/P” |up>
< —log

T Jullp
d —_IVu|2  d « |T|P
< f€2p’1A” |1|7p + —e2P~ol(M)P/P l - — loge.
p ullp P [[ullp
Indeed, we first used Jensen inequality for the probability measure Iﬁim”)f dx, then

the inequality (2.4) and finally the numerical inequality log(t) < et — log e, which
holds for any &,t > 0.
The proof is thus complete. O

3. Preliminary Results

We first recall two facts proved in [5] for the case p > d remarking that their proof
do not depend upon the range of p.

Lemma 3.1. The semigroup {1} }1>0 associated with the functional €, satisfies the
properties:
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o Tyu =1 for any u €LY (M) and any t > 0;
o Tyu=Ty(u—1u)+u for all u eL*(M).

In view of the above lemma it is clear that it suffices to prove theorem (1.1)
for data with zero mean.

Lemma 3.2. Let u be a weak solution to the equation (1.2) corresponding to an
essentially bounded initial datum ug € L (M) with zero mean. Let also r : [0,t) —
[2,+00) be a monotonically non-decreasing C* function. Then

7(s)

%logﬂu(s)Hr(s) =7 ) u(s)

(3.1) P (r(s) = 1) o) tp-2
- (r(s) fp—2) ||U(5)||:8 ’V (‘u(s)‘ o ) p

Lemma 3.3. Let u be a weak solution to the equation (1.2) corresponding to an
essentially bounded initial datum ug € L (M) with zero mean.
Let also 7 : [0,t) — [2,+00) be a monotonically non-decreasing C* function. Then

(3.2)

7(8 d(p —
(s) @2)_2)10g||u<s>llr<s>+

r(s) pr(s) + d(p
Ay A <pp+2 r(s)(r(s) = 1) >
r(s) pr(s) +d(p - 2) dA 7(s)(r(s) +p —2)P(pr(s) +d(p — 2))
+ K ||u(0)||5~
where K = Vol(M)©/2)p/A.
Proof. We can rewrite the LSI (2.2) in the following form:

d
E IOg HU(S)HT(S) < -

plflp d Vi
P PUT e oy 4 2 _ur
VA5 = B2 [ 7017+ Siogte)] -
Then we apply it to the function f = |u(s, z)|("()+P=2)/P and obtain:
r(s)+p—2
p_ Plluls)ll()1p d
[Flutoe-2 | > FEEEE |1, u(sy02) 4 S oge)
(3.3) P
‘|u(5)|<r(s>+p72>/p>’
- A

since [ |u(s)|"()FP=D/p|p = Hu(s)”:giz:g Then we apply this to the inequality

(3.1) of previous lemma and we obtain:

%lognu(s)HT(S) = :Egj(r(s>7u<s>)

(3-4) P Por(s)—1
B (7“(8) +p - 2) ()2

o (o)
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|
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(s)+p—2

7(s) J<17u(5)r<s>> L pPr(s) = 1) )l )+p 2

eAd(r(s) +p—=2)"  |u(s )H’r’(s

J (l,u(g)r(s)ﬂJfZ) _ glog 5} + R(p,7(s),u(s), A,d)

since J (1,u(s)"®)) = r(s)J (r(s), u(s)), where

Now choose

A -2 fu(s)|'®

r(s)’

p
pP(r(s) — 1) \W@HW$ﬂF”M\

r(s)

pP+2(r(s) — 1) u(s)|re) P2

e=¢(s) = — NHo
P ) AdGr () +p = 2P 00r(s) + 0 —2)) Ju(s) 1)
lu(s >||r(g)

and obtain from (3.4):

(3.5)

d 7”(5) r(s pr(s) r(s)+p—
Elog”u(s)ﬂr(s) < (s)? [J (1,u(s) ( )) _ WJ (1,u(3) (s)+ 2)
pir(s) LG
p(pr(s) +d(p —2)) (sl
7(s) pdr(s) loger + R

~r(s)? plpr(s) + d(p — 2))
5o 7 (0000) - iy (bt )

7(s)
= ()2
(p

2)pdr(s)

(p — 2)pdr(s)

7(s) pdr(s)

_ uls r(s)) _ oo llu(s r(s)
p(pr(s) +d(p — 2))J (1’ (s) ) plpr(s) + d(p — 2))1 g Jlu( )”r<s>}

r(s)? p(pr(s) +d(p — 2))

7(s) pr(s)

loge; + R

~ ()2 (pr(s) + d(p — 2))
~ #(s)  (p—2)pdr(s)

[J (1, U(S)T’(s)) —J (1, u(s)r(s)+p,2)]

r(s)2 p(pr(s) +d(p — 2)) log [[u(s)ln(s)
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7(s) pdr(s) o
T e (e + d(p—2)) B T
_He) (=2 og ||u(s M d o
S o) pr(e) +dtp o) e~ e T 2y e TR
We used first the fact that
()l 07
(36)  log 2 5 (1 9y 7 (n(s), u(s)) + log [[u(s) (o)

(s

which follows from two basic facts. First, the function N(r,u) = log ||ul|" is convex

with respect to the variable r > 1, so its derivative is an increasing function of

r > 1. Moreover N (r,u) = J(r,u) + log ||u|», so the following inequality:
N(r+p=2,u) = N(r,u) > N'(r,u)(p = 2) = [J(r,u) +log||ul.,] (p - 2)

holds if p > 2 and leads to (3.6).
The last estimate is obtained by the following monotonicity property of the Young
functional

J(Lu") = J(LutP7?) <0, ifp>2
the proof of the fact that J(1,u") is a non-decreasing function of r» > 1 is a
consequence of the convexity (w.r.t. the variable r) of the function:

o(r,u) = log [Jully /-

We refer to [3] for a proof of such fact, but comment that it is equivalent to the
well known interpolation inequality:

leallaye < Nullpllulliyy

valid when % = % + 1%10. Now deriving ¢ respect to r gives us:

d 1 1
E(b(T, U) = —;J <T,U)

thus, as derivative of a convex functions, —1.J (1, u) is non-decreasing.
Our next goal will be to give an estimate on the term R. To this end we use an
Hoélder and an interpolation inequality to yield

||u‘|(r+p—2)/p < VOI(M)I/(T+p_2) ||u||(r+p—2)/(p—1)
< Vol (M) 4Dl 07,

Therefore
u(s)| @ -2)7p|" Hu( )||’§ g)*fp s
lu(s)17%) lu(s)I17)

lu(s) 1) 275

< Vol(M) = D/E1) < Vol (M) |fu(s) |22

)l
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The statement finally follows by the bounds
P -0
A(r(s)+p—2)P =~ Alg+p—2)p~" — A

valid because r(s) > ¢ > 1 and p > 2 by assumption, together with the Holder
inequality and the L? contraction property of the evolution at hand:

lu(s)ll < Vol(M) VP Ju(s)|lz < Vol(M) /2 [[u(0)[|2 = Vol(M) /) |lug]|2

which is well known to hold for any s > 0. O

Lemma 3.4. Let u be a weak solution to the equation (1.2) corresponding to an
essentially bounded initial datum ug € L (M) with zero mean.

Let also 7 : [0,t) — [2,+00) be a monotonically non-decreasing C* function. Then
the following differential inequality holds true for any s > 0:

(3.7 S y(s) + pls)ys) +a(s) <0
With
(3.8)
y(s) = log Hu(s)llr(S)
_r(s)  dlp—2)
= ) + - 2)
o ) d . PP+2r(s)3(r(s) — 1)
1) = L ) T =) <Adf~<s><pr<s> +dp—2)(r(s) + p — 2)10)
— Kuoll~?

In particular, choosing r(s) = %, one gets the bound:

y(t) = Jim y(s) < Jim yr(s) = yr(t)

pq

t= pq+d(p— 2)yL(O)

— —————log(t) + c2(p, ¢, d, Vol (M %t +ei(p,q.d
i 80+ alpand Vol D) ol + 1. 0.)
Proof. The fact that y(s) satisfies the differential inequality (3.7) follows imme-
diately by the inequality (3.2) of lemma (3.3), by our choice of p(s) and ¢(s).
Therefore y(s) < yr(s) for any s > 0 provided y(0) < yr(0) where yr(s) is a
solution to:

d

3 ve(s) +p(s)yr(s) +q(s) =0

i.e.

yp(s) = e PO [yL<o> - / S q(A)ePWdA} — P [, (0) — Q(s)]
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where . .
P(s) = [ pOax Q) = [ a(oerVan
0 0
Choosing r(s) as in the statement one gets, after straightforward calculations and
beside noticing that r(0) = ¢ and r(s) — +oo as s — t~:
—P(t) _ —P(s) _ Pq
e = lim e =
s—t— pq +d(p — 2)
and

Q(t) = lim Q(s)

s—t—
_ d pg +d(p —2) log (pp+2qt)
pq +d(p —2) Pq Ad

+ CO(p7 q, d) + 62(p7 q, da VOI(M)) ||u0||]2?_2t

for suitable numerical constants co(p, ¢, d) and c2(p, q, d, Vol(M)). O

End of proof of Theorem 1.1.
The following contractivity property holds true for all 0 < s <t :

lu @1, < llu(s)l,

Therefore by the previous results one has, for all such s and ¢ :

[ )]sy < llu(8)l],(5) = exp (10gHu(S)Hr(s)) = eVt < evr®)
whence, letting s — ¢, and recalling that r (s) — +o00 as s — t~, we deduce:
<

e ®lle = Jim (@)l < Tim fhu(s)]

= lim e¥® < lim e¥2(®) = evr(®):
s—t— T os—t—
By the explicit form for e¥=(*) we can now prove the bound (1.3) for small times:
it is sufficient to let y(¢) = log ||u(?)||o, ¥(0) = y(0) = log||u(0)||; = log||uoll4-
So we obtain:
pq
e1 () +es (paa,d Vol (M) o171 [0l g
Hu(t)Hoo Sezl p,q, c2(P»q,a, 0ll2 =
trat+d(p—2)
To conclude the proof for small times, we prove an L2-L? time decay estimate for
arbitrary time. We compute, for initial data with zero mean

d 2
ez = =2[Vullp

p
p*

< =247 "|fu(t)

2p+d(p—2)
P

< 2 Vol (M) P ()3
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where we have used the Sobolev inequality in the first step and the constant A
appearing in (2.3). Thus, setting f(t) = ||u(t)||3 we have proved that
F(£) < —2A PVol(M) P f(e)p/2.
This yields the bound, valid for all positive ¢:
1

Ju(t)]2 <
(Bt + lu(0) 37

)1/(P—2)

where we have set
_ (p—2)
AVol(M)P 5

This last estimate also gives the so called absolute bound:

1
(Bt) 1/(p—2)
The absolute bound, together with the L?-L° smoothing property above and with
the semigroup property yields the bound:

[u®)]2 <

H;]DJ%

[lu(®)||oo < oc1(Pa,d)+c2(pq,d, Vol (M) [[u(t/2) |5 ~2¢/2 lu(t/2) '
B (t/2)pataz-2

”;1&3(’;*2)

< ecl(p,q,d)Jch(p,q,d,Vol(M))B ||u(t/2) -
(1/2) et
< C(pa q, daza VOI(M))M
tratd(p—2)

in the last step we used the L? contraction property, which is well known to hold
for any ¢ > 1 and ¢ > 0 and we obtained the desired bound for small times, at
least for essentially bounded initial data.
To deal with the case of general L?-data, it suffices to refer to the discussion
given in [8], which does not depend either upon the value of p or on the Euclidean
setting. This concludes the proof for small times.

To deal with the case of large times, we use again the above L?-L> decay, the
L2-L2 time decay, together with the above absolute bound and the semigroup
property to yield, for all positive ¢:

[u(t)]|so < ecl(p7q,d)+ca(pyq,d,Vol(M))Hu(t/?)|I§’2t/2||u(t/2)H22P+j<ppfz>

ec1(p,q,d)+c2(p.q,d,Vol(M))2/B

< 7
2— (2p+d(p—2))(p—2)

(B(t/2) + ()37

The latter statement is obtained from the numerical inequality

a+b>abe
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valid for all positive a,b and all € € (0,1). Putting a = Bt and b = ||u(0)||3 ?
thus get, for all ¢ > 1

2p(l—e)
C(p,2,d, A, Vol(M))|[u(0 )II“”““ >
(@)l < e
(Bt) Cptd(p—2)(p—2)
[
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