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Preface

This lectures notes are a review of some contributions to the theory of Quasilinear Elliptic
Equations with a reaction term. We study the existence, multiplicity, positivity of solutions,
bifurcation, etc., with respect to the relation between the growth and shape of the zero order
reaction term.

We can propose a quite general class of elliptic problems involving the p-laplacian, for
instance,
—Apu = —div (|VulP2Vu) = F'(u)  in €,
(P)
u’(SQ = 07
where 1 < p < N, Q is a regular bounded domain in R, and
F1) F' is increasing, F(0) = 0, F regular,
F2) |F'(u)| < C(1+ |u]"), for some r > 0.
Np

If we consider p* = , the Sobolev theorem gives the inclusion

W P(Q) C LP".

We say that the problem (P) is subcritical, critical or supercritical if, r < p* — 1, r =p* —1
or r > p* — 1 respectively. If p > N the problem (P) is always subcritical.

This type of problems has been studied extensively for p = 2 in many contexts. Thus
in Riemannian Geometry the critical case for p = 2 in the Yamabe problem, (see [93]). In
Astrophysics there appears some supercritical problem, (see [32] for instance). When F(u) = Ae*,
we have the model of Frank-Kamenetstkii for solid ignition, (see [48]).

In recent years there has been an increasing interest in looking at these problems in the
more general framework of quasilinear elliptic equations for which (P) is a model case. In general,
problem (P) can be seen as the stationary counterpart of evolution equations with nonlinear
diffusion. Here it is necessary to say that the growth of the second member is important to get
the blow-up of the solutions of the evolution problems, but it is clearly insufficient to conclude
other properties, such that global existence or stability of the equilibrium states. For such sort
of results it is necessary to know more deeply the behaviour of the associated elliptic problem,
which depends on the growth and also on other properties of the zero order term.

The subcritical case is more or less easy, and we refer to [51] and the references there. The
generality of problem (P) is enough to have a nontrivial project in our hands. The difficulty of
considering problem (P) in its full generality can be understood by the following well known
facts.



1. If Q is a bounded starshaped domain in R™, N > 2, p = 2 and F(u) = )\u%, A >0,
problem (P) has no positive solution, as was remarked by Pohozaev in his famous paper
[71].

2. Under the same hypotheses about the domain, if we assume 1 < p < N and F(u) = Au?" !,
A > 0, Pucci and Serrin show that problem (P) has no positive solution. See [73].

3. Tt is very easy to prove that if @ = {z € R™|0 < a < |z| < b} and the same hypotheses as
in (1) or (2), problem (P) has positive solutions. In fact, if we look for radial solutions, it
is an easy one-dimensional problem. See for instance [61].

4. The behaviour of the problem in (3) when a — 0, is not evident. The answer to this
question was given by Bahri-Coron, [19]. More precisely: If some fundamental group of the

N42
domain is non trivial then problem (P) with p = 2 and the zero order term F(u) = AuN-2,

A > 0, has a nontrivial solution.

At this level it seems that the existence of nontrivial solution of (P) depends strongly on
the topology of the domain.

This idea is not totally exact.

5. In [40] and [36], independently, it is obtained that there are contractible domains for
which the problem in item (1) has a nontrivial solution. In particular, this fact means that
the existence result depends deeply on the geometry of the domain and not only on the
topology.

The rough consequence from the remarks above is the strong dependence of the results on
the domain.

On the other hand we have as starting point the seminal result by Brezis and Nirenberg in
[29] that we can summarize as follows.
THEOREM (Brezis-Nirenberg) Consider the problem

(LP){ —Au = \Nu|92u + \u](N‘i?)u in Q,

where Q is a bounded domain in RY and X\ > 0. Then,

a) If g =2 and N > 4, there exists a positive solution of (LP), for all0 < X < A1, A\1 being the
first eigenvalue of the laplacian in Q.



b) If ¢ = 2 and N = 3, there exists \g depending on Q0 such that the problem (LP) admits a
positive solution if 0 < Ag < A < A1. Moreover if ) is a ball then the problem has a positive
soltution if and only if \1/4 < X < A1, A1 first eigenvalue of the laplacian.

c) If2<q< ]\2,—]_\72 and N > 4, the problem (LP) admits a positive solution for all X > 0. In
dimension N = 3 there exists positive solution for large .

The Theorem above means that the action of the term A|u|?2u breaks down the nonexis-
tence obstruction found by Pohozaev [71]. Therefore, Pohozaev’s result depends not only on the
growth of the second member in the equation and on the geometry of the domain, but also on
the precise expression of F.

We will emphasize this last fact in these notes and we will obtain results that depends in a
deep way on the shape of F.

In first place we deal with the typical eigenvalue problems in Chapter 1; we will study
existence, asymptotic behaviour, properties and, as a consequence, some results on bifurcation.
Chapter 2 will be devoted mainly to study the influence of the shape of the zero order term in
the behaviour of the elliptic problems with respect to multiplicity of solutions and bifurcation
properties.

Chapter 3 is devoted to a critical problem related with a Hardy inequality. It seems that
it can be considered as a starting point for a more extensive research. It shows how the depen-
dence on z of the second member, (non autonomous case) changes the concept of growth to be
considered.

General references for different aspect on the topics considered here are the books, [6], [12],
[17], [20], [26], [34], [59], [63], [67], [76], [81], [83], [91], [92] and [94]. But some general results
that will be used often, are collected in several appendix at the end of the lectures notes.

* * *

I would like to thank the organizers of the Second School of Nonlinear Functional Analysis
and Applications to Differential Equations at ICTP of Trieste, Professors Ambrosetti, Chang
and Ekeland, the opportunity that they give to me to teach this course. Also my thanks to
Professors Garcia Azorero and Walias by their helpful comments and missprint correction. Also
my gratitude to J.A. Aguilar by his careful final missprint correction.

Very special thanks to A. Ambrosetti for his friendship and his teaching in these years.

Madrid, February 1997
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Chapter 1

Eigenvalue problem

1.1 Introduction

This chapter will be devoted to the typical eigenvalue problem for the p-Laplacian, namely, the
problem,
{ —Apu = —div (|VulP2Vu) = MulP2u, zeQ, (1)

u = 0 x € 01,

where 1 < p and Q ¢ R" is a bounded domain. We look for nontrivial solutions, i.e., (u, \) €
Wol P(Q) x IR, u # 0, verifiying the problem in a weak sense.

We call this case the typical eigenvalue problem because if we have a solution (u,\) to
problem (1.1), then for all @ € IR, (au, ) is a solution. With different homogeneity in the
second member we get a curve of solutions for each fixed solution to the problem with A = 1,
simply by a scaling, namely, if u # 0 is solution of —A,u = |u|9"?u then if & > 0, v = au verifies
the same equation with A = aP 9.

1.2 Existence of eigenvalues by minimax techniques

In this section we study the existence of a sequence of eigenvalues for problem (1.1). The result
that we will explain can be found in [51]. The method used in the proof is an adaptation of the
methods in [4], i.e., the Lusternik-Schnirelman theory.
Consider .
B:WyP(Q) — R,  defined by B(u) = > / |u|Pd, (1.2)
Q

that is the potential of
b: WyP(Q) — W H'(Q)  defined by b(u) = |u[P~2u. (1.3)
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It is easy to check that:

1. By the compactness of the Sobolev inclusion, b is compact and uniformly continuous on
bounded sets.

2. As a consequence B is compact.
3. bis odd and B is even.

The idea is to obtain critical points of B(u) on the manifold

M = {u e W(Q)| (%) / VuPde = o). (1.4)
Q

For each u € Wol’p(Q) — {0} we find A(u) > 0 in such a way that A(u)u € M, i.e.,
1/p

) = | Fvupds (15)
Q

hence A : Wy*(9) — {0} — (0,00) is even and bounded on subsets in the complementary of
the origin. Moreover the derivative of A is

. . —(p+1)/p

1

(N (u),v) = _I;QE (1—9/|Vu]pdx) (—Apu,v), (1.6)
Q

for all v € VVO1 P(Q) where (-, -) denotes the duality product. Therefore,
(—=Apu,v) =0 implies (X(u),v) =0,
(—Apu,u) =pa, if weM
and, for all u € Wy*(Q) — {0},

) = (577) AN @A) = 50

(u
The next step is to construct a flow in M related to B and the corresponding deformation
lemma that allows us to apply the mini-maz theory. (See [76]). By direct computation we get
the derivative of B(A(u)u) in uw € M, that according to (1.6), becomes

D(u) = b(u) — % (—Apu) € W' (Q). (1.7)
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We need the tangent component of D(u) to M. Then we will use the duality mapping
T WTEQ) — WP (Q), -+ =1,

which gives the possibility to consider J(Du) € Wol P(Q) and gives its tangent component. It is
well known that J verifies for all f € W—12'(Q),

Z) <fv ‘](f)> = Hf”{%v—l,p’(g)

i) 11Tyt = 1 lw-r 0

(See for instance [26]). Taking into account the properties of J and the previous comments we

define
Apu, J(D(u)))

_<Apu7 u)

and then, T'(u) is the tangent component that we are looking for, because

T: M — WyP(Q), by T(u) = J(D(u)) — (= (1.8)

(—Apu,T(u)) =0 if weM,

and also by (1.6)
N(u), T(uw))y =0 if ue M.

Moreover, by definition, T" is odd, uniformly continuous and bounded on M; in particular we
can find a vy > 0, tg > 0, such that

llu+tT(uw)|| >0, forall (u,t)e M X [—tg,to
As a consequence we define the flow

H: M x [—tg, tg) — M
(u,t) — H(u,t) = Mu+ tTu)(u+ tTu).

Then H verifies:

i) Is odd as function of w, namely, H(u,t) = —H (—u,t) for fixed t.
i1) Is uniformly continuous.

i) H(u,0) = u for u € M.

The next result shows that H define trajectories on M for which the functional B is
increasing. This is the relevant property of H in order to get a deformation result.
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Lemma 1.2.1 Let H be defined by (1.9). Then there exists
r: M X [—to,to] — IR

such that lim r(u,7) = 0 uniformly on u € M, and:

T7—0

B(H(u,1) = B(u) + [ {IIDul[* +r(u, )}ds
for allu e M, t e [—tg,to].

PrOOF. We have < B'(u),v >=< b(u),v > and H(u,0) = u hence

B(H(u,t)) = B(u) + /Ot(b(H(u, 9), %H(u, $))ds. (1.10)
But 9
55 (W, 5) = ( (u+ sT(u))(u+ sT(u) =
OV (u + sT(w)), T(u)) (u + sT(u)) + Mu + sT(w))T(u) =
(N(u+sT(u) — N(u), T(u))(u+ sT(u))+
(Mu+ sT(u)) — A(w)) T'(u) + Muw)T (u).
If we call,

R(u,s) =
(N (u+ sT(u) = N (u), T'(u))(u+ sT(u)+
(A(u+ 8T (u)) = Mu)) T'(u)
we have gH(u, s) = R(u, s) + T(u). Now, because T is bounded and X and X are uniformly

s
continuous,

lim R(u,s) =0, uniformly in w e M.

s—0

Hence (1.10) becomes

B(H(u,t)) = B(u )+f0 < b(H(u,s)), R(u,s) +T(u) >ds =
B(u) + [y (b(u), T(u)) +r(u, s)ds,

where
r(u,s) = (b(w), R(u, s)) + (b(H (u, 5)) — b(u), R(u, s) + T (u)).

and also r(u, s) — 0 uniformly in u € M, as s — 0. But

(b(u), T(u)) = (D(u), J(D(w))) = || Dull, 1, g,
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and we conclude. m
We can now formulate the necessary deformation result. For § > 0, consider the level sets,
Ay ={ueM|Bu)>p} (1.11)
then

Lemma 1.2.2 Let 8 > 0 be fized and assume that there exists an open set U C M, such that
for some constants 0 < 8, 0 < p < 3, the condition

D)y -1 () = 6, ifu€Vp={ueMlugU, |B(u)—p]<p}

is verified. Then, there exists € > 0, and an operator H. odd and continuous such that
Ha(Aﬂ,E — U) C AngE.
PROOF. With ¢y and r(u, s) as in the Lemma 1.2.1, consider ¢; € (0, to] such that for s € [—t1, 1]
Lo
Ir(u, s)| < 5(5 , forall uwe M.
Then, for v € V, and t € [0, ¢1],
B(H(u,t)) = B(u) + fy{|[Dul|* + r(u, 5)}ds
1 1
> B(u) + [3(6% - Edz)ds = B(u) + 552t.
1

Choosing £ = min{p, 152151}. If w e V,NAg_., we have |B(u) — 3| < p and then

B(H(u,t1)) > B(u) + 2 > f +e.

By Lemma 1.2.1, fixed u € V,,, B(H(u,-)) is increasing in some interval [0,s9) C [0,¢1). Then
forue V. ={ue M|u¢ U, |B(u) — 3| < e} the functional

te(u) = min{t > 0| B(H (u,t)) = B+ ¢}.

is well defined and verifies:
i) 0 < te(u) < ty,
i) t(u) is continuous in VL.

Define
He:Ag_. —U — Agy.
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by
B H(u,te(uw)), if u e Vg,
He(u) = { u, ifue Ag_. — {UUV.}.

In this way H. is odd and continuous. m

We will prove the existence of a sequence of critical values and critical points by using a
mini-max argument on the class of sets defined below. For each k € IN consider,

Cr,={C Cc M|C compact ,C = —-C v(C) > k}, (1.12)

where 7 is the genus defined in the Appendix. The main result on existence of eigenvalues is the
following

Theorem 1.2.3 Let Cy, be defined by (1.12) and let By be defined by

B = sup min B(u). (1.13)
CeCy, ueC

Then, B > 0, and there exists uxp, € M such that B(ug) = Bk, and uy is a solution to problem

(1.1) for A\, = %.

PROOF. The inequality By > 0 is a consequence of v(M) = +o00, namely, for all k > 0,Cy # 0,
and given C' € Cj, we have mig B(u) > 0, hence B > 0 for all k. Let k be a fixed positive
ue

integer. In the general hypotheses there exists a sequence {u;} C M such that

a) B(uj) — By,
b) D(uy) — 0. (1.14)

In fact if not, there must exists d, p > 0, such that
[Dul[ 26 if uwe{ue M[[B(u) - fil < p}.

We can assume § < (3 and then by the previous deformation Lemma 1.2.2 with U = 0,
there exists € > 0 and a odd continuous mapping H., such that

Hz—:(Aﬁk—a) C A,Bk+a~

From (1.13) there exists C. € C;, such that B(u) > 8, — € en C.; namely, C. C Ag, .. Then,
B(u) > B + ¢ in H(C:).

Now ~v(H(C:)) > k, because v(C:) > k, hence H.(C;) € Cy, that is a contradiction with
the definition of S.
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In this way we find a sequence, {u;}, verifying (1.14) and then, for some subsequence,
uj — uy in Wol’p(Q). Since B is compact, B(u;) — () and by continuity D(uy) = 0, so we find

_ . o
—Apuk = )\k|uk|p 2uk, with A\ = —

Bk

To finish this section, we will prove that the sequence of critical values {fx} is infinite,
namely that we have a true sequence of eigenvalues.

Lemma 1.2.4 Let B be defined in (1.13). Then kllrgoﬂk =0.
(As a consequence N\, = af3;t — 00 as k — 00).
PROOF.
Consider {E;} sequence of linear subspaces in VVO1 P(Q)) such that
i) By C Epy1,
i) L(UEy) = Wy (),
iii) dim Ej, = k.
Define

[;k = sup min B(u 1.15
Cecy, weCNEL () ( )

where B} is the linear and topological complementary of Ej. .
Obviously G > B > 0. So it is sufficient to prove that ’iir% O = 0.

Now, if for some positive constant, v > 0, Br > v > 0 for all kK € IV, then for each k € IN
there exists C € Ci such that .
> i B > 7y,
Ou> oy, B >n

and then there exists u;, € Cj N Ej;_; such that
B > B(ug) > 7.
In this way {ux} C M, B(uy) >~ > 0 for all kK € IN, hence for some subsequence,

u, — v weakly in W, (Q),
up — v in LP(Q).
As a consequence b(v) >« and this is a contradiction because uy € E},_;, implies v =0. m

In the next section we will give a more precise result about the asymptotic behaviour of
the sequence {0}
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1.3 Asymptotic behaviour

Consider the sequence of eigenvalues

A = aﬂk_l, where By, = sup inf [ |ulPdz, ke IN (1.16)
FeCL(9) uGFQ

which has be found in the previous section.
We obtain the following result that gives the asymptotic behaviour of the sequence of
eigenvalues obtained above. The case p = 2 is classical.

Theorem 1.3.1 The sequence {\;}kemn of eigenvalues of —A, defined by (1.16), verifies that
there exist two constants, ¢(?), C(RY), depending only on the domain 2, such that

(PN < A, < C(OKPN, forall ke N, (1.17)
where N s the dimension.

STEP 1. DiMENSION N = 1. A fundamental role in proving the estimate is played by the following
Bernstein’s Lemma, which gives the inequality,

A < CKP.
Lemma 1.3.2 Let S(x) be a n-degree trigonometric polynomial

S(x) = Z a;e’™.

j=-n
Then: . .
([ 18 @Pdz)s <u([ |S@rdz)s, p=1
-1 -1

( See [94]).
The reverse inequality is obtained in the following one-dimensional result which proof uses
Fourier Analysis techniques, and completes the case of dimension N = 1.

Lemma 1.3.3 Let Ej, be the linear space spanned by
fsin(rjo)|1 < j < K},

and Ef its topological complement in the Sobolev space W[(0,1). Then, there exists a constant
C > 0 such that

1
llly < Ol

for each u € Ef,.
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Proor. Consider
tosi —1<t<l.

9(t) = { 1/t, si|t] > 1.

Then g(t) = @(t), namely, is the Fourier transform of w(t) € L'(IR); in fact |w(t)| < C(1+¢?)~!
and

li t li t).

A ) 7 g )

We show the previous assertions on w. We have by definition

w(z) = 2/000 g(t) sin(tx)dt = 2 /01 tsin(tz)dt + 2/10O w&.

Integrating by parts we get

si 2 [ t
inz / cos(x )dt,
1 t2

and integrating by parts a second time we get for |z| large ,

C
lw(x)| ~ W

For & > 0 small, by the change of variable s = xt we have,

2 X 0 qi
w(zr) =— | ssinsds+ 2 Smsdsaﬂ', x — 0.
z2 Jo - s

Because w is odd we get that w is discontinuous at 0, and moreover that it satisfies in the whole

real line
0O < o
T (142
Define wy(t) = kw(kt), then ||wi||1 = ||w]]1 = C < oo and
(5) = Tlt)
g [ k
For k > 1 we consider the 2-periodization of wy(t) i.e.,
w(t) = Y wi(t+2§).
Jj=-—00

It is clear that [[wg|[z1(—1,1) = C for all k£ > 1 and, moreover, the Fourier series of wy, is

wp(z) = Y wr(j)e™,

j=—o0
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and, by definition, the Fourier coefficients of wy, for |j| > k > 1 are
= . J,_k
D(7) = 9(3) = 5
Call Q2 = (0,1). Then if u € Wol’p(ﬂ) and u is the odd extension of u to (—1,1), we get that if
a(z) =) a;e’™,
J

then its derivative is,
—/ o . T ! iJmT
u(x)—ijaJe —WZCLJG .
J J

Now, if u € E}, we get that
B .. T ] ) i
_ LT T J YT
’LL(QU) - E‘:a’Je = k § : g(k)a’je " 3
J li|=k

that gives the following identity

which is equivalent to

ko
—U = W * U,
us

where * means the integral of convolution. As conclusion,

—llullp < k[l ||p = elle[]
With this estimate we get,
A > ckP
|

STEP 2. DIMENSION N > 1 anp Q = (0,1) . The next step is to show the case N > 1 in the
particular case of a product of NV intervals that, by scaling, we can assume that Q = (0,1)". We
will consider

{er = sin(kymay) sin(komxs)... sin(kymay), ki € IN,i = 1,...,N}

a basis of Wol’p(Q). If on the lattice IN" we take the complement of the cube Qy, of edge k, we
are considering E}y, the complement of the kN -dimensional linear space Ey~ spanned for the
functions with frequencies in such cube.
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In fact, we consider for u € E} v,

U= Zem, by, =0 if m = (my,...mpn), m;y <k, i=1,...N.

Then we prove the corresponding result

Lemma 1.3.4 There exists a constant C > 0, such that if u € E}y,
C
lully = [Vl

ProoF. If u € Efy, there exists by, # 0 for some m = (my,...,my) with m; > k, for some
j=1,...,N.
Then by Lemma 1.3.3 we get

C ou
/yu(xl,...,xj,...,xN)|dej < ﬁ/\a—%(;ﬁl,...,xmwdxj.

The reverse inequality, as above, is an application of Bernstein inequalities. So we conclude. m

Assume the linear subspaces in Wy () spanned by the basis {ez} defined above and
ordered as follows
i)En = L{e;}, where | € Qy.
i) If kY < j < kN*L then Ej C Efy N Epn+a.

In this way the result in Lemma 1.3.4 gives us the result in the Theorem 1.3.1 for an interval.
To read correctly the result put in the horizontal axis the subspace dimension and as ordinate

the constant of the inequality, we have for extrapolation the function f(z) = - Hence we

zl/
get,

Lemma 1.3.5 Given Q, a product of N one dimensional intervals in IR , there exists a constant
C > 0, such that

C
lull, < WHVUHP, for all u € EI(’;,

where the linear spaces Ex are defined and ordered as above.

Finally, the case of a general bounded domain can be proved by comparison. More precisely,
consider Q' € Q C Q, Q, Q' cubes in RN,
By definition we have G, (Q) > Bk(Q) > Bx(Q’) and then

A(Q) < M) < M(@Q).

Remark 1.3.6 The main open problem is to show that the sequence that we have found contains
all the eigenvalues. A partial answer to this problem is given in [57], for dimension N =1 and
in [43] for the radial case, that we will explain below.
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1.4 Isolation of the first eigenvalue

Let us consider the problem (1 < p < 00):

—Apu = Au[P~2u,
1.1
{ ue WyP(Q),u # 0. (1.18)
Then according to the previous section, the first eigenvalue is given by
A1 = inf {/\prd:r tw E Wol’p(Q),/\w]pdx = 1} .
Q Q
The main result in this section is the following Theorem.
Theorem 1.4.1 The first eigenvalue of —A,, is isolated and simple.
Remark 1.4.2 The problem
—Apu = AV (z)|u|P?u,
1.1
{ ue WyP(Q),u # 0. (1.19)

with V- € L* and Q with smooth boundary was studied in [15] and was extended in [66] to
general domains. Often the case V € L1 with ¢ < 0o is useful for the applications.

We can find similar results if V(x) > 0, V(x) € L1Q), and |{x € Q : V(z) > 0} # 0,
where g > 1 ifp>N,q>1ifp=N, q> N/p>1 otherwise. The details of this extension can
be found in [2].

Without these hypotheses the behaviour is different and we will give an example in the last
Chapter of this lectures notes.

The proof of Theorem 1.4.1 follows closely the arguments in [66] and is divided in several
Lemmas.

Lemma 1.4.3 A\{ is an eigenvalue, and every eigenfunction uy corresponding to Ay does not
changes sign in C): either uy > 0 or uy < 0.

PRrROOF. Directly from the proof of existence of the first eigenvalue we conclude that there exists
a positive eigenfunction: if v is an eigenfuction also u = |v| is a solution of the minimization
problem and then an eigenfunction. By the strong maximum principle |v| > 0 and then u has
constant sign. W
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Lemma 1.4.4 i) Ifp > 2 then

&2 — &P

[f” = & +plal” (6,6 — &) + Clp) == (1.20)
for all &1,& € RY.
1) If p < 2, then
_ 62 — &
2l > Jeal” + 9l 260,62~ &) + O0) e o (121)

for all &,& € RY.
(C(p) is a constant depending only on p).

(See the proof in [66]).

Lemma 1.4.5 Ay is simple, i.e. if u, v are two eigenfunctions corresponding to the eigenvalue
A1, then u = av for some a.

PROOF. As [15] and [66] point out, if the functions 17 = u — vPu'~P and 7y = v — uPv! =P could
be considered as admisible test function in

/]Vu|p_2<Vu,Vm>das = )\1/|u\p_2um, i=1,2, (1.22)
Q Q

then the result would be obtained by direct calculations.

In sufficiently regular domains it is possible to assume this hypothesis by a convenient use
of Hopf lemma, otherwise, it is necessary to regularize the candidates to test functions. Following
the proof in [66] we consider for ¢ > 0, u. = u + ¢, v = v + ¢ and then

P _ P P _ P
ul — v P —u
— 3 _ 3 €
M= = and 1o = =
Ue Ve

Hence the gradient of 7, is

Vi = (14 (0= D)) Vae - (221,

Ug Ue

and by symmetry Vs is obtained in a similar way. We substitute in the equations (1.22) and
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adding we get:

uP~t Pl
A S (ﬁ - Up_1> (uf —vP)dx =
€

Q Ue

/ ((l +(p- 1)(%)1”) Vel + (1 - 1)(%)?) \v%pﬂ) do—

Q € €
p (G 9ul = 4 (21 Vol ?) (Ve Vo =
Q \ Ue Ve (1.23)
f(uls) - U?)(|V10g U5|p - |VIOg va‘p)dl‘—
Q
—p [ 0P|V log uc|P~23(V log ue, Vlog ve — V log ue)dz—
Q
—p [uP|Vlog ve|P~2(V log v, V log u. — V log v.)dz,
Q
that it is not positive by the convexity of the function f(s) = sP. Moreover the Lebesgue
convergence theorem implies that
) up—l up—l
51—1>r(1)1+ (F - F) (u? —v2)dz = 0. (1.24)
Q € 3

Now, if p > 2, by the estimate (1.20) applied to & = Vlogu., & = Vlogv. and viceversa we
get

1 1
0<c(p) [ (—p + —p) |ve Ve — uVue|Pdr <
Q \U U

& >

uP~t Pl
_)\1]< s up_1> (uf — vP)dz.

Q \Ue

According to (1.24) we conclude that vVu = uVv in €2, and then u = av. Similarly, if 1 < p < 2
we use the estimate (1.21) for the same functions as above and we get

|ve Ve — u:Vo|?
(ve|Vue| + ue|Voe|)2—P

uP=1 Pl
1 <—p_1 — —p_1> (uf —vP)dz,
Q \Ue Ve

dx <

0< c(p)g{(vE + ue )P (ugve )P

that finished the proof as in the case p > 2. m
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To finish the study of the isolation of the first eigenvalue, we extend slightly the results by
Anane [15] and [66] to the case of unbounded potential. We have the following nodal result.

Lemma 1.4.6 If w is an eigenfunction corresponding to the eigenvalue A\, X > 0, X\ # A1, then
w changes sign in Q: wT £ 0, w™ # 0 and

Q7= (A [Vl CP)7,

where Q- ={z € Q:w(x) <0}, 0=-2¢ ifp>N,o0=— if 1 <p< N and )\ is the

qN
, A . , gp— N
first eigenvalue for the p-laplacian with weight V' in €.

PRrROOF. We have by definition A\; < A Let u,w be two eigenfunctions corresponding to A\; and
A respectively. If w does not change sign, by using the same arguments as above we obtain

Q/ |:/\1V(l') (%) — AV (z) (u%)] (u? — wP)dx < 0,

(A= N) / V(@) (P — wP)de < 0
Q

then

and we arrive to a contradiction if A > Ay by taking kw. Then w is positive implies A = A;.
Moreover, if we take w™ as a test function, we get

Vw5 = A/V(uf)pdﬂff' < MVlg Hw )P [la 127117,
Q

1 1
with — + — 4+ — = 1. Now we are considering two cases:

qg o f
1. p > N. By Sobolev’s inequality

| (@™)? Jla = [[w”[[6, < ClIVWTIf5,  a>1

Thus, if we take a = 3 = 2¢ then
Q7> (A |[V]]gCP)7*

qgN

2. 1 <p< N. We take a = =
gp— N

g

(l(w™)Plla = [lw™ [+, where p* = )-

)
—D
By Sobolev’s inequality
IV |5 < MVl [Jw™ [[5+
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ap

Q7]

ap—N
N

-N
NS AV CP Vw127 e

Hence .
Q7] > AV, C7) .

The isolation of \; is studied to finish this section.
Lemma 1.4.7 \; is isolated; that is, A1 is the unique eigenvalue in [0,a] for some a > A;.

PROOF. Let A > 0 be an eigenvalue and v be the corresponding eigenfunction. By the definition
of A; (it is the infimum) we have A > Aj. Then, A; is left-isolated.

We are now arguing by contradiction. We assume there exists a sequence of eigenvalues (\),
Ak # A1 which converges to A;. Let (uy) be the corresponding eigenfunctions with ||Vuy||, = 1.
We can therefore take a subsequence, denoted again by (ug), converging weakly in VVO1 P strongly
in LP(Q2) and almost everywhere in 2 to a function u € Wol’p. Since uy, = —A ARV Jug[P~?ug),
the subsequence (uy) converges strongly in VVO1 P and subsequently u is the eigenfunction cor-
responding to the first eigenvalue Ay with norm equals to 1. Hence, by applying the Egorov’s
Theorem ([26] Th. IV.28), (ug) converges uniformly to u in the exterior of a set of arbitrarily
small measure. Then, there exists a piece of 2 of arbitrarily small measure in which exterior uy
is positive for k large enough, obtaining a contradiction with the conclusion of Lemma 1.4.6 m

1.5 Eigenvalues in the radial case

In the case of the nonlinear Sturm Liouville problem, N = 1, the corresponding eigenvalue
problem is

_ Np—2,1\ _— p—2
{ (' P=2u) = AP~ (1.25)

u(0) = 0=u(l),

and can be solved explicitely getting the following results (see [43] and [57]):
1) Problem (1.25) has nontrivial solution if and only if
A= )\k = (Wp)pkpa

where

) (p—1)/? dt
= /0 (1—sP/(p—1))1/P
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2) Fixed k € IN there exists an unique solution vy to problem (1.25) for A = A, such that
||vg|| = 1 and vy, € S;". Moreover

vg(x) = (=1)"v1(kx —m), m/k<z<(m+1)/k,

where v is the normalized positive solution corresponding to Aj.

In this way problem (1.25) is a typical nonlinear eigenvalue problem, and all of its eigen-
values are simple.
Hence the set of solutions of (1.25) is

S = {(pvk, Ap) | p € R — {0}, k € IN}.

We will study in some detail the N-dimensional radial eigenvalue problem and we follow
the paper [43] where the results are obtained in a elementary way. In particular we recover the
nonlinear Sturm-Liouville eigenvalue problem for N = 1.

Consider the eigenvalue problem,

Apu = VT (A u(r) P u(r)
u(l) = 0, (1.26)
w'(0) = 0,

where Apyu = —(rN L/ [P20) .

We will use the following results.

Lemma 1.5.1 The Cauchy problem

Apu = N Hu(r) P 2u(r),
u(0) = a, (1.27)
u'(0) = 0,

has a unique C*" solution u = u, defined in [0,00). Moreover, u, has infinitely many zeros in
[0,00).

PROOF. To be brief we call ¢,(s) = |s|P~?s. Then the equation in problem (1.27) can writen as

—(TN_1¢p(u’))’ = rN_1<bp(u) (1.28)
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Then a solution to (1.27) must satisfy

1 1
—+ = =1,
p D

u) =a~ ["oy (o [ onlud) ds = £y,

namely v must be a fixed point for the operator £,,. It is very easy to check that for small > 0,
L, verifies the hypotheses of the Schauder’s fixed point theorem. Then we have local solution to
problem (1.27).

We prove the uniqueness following the ideas in [47] where a more general situation is also
considered. If u and v are solutions to 1.27, assume that |u/(r)] < |[v/(r)| in some interval. We
call

w(r) = ¢p(u') — p(v'),

then w satisfies the equation,

where
U(r) = dp(v) = Gp(u) = [o(r) [P~ 2u(r) — [u(r)[P2u(r),
then , ;
w)] =1 [ OGNt < 5 sup [0,

t€[0,r]

and because u and v leaves in the positive real axe we get a local Lipschitz constant for the
second member, namely

[th(r)] < Mlu(r) — v(r)],
and then

w0l < M [ )~ o)

But
1

|u (’I“) — v (7")’ < inf‘u’|§7§|vl| QZ);)(’Y)

w(r)].
Moreover for a solution

6ol (1)) = = [ Tu()P2u(e) (),
then

60(0) > dy((u/) = [ (O u(t)()N e = a7
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because ¢, is increasing. Moreover ¢,(y) > |¢p(7)[*, p=0if 1 <p <2 and p=1if p > 2 and
locally. Then we conclude that

() = [ep()|* > (@ )

and then

el =1 [ @) - vl < (Rl

In this way we obtain

wONfECTATE%?LM

Calling y(r) = M, we get
T

|<c/’w dt = C/| ﬁ+0/y dt,

for all s € [0, 7], and by Gronwall inequality

s t C Ti)
e [,
o

letting s — 0 we get w(r) = 0.
To see that the solution is defined in [0, 00), multiply the equation by «’ and integrate by
parts. Then we arrive to the inequality

WP+ )P < K(a) (14 [ (0P +u)P)ds) e o
0
and by the Gronwall inequality we conclude that
[ (1) P + Ju(r) [P < e

Classical arguments imply that u is defined in the whole interval [0, 00).
Finally, we will prove that u is oscillatory. We proceed by contradiction. Assume that u
solution of
(N7 P2 N TP = 0 (1.29)

and that for some rg > 0 u does not vanish on [rg, c0). We follow arguments in [69]. Since uP~?
is positive for r > rq,
(TN_llu’]p_2u')' <0 for r > rg



28

and V=o' |P~24/ is a decreasing function.

In particular, since r¥~![u/|P~=2u/ < 0 as u(r) > 0, we have v’/ < 0 for r > 0, that is,
u(s) > u(r) for s < r. By integrating (1.29) from 7o to r we obtain,

PN () P2 () — rév_l\u’(ro)\p”u’(ro) = — [T sN=lyP~1(s)ds <

PN N "o
—uP~L(r) I sNlds = ——— 2P~ 1(rp).

N

By integrating again from sg = 2rg to r (> s)

u(sop) p L2

1 >C(re T —sf!
og U(T) el C(Tp SO )7
that is
L. p
u(r) < u(se)el 6 =)

But v’ < 0 and 7V 71|u/[P~24/ is a decreasing function, so rV"!u/|P~2u/ < —C for large r. By
integrating this inequality from 7 to co, we arrive to a contradiction with the decay of u above,

sice Nep

u(r) > Cyr 71,
So we conclude. m

A direct consequence is the following result.
Corollary 1.5.2 Let u # 0 a solution of the equation
Apu(r) = N Hu(r)[P~2u(r), v € (0,1)

such that u(rg) = 0, then u/(rg) # 0.
As a consequence all zeros of u are simple.

Theorem 1.5.3 The problem (1.26) has nontrivial solution if and only if \ belongs to an in-
creasing sequence {\(p)}. Moreover,

1. For each eigenvalue A\i(p) any solution takes the form avg(r) with o € IR; namely the
multiplicity of each eigenvalue is 1. Moreover vy, has exactly (k — 1) simple zeros.

2. Each M\p(p) depends continously on p.
PRrROOF. Let u be the solution to the Cauchy problem

Apu = NV u(r)[PPu(r),
w0) = 1, (1.30)
u'(0) = 0,
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and 0 < v1(p) < va(p) < ... < vk(p) < ... the zeros of u, that are simple and, according to

Lemma 1.5.1, klim vi(p) = 0o. We define
Ak = (l/k<p))p7 ke N (131)
o(r) = u(v(p)r), ke NN,

In this way (\g,v) are solution to problem (1.26), namely, \; is an eigenvalue and vy the
corresponding eigenfunction and moreover vy has exactly k — 1 zeros in (0, 1).

We need to prove that they are all the eigenvalues to problem (1.26). Assume g > 0 is an
eigenvalue and w the corresponding eigenfunction. By the uniqueness result in Lemma 1.5.1 we
have )

w(r) = w(0)u(prr)
and because w(1) = 0 then we have p = Ag(p) for some k € IN and as a conclusion we get,

w(r) = w(0)vg(r).
Now, the solution u to the Cauchy problem (1.30) verifies

r 1 s 1 1
u(r)y=1-— = u(t))dt ) ds = Ly(u)(r -+—==1
) =1= ["ow (G [ ontumat) ds = ,0), 5+ =1,
so is continuous in p in the sense of the uniform convergence on bounded intervals. According
to this fact and taking into account that for p fixed the zeros of u are simple, we conclude the
continuous dependence of the eigenvalues on p. m

1.6 Bifurcation for the p-Laplacian

Let ¥, \ be defined in
X = {ve Q) : v(@) = v(jal), o(1) = 0}

by

VoA (u) =u— A;l(rN_l)\]u|p_2u).

It is no difficult to show that W) , is a nonlinear compact perturbation of the identity.
Fixed k € IN we call

S ={veX|v(r)>0,ifr €[0,e) and has exactly (k— 1) simple zeros }.

In this way if S, = —S,j both are open sets in X.

Taking into account the behaviour of the inverse operator of the eigenvalue problem (1.25),
we can use the extension of the Leray-Schauder degree definided in [31], in order to perform a
homotopic deformation in p as is used in [42], to prove the following result.
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Lemma 1.6.1 Let {\p(p)}remw be the sequence of eigenvalues of (1.25). Consider A # Ai(p),
k € IN, then
deg(q)p)\, BE(O)v O) = (71)67 Ve > 0’

where B = #{ Ak (p) | Ae(p) < A}
Proor. If A < Ai(p), deg(®p», B(0),0) = 1 by the variational characterization of the first

eigenvalue. Assume that A > A;(p) and Ag(p) < A < Apy1(p). Since the eigenvalues depend
continously on ¢, there exists a continous function

v:(l,00) — R
such that A\;(q) < v(q) < A\g+1(q) and A = v(p). Define
T(q,u) = D) (w) = u — A (v(g)[ul*?u).

It is easy to show that 7 (g, ) is a compact map such that for all u # 0, by definition of v(q),
7T (q,u) # 0, for all ¢ € [po,00). Hence the invariance of the degree under homotopies and the
classical result for p = 2 imply (recall A = v(p))

deg(q)p)n B€(0)7 0) = deg(@z:\@), Be(0)> O) = (_1)k-

Remark 1.6.2 [t is important to point out that the main point in this proof is the continuity
of the eigenvalues with respect to p.

As an application we found the following variation of the classical Rabinowitz bifurcation
theorem:
Consider the problem

Apu = 1N AP~ 2u + g(r, u))
W/ (0) =0, (1.32)
u(1l) =0,

where for some a > p,

tim 27 s

u—0 U

uniformly in 7.

Theorem 1.6.3 From each eigenvalue N\, of problem (1.25) it bifurcates an unbounded contin-
uum Ci, of solutions to problem (1.32), with exactly k — 1 simple zeros.
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PrROOF. We will be sketchy. The same argument as in the Rabinowitz theorem, [74], taking
into account Lemma 1.6.1, gives that either Cj, is unbounded, either it touches (A;,0). But the

last alternative is impossible because if there exists (ftm,um) — (Aj,0) when m — oo, u,, # 0

and u,, ¢ Sj, then we could consider v, = ———

Tk and v, should be a solution of problem,
Um

- g(r, um)
A — N-1 ,
pUm =T (HmUm + Humefl)

and by the properties of g it is easily seen that

gl

u=0 | [ty [P~ =0.

By the compactness of A; 1 we obtain that for some convenient subsequence v,, — w # 0 as
m — oco. Now w verifies the equation A,w = r¥ "1 \;|w|P~2w and ||w|| = 1. Hence w € S;-L
which is an open set in X (observe that any zero of these solutions must be simple), and as a
consequence for some m large enough, v, € Sj , and this is a contradiction. m
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Chapter 2

Multiplicity of solutions: Growth
versus Shape

2.1 Introduction

In this chapter the model problem that we will consider is the following,

{ —Apu = AMu|T%2u+ |u[""%u  in Q, (2.1)

where Q ¢ IRY is a smooth bounded domain, 1 < ¢, 1 < p < r, A > 0 and, perhaps, with some

restrictions on A\ and ¢ that we will precise in each situation.

N
We define p* = N E)

A) With respect to r

if p< N and p* = oo if p > N. We have different kind of problems:

1. r < p* subcritical case.
2. r = p* critical case.
3. r > p* supercritical case.

This classification takes into account mainly the growth.

Case 1 is classical and can be studied by critical point methods. We refer to [51] for the
details. See also [70]. In case 2, one of the main difficulties in the application of the critical point
methods is the lack of compactness. Sometimes a local Palais-Smale property can be recovered
and this allows us to solve the problem under convenient conditions. We will explain the main
ideas and methods. Case 3 is different because the study from the point of view of the critical

33
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point theory has no sense in general. Nevertheless, recently some results are obtained in [33] by
using the critical point techniques. Also in this case, it is impossible to have a general result on
regularity ( by regularity we mean Ch).

B) With respect to the relation between ¢ and p.
1. 1<qg=np.
2. p* >q>p.
3. 1< qg<np.

The two first cases can be seen in [51], [53] and [58] and the references therein. The last case
has precedents in [53] and in [11] in the case p = 2.

C) With respect to A.

In [11] a more deep study of the case 1 < ¢ < p is performed. This study is of global character.
The meaning of global here deals with respect to A. Namely we have the last classification of
the problems to be considered as:

1. Small A > 0, i.e., local behaviour.

2. All A > 0, i.e., global behaviour.

2.2 First results

We will explain two types of results that show the influence of the shape of the zero order term.

First of all, we are interested in obtaining results about the ordering of solutions. Some
previous results can be found in [49] and in [39] for other nonlinearities. We obtain below this
type of result in an elementary way as a consequence of the following lemma by Adimurthi-
Yadava [1].

Lemma 2.2.1 Let 0 < pi(z) < pa(x) be two functions in L"(Y) defined on 2, a bounded domain
with smooth boundary, where r > 1 if p > N, r > N/p if p < N and p1 Z 0. Let \1(p;) be the
first eigenvalue corresponding to

_ — . p—1 | —
{ APSO )\Pz(w)(P ’ S Qv ¢ 1>2 (22)

¢ = 0 ondf.

Then, either A\1(p1) < A1(p2) or Ai(p1) = M(p2) and the corresponding eigenfunctions @1, p2
vanish in K ={x € Q : pa(x) > p1(x)}.
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PROOF. It is clear that A1(p1) < A1(p2). Let us suppose that Aj(p1) = Ai(p2). Since ¢1, @2 > 0
and
[IVupds [ Vel da
/\1(p1) = ian = Q D y
Jpwpdr [ proyda
Q Q
JIVulPdz  [|VeoPdz [ |Vl dz
Q Q

A — inf ¢ = < ,
1(e2) ({mu” da S{pw’z’ de — gjz’pzwﬁ’ dx

we get
/(PQ — p1)yidz < 0.
Q

Then, we conclude that 7 = 0 in K. Therefore

[IVer1lP dx
Q

/plcpzl’ dor = /pg(p’l’ dxr i.e.
Q Q

W = Ai(p2)-
Q

Thus @2 = 1 and g2 =0in K. m

As a consequence we can prove the following general result:

A
Lemma 2.2.2 Let f : [0,00) — [0,00) be a continuous function verifying that fij’_l) 18
nondecreasing and
gp—1 € Lloc([ov OO))
Assume that uy and uo are bounded solutions of
~Apju = flu,N) 2€QC RN, A>0 (2.3)
u(z) = 0 x € 08, '

such that 0 < uy < ug (0 <wug <wuy). Then up = ug

Proor. If 0 < u; < ug, then

—Apu; = f(ui, A) = = pi(:c)uffl inQ, i=1,2.

< pa(x) by hypothesis, hence u; and ug are eigenfunctions for the eigenvalue A\j(p;) =

with p1 ()
= 1 of the p-Laplacian with weights p1 and ps, respectively. By Lemma 2.2.1, 1 and us

A1(p2)
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vanish in {p1(z) < p2(x)}. By Hopf’s Lemma, uj,us > 0 in ; so, {p1(x) < pa(x)} = 0, i.e.,
UL = ug. 1

Other application of Lemma 2.2.1 is the following uniqueness result for a radial problem
obtained in [1].

Theorem 2.2.3 Consider the problem

Apu = N (NulP~2u + |u|*2w)
u(l) = 0, (2.4)
u'(0) = 0,

where Apu = —(rN"Hu/[P720), A > 0 and 1 < p < o < p*. Then the problem (2.4) has a

unique positive solution.

(See the proof in [1].)
The second elementary result that we study here was obtained in [24] and deals with the
existence of positive solution to the following problem,

_ — r—2 q—2
{ Apu = |u|""?u + Aul|9"u (2.5)

where we assume:
(H 1<g<p<rand>D0.
Notice that the growth of the zero order term can be arbitrarily large, but there are a
subdiffusive part, in the sense that 1 < ¢ < p, that produces the behaviour described in the
following result.

Theorem 2.2.4 Consider the problem under the hypothesis (H). Then there exist \g > 0 such
that for 0 < X\ < Ao, (2.5) has a positive solution.

PROOF. The proof of the theorem is organized in several steps.
STEP 1. We find a supersolution to problem (2.5).
Let v be the solution to the Dirichlet Problem

—“Apu=A+1
ulsq = 0.

Then 0 < v < K in Q. By simplicity of writing we call

F(u) = \u!r_2u + )\]u\q_Qu.
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Define u(z) = Tw(z) where T is a constant that will be chosen in such a way that
—Ayu > F(TM) > F(u)
where M = max {1, ||v||oo }
Now —A,u = TP~1(A + 1) and
F(u) = AT ot 4 7r=tyr=t < Npa=tpga=t o=ty =L
Then, it is sufficient to find 7" such that
(A4 1) > AT PMI~L 7Pt

We call
O(T) = I NTTP 4 cT"7P,

with ¢; = M7 1, ¢ = M™!. Then

Jim 6(T) = lim o(T) =,

because ¢ —p < 0 < r — p; then ¢ attains a minimum in [0, c0). By elementary computations we
have that )
¢'(T) = —c3sANTT P4 77 P71 =0 in Ty = es A7,

where c¢5 = M~(r — q)~'(p — q). To finish it is sufficient that,

that is -
cgAT—1 < A+ 1,

and here cg = ¢, MP~. Moreover M depends on A in the correct way because
(¥ —75=1) 1
|V]|loo < QN =D/ (XN + 1)7-1

where r > I%; then there exists Ag such that for 0 < A < Mg and 1 < ¢ <p < N, u(x) = Tyv is
a supersolution of problem (2.5).

SteP 2. Construction of a subsolution to (2.5).

Consider ¢1, positive eigenfunction of the eigenvalue problem,

—Apu = M\ ulP~2u
u|5§2 = Oa
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such that ||¢1]|lcc = 1. We define u(z) = t¢1(x).Then u is a subsolution if ¢ is small enough
because
AP < g < el gl

Now fixed the supersolution @, i.e. T, for ¢ small enough, we get
—Apu =PIt <IN < AT

Then by the weak comparison principle u < .
END OF THE PROOF. By the classical iteration method we get a solution between the sub-
solution and supersolution. m

Theorem 2.2.5 Assume that Q has a smooth boundary. There exists A > 0 such that (2.5) has
no positive solution for A > A.

PRrROOF. Consider ¢ > 0 eigenfunction corresponding to the first eigenvalue \;, namely,

—Appr = M|o1P %
P1lsq  =0.

The regularity of the boundary of 2 implies that the solutions of the eigenvalue problem are
CY in the closure of Q. If we assume that (2.5) has a positive solution u for all A then by Hopf

1
Lemma there exist a ¢t > 0 depending on A such that tP—1¢; < u in Q.

1
We call ¢ = tP=T¢;. Pick € > 0 such that for u € (A1, A\; + €) the eigenvalue problem has
no nontrivial solution. The existence of such ¢ is a consequence of the result of isolation of the
first eigenvalue of the p-laplacian studied in Section 1.4.

If X\ is such that \{ +¢ < bp,q)\% where b, , verifies
bpArauP ™! < Al 4
then
—App = APt < ppPt < gt <
(A +e)uPt < bp,q)\%up*]L <Al = —Aju
But then the problem

—Apu = plulP~2u
ulsg =0

i

with u € (A1, A 4+ €) must have nontrivial solution and this is a contradiction. m
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We will consider the following subcritical problem

{ —Apu = AMu|72u + |u|*2u (2.6)

ulsq =0

with 1 < ¢ < p < a < p*. The associated energy functional is

1 1
T(u) = —/y ulPd — 5/|u|qczx —/]u|°‘d:v.
p q o
Q Q Q

If A\ is small enough it is possible to show that the solution to problem (2.6), found in the
Theorem 2.2.4, verifies that J(u) < 0. Also it is easy to show that at least for small A > 0 we
can apply the Mountain Pass Theorem and get the following result.

Theorem 2.2.6 There exist a Ao such that problem (2.6) has at least two positive solutions for
0< A< Ag.

Comparing the results in this section we notice that the shape of the zero order term plays
a very important role, namely:

1. If p = q the growth is important for existence, and the positive solutions cannot be ordered.

In the radial case the subcritical problem has a unique solution.

2. If 1 < g < p there exists solution without restriction in the growth, the subcritical problem
has a second positive solution that is ordered with the minimum solution.

In the next section we will obtain different results that involve the interplay of shape and
growth.

2.3 Ciritical Problems: The Palais-Smale condition

The study of existence of solutions to the critical problem (2.1), i.e., the critical case r = p*, is

done by looking for critical points of the funcional
]- A 1 * .
Jw) = - [19uPde =2 [fuptde == [1up”, it q#p.
p q p
Q Q Q
or, if p = ¢, by homogeneity, looking for the minimun in the variational problem with constraints,

I = inf{/ VulPdz — )\/ fulPda | |JulP: =1, w € WEP(Q)}.
Q Q
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Then the idea is to consider approzimate critical points and pass to the limit. (See appendix).
The main difficulty is to have compactness because the Sobolev embedding is not compact.

The concept of Palais-Smale sequence gives form to the meaning of approximate critical
point.

We say that {u;}jen C Wol’p(Q) is a Palais-Smale sequence if:

a) J(uj) — ¢, j — 00; b) J'(uj) — 0 in WP (Q), j — oo.

We call to the constant ¢ energy level of the sequence.

We say that J verifies the Palais-Smale condition at the level c if any Palais-Smale sequence
at the level ¢, admits a strongly convergent subsequence .

Under our hypothesis on .J, every Palais -Smale sequence is bounded in Wol P(£2), but because
of the lack of compactness it is not possible to conclude strong convergence for any subsequence.
The solution of this difficulty depends on a deep analysis of the behavior of the lack of compact-
ness. More precisely, assume that we have a bounded sequence {u;};jenw C T/VO1 P(Q). Taking a
convenient subsequence we can assume that:

i) uj — uin WyP(Q).

ii) u; — w almost everywhere and in L" with 1 < r < p*.
iii) u;|P" — dv weakly-x.

iv) |Vu;|P — dp weakly-x*.

where v and p are finite measures. We can extend the functions u; by 0 to RN . To precise the
ideas, assume initially that « = 0. By the Sobolev inequality we have

(/ |7 d) 7 S g(/ V(¢u;)Pdz)?, forall € CE,
RN RN

where S is the best constant in the Sobolev inclusion, i.e.,

From iii) we obtain,

hm / |pu; [P da) = / |p|P” dv)? L*

moreover, by ii) and
IV (@uj)llp — 19Vullpl < [lu; Vllp,
we obtain that

lim / IV (6uy)Pde = / e
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then we conclude that
([ 1ol anisv < ( [ oPdn)s, foral ey
RN RN

The last inequality is a Reverse Holder Inequality from which we get the following representation
result due to P.L. Lions. (See [64] and appendix.)

Lemma 2.3.1 Let ju, v be two non-negative and bounded measures on €, such that for 1 < p <
r < 00 there exists some constant C > 0 such that

1 1 o
([ 1ol < c([ lePdms Ve ecy.
Q Q
Then, there exists {z;};er C Q and {vj};er C (0,00), where I is finite, such that:

P
v=> v, . p2CPY Vi,
jer jel

where 6xj is the Dirac mass at x;.

In the general case, i.e., when u # 0, we can obtain the same conclusion for v; = u; — u,
and then to study the absolutely continous part. We have the following P.L. Lions Lemma. (See
appendix).

Lemma 2.3.2 Let {u;} be a weakly convergent sequence in Wol’p(Q) with weak limit u, and such
that:

i) |Vu;j|P — p weakly-+ in the sense of measures.
i1) |u;|P” — v weakly-+ in the sense of the measures.

Then, for some finite index set I we have:

1) v=uP + > jerVidz; , v;>0 B

2) /LPZ |Vu|P + Zje[ /J,j(szj . >0, x;€Q
oF 127

3) VJP S F

(See [64] and [65]).

The representation obtained in Lemma 2.3.2, allows us to conjecture how small must be the
energy level for which the singular part of the measures must be 0, and then a local Palais-Smale
condition holds. The calculus of how small must be the energy level is relatively easy.
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Assume {v;}jen C W, () a Palais-Smale sequence for the energy level ¢, i.e.:
a) J(vj) — ¢ b) J'(vj) — 0, in W' (Q).

Then the sequence is bounded, and we can apply the Lemma 2.3.2 to some subsequence, i.e., we
obtain,

i) [v;[P" = dv = JuP" + > jer Vidx; weak-x.
i) [Vuy[P" = dp > [VolP" + 3 5cf pjde, weak-x.

iii) Moreover, p;/S > I/f/p*.
Localizing each singularity by a test function ¢ with support in B(z;,¢), and by i), i)
applied to ¢v; we have,

/(ﬁdv—i—/\/]vl‘%dx— /¢du = lim /|ij]p*2vj(ij,V¢>d:c.
j—00
Q Q Q

Q

Using the weak convergence, Holder inequality and taking limits for ¢ — 0, we get that neces-
sarily v; = pj. Then taking into account iii), either p; = v; > SN/P or i =v; =0.
Then if we assume ¢ > p, and there exists a Dirac mass, necessarily we obtain,

¢= lim; o J(vjz = lliquoo(J(lvj) — (J'(v5),v5)) >
N({ 0[P dz + A($ = D[[o]|§ + &SNP,

as a conclusion: v
If there exists a Dirac mass, ¢ > %57.
In a similar way if 1 < g < p we have:

1 N
If there exists a Dirac mass, ¢ > NS » — KX\, where 8 =

and €.
As a consequence of the calculus above and the continuity of the inverse of the p-laplacian,
we get the following Lemma.

*

and K depends on p,q, N

*

Lemma 2.3.3 Let {v;} C Wol’p(Q) be a Palais-Smale sequence for J,

J(vj) —c

() —0 in W(Q), 14+L=1

Then, we have:
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1~
1. Ifp<qg<p*,andc< NS v, there exists a subsequence {vj, } C {v;} , strongly convergent
in Wy (Q) .

p

*

1 N~
2. If1<qg<p,andc< NS]: — KX, where 3 = and K depends on p,q, N and €,

then there exists a subsequence {v;, } C {v;}, strongly convergent in W, (Q).

OUTLINE OF THE PROOF. From the previous arguments, we have that the singular part of v is
identically zero. Therefore, there exists a subsequence {vj, } C {v;} , such that
i) vj, — v almost everywhere; ii) [ |v;, [P dx — [ |v|P"dx.
Q Q

So we conclude that vj, — v strongly in LP". (See [28]).
As a consequence

/\|Ujk|q_2vjk + ’vjk |p*_2vjk - /\|U|q_zv + |U‘p*_zv§ in W_l’pl(Q)

and then the continuity of the inverse of the p-laplacian from W~1#'(Q) to W& P(Q) implies the
theorem. (See [53] and appendix for more details).

Now assume that p = ¢. If we have a minimizing sequence for I and u; — w in WO1 P(Q),
by Sobolev inequality,

/yvuj\pdx - )\/ lujPdx > S — A/ |u;|Pdz,
Q Q Q

and then I > S — Al[ul[P. As a conclusion:

A sufficient condition to get a nontrivial solution, u # 0, is that Iy < S.

In fact we can prove compactness also with the same hypothesis. More precisely Lemma
2.3.2 gives the following result.
Lemma 2.3.4 If {u;}jenv C Wol’p(Q) is a minimizing sequence for Iy < S, then, for some
subsequence, uj — u # 0 in Wol’p(Q)

(See [51]).
Then Lemmas 2.3.3 and 2.3.4 give the energy level for which we get the compactness. In the

following sections we explain when it is possible to reach this critical level with a Palais-Smale
sequence.

2.4 Local results on multiplicity

In this section we will study local results, namely, for A small.



44

2.4.1 The critical case and p* > ¢ > p

We emphasize the dependence of J on A writting the action functional as Jy. We assume in
first place that ¢ > p. If we consider the function g)(t) = Jx(tvg), we find that it attains its
maximum for ¢ > 0 and tlim g(t) = —oc.

— 00

It is not difficult to prove that Jy verifies the hypotheses of the Mountain Pass Theorem.

Lemma 2.4.1 Let X be a Banach space and J € C*(X, IR) a functional. Let us assume that
there exists r, R > 0, such that:

i) J(u) >r, Yu e X with ||ul]| = R.
i) J(0) =0, and J(wg) < r for some wy € X, with |wo|| > R.
Let us define I' = {g € C([0,1]; X) : g(0) =0,9(1) =wp}, and

¢= inf e J(g(t))-

Then, there exists a sequence {u;} C X , such that J(uj) — ¢, and J'(uj) — 0 in X' (dual of
X).

(See [13], [17] or appendix for the proof). As a consequence of the results in Section 2.3 , it is
sufficient to show that

1 n
sup Jy(tvg) < —SJIY, for some vy € Wol’p(Q).
t>0 N

N
Now, if A = 0 then supy>q Jo(tvg) > %S # . The minimizers of Sobolev inclusion in RY are,

p—N
P

U.(z) = (e + ¢ n|zP/ D) e>0.

(See [84]). Define us(x) = ¢(z)Us(x), v = uEHUEH;} for some convenient cuttoff function ¢. By
definition we get
1 N

lim sup Jo(tv:) = —=S».

Hmpyup oltee) =y
The idea is that the perturbation term A|u|?~2u provides a energy level from below the critical
constant.

Now, fixed wg € VVO1 P(Q)) we can compute that

lim (sup Jy(twp)) = 0.
A—00 t>0
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Then,

There exists Ao such that for X > Ao the problem (2.1) has a nontrivial solution, obtained
as critical point of Jy by the Mountain Pass Lemma.

But if we want to find a solution for all A > 0, according with the property of minimization
which define Uy, it seems natural to study if

1 N~
sup Jy(tv:) < —=S7.
tZIO) )\( E) N

We have the following estimates:

Vo2 = §+ O 7)

and (N—p) (N—p)
—1 —p —1 —_p
C1EPT(N7Q v ) +o0 EPT(Nfa P )) if a>p*(l-— %O)
o N—p, N—p, . 1
|[vella = Cie »* “|loge|+o(e »* “|loge|) if a=p"(l-7)
N—p N—

—la

>z ¢ : * 1
Cie +o(e » ) ifa<p*(l-3),

where the change of behaviour in the last estimate is due to the integrability or not integrability
of U in IRY. For € > 0 consider g.(t) = Jj(tv:). We can estimate directly the value t. for which,

ge(te) = max 9= (1),

getting that
« S
/‘va‘pdx > tI; P> 5

Q
Therefore,
1 N ALS
gelte) < S +C= 7 — G /vgdx,
Q
and then \ s
g:(te) < =87 if Ce v — S5 /vgda: <0,
Q
that is equivalent to
N—-—p p-—1 N—p
>—(N — q< ))
p p p

As a conclusion we have the following result.
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Theorem 2.4.2 a) If p < q < p*, there exists \g > 0 such that the problem (2.1) has a
nontrivial solution YA > Ag.

b) If max(p,p* — Ll) < q < p*, then there exists a nontrivial solution of the problem (2.1),
p J—
VA > 0.

(See [53] for details)

Remark 2.4.3 If we assume p> < N, part b) in Theorem 2.4.2 applies for p < q < p*. This
result corresponds for p = 2 to dimension N > 4. ( See [29]). For N = 3 the existence of solution
for all A > 0 in this case cannot be obtained.

A similar calculation in the case ¢ = p allows us to obtain a sufficient condition for which
Iy < S. The result is formulated in the following way.

Theorem 2.4.4 Assume p*> < N. Then for 0 < X\ < \1, first eigenvalue of the p-laplacian, we
have 0 < Iy < S, and then the problem 2.1 with ¢ = p and r = p* has nontrivial solution.

(See [51] for details).
We would like to emphasize the fact that the result in the case ¢ > p depends strongly on
the dimension.

Remark 2.4.5 To obtain positive solution as critical points, we can consider a functional with
the term in u® substitued by (uy)®, where uy is the positive part of .

2.4.2 The critical case and 1 < ¢ <p

Results in the critical case, r = p* and 1 < g < p are quite different. The results of existence of
a positive solution are independent of the dimension as we see in section 2.2. Also we can prove
the existence of two positive solutions at least under some hypotheses.

Theorem 2.4.6 Given problem (2.1), with 1 < q < p and r = p*, there exists Ao > 0, such
that, for 0 < A < Ao, there exists infinitely many solutions. Moreover at least one of them is
positive. For X large enough no positive solution exists.

Remark 2.4.7 We find no restrictions on the dimensions and moreover we get infinitely many
solutions, perhaps with change of sign.
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We explain briefly the methods of the proof of this statement.

Consider as in the previous section gx(t) = Jx(tvp). If X is small enough, g, (¢) attains a
local minimum and a local maximum in t > 0, for 0 < A < Ag because, 1 < g < p.

By Sobolev inequality we obtain

Ia(w) = h([[Vullp)-

where,

1 1 « A

h(z) = —aP — =zl — —

p xg q
p*S»p

q
gl

and C), 4 is a constant. We can choose Ag > 0 such that, if 0 < A < Ag, h attains its nonnegative
maximum. Consider Ry and R; in such a way that h(Ry) = 0, h(R1) = 0, (the point R, where h
attains its maximum, verifies Ry < R < Rj). We make the following truncation of the functional
Jy. Take 7 : IRt — [0,1], nonincreasing and C*, such that 7(z) =1 if =z < Ry, 7(z) =0 if
xr > Rl.

Let o(u) = 7(||Vu||,). We consider the truncated functional

~ 1 1 " A
Ty = [19u = [l o) -2 [jufr
Q Q Q
As a consequence of Lemma 2.3.3 2) and the previous construction, it is not difficult to prove
the following result.
Lemma 2.4.8
1. Je Cl(WOl’p(Q),IR), is even.

2. If Jx(u) <0, then ||Vull, < Ro , and J(v) = Jx(v) for all v in a small enough neighbour-
hood of u.

3. There exists \g > 0, such that, if 0 < X\ < X , then J verifies a local Palais-Smale condition
for ¢ <0.

We will use the genus of a symmetric set in VVO1 P(Q1) defined in the appendix.
It is possible to prove the existence of level sets of J with arbitrarily large genus, more
precisely:

Lemma 2.4.9 Given n € IN, there is € = £(n) > 0, such that

Y({u € WEP(Q) : J(u) < —}) > n.
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Proor. Fix n, let E, be a n-dimensional subspace of Wol P(Q). We take u, € E,, with norm
|Vuy|l, = 1. For 0 < p < Ry, we have:

1 1 . « A
F(pun) = Flpun) =~ = <" sful?” = 2 ptfuf?
p p q
E,, is a space of finite dimension; so, all the norms are equivalent . Then, if we define:

ap =inf{[ |[u|P” :u € E,, ||[Vupl|,=1}>0
Q
Brp =inf{[|u|?:ue E,, |Vuyl,=1}>0
Q
= 1 Qp  p* ABn .
we have J(pu,) < —p” — —p" — ——p7 , and we can choose ¢ (which depends on n ), and
p p q

n < Ry, such that J(nu) < —¢ if u € E,,, and ||Vul, = 1.
Let S, = {u € WyP(Q) : [|[Vul, = n}. Sy N E, C {u € WyP(Q) : J(u) < —¢} ; therefore,
by the properties of the genus,

Y({u € WEP(Q) : J(u) < —¢}) > (S, N Ey) =n

( See appendix). m

The last result is an extension of [21] and permits to prove the existence of critical points by
using a Lusternik-Schnirelmann argument. (See for instance [76]). We get the following results

Lemma 2.4.10 Let
Sk = {C C WyP(Q) — {0} C is closed,C = —C, ~(C) > k}.

Let ¢, = inf sup J(u), K, = {u € WyP(Q) : J'(u) = 0,J(u) = ¢}, and suppose 0 < X <

Ao, where Ao is the same that in Lemma 2.4.8.
Then, if c = ¢k = Cky1 = .. = Chr ,  Y(Ke) =7+ 1.

In particular, the c’s are critical values of J.

PROOF.

In the proof, we will use the Lemma 2.4.9, and a classical deformation lemma (see [76]).

For simplicity, we call J=¢ = {u € Wol’p(ﬂ) : J(u) < —e} . By lemma 24.9, Vk €
IN, Fe(k) > 0 such that v(J~¢) > k.

Because J is continuous and even, J ¢ € X ; then, ¢, < —e(k) < 0,Vk. But J is bounded
from below; hence, ¢ > —oo VEk.

Let us assume that ¢ = ¢ = ... = cp4r. Let us observe that ¢ < 0 ; therefore, J verifies the
Palais-Smale condition in K., and it is easy to see that K. is a compact set.
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If v(K.) < r, there exists a closed and symmetric set U , K. C U, such that v(U) < r.

( We can choose U C J°, because ¢ < 0).

By the deformation lemma, we have an odd homeomorphism 7 : T/VO1 Q) — I/VO1 P(€2), such
that n(Jt0 —U) c J° | for some & > 0. (Again, we must choose 0 < § < —c, because .J
verifies the Palais-Smale condition on J° , and we need J°° C J% ). By definition,

¢ = Ckyr = _inf supJ(u).
" CeZkir ueC

Then, there exists A € ¥, , such that sup J(u) < ¢+ 6 ; ie., A C J and
uceA

nA-U)cn(Jr —U)cJ? (2.7)

But y(A - U) > y(A4) =y(U) 2 k , and y(n(A = U)) 2 y(A-U) > k.
Then, n(A — U) € . And this contradicts (2.7); in fact,

n(A—U) € ¥ implies sup  J(u) > e =c.
uen(A-U)

With the lemmas above we conclude Theorem 2.4.6. It is necessary only to point out that
there exists at least a positive solution because J has a global minimum and the solution where
J attains its minimum is positive. (See [53]).

With this result the fundamental idea is that all these solutions are related with the compo-
nent of smaller degree of the zero order term, i.e., by A|u|9~2u. In fact this same result is obtained
for the problem without the critical term. (See [51]). Moreover, in this subcritical problem, the
positive solution is unique. (See [41] where some ideas by Brezis for p = 2 are generalized).

On the other hand, it is not difficult to show that the solutions obtained above tend to 0
when A — 0.

The previous remarks, make more relevant the problem of finding a second positive solution.
Such a solution will be find by the Mountain Pass Theorem, and then, when A — 0 it is not
too hard to prove that converges to a Dirac’s delta. We can say in this sense that this second
positive solution corresponds to the contribution of the critical term.

Theorem 2.4.11 Assume that one of the following hypothesis holds.

1. <p<3, 1<qg<p.

N +2

2
2.p=3,p>q>q=p" — —.
p—1
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Then there exists a constant \g > 0 such that if 0 < X\ < Ao then problem (2.1) with ¢ < p <
r = p* has at least two positive solutions.

PROOF. The proof is much more delicate, then we give only some indications and refer to [54]
for more details.
STEP 1.- A LOCAL PALAIS-SMALE CONDITION.

Consider ¢y = Jy(up), minimum of the truncated functional. A detailed analysis gives us
that for a Palais-Smale sequence, {u;} C W, ?(Q), such that

1
i) Ja(uj) — ¢ <co+ NSN/p ( S being the best Sobolev constant).
it) Jy(uj) =0,

and if A small enough, then, there exists a strongly convergent subsequence.
STEP 2.- THE MOUNTAIN PASS LEMMA HYPHOTESIS.
It is possible to show that:
Given v € Wol’p(Q) such that Jy(v) < ¢o there exists a sequence {u;} € Wol’p(Q) such that

i) Jx(uj) — ¢ = infec supyepo 1) Ja(v(t))
where C = {y € C([0,1], Wy () : v(0) =0, v(1) = v}.

1
Therefore, we must find v € Wol’p(Q) such that ¢ < ¢p + WSN/p.

STEP 3.- THE ENERGY ESTIMATE.
We are looking for an estimate of the type

1
sup Jyx(up + Rue) < Jx(uo) + —GN/p,
R>0 N

where u. is a convenient normalization of the Sobolev minimizer for € small.

For such € we choose v = uy + Ru., with R large enough, such that Jy(v) < ¢g.

We indicate the proof in the case 1) of the theorem.

By using the estimates for the Sobolev minimizers, that ug is a solution of the problem,
and convenient estimates for Jy(ug + v) — Jx(ug), it follows

J)\(UO + Rue) <
RP RV .
Jx(uo) + ?/|Vu5]pdx— p—*/yusyp do+
Q Q

* N; —
CiRE? — RV e v, > o2,
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For the parameters in the given range we have that the exponent of the negative error term,
is smaller than those of the positive error term. This remark allows us to conclude after some
estimates about the value of R, where the maximum is attained. (See [54] for all the details). m

Remark 2.4.12

1. p > qo implies the following restriction for the dimension:

N > p(1+ 5

2. If ¢ < qo the methods that we use in the proof don’t work.

2N
N +2

3. < p is equivalent to p* > 2.

The obstruction in the dimension that appears in the second case of the theorem can be
seen in the following example.

EXAMPLE.-Assume p = 4, N = 8, ¢ = 2 (and therefore p* = 8). It is possible to compute
the integrals in a explicit way (without any loss of accuracy in the estimates; we have an exact
algebraic expression). More precisely, in this case the error term takes the form

J)\(U() + Rua) <
R RS
o+ / VUt — - / U P + Cye2/3 — Coel3 4 o(213),

and the constants depend on the L* norms of ug and Vug. Therefore, the sign of the coefficient
of the main error term it is not clear.

Nevertheless, numerical experiments performed by Prof C. Simé, seem to indicate that if
g < p then there is no restriction, while if p = ¢, it appears the phenomena of the bad dimensions
p? < N (as in the case p = 2 and N = 3, see [29].)

2.5 Global results on multiplicity

In the work [11] by Ambrosetti, Brezis, and Cerami, it is proved the existence of a second positive
solution in the semilinear case (p=2). Their result is global in the following sense:

Letp:2,1<q<2,2<7‘§]3—i[2mpmblem2.1 and

A = sup{\| Problem(2.1) has a positive solution}.

For X\ € (0,A), there is a second positive solution of problem (2.1).
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This global result is obtained by the application of the results in [30]. (See also [39]).

There is also a multiplicity result by Tarantello [85], when the term u9~! is replaced by an
inhomogeneous term f(z) with a convenient norm small enough.

Here we will study the case p # 2 in the radial case. As a byproduct of the method we
obtain a different proof in the case 1 <p=2 < (24 N)/(N — 2)

Consider the radial problem

Ay = rNTHf(w), 0<r <1,
u'(0) = 0, (2.8)
u(l) = 0,
where
Apu = = (PN (7)[P72 (1)), fa(u) = Mt u
and
1<q<p<a<p*,withp*:NN—§)ifp<Nandp*:oootherwise.

By a solution of (2.8) we mean hereafter u € C'(0,1) which solves (2.8) weakly. In the sequel we
shall make use (also without mentioning them explicitly) of the regularity results of [79], [44]
and [87], namely that if u € C(0,1) is any weak solution of (2.8), then v € OV,

In section 1.5 we prove uniqueness of solution for the Cauchy Problem

Apu = N u(r)| 2 Pu(r),
u(0) = a, (2.9)
w'(0) = 0.

As an application of Lemma 1.6.1 we obtain the following uniqueness results.
Lemma 2.5.1 For A =0, problem (2.8) has a unique positive solution vg.
PROOF. Let uy, ug be two solutions of (2.8) for A = 0. Let, for example, u1(0) > u2(0) and set

u1(0) R = u(p—a)/p

and



53

One checks that ve satisfies the Cauchy problem,

Apva = Voo (r)|*2ua(r),
v2(0) = puz(0) = u1(0),
v5(0) = 0.
By Lemma 1.6.1 one deduces that va(r) = ui(r), namely
r
u(r) = Muz(}—z)-

As a consequence, uj(R) = pui (1) = 0, where R < 1 because p > 1. Since u; > 0 for r € (0, 1),
it follows that R = 1, whence g = 1. Then u;(0) = u2(0) and u; = us by the uniqueness for the
Cauchy Problem. m

Lemma 2.5.2 For all a > 0 there exists a unique R, such that
ve(Rg) = 0,
va(Ra) < 0,

where vg is the solution of the Cauchy problem (2.9).

PROOF. Let ap = vp(0) and let
Ry = (L)le=a)/p

ao
- a r
a(r) = —vo(=).
() = Lonlg)
Then a direct computation shows that
Ay = rNlgest

0) = a,
@) = 0,

so u(r) = ve(r) by uniqueness, and hence v,(R,) = @ uo(1) = 0. Moreover by Hopf lemma

ag
v (Ry) <0.m

a

As a consequence of the previous lemma we obtain the following Corollary which is an
extension to our situation of the well known result by Gidas and Spruck, [56].

Corollary 2.5.3 Let u be any solution of

Apu = V|2 2y, 0<r < oo,
u'(0) = 0, u(r) > 0.

Then u = 0.
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PRrROOF. If a = u(0) = 0 the result follows trivially by the uniqueness for the Cauchy Problem.
Assume that u > 0. Then by Lemma 2.5.2 there exists R, where u(R,) = 0 and v/ (R,) < 0, so
u changes sign, a contradiction. m

Remark 2.5.4 An elementary consequence of the uniqueness of the Cauchy Problem is that in
the case N = 1 all the solutions to the problem (2.8) with A\ = 0 are symmetric. The reader
could check that if N =1 the moving planes method also works. (See [50]).

Now we obtain uniform bounds for the solutions of problem (2.8). In first place we have
the radial version of the Theorem 2.2.5.

Lemma 2.5.5 There exists A > 0 such that for A > A, problem (2.8) has no positive solution.

Set
A =sup{\ > 0: (2.8) has a positive (radial) solution}.

By the previous Lemma we know that A < co. We know also that A > 0 because for A > 0
small enough we can find a positive solution: it suffices to use critical point theory, see [52], or
by sub and supersolutions, see [24].

Now we get the uniform estimate in the L°°-norm in the radial case.

Lemma 2.5.6 There exists C > 0 such that
lulloo < C,
for all positive (radial) solutions of (2.8) and all A € [0, A].

PrROOF. We argue by contradiction. Let w, be a sequence of (radial) positive solutions of
Apun = V71 (un), ({An} € (0,A)), such that ||uy||lsc — co. Without loss of generality we
can assume A\, — A.

It is easy to see that for any n the equation implies that u,, achieves its maximum at the
point r =0, i.e., u,(0) = ||un|co-

Now, we normalize by using the following rescaling:

wy(r) = Ngun(ﬂnr)

where

8 = P >0
a—p

{Mn —  up(0) (P

Obviously, lim, . ttn, = 0.
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Such a w,, satisfies

Ayw, = FN-1 ()\nug(p_QHPw%*l +w371>, 0<r<pul,
wn(ﬂgl) =

Using Lemma 2.5.2, let Ry be such that vy (R;) = 0 (hence v;(0) = 1) and choose R > R;. From
the results of [44] and [87], it follows that w,, are uniformly bounded in C'*(0, R). Then one
has that

Wy, — ¥

in C'(0, R), up to a subsequence. The limit function v is a solution of (2.8) with A = 0, v(0) =1,
such that v(r) > 0 in 0 < r < R. This is a contradiction with the choice of R. m

Remark 2.5.7 The extension of the result in Lemma (2.5.6) for solutions of (2.8) on general
domains and p # 2 is an open problem.

We can state the main result in this section.
Theorem 2.5.8 For all A € (0,A) the problem (2.8) admits at least two positive solutions

PrOOF. Fixed Ao € (0,A) we take u € (Ao, A). Let @ be a positive solution of (2.8) for A = p.
Now @ is a strict supersolution to the problem (2.8) for A = Ao, because Ay < p. It is easy to
check that u = e¢; with € > 0 small enough and ¢; > 0 a positive eigenfunction, verifies u < @
and is a strict subsolution of the problem (2.8) for A = Ag.

Let us set
X ={vecd Q) : v(x)=v(z]), v(1) = 0}

and, for A\ € (0,A), consider the map K defined on X by setting:
Ka(v) = (Ap) " (fa(v)).

It is well known (see for example [47]) that Ky maps X into itself. Moreover
u < Kx(u), @ > K ().

So, if we define
X ={veX|u<wv<u},

we find that
Ky : X — X.
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By the C'* estimates in [44] and [87] already refered in the beginning of this section, it follows
that ICy is compact. In particular,

’C)\O(X) cX

is a compact set in X. The Schauder fixed point theorem implies that there exists a uyg € X
such that ICy,(ug) = uo, or, in others words, (2.8) has at least a solution in X" for A = Ag. If g
is not the unique fixed point in X we have nothing to prove. Otherwise, ug can be obtained by
iterations and then u < ug < @. So by the Hopf lemma we have that wug is in the interior of X
(in the C! topology). Hence there exits € > 0 such that ug + eB; C X. Here B; denote the unit
ball in X.

To complete the proof we use topological degree arguments developed in [5]. In fact we have

deg(I—IC,\O,uO—l-EBl,O) = (2.10)
i(Kx, o +€B1, E) =i(Ky,, X, X) =1, ’
where we use the permanence and excision properties of the degree. (See [5] Chapter 3, specially
the proof of the Schauder fixed point theorem for the last equality).

On the other hand, by Lemma 2.5.5, we know that for A > A the problem (2.8) has no
positive solutions. By Lemma 2.5.6 we know that for all A € [0, A], (2.8) has no positive solution
such that

lulloo 2 p > C.

So by the homotopy invariance of the Leray-Schauder degree we get
deg(-[ - ]C)\07p8170) = deg(‘[ - ICA+57 pBl)O) =0.
Then by the excision property and (2.10) we infer

d@g([ - ,C)\Qa PBI \ {U’O + 561}7 0) = (2 11)
deg(I — Ky, pB1,0) — deg(I — Ky, up +€B1,0) = —1 ’

Hence, Ky, has another fixed point u; € pB1 \ {ug +eB1}. m

Remark 2.5.9 The fact that Q is a ball is used only to prove the uniform bounds of Lemma
2.5.6. If p = 2, such a priori estimate holds true for any bounded domain ), see [56]. As a
consequence, the proof of Theorem 2.5.8 gives an alternative method to show the subcritical
result in [11]. Actually, the minimal solution in [11] is a local minimum and has index = 1,
while the solution found in [11] as mountain pass critical point has index = —1.
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Remark 2.5.10 By using the a priori estimates of [56] and the degree theoretic results of [38],
one can prove the preceding bifurcation result for the second order problem

~Au = MNul'%u+G'(u), =€,
{ u — 0 v o0, (2.12)

where G is possibly not symmetric and Q a bounded domain.
2.6 Multiple bifurcation
We will look for solutions of the following problem

Apu = Ah(u) +g(r,u), 0<r<1

W(0) = 0, (2.13)

u(l) = 0,
where p > 1,

1
Apu - _ (erllul|p—2u/)/

PN-1

denotes the radial p-Laplace operator, A > 0 and h € C(IR) and g € C(IR" x IR) satisfy the
following conditions:

. h(s) )
(Hl) hms*)() ’3‘117—23 = 1, with 1 < q<p.
g(r7 S) _ 0‘

(Hz) lims o W =

Hereafter all the properties of g are assumed to hold uniformly with respect to r € [0, 1].
Let
X ={uecCY(By) : u(z) =u(lz|), u(l) =0}

and set F = IR x X. (u € X is regular radial function and then «/(0) = 0). In the sequel by a
solution of (2.13) we mean a pair (\,u) € E, such that u € C* and satisfies (2.13) in a weak
sense. Our main bifurcation result is:

Theorem 2.6.1 The point (A\,u) = (0,0) is a bifurcation point for problem (2.13). More pre-
cisely, there are infinitely many unbounded continua (i.e. closed connected set) 'y, C E of solu-
tions of (2.13) branching off from (0,0), such that
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1) If (\,u) € Ty and A > 0 then u # 0.
2) If (A\,u) € Ty, then u has exactly k — 1 simple zeros in the interval (0,1).

3) There exists a constant p, > 0 such that if p € (0, po], and (A, u) € I'y with ||ul|cc = p, then
A > A(p) > 0.

As an inmediate consequence we get:

Corollary 2.6.2 There exists A > 0 such that for all X € (0,A) problem (2.13) has infinitely
many solutions.

Some of the preceding results hold in a greater generality, see Remark 2.6.7 below.

Theorem 2.6.1 cannot be proved using standard bifurcation techniques by linearization.
Actually, even when p = 2 and the differential operator becomes the linear Laplacian A, the
nonlinear term h has infinite derivative at u = 0. To overcome this problem we shall employ a
limiting procedure. Define

%M”_Qs if |s| <4,
hs(s) =
h(s) if |s| > o.

and consider the approximated problems
Apu = Ahs(u) +g(r,u), 0<r <1,
u'(0) = 0, (2.14)
u(l) = 0.
In order to study (2.14) we use the results from [43] studied in Sections 1.5 and 1.6 concerning
to bifurcation from nonlinear eigenvalues of the problem

Apu = AMulP~2u, 0<r<1
W(0) = 0, (2.15)
u(l) = 0.

Hence, we have the following result.

Theorem 2.6.3 For each positive integer k there exists an unbounded continuum Sy C E of
solutions (X, u) of (2.14) branching off from (us,0), where,
op—1
Hk,s = m * Mk,

and g, is an eigenvalue of problem (2.15). Moreover if (A\,u) € S and u # 0 then u has exactly
kE—1 zeros in (0,1).
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Remark 2.6.4 The arguments in Section 1.6 permit to handle problem (2.14). More precisely,

setting
op—1
Hk,s = m * Mk,

one finds that from each (uys,0) branches off an unbounded continuum Sy, 5 of solutions of (2.14)
having exactly k — 1 zeros in (0,1).

For R > 0 let T denote the ball of radius R in E. For each fixed k and R let ¥ s denote the
connected component of S 5 Tg that contains (uy 5,0). Let us point out that Xy 5 is nonempty
because Sy, s is unbounded.

We will use the following topological theoretical lemma from [92]:

Lemma 2.6.5 Let {¥,}nenv be a sequence of connected sets in a complete metric space E.
Assume that

i) UX, is precompact in E.
ii) liminf 3, # 0.
Then limsup X, s not empty closed and connected.

Here lim inf 35,,, respectively lim sup Y, denotes the set of all z € E such that any neighbourhood
of x meets all but finitely many of X,,, respectively infinitely many 3,,.

Take a sequence 9, — 0 and let 3, ,, = X} 5,. By classical a priori estimates the set UXy ,
is precompact. Moreover, since px5, — 0 as §, — 0, then (0,0) € liminf ¥ ,. Then Lemma
2.6.5 applies to X,, = Xy, and hence I'y, g := limsup(Xj, ) = limsup(Sk 5, N Tr) is a not empty
closed and connected set. Moreover it is clear that I'y p meets T for all R > 0.

We set I'y, = Ugsol'x,r and show in the rest of the section that the I';, satisfy the properties
stated in Theorem 2.6.1.

First of all, it follows directly by the preceding arguments that each I'y is an unbounded
continuum in E and (0,0) € I'x. It is also clear that any (A, u) € I'y is a solution of (2.13). Next
we give the proofs of Properties 1 — 2 of Theorem 2.6.1.

PROOF OF 2.6.1-1). Let dp be such that )\h(éo)éé_p > w1 and consider (A, u) € ¥y 5, with A >0
and 0 € (0, dp]. Fixed € > 0 small, by assumptions (H; — Hz) there exists ¢ = ¢(\) > 0 such that

Ms(s) +g(r,s) > (u1 +€)sP™L, Vs e (0,d.

Hence, if ||u||oo < ¢, u satisfies
Apu > (p1 + €)ulPtu
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and the usual iterative method yields the existence of a positive solution u € X of the eigenvalue
problem
Agu = (1 + &),

a contradiction, because p1+-¢ is not the first eigenvalue of (2.15). This shows that if (A, u) € ¥ 5,
with A > 0 and ¢ € (0, dp], then [Jul|oc > c¢(A). Passing to the limit as § — 0 it follows that if
(A u) € T'y then ||ul|oo > c(A).

When we consider I'y, with & > 1 the argument is similar. If (A, u) € ¥, 5 then there exists at
least one interval I, with length 1/k where u has constant sign. Therefore if we restrict ourselves
to the interval I}, and we replace p; by the first eigenvalue of (2.15) on the interval Iy, then we
get the same contradiction as before.

PROOF OF 2.6.1-2). By 1) above, we know that if (A, u) € Ty and A > 0 then u # 0. Let u,, be
such that (A, un) € ¥ip, with A, — X and w, — u. First, let £ = 1. Then u, > 0 in [0, 1).
Hence u > 0 and the strong Maximum Principle implies that v > 0 in [0, 1).

Next, take & > 1 and let x,, < yn, 0 < x, < Yy < 1, be two consecutive zeros of u, with
xn — & and y, — 1. Obviously, u(§) = u(n) = 0. We claim that £ # n. Otherwise, there exists
a third sequence z, such that u},(z,,) = 0 and lim z,, = £. By the Ascoli-Arzela theorem we find
that w is a solution of

Apu = Ah(u) + g(r,u),

such that w(§) = «/(§) = 0. If £ > 0 this is in contradiction with the Hopf Lemma applied to
the ball |r| < . If € = 0 the contradiction arises from the strong maximum principle applied to
a ball |r| < e, where u(r) > 0. This shows that u has at least kK — 1 zeros in (0, 1). On the other
side, if we suppose, as before, that, say, u, > 0 in the open interval (2, y,), then u > 0 in (&, 7)
and therefore u cannot have less than k& — 1 zeros in (0, 1), proving 2). m

Before proving Property 3 we state the following Lemma
Lemma 2.6.6 There exists pg > 0 such that any nontrivial solution u of

Apu = g(r,u), 0<r<1
'0) = o, (2.16)
1) =0

satisfies ||ul|oo > po-
PRrROOF. If not, we can find a sequence u, # 0 of solutions of (2.16) such that ||u,|lcc — O.

Setting vy, = uy||us||3t one finds that

Ayvp = 9(r un) (2.17)

lunlBe
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Using the compactness of A 1 we infer that, up to a subsequence, v,, — w in C™, with w # 0.
On the other side, from (2.17) it follows that

1 1
/ ‘U;\pTNfldr:/ 7g(r,un) WPrN L,
0 0

) n
n n
|t [P~

According to (H2) the last integral tends to 0, a contradiction. m

PROOF OF 2.6.1-3).

Arguing by contradiction, we suppose there exists a sequence (A,,u,) € X, such that
An — 0, up, — u and ||up|loc = p < po. Passing to the limit we find that u # 0 is a solution of
(2.16) such that ||ullcc < po, in contradiction with Lemma 2.6.6. This completes the Proof of
Theorem 2.6.1. ®

Remark 2.6.7 (i) The preceding arguments show that the ezistence of the continuum of positive
solutions I'y can be established for a problem with the same type of zero order term on a general
bounded domain Q C RYN.

(i) The preceding bifurcation and multiplicity results hold true also for Sturm-Liouville equations
—(a(z)u) + b(x)u = Mh(u) + g(x,u),

with separated boundary conditions, provided h(u) ~ |u|92u, ¢ < 2, at uw =0, and g is of higher
order.

2.7 Further results

We can give in some cases the global behaviour of the branches obtained in the Section 2.6.
More precisely we have the following results.
a) Subdiffusive nonlinearities.

Let us suppose that h(s) = |s|772s and g(r,s)/|s|97%s — v < 0 (possibly —o0) as |s| — oo,
uniformly in r € [0, 1]. In particular there exists so > 0 such that Ah(s) + g(r,s) < 0 for any s
such that |s| > sg and any A > 0.

We claim that if (A, u) is any solution of (2.13) with A > 0 then ||u||o < so. To prove this fact
let 79 € [0,1), respectively 1 € (0,1], be the point where u attaints its maximum, respectively
minimum. From the equation it readily follows that Ah(u(rg)) + g(ro, u(rg)) > 0, respectively
Ah(u(ry)) + g(r1,u(r1)) < 0. Therefore u(rg) < so, respectively u(ry) > —sg, as claimed. In
addition if , for example, g(r,s)s < 0 for all s # 0 then 'y C IR" x {u € X : |Jullso < s} for all
k and hence (2.13) has has infinitely many solutions for all A > 0.
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b) Equidiffusive nonlinearities. Consider the eigenvalue problem

pU = Ah(u), 0<r<1
@(0) = 0, (2.18)
u(l) = 0.

where h satisfies (Hy), h > 0 on IR™ and
h(s)

lim —% =my > 0.
s——+oo gp—1 >

In such a case we can apply the results of [7], Section 4, to infer that I'; blows up at infinity as
h

A — Moo = i1 - M. Similarly, if H% — Mo as |s| — 0o, then one could also show that T'y
s|P—2s

blows up at infinity as A — j - mot. Moreover, if mq, = 0 then, similarly as in the preceding

point a), (2.18) has infinitely many solutions for all A > 0.

c¢) Subcritical problems. Consider problem (2.13) and assume, in addition to (H; — Ha), that
g satisfies

(Hs) g(r,s)s >0 Vs #0;

(Hy) g(r,s) ~ |s]* 25 as |s| — oo, with 1 < ¢ < p and p < a < p*, where p* = pN/(N — p) if
p< N and p* =40 if p > N.

In particular, the growth of g is said subcritical, in the sense of the Sobolev embedding. In the
sequel, for the sake of simplicity, we will take h(s) = |s|72s. We will also consider only solutions
u such that «(0) > 0.

The main result in this section is :

Theorem 2.7.1 Suppose that (Hy — Hy— Hs— Hy) hold. Then, for any k > 1 there exist Ay, > 0
and Cy > 0 such that for every (A\,u) € T'y, with X\ > 0 one has

In particular for all X > 0 small, problem (2.13) has infinitely many pairs uk, vk of solutions
with k — 1 zeros.

Remark 2.7.2 The continua emanating from (0,0) turn back and cross the azxis {\ = 0} at a
solution of (2.13) for A = 0 with k—1 zeros. In general, Cy, — +00 as k — +o00. We also suspect
that A, — +o0o. If this is true, then (2.13) has infinitely many pairs of solutions for any A > 0.
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The details can be found in [8] where it is described also the behaviour of the branch of
positive solutions T'{" in the critical case. More precisely if

Apu = dud 4wt u(r) >0, in0<r<1
W(0) = 0, (2.19)
u(l) = 0.

we have

Theorem 2.7.3 Let p < N and suppose 1 < q < p < a < p* and that if « = p* then either

p=2or
2N 2
<p<3 >3 and o — 2.20
Ni3 <P or pz3andp>q>p =y (2.20)

holds.
(i) If a < p* then T is bounded.

(ii) If o = p* then T'] \ {0,0} CJ0,A}] x X and blows up at infinity as A\ — 0T, in the sense
sepecified above.

(791) Eq. (2.19) has at least two (positive) solutions for all 0 < A < Aj.

(iv) Eq. (2.19) has one (positive) solution for all 0 < X < A}, resp. 0 < X\ < A}, when a < p*,

resp. a = p*.

(v) Eq. (2.19) has no (positive) solution for A > Aj.

The same problem in the supercritical case is considered in [3], where the existence of
an unbounded radial solution is proved, and the behaviour of Ff is discused in terms of the
dimension.
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Chapter 3

What means Growth?

3.1 Introduction

In this Chapter we analyze problems related to a critical potential, more precisely, problems
related to the operator
A
Lyu=—Apu— WWV’ u.
We will study equations of the form £yu = F(x,u) under suitable hypotheses of regularity and
growth for F'.
We will see that if for instance F(z,u) = u? !, then the Dirichlet Problem in any bounded

A
starshaped domain containing the origin, has no solution. This means that the term _W lulP~2u
x

does not regularize as in the autonomous case, previously studied in Chapter 2.
We can also look to this kind of result from the point of view of the eigenvalue problem in a

A N
extreme case, namely, in the case where the potential _W belongs to L" if and only if r < —,
x
which is the complementary range of the classical results. ( See for instance the classical book
[63].)
More details and applications of this kind of ideas can be found in [55]. Roughly speaking
all the new problems appear from the lack of compactness in the Hardy inequality that we will

study in the next section.

3.2 Hardy inequality

The main point of this section is to discuss the following classical result, esentially dues to Hardy.
( See [59]). By completeness we include the proof.

65
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Lemma 3.2.1 Assume 1 < p < N, then if u € WhP(IRN),

1. — e LP(IRM).
Ix!

2. (Hardy Inequality)
P
/‘ Y dx<CNp/\Vu]pd:U

p )P

—-p

3. The constant Cnp, is optimal.

PRrOOF.
STEP 1. A density argument allows us to consider only smooth functions u € C§° (RN).
Under this hypothesis we have the following identity

lu(z) = — /1 - %|u()\x)|pd)\ — /1 T () (@, Vu(Az))dA.

By using Hoélder inequality, it follows that

U uP~1 )\:U
S |’ ” / / W ——— (=, Vu(Az))dadA =
R
dX U(y)” "Youly) ,  p /U(y)”‘13U(y)
PI v /JRN wr o YT TN |yt or W=
R

p u(y)|P _ ou(y
N ( | |( ’I)J dy)® 1)/p(/ |%|pdy)l/p'

And then we conclude that

uP () P P
4 o< () ]R/N Vu(z)Pdz.

R

STEP 2. OPTIMALITY OF THE CONSTANT . Following the idea of Hardy for the one dimensional
case, we show that the best constant is Cn,, = (5%5)7-
Given ¢ > 0, take the radial function

ANpe 1f rel0,1
v =]
N7p57“ P if r>1,
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where Anp. = p/(N — p + pe), whose derivative is

0, if relo0,1],
_N_, .
—r » if r>1.

U’(r):{

By direct computation we get

p p D
/U_(l‘)dx:/ U (f'f>dm+/ Uha) , _
ozl B |z RrN-B |z[P

R
1 oo
= AN pwN (/ V“Nfl’pdr—i-/ r(1+p5)dr) =
bl o) 0 1

1
= My on [PV [ VU@ P
RN

where wy is the measure of the (N — 1)-dimensional unit sphere. We conclude by letting ¢ — 0.
|

Corollary 3.2.2 The same result is true in WYP(B), where B is the unit ball in RN .

PROOF. The proof of the first step is the same. The argument of optimality in the case of the
unit ball proceeds by approximation as follows. First, we remark that by the invariance under
dilations the optimal constant has to be the same for any ball. Second, let Br be a ball with
large radius. We take as test function v(x) = ¢ (x)U(z) where U is one of the approximate
optimizers explicitly given above and ¢ € C§°(BpR) is a cutoff function which is identically 1 on
Bpr—1 with |[V¢| < m. It is easily seen that for R > 1 the influence of ¢ in the calculation of
Step 2 is negligible. m

Remark 3.2.3 Sometimes the Hardy inequality in the case p = 2 is known as uncertainty
principle, see [46]. We can read the Hardy inequality saying that the embedding of Wl’p(]RN) mn
LP with respect to the weight |x|™P is continuous. It is very easy, working a little bit more with
the minimizers that we use in the proof, to see that the inclusion is non compact. This will be
the cause of many of our difficulties.

In the sequel, we will denote Ay, = C’R,’lp.
It will be useful to compare the best constant in the Hardy inequality with the following
approximating eigenvalue problems.

Theorem 3.2.4 Consider \1(n) the first eigenvalue to the problem

— A1 = AWy () |9 [P 21, 2 € Q C RY,
P1(z) =0, x € IN.
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where Wy, (z) = min{|z|™P,n}.
Then X\i(n) > Anp, and moreover Jim A(n) = Anp-

PrRoOOF. The first inequality follows immediatly from the definition of the first eigenvalue by
the Rayleigh quotient. Also, it is easy to see that {A;(n)} is a nonincreasing sequence; then
we have to prove that the limit cannot be bigger than Ay ,. Assume by contradiction that
Jim A(n) = Anp + p.
Then, we can choose ¢ € W, () such that
[IVo[Pdx
Q

W < )\N7p + p/2
Q
JIV¢|Pdx
P
= [¢PW,(x)dx’
Q

be smaller than Ay, + p for n large. m

But then A\i(n) and this is a contradiction because the last expression has to

3.3 The Dirichlet problem with singular potential

The first result in this section is an easy consequence of the Hardy inequality

Lemma 3.3.1 Consider the nonlinear operator

A _
Lyu=—Apu — W\UV’ 2 (3.4)

in Wol’p(ﬂ). Then
1. If X < Anyp, £ is a positive operator.
2. If X\ > Anp, L is unbounded from below.

PROOF. 1) It is obvious from the Hardy inequality . 2) An easy consequence of the optimality
of the constant and a density argument is the existence of ¢ € C§° () such that (Ly¢, ¢) < 0.
We can assume that ||¢||, = 1 and then by defining u,(z) = p™/P¢(uz) we have ||u,||, = 1 and
the homogeneity of the operator allows us to conclude that (Lyuy,uu) = P (Lrd, ) < 0. m

Taking into account the previous result, in this section we will study the following problem

/ 1 1
{ Lyu = f(z) e WHP(Q), € Q, A< Ay, ];+—:1

4 (3.5)
u(z) = 0, z €0,
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where Q C IRY is a bounded domain. If 0 ¢ ©Q then we have a classical problem with a bounded
potential. So we will assume hereafter that 0 € 2.
Consider the energy functional,

= /F(a:, u, Vu)dz

where F(x,u,§) = \ﬁ\p - _W — f(z)u.

The classical results in the Calculus of Variations characterize the weak lower semicontinuity
of J if F(x,u,e) is convex and F' verifies a lower bound: positivity, or a lower estimate by a
linear combination of £, etc. (See Tonelli [86], Serrin [78], De Giorgi [37], the book by Dacorogna
[34] and the references therein). However, in our case these usual hypotheses are not fulfilled.
VARIATIONAL APPROACH.- The energy functional,

/|Vu|pd:c—— —dz‘—/fudm

[P

by the Hardy inequality, is continuous, Gateaux differentiable and coercive, namely, there exist
constants v > 0 and ¢ € IR such that

J(u) 27/|Vu]pdx—c.
Q

Hence by the Variational Principle of Ekeland we can find a sequence {uy, }nepn such that
J(up) — inf J, and J'(uy,) — 0, asn — oo.

As usually we say that {uy, }nev is a Palais-Smale sequence. (See [45] and Appendix). The coer-
civity of J implies the boundedness of {u,} in T/VO1 P(£2), so we have that for some subsequence:

i) Vu, = Vu in LP,
i) u, converges in LP and a.e.,
p—1

iii) ALn

[P

are bounded as Radon measures and converges weakly in L.

Under these hypotheses we can apply the convergence theorem by Boccardo and Murat in [25].
The results proved by Boccardo and Murat are much more general and we refer to the paper
[25] for the details.
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Lemma 3.3.2 Let {uy}nen verifying the problems

_Apun =gn+ fna in
un € WyP'().

Assume that
1) up — u weakly in Wol’p(Q) and u, — u in LP(§2).
2) fu — f in WP(Q).
3) gn — g weak-x in the sense of the measures.

Then, Vu, — v in (LY(Q))N for 1 < q < p.

Moreover if 3) is replaced by
3") gn — g weak-x in L1(Q),

then
Ti(un) = Ti(w) in WaP(Q)

for all k > 0, where Ty,(s) = s if |s| < k and Ti(s) = ks/|s| if |s| > k.

PROOF. We take as test function Ty (u, — u) € Wy(Q). Then

[{|Vun P2V, — |VulP~2Vu, VI, (uy — u))dr =
Q

—S{<|VUV"2W, VT (un — w))dx + (gn, T (un — ) + (fo, Tr(un — u))

Fixed k, by 1) we have that
{fn: Ti(un —u)) =0

and
/(\Vu]p_QVu, VT (up —u))dz — 0
Q

as n — oo.
From 2) we have |{(gn, Tp(un, — u))| < Ck.
Then fixed k we get

limsup [ (|Vun|P 2V, — |VulP~2Vu, VT, (uy, — u))dz < Ck.

n—oo

(3.7)
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Now the inequalities in Appendix A imply that the functions
en(®) = (|Vun P2V, — |[Vu|P2Vu, VT (un — u))
are non negative and uniformly bounded in L'(£2). Take 0 < # < 1 and split  in
SF={z e Ql|u, —u| <k}, GF ={zecQ||uy, —u| >k}

Hoélder inequality provides the following estimate

S{eﬁdm = Jsn el dx + Jor eldr <

(Jiy end)” 19510 4 (Jy ende) |GE.
Now, fixed k, |GE| — 0 as n — oo and from the uniform boundedness in L' we get

limsup [ e?dz < (Ck)’|QI*?,

n—oo

and letting kK — 0 we get that efb — 0 strongly in L'. To finish the first part we use the
inequalities for the p-laplacian obtained in appendix A.1 and we conclude.

If we assume now 3'), the idea is to get the same type of estimate but with § = 1. We take
as test function 7y (u, — u) and proceed in a similar way. We refer to the reader to [25] for the
details. m

In our context the Lemma 3.3.2 will be read as follows.

Lemma 3.3.3 Let {uy, }new verifying (i), (i7) and (iii) by the Variational Principle of Ekeland.
Then for some subsequence,

Up; = u, in WOLq(Q), qg<p
and
Ti(un) = T(u) in WyP(Q)
for all k > 0, where Ty,(s) = s if |s| < k and Ti(s) = ks/|s| if |s| > k.
According with the previous Lemma, and by a density argument, we can prove the required

compactness property. We will call such a compactness property singular Palais-Smale condition
in the sense of the following Lemma:

Lemma 3.3.4 Consider {uy}nev the Palais-Smale sequence obtained above.
Then {un}new satisfies the singular Palais-Smale condition, namely, there exists a subse-
quence {un, }jen such that

Up; — U, N Wol’q(Q), q <np.
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An inmediate consequence of Lemma (3.3.4) is that u is a solution of our problem in the sense
of distributions. Moreover by dens1ty and taking into account that u € W P(Q)), we conclude
that u is solution in the sense of Wo P(Q).

Finally the homogeneity of the problem implies that w is a minimum for J. Consider

Jw) = () w) = G = 1) [ Fu
Q

where in the last term we can pass to the limit by weak VVO1 P(Q)-convergence. Therefore

infJ = hm J(ug) = hm (J(uk) - %<J/(Uk)vuk>) =

——1/ﬂw— )= 2w ) = T

We would like to point out that this approach solves the minimization problem, namely, the
solution is obtained as a minimum of J. Also it is interesting to emphasize that this approach
will be used to study problems with unbounded energy functionals in the following sections.

Remark 3.3.5

I) The uniqueness in the case p = 2 is obvious. Also it is easy to prove that in the linear case
(p = 2) the sequence of minimizers converges strongly in the Sobolev space.

II) If p > 2 the uniqueness is in general not true as the following argument shows (see [42]).
Assume B C Q a ball and consider ug € C3(Q) such that u =k > 0 in B. Consider f(z) = Lyu
with A < Anp. In this way f € W_LPI(Q) and then we can find a solution v by minimization of
J as above. Now it is clear that such v # ug, because ug cannot be a minimum for J: in fact,
taking into account that p > 2, we see that

p—2
(T (u0)2,2) = (p— 1) ( [ 1ul292pas - '“&' - Z2dx) |
Q

Q

Hence, in particular if z € C§° (Q) is such that supp (z) C B,

1" _ . |uO|p_2 2
(J"(uo)z,z) = =A(p—1) 2P z7dx <0,

and then ug is not a minimum for J.

III) The uniqueness in the case 1 < p < 2 seems to be an open problem.

IV) The strong convergence of the Palais-Smale sequence if p # 2, is unknown. The main
difficulty is classical, we start with a weakly convergent sequence and the dependence in the
gradient is nonlinear.



73

3.4 Ciritical potential and subcritical growth

In this section we will try to study the same kind of problems as in Chapter 2, but including

the critical potential ‘ P
x

We will use again the variational approach to study the case of unbounded funcionals,
more precisely the existence of solution via the Mountain Pass Lemma. (See the Appendix). For

instance the following result holds.

Theorem 3.4.1 Consider the Dirichlet problem

—Apu = AMulP~2u)z| 7P + [u]*"2u, A< An,p, p<a < Np/(N —p),
ulgq = 0.

Then there exists at least a positive solution u € Wol’p(Q).

PROOF. The proof of this theorem follows closely the previous variational approach; instead of
minimizing and using the variational principle of Ekeland, the geometry of the energy functional
allows us to use the Mountain Pass Lemma of Ambrosetti-Rabinowitz. In fact since A < Ay

then
——/|V Pdx — = ﬂ —l/\u|°‘dm2
)
’Yf!VU\”dw— C(p, )(f\VUV’dx)q/p-
Q Q

Then we find the required Palais Smale sequence, which is easy to show has to be bounded in
VVO1 P(Q). Using again Lemma 3.3.3, we get the compactness result, in the sense of the singular
Palais Smale condztwn defined above. Then we can find a function u € Wo P(Q) which is the
strong hmlt in W (), ¢ < p, and therefore is a solution in the sense of distributions. Since
U € WO P(Q), by den81ty we get that u is a weak solution.

Finally, by homogeneity, and taking into account that we have strong convergence in L%,
we can see that u Z 0:

c= nhngo J(uy) =
1
Tim (T () — (7 () ) =

and we conclude. ®
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3.5 Ciritical potential and critical growth

We will use the method developed by Pohozaev to show how our problem with critical Sobolev
exponent is not regularized by the term in |z|7PuP~!. This is a deep difference with the au-
tonomous case studied in the Chapter 2. In this sense, the following nonexistence result shows,
from a different point of view, the critical character of the problem.

Lemma 3.5.1 Consider the problem
uP~!
—Apu = )\W +’yf(u), z€Q, A>0,
u(z) = 0, on 08,

(3.8)

where Q C RN is bounded, starshaped with respect to the origin, f is a continuous function and

N—p Y
~Pug) <0 F(u)—/o F(s)ds

Then (3.8) has no positive solution u € Wol’p(Q).

YNF(u) -

ProOOF. We will use a Pohozaev type identity. The idea consists on multiply the equation by
(x,Vu) and integrate by parts. (Observe that the regularity of u does not suffice to justify this
calculus directly but as Pohozaev points out in [71] the results are valid also for weak solutions;
an argument of approximation which justifies the previous observation can be seen for instance
in [57]. See also [73].)

p=1 Plx,v)do
B2 [ vl

_ D
A=) [ v N [ Plu)da
p Ll 4

where v is the outwards normal to 9. On the other hand, multiplying the equation by u and
integrating

/]Vu|pda: = )\/| |pd:1c—|—'y/ uf(u)dz. (3.9)
Both identities give

B2y [ IVaptevydo = [(NF() -
Q

, uf(u))dz.

The conclusion is now obvious. m

Notice the contrast of Lemma 3.5.1 with the results in Chapter 2 and in the papers [29]
[68] in the case p = 2, and in [53] for p # 2, where the autonomous case is considered.
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Remark 3.5.2 In the case Q = RN, p = 2 and f(u) = uNt2D/(N=2) 4n existence result can
be seen in [64], Th.1.3, pg. 179. However the previous Lemma proves that this doubly critical
problem has no positive solution in bounded starshaped domains. This means that the term with
the potential cannot be seen as a lower order perturbation of the term with critical Sobolev
exponent, although this is the case in terms of the growth in u.

3.6 Subcritical potential and critical growth

We will prove that in fact the potential A|x|™P is critical in the sense of the remark above by
considering A|z|~? with 0 < ¢ < p.

N
It is known that for the potential A|x|~%, which belongs to L" for some r > —, there exists

a first isolated and simple eigenvalue A1, for the corresponding Dirichlet problem. We will show
that this subcritical potential produces a similar effect to the case ¢ = 0, in the sense that
the lack of compactness arises only from the highest power term. Moreover there are also bad
dimensions, p < N < p?> — (p — 1)q as in the autonomous case. This interval coincides with the
known result in the case ¢ = 0, and decreases when ¢ — p, dissappearing the solution in the
limit case ¢ = p, according to Lemma 3.5.1.

Theorem 3.6.1 Consider the Dirichlet problem

_ |u’p—2u p*—2
ulpgn = 0,0<qg<p, 1<p<N, p*=Np/(N —p).

If N > p? — (p — 1)q, then there exists at least a positive solution u € Wol’p(Q).

PROOF. The arguments are similar to those in [53] and then we will be sketchy. The geometry
of the energy functional, J, satisfies the requirements of the Mountain Pass Theorem as can be
checked following the same calculations as in Theorem 3.4.1. Then by using the concentration-
compactness method by P.L. Lions, see [64], we get a local Palais-Smale condition. More precisely,
let S the optimal constant in the Sobolev embedding and given a Palais-Smale sequence such

that
SNip L
J(ug) — ¢ < N J(ug) — 0, in WP (Q)
there exists a convergent subsequence. The only thing to check (and this is the main point), is
the existence of a Palais-Smale sequence at this subcritical energy level. To get this particular

sequence it is well known that it is sufficient to find a direction v, € VVO1 P(Q) for which

SN/p
sup J(tve) < ¢p <

sup e (3.11)
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because in this way the minimax critical value in the Mountain Pass Theorem verifies ¢ < ¢y.
The natural election is

Ue
Ve =

————, where wu, = ¢(xp) N p
e |+ (e + |z|p-T) 7

are the minimizers of the Sobolev inclusion with a convenient truncation ¢ € C;° to adapt their
support to 2. As usual we compute:

N-p
L [|Vv|[p = S +cre v .

P2—(p-1a-p 9
2.fwd:c~02€ P it N>p*—(p—1)q.

3. f| |qd:c~025 P |10g5| if N=p?—(p—1)q.

1fN<p —(p—1)q.
I p=1)

Following the proofs in the previous Chapter, the decay as e — 0 of |[Vv.|[) must be faster than
the decay of f dx to get the inequality (3.11) and this is true if N > p? — (p — 1)q. So we
conclude. (See also the proof of Theorem 3.3 in [53]). m

Remark 3.6.2 Something more can be said in the case N < p? — (p — 1)q. Following the same

argument as in the proof of Theorem 3 in [16] we find that there exists a positive solution to

problem (3.10) if X € (\ — A, \1), where A = S([ |z|~N/Pdx)=P/N (S is the optimal Sobolev
Q

constant).

Remark 3.6.3 A good exercise to the reader is to study different combinations of potentials
and nonlinearities and describe the complete fauna.
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Appendix A

The inverse operator of the
p-Laplacian

We will study the p-Laplacian operator defined by
Apu = div (|[VuP2Vu) 1<p< oo

that appears in several situations. The p-Laplacian is the paradigmatic example of degener-
ated/singular quasilinear elliptic operator. Notice that if p = 2 it becomes the classical Laplace
operator. In this section we deal mainly with the Dirichlet problem,

—Apu=f(z) if z€Q
{ oo =0 if z €00, (A1)

where Q € RN, f e W=1(Q), p’ = p/(p — 1). The boundary condition will be understood as
Lp
u e WyP(Q).
We have the following elementary result, as application of the classical Calculus of Varia-
tions.

Theorem A.0.4 Assume Q C RN a bounded domain and f € W=7 (Q), then problem A.1
has a solution u € Wy P(Q) in the weak sense, namely

/ (IVulP~2Vu, Vo) — fé}de =0, Yo e WiP(Q). (A.2)
Q

ProOOF. The functional
1
J(u) = —/ |vu|de—/ fl@)ude ue WyP(Q)
D JQ Q
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is Gateaux diferentiable and the Euler equation of J coincide with the partial differential equa-
tion under study. Then, we look for solution to problem A.l as critical points of J. But, we
have

i) J is coercive since

1
J(u) > ]—OHVUH§ — w10 @ IVullp

1 /
_ P _ p
> IVl = Ay

i7) J is lower weakly semicontinuous because the first term is the norm in Wol P(Q) and the
second one is continuous. Hence we can apply the abstract minimization result to J to find a
minimum. N

We are interested in the properties of the inverse operator
(=8) 7 W (@) — Wi (@)
and we need the following inequalities. (See [80]).

Lemma A.0.5 Let z,y € RY and (-,-) the standard scalar product in IRY . Then

Cp‘x_y‘pa Zf p22

P=2p — |y|P 2y, —y) > —y|? A3
e i RS S e TSN (A3)
(lzl + [yh)*—P
PROOF. By homogeneity we can assume that |z| = 1 and |y| < 1. Morover by choosing a

convenient basis in IRY we can assume

z=(1,0,...,0), y = (y1,¥2,0,...,0), and \/y% —i—y% <1.

i) Case 1 < p < 2. It is clear that the inequality is equivalent to the next one

2—p
1— ./ 2 + 2
{(1— %) (1—y)+ ( v } < ” yg) > (. (A.4)

Brl) T ) ) Gowe
But Y1 .
- m 2p2{ L 2 (D), i 0sns
Wm) L=y > (=D —y), if 31 <0,
then




i1) Case p > 2. The inequality is equivalent to prove that

p2 p=2
L=y (i +93) = [ (L—w1) + 93 (v7 +43) ?
5 >C.
(1 —y1)?+y3)*
_ _zy) .
Denote t = 2] and s = 2 [ly] then, we must show that the function
x x|y
1— (Pt +t)s+ P
flts) = b
(1 —2ts +t2)2
: : . of .
is bounded from below. Direct calculation shows that fixed ¢, 25 = 0 if
S
tP=2 + 1
L— (P +t)s+tP = 4+(1 — 2ts +t%),
p
then for the critical s for f we have
tP=2 + 1 1
ft,s) = >
P (1—2s+12) 2
1241 1 . 7241 1

- - >z - - ]
p(E+1)P—2 = posici (t+ 1)p—2 = 2p
The main properties of —A, and (—A,)~?

Theorem A.0.6 Let Q C IRY a bounded domain.

A) A, WP () — WL (Q) is uniformly continuous on bounded sets.
B) (=Ap)~1: WL (Q) — Wy P(Q), and is continuous.

C) The composed operator

(—0p)~H: WE(Q) — WP (Q) — LI(Q)

pN

is compact if 1 < q <

PRrooF.
A) Consider C C Wol’p(Q) bounded set, i.e.,

||u||W&,p(Q) <M, if weC.

are summarized in the following theorem.
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Then for u,v € C we get

= Apu — (=Ap0)[[yp-1s/(@) = sup S{(Apu — Apv, Vo)dz <

16l =1
cp  sup  Jo (IVuP=2 + |Vo|P=2) |Vu — Vo||Véldz, if p>2
1602y =1
<
- ¢y sup  [|Vu—VolP HVeldz, if 1<p<2
16010 ) =1

then by Holder inequality we conclude that

20, MP~2||Vu — Vollp, if  p>2
_ _ (= , < p P — 4
1= Apu = (=290 -1 ) < { CpM||Vu = Vol|,, if  p<2.

B) We need to prove uniqueness of solution to the Dirichlet problem A.1. Let uy,ug € I/VO1 P(Q)

be solutions to the problems
—Apur = f1, —Apuz = fo,

then
(—Apur — (—Apua), (u1 —u2)) = (fi — fo,u1 — ug),

where the first term must be understood as the duality product. By the previous lemma
(—Apur — (—Apu), (u1 —uz)) =
[V [P=2Vug — [Vug|P~2Vug, V(ug — ug))dr >
’ Cpg{ V(w1 —ug)|Pdz, if p>2

> . 2
- , [V — )l sde, if 1<p<2,
Q ([Vur] + [Vug|)

then if p > 2
§f2|V(u1 —u2)[Pdz < Dpl[f1 = fallyy-1 (o || V(01 — ug)][p
1 1
1

1V (u1 = w2)llp < DF* (|1 = falliy s

in particular, if fi = fo implies u; = us.
fl<p<?2

Q/ (V| 1 [Tug) 7 < Collfr = Lellw-sw@yllir = wellyioay:
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and then by Hoélder inequality
[1V(u1 — ug)Pdx =
Q
\V(ul — UQ)‘p p(2—p)

/ o (V] + [V )2 da <
Q (|Vuy| + |Vug|) ™ 2 3

IV (u1 — ug)|? 5 L\
(hf (IVur| + \vuﬂ)?—pdaj> <S{(’VU1| + |Vug|)P d > )

Hence
P

(f [V (u1 — u2)|pdfﬁ>
Q

2—p < Cprl - fQHV[/fl,pl(Q)'
(sl gy + 2l 2o )

In this way we have obtained simultaneously the existence of the inverse operator (uniqueness)
and its continuity.

() Is a direct consequence of B) and the Sobolev embedding m

Lemma A.0.7 (Weak comparison Principle). Let Q be a bounded domain in RN with smooth
boundary. Let ui,us € Wol’p(Q) satisfy

—Apur < Apua  in the weak sense in €
ur <ug on OS2

then u1 < ug in Q.

ProOF. Take as test function ¢ = max{u; — ug, 0} that is nonnegative and belong to W™ ()
by hypothesis. So we get

/{ (IVui|P~2Vug — |Vua[P"2Vuy, (Vuy — Vug))dz < 0,
u>ug

and we conclude taking into account the Lemma A.0.5. m

We will use the following extension of the Hopf Lemma, that can be found in [77].

Lemma A.0.8 Let Q be a bounded domain with smooth boundary. If u € C*(2) N Wol’p(Q) and
verifies

—Apu = —div(|VulP~2Vu) > 0 in D’
u > 0 in Q
ulpg = 0
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then ? <0 on 99 . Here n is the outward normal to Of).
n

PrROOF. We will assume that the domain €2 verifies the interior sphere condition.
Consider zp € 02 and a interior ball tangent to 0f2, namely,

B.(y) CQ, B,(y)NoQ = {xo}.

Define n
v@)={ Alr—ylrT+B N#p
Aloglz —y|+ B, N =np,

where A = 2N=P)/(p=1) _ 1]=1p(N=p)/(=1) B = [1 — 2N=P)/(P=D]=1 if p £ N and A =

1
—(log?2)™!, B = log; if p = N. The function v verifies:
o

i) v(z) =1 in 9Bz (y) and v(z) = 0 on 0B, (y),
ii) 0 <w(z) <lifz € B,(y) — Bz (y) and

|Vu(z)| > ¢ >0, for some positive constant c.

But u(z) > 0 in €, then
7 = inf{u(z)|z € 9Bz (y)} > 0,

and putting 7v = w we find that w satisfies

—Apw(z) =0, if x€ By (y) — Br(y)
w(z) =7, if x€0Bc(y) and
w(z) =0, if x € dB.(y).

Now w < u on the boundary of the ring B, (y) — B (y) and Apw < Apu in Q in the weak sense.
Hence, the weak comparison principle implies that w < w in B,(y) — B r (y). Taking into account
that u(zg) = w(zp) = 0, then

w(zg —tn)  Ow ov
im —— = —
—0 t on



Appendix B

Genus and its properties

We introduce in this section the classical idea of genus due to Krasnoselskii, as a tool to
measure in a convenient way the size of the sets.

Given X a Banach space, we consider the class
Y={AC X|Aclosed ,A=—A}. (B.1)
Definition B.0.9 Then the genus, v, is defined as follows.

v:Y — INU{cc}
A — ~(A)

where
v(A) = min{k € IN |Jp € C(A, RF — {0}), o(x) = —p(—x)}. (B.2)

If the minimum does not exist, then we define y(A) = +oo.

Notice that if C' C X is such that C N (—=C) = () and we define A by A = C U (—C) then
A € ¥ and moreover y(A) = 1. It is sufficient define ¢(x) = 1if x € C and ¢(z) = -1 if x € —C.
In this way ¢ € C(A, IR — {0}).

As a consequence we have that if A; € ¥ and (A1) > 1 then A; contains infinitely many
different points.

This elementary remark shows how to use the genus.

In general to calculate the exact genus of a set is a difficult task. Often it is sufficient to
have some estimates which can be obtained by comparison with sets whose genus is known, for
instance, with respect to spheres. In this way the following results are very useful.
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Lemma B.0.10 Let A, B € Y. Then:

~

. If there exists f € C (A, B), odd, then v(A) < ~(B).

If AC B, then v(A) < ~(B).

If there exists an odd homeomorphism between A and B, then v(A) = v(B).
If SN=1 is the sphere in RN, then v(SV~1) = N.

GvoB o e

(AU B) < y(A) +~(B).

If(B) < 405, then ~(A=B) = 1(A) - (B).

NS

If A is compact, then v(A) < +oo, and there ezists 6 > 0 such that v(A) = v(Ns(A))
where Ns(A) = {x € X : d(z,A) < 6}.

8. If Xy is a subspace of X with codimension K , and v(A) > K, then AN Xy # 0.

For the proof and more details on this topic we refer to [76] and the references therein.



Appendix C

The variational principle of Ekeland

The idea of the e-variational principle of Ekeland is the following: Assume f lower semicontinuous
real valued function defined on the metric space (M,d) such that f(z) > ( for all z € M.
The principle deals with the construction of minimizing sequences with some control, precisely,
sequences verifying

inf {f(@)} +2 > [(@2),

and

fy) = f(xe) —ed(ze, y).

We can read geometrically this conditions saying that for all € > 0 the graph of f is above of
this cone. See the original paper [45]; we follows here the proof in [67].

Theorem C.0.11 Let M be a complete metric space and let
¢: M — (—o0, 0]
a proper function such that

i) ¢(y) = B,

i1) ¢ lower semicontinuous.

Given € > 0 and u € M such that
b(u) < inf o+,

then there exists v € M such that:

1. ¢(u) > ¢(v),
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2. d(u,v) <1,
3. Ifv#we M then p(w) > ¢(v) — ed(v,w).
Proor. Fixed ¢ > 0, we define the following order relation on M, we say
w<w, ifandonlyif ¢(w)+ed(w,v) < p(v).
Consider uyp = u and by recurrence define the sequence {u,}, as follows: for n € IN we take
Sy ={weM:w<u,},

choosing u,11 € S, such that

1
A(unyi1) < iglnf{¢} + i

we get that u,4+1 < uy and Sp41 C Sy The lower semicontinuity of ¢ implies that S, is a closed
set. Now, if w € Sy,+1, we have w < up4+1 < u, and then,

1

n+1

e, tn1) < Ouns) — (w) < {6} + —— — inf{9} =

Namely, if we call diameter(S,+1) = 0nt1, (0p+1) 0, limy, 00 01 = 0. The com-

< 2
~e(n+1)
pleteness of M implies N>2,S,, = {v} for some v € M. But, in particular, v € Sp, hence
v < wug=u,ie., ¢(v) < o(u) +ed(u,v) < ¢(u) and

¢(u) — ¢(v)

d <
() < S

< e (inf{g} + —inf{o}) = 1.

Then, d(u,v) < 1.
To get 3), suppose that w < v. Then for all n € IN, w < uy,, i.e.,

and then w = wv.
So we conclude that if w # v then ¢(w) > ¢(v) — ed(v,w). m

The results that we explain below show how to use the variational principle to find critical
points of functionals.

Corollary C.0.12 Let X be a Banach space, and ¢ : X — IR a differentiable lower bounded
function in X. Then for all e > 0 and for all u € X such that

< inf
pu) <info+e
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there exists v € X verifying
p(v) < p(u),
lu =]l < &'/,
¢’ (0)ller < €172,

1

PrROOF. In Theorem C.0.11 take M =X, ¢ = p, e >0, A\ = 73
€

such that

d=1-|. We obtain v € X

p(v) < p(u)
lu— vl < &'/
and for all w # v
p(w) > p(v) =2 (v = w).
Taking in particular w = v +th with t > 0 and h € X, ||h|| = 1, then

(v +th) — p(v) > —e'/?t
that implies —e/2 < (¢/(v), h) for all h € X, ||h|| = 1, hence

' () |2 < €12,

Corollary C.0.13 If X and ¢ are as in Corollary C.0.12. Then, for all minimizing sequence
of v, {ur} C X there exists a minimizing sequence {vy} C X such that

o(vr) < o(uk)
lug — vkllx = 0 Kk — o0
' (vi)llxr — 0k — o0

1
PRrROOF. If p(ug) — ¢ = inf y ¢ consider g, = ¢(uy) — c if is positive and g, = z if p(ug) = c.
Then for g5 we take v that gives the Corollary C.0.12. m

In the sense of the previous Corollary we find almost minimum for ¢. The problem now
is to get almost critical points of different types, for instance mountain pass type critical points
in the sense of [13]. Here we point out how the variational principle of Ekeland separates the
geometric aspect of the problem of finding critical points of functional from the analytical one,
namely, we will need some compactness property to complete the search of critical points.
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Appendix D

The Mountain Pass Theorem

Seeking by the completeness of the exposition we will give a proof of the classical Mountain Pass
Theorem by Ambrosetti and Rabinowitz. (See [13]).
We will precise the notation as follows,
H1 X is a Banach space, K € IRY a compact metric space, and Ky C K a closed set.
H2
xX:Kg— &

is a continuous function.
H3 Define
M={geC(K,X):qg(s) =x(s),s € Ko}

We recall the definition of subdifferential in the case of the norm in X,
Olzoll = {p € X" : [lwo|| — llz]| < p(wo —x),Vz € X}

(X’ dual space of X.
We will use the following abstract result.

Lemma D.0.14 Let X be a Banach space, then for the norm
|- X— R

we have
A|zoll = {p € X" : p(xo) = [[woll, [Ip)lxr = 1}

PROOF. Given 2y € X by Hahn-Banach theorem there exists p € X’ such that p(xg) = ||zo]|
and ||p||x» = 1. For such p we have

p(x —z0) = p(x) — p(xo) < [[plarllzll = llzoll < llzll = llzoll,
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hence ||zo|| — ||z|| < p(xo — x), namely, p € J||zo||. Reciprocally if p € J||xo||, we get
[zoll — =]l < plxo —x) Vue X.
And in particular for x = Azg, A > 0, we find ||zo[[(1=X) < (1=N)p(z0), so (p(zo)—||zol])(1=A) >

0 for all A € IRT. Then p(xq) = ||zg]|. Moreover ||xg|| — ||z| < p(xo) —p(x) < ||20|| — p(x) implies
p(z) < ||z|| and then ||p||lx < 1 since p(xp) = ||zo]| and ||p|lx» =1. m

Corollary D.0.15 Let C(K, IR) with the supremum norm. Denote by M(K) the Radon measures
on K. Then

O flloo = {1 € M(K) : >0, /K dp =1, supp(p) C {t : () = | Flloo}}.

PROOF. It is clear that the Radon measures verifying the conditions above are the subdifferential
of the norm. More precisely, by Lemma D.0.14 we have

i) If the conditions are satisfied then ||u|| = 1 and

Jor@di= 171 [ d= 1]
K suppu

if) If [lu] = 1 and fio f()dp = |||l then > 0, and

supp(u) C {s| f(s) = [|f]loo}-

Theorem D.0.16 Consider X, K, Ko and M being as in H1 — H2 — H3. Letu : X — IR a
functional verifying:

1) w is continuous,
2) u is Gateaux diferentiable and, moreover,
!/ !
u X — X

is continuous from the strong to weak-+ topologies.
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consider

a = infpep maxser u(p(s))

a1 = maXx(lCo) u,
and assume that o > ay. Then for alle > 0 and for all ¢ € M such that maxsex u(e(s)) < a+e
there exists v € X such that

a—e < u(ve) < maxger u(p(s))
d(ve, p(K)) < €'/?
o/ (ve)|| < Y2

PrOOF. We can assume that 0 < ¢ < o — «;. Let p € M verifiying

< .
maxu(p(s)) < ate

Define
I:M— IR, by I(c)=maxu(c(s))

sek
for ¢ € M. By hypothesis a = inf.caq I(c) > «1. Moreover [ is lower semicontinuous, because if
llck — ¢|loc — O we have

I(c) = u(c(so)) = lim u(ck(so)) < lm I(ck).
k—oo k—o0
By the Ekeland variational principle applied to I : M — IR, given € > 0 and ¢ € M such that
I(p) < a+ ¢ there exists ¢. € M such that
(i) I(ce) < I(p) < a+e.
(ii) I(c) > I(c.) — eY/?||c — ¢o||oo if € € M.
(iii) [lcc — ¢lloo < '/2.

Consider v : K — X such that v(Ky) = 0. For h # 0,h € IR from (ii) we conclude that
I(cc 4+ vh) — I(cc) > —£2|h|||7]|co, namely

1
ml(c8 +9h) = I(ce) > —"2|4]|.

By definition of I,

I(ce +vh) — I(c.) = maxu(c: +vh) — maxu(ce)
= maxse{u(cz(s)) + h{u'(cz(s)),7(s)) + o(h)} — maxsexc u(ce(s)).

To simplify the printing we write
f(s) = ulc=(s)) and g(s) = (u'(c:(5)),7(s))-
We have by hypothesis that f € C(KC,ZR); also g € C(K,IR) because,
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a) By Banach-Alaoglu theorem 0| f||o is weak-* compact.
b) By hypothesis if v, — v en X then
(' (vn), y) — (u'(v), y)
for all y € X.
¢) If ' (v,) = v/ (v) weak-x in X’ and y,, — y in X then
(' (vn), yn) — (W' (v),y), as n— oo

Then the inequalities above can be written as

- 1/2||'7||oo§hmh—>0 {I(Cs+h7) Iee)}

= limy g E{H(f + hg)”oo — I flloo}
< sup{fo gdp : p € aHf”oo}

Define F' : 0| f||cc — IR by F(ut) = [ gdp and consider a weak- convergent sequence fi, —

in 9| f||oo, then
F(pn) :/ gdunH/gdu:F(u),
K K
so, the supremum is attained. As a consequence we have
=21y oe < max{ | {uf(ex(s)). 7(s) Y : o € D).
Consider I' = {y € C(K, X) : v(s) = 0 if s € Ko, ||7|loc < 1}. Then,
—£1/2 < =12y < inf {manc{ [ {u'(co(9). (5) b+ 1 € D)}

Take {n(7)} C 9| flloo such that fixed ~,

[ ()13 in(2) — M), 0 = 0

where

M(vy) = max /{u (ce(s)),~v(s)}du},

uEBIIfHoo

Then by choosing a convenient weak-* convergent subsequence iy, () — u(y) we have

J A el A} duln) = M),

I
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Then by Lemma D.0.15,

~ qel
max inf/ u(c du = max / u/(c vd
pEd|flloo vET {w(ee(s)), v (s)}ps = e [’ (ce(s)) [l dp) =

—min{|u’(cz(s)) [ = 5 € {t € K ulee(t)) = || flloc}}
Namely

min u’ ce(s , < 51/2
Se{tEK:u(CE(t)):”f”oo}|| ( ( ))HX =

In other words, there exists s. € K such that, if v. = c.(s;), then:
i) u(v.) = maxgex u(ce(s)) = I(c.) < inf I +e/2
if) ||’ (ve)|| < /2,
iil) u(ve) > o,
iv) d(ve, p(K)) < /2.
|

The classical condition of compactness is the condition of Palais-Smale that we formalize
in the following definition.

Definition D.0.17 Let X be a Banach space and U : X — IR a functional Gateaux diferen-
tiable. U wverifies the Palais-Smale condition to the level ¢ € IR if and only if for all sequence
{zr} C X verifying

i) U(xg) — ¢ as k — oo,
i1) U'(zg) — 0 in X' for k — oo

there exists a subsequence x;, — x in X.
A sequence verifying i) and ii) is called a Palais-Smale sequence for U.

With this notions we can formulate the Montain Pass Theorem.

Theorem D.0.18 Let X be a Banach space and U : X — IR a continuous functional verifiying:

i) U is Gateauz differentiable,



96

it) U’ is continuous from X to X' with the weak-x topology.

Assume that there exists ug,u; € X, and a ball B,., centered in ug and with radius v such that
ifup € X — By and if |x — up| = r then

é%fr U(x) > max{U(up),U(u1)}

Consider
I'= {g € C([()? 1]7X) : g(O) = ang(l) = ul}

and

c=1inf sup U(f(s)).
jaf s (f(s))

If U satisfies the Palais-Smale condition at the level ¢, then c is a critical value for U and
¢ > max{U(up),U(u1)}.

Proor. Take K = [0,1], Ky = {0,1}, x(0) = wo, x(1) = w3 and M = T since ¢y =
infpp, U(x) > max{U(up),U(u1)} = c1 and because all path g € I" has nonempty intersec-
tion with 0B,, Theorem D.0.16 implies that for a given sequence {e} with e, — 0 we can find
a sequence {xp} C X such that

a) U(wk) — G
b) U'(zx) — 0,
and then by the Palais-Smale condition for the level ¢, there exists a subsequence such that:

c= lim U(xg) =U(x),

k—oo
0= klim U'(z) = U'(2).

Namely, x is a critical point at level c. m



Appendix E

Boundedness of solutions

The boundedness of the solutions in the case p > N is a consequence of Morrey’s theorem and
the classical bootstrapping.

One of the few general results for problems with critical growth is the following one on C%*
regularity. We will concentrate on the following problem

—Apu = —div (|Vu|P72Vu) = f(z,u) in Q,
(E.1)
u|(5Q = 07
where Q ¢ RY is a smooth bounded domain, 1 < p < N and f satisfies
r : «_ Np
[f(z,uw)| <C(A+[u]"), with r+1<p b (E.2)

that is the critical Sobolev exponent. The regularity of the solution of E.1 for r < p* — 1 1is a
consequence of the results in the paper by Serrin [79] about the L estimates and the results
by Di Benedetto, [44] and Tolksdorf, [87], for the C1* regularity. The case r = p* — 1 is much
more delicate and will be obtained below, while for the supercritical case the result is not true:
in general in the supercritical case a weak solution is not bounded.

The idea of the L* estimate can be found in the argument used by Trudinger in [88] for
Yamabe’s Problem. The main point is to use some nonlinear test functions in the line of the
classical Moser method.

If we have that the solutions of E.1 are bounded then the regularity C® is a consequence
of the results in [44] or [87]. I would like to remark that a different (Schauder) aproach to the
regularity of problem E.1, can be seen in Guedda-Véron, [58].

The first result in this section is the following theorem which comes from Stampacchia
classical work [81].
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Theorem E.0.19 Letu € Wol’p(Q) be the weak solution of

p—

—Apu=g, nQ geW Q) q¢> ll
ulpn = 0,

then u € L>°(Q).

(E.3)

PrROOF. We can write g = div F', F' = (fi, ..., fv) where f; € L9(2). Since u is the weak solution

to (E.3) we can write
/ [VulP ™V, Vo)da = / (F, V), Yo € WiP(Q)
Q Q

For k£ > 0 we consider the test function

u—Fkif u>k
v = sign(u)(ju| — k) = 0if u=k
ut+kif u<k

(E.4)

(E.5)

then v = v + ksign(u) and ug, = v, in A(k) = {x € Q||u(z)| > k}, v =01in Q@ — A(k) and

v € W3P(Q). For this election of test function (E.4) becomes

/ |VolPdx = /(F, Vu)dz,
A(k) o

and by Holder inequality

1/q 1/p -
/<F,w>dxs</ |er) (/ |W|p> ARG,
) A(k) Alk)

here |C| denotes the Lebesgue measure of the measurable set C. Then we have

1-1/p 1/q
(/ \Vv]pdx> < (/ |F|‘1> ]A(k)|1_(1/p+1/‘”
A(k) A(k)

and by Sobolev inequality we obtain

p/p* 1/q
S </ ’U|p*da?> < (/ |Fq> |A(k)|1—(1/p+1/Q).
A(k) A(k)
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Notice that for 0 < k < h, A(h) C A(k) and then

AW (= 1) = (Laguy (b~ )7 dz) 7 <
p* « 1/p*
(IA(h) [0l )1/ < (fA(k) v ) ”
From (E.6) and (E.7) we obtain

gy < WD

< IA(k)[P" G,
Sp*/p (h — k)P"

Because the hypothesis ¢ > N/(p — 1),

Now we have the following
Cramv:  Assume ¢ : [0,00) — [0,00) is a nonincreasing function such that if h > k > ko,
for some a >0, 3> 1,

_c B
o) < s o
Then ¢(ko + d) = 0, where d* = c?éa_fl[¢(k0)]ﬁ_1
In our case ¢(h) = |A(h)|, « = p* and
o 1
= - Tt

We have ¢(0) = |Q2|. By the Claim we get that ¢(d) = 0 for

1/(p—1)
Je HF!W 10| )5
namely
[ P e,
l|u||oo < c—F7— S/ \Q| a1/ P

To finish we need to prove the Claim.
PROOF OF THE cLAIM: Given d as above, define d,, = dy + d — 2%
By recurrence we have that

P(kn) <
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then
0= lim 6(ki) > d(ko+d) > 0,

as we want to prove. &

The second result in this section is the following adaptation of the announced result by
Trudinger, [88].

Theorem E.0.20 Let u € Wol’p(Q) be a solution of E.1. If f wverifies E.2, then u € L>®().

PROOF. We assume r + 1 = p*. We can assume also that u > 0, in other case we can do the
argument for the positive and negative parts of u by a minor change in the test function. We
define for each [ > 0 and g > 1,

ub, ifu <l
F(“)_{ BB (u—1)+18, if u>1

and
wB=Dp L g g < ]

Glu) = { BB = 1)p + 1)IB=VP(y — 1) 4 1B+ if gy >
It is easy to show the following properties
i) G(u) < uG'(u).
ii) For some constant independent of I, ¢[F'(u)]P < G'(u).
iii) uP~1G(u) < C[F(u)]P with C independent of I.
iv) If u € WyP(Q), then F(u), G(u) € Wy*(Q) because F and G are Lipschitz functions.
We choose 8 > 1 such that 8p < p*. For this choice, consider the test function
§=1"G(u),

where 77 € Cg° will be fixed below.
Then the equation gives us

/ VulP 2 (Vu, V(P Gu)))da = / P, WP Glu)da.
Q Q

For € > 0 and by direct computation on the left hand side, the previous identity becomes
JIVulPnPG' (u)dx <
Q
e [ [VulPpPG'(w)dz + C [ |[VP(uP~'G(u))da + [ f(z, u)PG(u)dz,
Q Q Q
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where we use the property i) above, Hélder and Young inequalities. Then, by choosing ¢ small
enough,

[ [VulPp G (u)da <

Q

< Cy [ |VP[F(u)Pde + Cy [ nPu?”~P[F(u)]Pdz + C51Q],
Q Q
where we use that G(u)f(x,u) < C3(1 4+ uP ~'G(u)) (for I > 1), motivated by the hypothesis

E.2, and the property iii).
The left hand side can be estimated by using the property ii), i.e., G' > c[F']?,

/]Vu|p17pG'(u)da: > c/|nF’(u)Vu|pdx,
Q Q
but then,
(fz\V(nF(U))I”M <
< C’4£{ |Vn|P[F(u)]Pdz + C’5({77pup*_p[F(u)]pd:U + Cs]9|.

By the Sobolev inequality we get

(g [F (U)]”*n”*dw> "<
C4§J; |Vn|P[F(u)]Pdz + C’5gnpup**p[F(u)]pdx + Cs]9.

Given z, € Q, we choose 1 € C§° such that if supp () = B(z,, R), then
1

p —Dp
[[ul LP* (B(z0,R)) = 2C5"

Then, by Holder inequality,

*

p/p
05/17Pup*_p[F(u)]Pdm < % (/ ,'7p* [F(u)]p*dgp) .

Q Q

Finally we get the inequality

[ F @) de < Cs [ 19nPIF@)Pde + Cola.
Q Q

Taking limits for [ — oo we conclude

p/p*
(/ np*uﬂp*dx) < C(n) /uﬁpdx + Cs|9|
Q Q
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and, because Bp < p*, we have u € Lﬁ,pc*~

Then, u is a solution of the equation

—Apu = a(x)u?! + b(x),

0 if u<l1
a($)={ f(z,u)

. if u>1
P

where

and

0 if u>1
b(ﬁ):{f(x,u) if u<l.

N
Therefore, a(z) € L", with r > —, and b € L*. We conclude, by Theorem E.0.19, that u € L*°,
p

and moreover, u € C* by Theorem 1 in [79]. m



Appendix F

Two Lemmas by P.L. Lions

By the sake of completness we will include in this appendix the proof of two lemmas by P.L.
Lions. (See [64] and [65]). These results have been used in section 2.3. The first one is a real
variable result that allows us to get precise representation of measures related by a reverse
Holder inequality.

Lemma F.0.21 Let p,v be two non-negative and bounded measures on €, such that for 1 <
p < 1r < oo there exists some constant C > 0 such that,

1 1 -
([ 1ol < c([ el Ve ecy. (F.1)
Q Q

Then, there exist {x;}jc; C Q and {v;}jer C (0,00), where I is finite, such that:

P
V= Z Vilp, 5 2> Cfpz v 0g;, (F.2)
jel jel

where (5%. is the Dirac mass at x;.

PROOF. By the reverse Holder inequality (F.1), the measure v is absolutely continuous with
respect to p. As a consequence there exists f € LY(Q), f > 0, such that v = fu. Also by (F.1)
we have,

v(A) < (A",

for any borelian set A C Q. In particular, f € L>®(Q).
On the other hand the Lebesgue decomposition of p with respect to v gives us

p=gv+o, where g€ L'(dv), g>0
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and o is a bounded positive measure, singular respect to v, namely, if K is the support of o
then v(K) = 0.
Now consider (F.1) applied to the test function

¢ = 91/(q_p)X{g§n}1/)
we obtain
(f B (f 9PN X (geny V) T

1
< C(g 91+p/(r—p)’¢‘px{ggn}d,/)p < C(S{ gr/(r_p)|¢|pX{ggn}dV) )

3=

Hence calling dv,, = ¢"/("—P) X{g<n}dV the following reverse Holder inequality holds
1 1
([ 1wrav) < o[ lpdm)s,
Q Q

and in particular for each borelian A C €2 we have
(v (A7 < Clva(A)MP.
Taking into account that p < r then either v,(A) =0 or
—(1-1)
Un(A) > ¢ 'p 7/ =§>0.

As a consequence, given a point x € Q, either v, ({z}) =0, or v,({z}) > § > 0 and this means
that v, is a linear combination of Dirac masses, that necessarily must be finite because v, is
bounded. Taking limits as n — oo we conclude that

V= Zl/ﬂwj.

jel

Moreover the inequality (F.1) applied in each z; gives,

P
uw>C P ZV]T Oz
Jjel

The second result is, roughly speaking, a description of how the lack of compactness happens
in the Sobolev inclusion. More precisely we have.
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Lemma F.0.22 Let {u;} be a weakly convergent sequence in Wol’p(Q) with weak limit w, and
such that:
i) |Vuj|P — p weakly-+ in the sense of measures.
i) |uj[P" — v weakly-* in the sense of the measures.

Then, for some finite index set I we have:

) v=[ulf +Yevde, , v;>0 _
2) wu pZ |VulP + Zje[ Njéxj s, u >0, x;€Q
3) VJP S g

PROOF. Given any ¢ € C§° (2), by Sobolev inequality we have,
1
p

(/ |¢|p*|un|P*dx> v < (/ vaunnpdaz) : (F.4)
Q Q

We write v, = u, —u and by the convergence results in [28], we have,

J 16 fwal?”da = [ fol" ol da — [ 10
Q Q Q

Moreover v, — 0 as n — oo then applying the Sobolev inequality to ¢v, and taking limits we
arrive to a reverse Holder inequality as in Lemma F.0.21, so we have the representation

v=lul + Zvjéxj.
jel

1
p

* *
PrlulP dz, n — oo.

Now by (F.4) and taking into account that w, — u in LP, we obtain,

1 1
p

( / |¢|P*du> " st ( / |¢de) L ( / |v¢|p|u|pdx) , (F.5)
Q Q Q

for all ¢ € C5° (€2). Consider a ¢ € C° (2) such that 0 < ¢ < 1, ¢(0) = 1 and supported in the
unit ball B ¢ IRY. Fixed j € I and € > 0, we consider ¢(m %

). For € small enough we have,
€

)IPIUIpde'>

wj—:r

V% < u(B(ey,€))F + (/B eP|Ve(

(wjrs) €
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and by Holder inequality,

1
N

( / |v¢<@wvdx) ,
Q

1 1

- p N p*

(/ |V "“’>|pru\pdx) <</ jup d:c)
B(zj.e) € B(zj.€)

then

r_
p*

& 1 1 x
vy Sv < p(B(zj,€))r +c </B |ulP da:)
(z5,¢)
and taking limit for € — 0 we obtain.
L*
MjZVf S, Jel,

that can be read in an equivalent way as

L
*

p= Zyjp Séxj
Jjel

M1

But because u,, — u in Wy*(Q), u > |Vul? and |Vul? is orthogonal to i, we conclude. m
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