Probabilistic constructions of Bs[g] sequences
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Abstract

We use the probabilistic method to prove that for any positive integer g there exists
an infinite By[g] sequence A = {as} such that ap < k**1/9(logk)*/9t°() as k — oo.
The exponent 2 + 1/g improves the previous, 2 4+ 2/g, obtained by Erdds and Renyi in

1960. We obtain a similar result for Bs[g] sequences of squares.

1 Introduction

Given a sequence A = {ay} of positive integers the function r 4(n) counts the number of
representations of n =z +y, y <z, z,y € A. Those sequences satisfying r4(n) < g for all
integer n > 1 are called Bs[g| sequences.

For Bs[1] sequences, which are also called Sidon sets, it is known [4] that the upper
bound a;, < k? cannot hold and it is an old open problem to decide whether a; < k2
cannot hold for Bs[g] sequences with g > 2 either. Erdés has conjectured that for all € > 0
there exists a Sidon set such that a; < k**.

In 1960, Erdés and Renyi [3] used the probabilistic method to prove that for all positive

integers g there exists a Ba[g] sequence A = {a;} with

ap < k2H2/9to) as k — oo. (1)

Given a suitable sequence of real numbers (py,),>1 in the interval [0, 1], they considered

the probability space of all sequences A of positive integers defined by P(n € A) = p,, and
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proved that almost all sequences in this space have the Bs[g| property by first checking that
Y nP(ra(n) > g+ 1) < oo, and then applying the Borel-Cantelli lemma to conclude that
with probability 1, the sequences satisfy the By[g] property after removing a finite number
of elements. See [6] for an excellent exposition of known results on this problem and other

applications of the probabilistic method to additive number theory.

In our approach, we conclude that the same phenomenon happens although in this case
the exceptional set is not finite but has only a few elements in each dyadic interval. Then

we modify the sequence by removing these bad elements.

Theorem 1 Let (pn)n>1 be a sequence of numbers in [0, 1] with lim;_, oo @ Y n<tPn = 0.

Suppose that for a positive integer g we have that

Z 1+ 22k§n<2k+2 (Ea: pxpn—m)g+1

< 00. (2)
k>1 D ok-1<p<ak Pn

Then there exists a Balg] sequence A C {n, pn >0} such that A(x) ~ 3, -, Pn.

As a consequence of Theorem 1 we obtain a new upper bound on the growth of infinite

Bs[g] sequences, which is an improvement upon (1).

Theorem 2 For all positive integers g there exists a Bslg] sequence A = {ay} such that
the inequality aj, < k*T1/9 (log k‘)l/ngo(l) holds as k — oo.

Theorem 1 also us also to study the Bs[g] sequences included in some special set S

simply by taking p, = 0 for n € S. We next concentrate on the set S of perfect squares.

The sequence of squares is not a Bs[g] sequence for any given ¢ although the number
of representations of a positive integer n as a sum of two squares is bounded by n°() as

n — oo. Thus, it is a natural question to ask for dense Ba[g] sequences of squares.
In [1], we adapted the probabilistic method and proved that for any positive integer g
there exists a Ba[g] sequence of squares A = {ay} such that the inequality aj, < k2+2/9+o(1)

holds as k — oo. In [2], we removed the term o(1) when g = 1.

Here, we apply Theorem 1 and improve upon these upper bounds.

Theorem 3 For any positive integer g there exists a Bslg] sequence of squares A = {ay}
such that ap < k2+1/g(log k) holds for all k > 2, where k4 is some positive constant

depending on g.



2 The probabilistic method and applications

As usual, we work with the probability space of all the sequences of positive integers A
defined by
Pln € A] = py, (3)

where (pp)n>1 C [0, 1] is given.

Definition 1 Given a sequence of positive integers A, we say that z is (g + 1)-bad (for A)
if © € A and there exists y € A, y < x such that rq(z +y) > g+ 1.

In other words, z € A is (g + 1)-bad if x is involved in the representation of a positive
integer n < 2z which has more than g representations as sum of two elements of A. We

observe that A is a Ba[g] sequence if and only if .4 doesn’t contain (g + 1)-bad elements.

Lemma 1 For any integer k > 0,

g+1
BB <20 Y (zpypny) 4 o0,
Yy

2k <p<2k+2

where By denotes the set of (g + 1)-bad elements in the interval [2F,2F+1).

Proof. Write p, = Plz € A]. It is useful to write

DDy, x
p(z,y) =Plr e A ye A = n vz and  s(n)= Y p(x,y).
Pz, Y =17, z+y=n

We have that
P(zis (9+1)-bad) <> plx,y) Y. ples,y) - pleg, yg)

y<z T1,Y1,--,%g,Yg

Tit+yi=z+y (4)
<D p(,y)s'(z +y).
y<w
Then
E(B)= > Plais(g+1)ybad)< > Y pla,y)s(z+y)
2k <gp<2k+1 2k <gp<2k+1 y<z
g+1
< Y ) Y pry) = Y, )= ) (pn/Z +Zpypn—y>
2k <np<2k+2 y<z 2k<n<2k+2 2k <n<2k+2 Y
r+y=n
g+1
< 29+1 Z pgjl + 29+1 Z (Z pypn_y> '
2k—1<m<2k+1 2k<p<2k+2 \ y



Now note that
2

g+1
Z p;qn+1 < Z Z pg—HpiJré = Z (Z pyPny) ,
)

2k—1<m< 2kt 2k<p<2kt2 Yy 2k <n<2kt2

and the lemma follows using the estimate /z + z < 2z + 2. |

Lemma 2 Given a convergent series of positive numbers y_, ¢ < oo, there exists a se-

quence dy — oo such that ), cpdy, < 00.

Proof. Let k1 < --- < k,--- be an infinite sequence such that Ekzkn ¢, < 27™. Define
dip=1for k<kyanddp=n+1for k, <k <kpy1 and n > 1. Then dy — oo and
chdk:ch—l—Zn Z ck<ch+Zn+ 127" < 0.
k k<ki 1<n kn<k<knii k<ki
|
Proof of Theorem 1. For k > 1 let B, be the set defined in Lemma 1 and write B = Ui By.
We then have that A = A\ B is a Bs[g] sequence. Next we will prove that for almost all

sequences A, the sequence B, which depends on A, is a thinner sequence than A. Write

L4 ok cpeonirz (22, PaPn—z)?t!
sz—1§n<2k Pn

C = )

and let {dj} a sequence as in Lemma 2. We have that

ZP <‘Bk| M) ZP <|Bk! D e (prxp”x)g+l>
(6)

crdy,

< ZP (‘B ‘ > (|Bk|) ) < 2g+220kdk < 00,
k

where we have used Lemma 1 and Markov’s inequality.

Now the Borell-Cantelli lemma ensures that for almost all sequences A we have that

Z k—1 n kpn
By < E2 st P (7)
k

except for a finite number of cases. Since dy — oo, it follows that for almost all sequences
A we have that |Bg| = o (sz—1<n<2k pn> as k — oo. Thus, for almost all sequences A and
for all z, letting k be such that 2¥ < 2 < 2+ we have that

B(z) < B(2k*1) Z|B|—o an —Oan as r — 00.

i<k n<2k n<z



On the other hand, Chernoff’s inequality and the condition lim,_, @ > ey Pn = OO

are sufficient to conclude that A(z) ~ 3, -, pn with probability 1, therefore
Alx) = A(x) = B(x) ~ > pn,
n<x

which is what we wanted to show. [ |
Proof of Theorem 2. Take

g+1

pn =n" %71 (logn) "% (loglog n)

2 (®)
for n > e, and p, = 1 otherwise. It is easy to check that

k
Z DyPn—y K en” T (log n)fﬁ (loglogn) ™! < 272947 k7 (logk)~*
y

for n > 2*=1. Then, the sum in (2) can be bounded by

k(g+1) 2(g+1)

o R LR sl W e
k Z2k*1<n<2k Q*kéiﬁ) kiTlJrl(log k)—1/2 A k(log k;)g+1/2

Thus, Theorem 1 implies that there exists a Bs[g] sequence A = {aj} such that A(z) ~
anr Pn. It can be checked easily that this last sum is

29 + 1 27T
T g (oga)/CeD (loglog 2) /2

241/g

Inverting the above estimate we get that ay ~ <ﬁk> (log k)Y/9(loglog k)1*+1/(29) . m

— 2
gm, N =mM",

Proof of Theorem 3. Write p, = and denote by r(n) the
0, n is not an square

number of representations of n as a sum of two squares. For n with 7(n) # 0 we define

s, = min{s, s +t> =n} and t, by n = s2 +t2. Then, if the sequence ¢; is decreasing, we



can apply Holder’s inequality to get

g+1
g+1
+1
> <prpn—x> = Y Yooaan | <) (@s.0.7(n)°
2k—1<n<2k x 2k—1<n<2k L,m, 2k—1<n<2k
124+m?=n
g+1 g
2g+1 2g-+1
(9+1)(2g+1)
2g+1 29+1 e e—
< g i Z r(n) 9
2k—1<n<2k 2k—1<n<2k
g+1 g
2g+1 2g+1
2g+1 2g+1 2g+4
< X @y e >y
Q(kfl)/2§t<2k/2 S<2(k71)/2 2k71Sn<2k

(9)

1
Taking ¢ = t 21 (logt) P with 3, = 22973 we get >, 9" < oo, and the first fac-
tor of the last formula above is < kP9t To estimate the second factor, note that

— _9 29+3_1)_9
D on<a rl(n) < z(logz)?™' =1, so this factor is < 9k 21 (T D3 Thus,

g+1
1+ Z (Zpﬂcpnm> < Qkﬁk(?gﬂ)_l)@%_ﬁg(g"‘l)‘

2k—1 §n<2k+2 xT

On the other hand it is easy to check that » Jox—1-,, or Pn > 982971 kP, Then we have that

(2) < 3 EE Do o
k

To finish the proof, note that with probability 1 we have that

A@)~ Y pa~ Y am > 29/ (logz) o,

n<x m<zl/2

which implies that ap < 2>71/9(logk)®s for the terms of the sequence A = {a;} with a
positive constant x, depending on g.
|
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