SIDON SETS IN N?
JAVIER CILLERUELO

ABsTrACT. We study finite and infinite Sidon sets in N¢. The additive energy
of two sets is used to obtain new upper bounds for the cardinalities of finite
Sidon subsets of some sets as well as to provide short proofs of already known
results. We also disprove a conjecture of Lindstrom on the largest Sidon set
in [1, N] x [1, N] and relate it to a known conjecture of Vinogradov concerning

the size of the smallest quadratic residue modulo a prime p.

d
For infinite Sidon sets A C N‘i, we prove that liminf, % > 0.

Finally, we show how to map infinite Sidon sets in N to N ¢ in an effective way.

As an application, we find an explicit Sidon set A such that A(n) > plt/3+e(1)

1. INTRODUCTION

A Sidon set is a subset of a semigroup G with the property that all sums
of two elements are distinct. Sidon subsets of positive integers are the most
common case, but other semigroups GG have been considered in the literature.
In this paper, we shall deal with Sidon sets in N¢. We study both finite and

infinite Sidon sets.

A major problem concerning finite Sidon sets is to find the largest car-
dinality of a Sidon set contained in a given finite set. For d > 1 we let
Fy(n) denote the maximal cardinaity of a Sidon set in [1,n]¢. We omit the

subscript when d = 1.

The trivial counting argument gives F(n) < n'/?. Erdés and Turén [7]
proved that F(n) < n'/?2 + O(n'/*). This was shapened by Lindstrom [12]
who proved that

(1) F(n) <n'? £ n¥* 1.
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In the d-dimensional case, Lindstrom [13] obtained
(2) Fy(n) < n¥? 4+ O(n®/24+2)

using the Erdés-Turan approach.

In Section 2, we study d-dimensional finite Sidon sets. We use the additive

energy of two finite sets to obtain upper bounds for the largest cardinality

d

of a Sidon set contained in the box [[;_,[1,n;]. As a particular case, we
recover inequality (2). We consider separately the case d = 1 and obtain the

better estimate

F(n) <n'?4+n'* +1/2.

We use the additive energy to give a short combinatorial proof of a result
of Kolountzakis concerning the distribution of dense Sidon sets in arithmetic

progressions. We also study gaps in dense Sidon sets of integers.

An old conjecture of Erdds claims that F'(n) < n'/?2 +O(1). It is believed
that this is not true and that the right upper bound should be F(n) <

n'/24+0(n¢). Lindstrém made the analogous conjecture to higher dimensions
Fy(n) < n¥? 4+ 0(1).
We disprove this conjecture for d = 2 by proving that the inequality
Fy(n) > n + lognlogloglogn
holds infinitely often. This result has been obtained independently by Ruzsa

16].

Perhaps the correct conjecture is Fy(n) < n+ O(n¢) for any € > 0, where
the constant implied by the above O depends on both d and €. To emphasize
the difficulty of this problem, we give a quick proof of the fact that the above
conjecture implies that the least non quadratic residue in modulo p is < p©

for any € > 0, which is a known conjecture of Vinogradov.

As far as lower bounds for the cardinality of finite Sidon sets in higher

dimensions go, we show how to map Sidon sets from N in d-dimensional
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boxes, and we deduce an asymptotic estimate for the cardinality of the

largest Sidon set in the box []%,[1,7,], namely that
F(ny,...,ng) ~ (ng---ng)/?

as ny ---ng — o0o. In particular, Fy(n) ~ n%? as n — oo.

In Section 3, we move on to infinite Sidon sets. It is a natural problem
to ask for infinite Sidon sets in N? which are as dense as possible. Writing
A(n) = |AN[1, n]¢| for the counting function of a Sidon set in N¢, we trivially
have that A(n) < n%2. It is a natural question to ask whether there are
infinite Sidon sets A C N¢ such that A(n) > n%?. We prove that the answer
here is no and that, in fact, any Sidon set A C N¢ satisfies

lim inf ﬂ < 00.

n—oo \/nd/logn

The case d = 1 of the above result was proved by Erdoés.

Next define
.. log A(n)
ag = sup < liminf ————= 3 |

n—oo  logn

where the supremum above is taken over all infinite Sidon sets A C N%. It is
easy to construct an infinite Sidon set of positive integers with A(n) > n'/3.
A construction of Ruzsa [15] provides one with A(n) > n¥2-1+o() ag n — oo.

Ruzsa’s construction and the trivial upper bound give
V2—1<a; <1/2.

We describe how to map infinite Sidon sets in N to Sidon sets in N¢ and

viceversa in an efficient way. As a consequence, we prove that
ag = daoyg.

So, d(v/2 — 1) < ag4 < d/2. In other words, the problems of finding dense

infinite Sidon sets are equivalent in all dimensions.

We also obtain analogous results when we count in boxes. One of the
interests in these results is that it seems easier to construct Sidon sets in
higher dimensions. As an application of this approach, we obtain an explicit
Sidon sequence of integers with A(n) > n!/3t°() as n — oo by mapping the

infinite Sidon set A = {(z,2?%), * > 1} C N? to the set of positive integers.
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2. FINITE SIDON SETS

2.1. Additive energy and upper bounds. For any two finite subsets
X,Y of a fixed additive semigroup G (usually, N or N¢), we write

rx+v(z) = #{(z,y) € XXV, a+y =2} and X+Y ={z+y, € X, yeY}

We will use the trivial identities rx_x(0) = |X| and Y rxyyv(2) = | X]||Y|
throughout the paper.

The quantity Y 75, z(z) is called the additive energy of A and B. It
counts the number of solutions a + b = a’ + V' with a,d’ € A, b,V € B,

which is the same as the number of solutions of the equation a —a’ = b —b
with a,a’ € A, b,V € B. So,

(3) > rhas@) =Y raal@)rs_p(x).
See [19] for more properties and applications of the additive energy of two

sets. Here, we exploit relation (3) to obtain several results on Sidon sets.

First we state an easy but useful lemma.

Lemma 2.1. Let A,B C G. Then

|A+ B
B2 zm:rA_A(m)rB_B(a:).

In particular, if ra_a(x) < s for all x # 0, then

(4) AP <

(5) A]? < |A+ B <s+ "4’|B_|8).

Proof. Cauchy’s inequality together with (3) give

(JA||B|)? = ( Z TA+B(33)> < |A+B|Zr124+3(x)

r€EA+B

= |A+ B| Z ra_a(z)re_p(x).
For the second assertion, we observe that the sum in (4) is bounded by

ra-a(0)rs-(0) + 5> rp_p(g) = |Al|B| + s(|B]* — | B]).
g#0
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The inequality (4) appears in [9], which is a nice introduction to additive
combinatorics. Ruzsa [14] discovered inequality (5) (for s = 1) by a different

method and used it to obtain inequality (2).

Corollary 2.1. Let A C [1,n] NN be such that ra_s(z) < s for all x # 0.
Then
|A| < (sn)2 4 (sn)/* +1/2.

Proof. We take B = [0,[|NZ with | = |\/n(]A| — s)/s|. Then |A+B| < n+l
and |B| =1+ 1. So,

Al - Al -
AP < (n+1) (s+|l|+—1s) <sn+sl+%+\/ﬂ—s

< sn+2/sn(JA] —s) + [A| — s = (Vsn + /[A] = 5)*,
Thus, (|A| —/5n)? < |A| —s. Writing |A| = v/sn+c(sn)'/*+1/2, we obtain
A(sn)? + e(sn)V* +1/4 < (sn)Y2 + c(sn)Y* — (s — 1/2),
which yields a contradiction when ¢ > 1. OJ

Corollary 2.2. We have F(n) < n'/? + n'/4 +1/2.

Proof. We take s = 1 in Corollary 2.1 above. OJ

While Corollary 2.2 is not a huge improvement upon (1), we have included

it because it seems to be the limit of counting small differences.

Corollary 2.3. Let C be a convex set contained in (0,1]% with u(C) > 0.
Then, any Sidon set A contained in X, =t - C NN? satisfies

|A| < Zfd/Qlul/Q(C) + O(td2/(2d+2)).

Proof. Take B = X, with s = [t{#2/242) | Then A+ B C X;p, =
(t+s)-CNN so

A+ B| < (t+5)*u(0) + Ot = tu(C) + O(st*™1).
We now use (5) and the trivial estimate |A| = O(t%?) to obtain
JAP? < (7(C) + O(st™ 1)) (1 + O(t%? /s%)) = tu(C) (1 + O(t_ﬁ» :
U
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We observe that by taking C' = (0,1]¢ in Corollary 2.3 above we recover
the Lindstrom’s upper bound given in (2.5). The next result deals with
Sidon sets in general boxes. It is interesting to note the dependence of the

error term on the excentricity of the box.

Theorem 2.1. Denote by F(ny,...,ng) the largest cardinality of a Sidon
set in the box H?Zl[l,ni]. Let Ny =1, N; = H;Zl nj, 1 <i<d, N= N,
and let s be the least index such that n§_5+2Ns,1 > /N. Then

(6) F(nl,...,nd)S\/N<1+O<(]\\;%)m>).

Furthermore,

(7) F(ny,...,ng) < VN + O(NY@d+2),

Proof. We first prove that N; < N¥/(24+2) for all 0 < i < s. This is clear for
t = 0. Suppose that ¢ > 1 and that it is true for ¢ — 1. Then, since i < s, we
have that

d—i+2 _  d—i+2 prd—it2 d—i+2 d—i+1
N7 =nTNT = (”z ’ Ni—l)NiqZ

L i1\ d—it1 oo\ d—it2
< N3 (N2d+2) :(Nm) .

1
In particular, we get (%) T o NTEeE g0 (6) implies (7).

Let 7; = 0 for i < s and r; = |[n;(Ne_1//Ng)Y/ @42 for s < i < d. If
we take B = ([0,71] x -+ -[0,74]) N Z%, then

ol = (- (7))

i>5 1>5
d—s+1 d+s+2
N Ny_1 ¢+2 ~— [ VN
Ne_1 \ VN N

|A + B Sﬁ(ni—i—ri):]\/n(ljtz—i) §N<1+O<<J\\;§Nl>d_i+2)>.

Since A+ A C [1,2n4] X --+ x [1,2n4] and |A + A| = (lA‘;l), we obtain the
trivial estimate, |A| < 2(@*1D/2\/N. Putting these estimates in Lemma 2.1,
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we obtain

g (d+1)/2
AP < N(1+0<<]\V/5;1> +)) 14 2EVN
N m( \/ﬁ>d75+2

Ns_1

O

In the next result we show, as an example, how the above Theorem 2.1

specializes when d = 2.

Corollary 2.4. Denote by F(ny,n3) the mazimum cardinality of a Sidon
set A C [1,nq] x [1,ng], ny < ny. Then

(8) F(ny,n2) < (nang)'? + O(min((n1na)"?, (ning)'/*)).

Proof. Using the notations of the proof of Theorem 2.1, we have that s =1

when n? > (n1ny)'/?; that is, when ny < nj. In this case,

Fm,nz) < (namy)'” (1 +0 << 1

1/3 1/2 1/3
W) )>:<nmz> +O((nin2) 7).

(n1n2

If ny > n?, then s = 2, therefore

- 1/2
F(ni,ng) < (n1n2)1/2 (1 + 0 <<W) )) = (n1n2)1/2+0((n?n2)1/4).

ning
O

Although is not our goal to extend this work to the study of Bs[g] sets,
which are the sets A with |{(a,d'), a+d =2z, a < d, a,d’ € A} < g for
all x, we cannot resist the temptation to present an immediate application

of the identity (3) to a non trivial upper bound for the largest Bs[g] set in

{1,...n}.
Corollary 2.5. If A C {1,...,n} is a By[g] set, then |A| < \/Ag — 2 n'/?+1.

Proof. For brevity, we write r(z) = rasa(z) and d(z) = r4_a(z). Since A is
<

a Bs[g] set, we have that r(x) < 2g for all x. In the sequel, we will use the
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identities Y~ r(z) =Y, d(z) = |A]?, d(0) = |A] and Y r*(z) = >, d*(z).
This last identity is (3) when B = A. Then

S (w) = 3 i) - AP = 3 () — AP

(9) x#0 T x
< r(@)(r(x) —29) +2g Y r(x) — |AP < (29 — D]AP

On the other hand,

: N ) T
(10) > )= > d(z) > o = e

z#0 1<|z|<n

O

The case g = 2 was proved in [4]. As it was observed in [10], that proof
can be generalized to any g > 2. Indeed, better upper bounds are known.

See [6] for a recent survey of the current records.

2.2. Distribution in dense Sidon sets.

Corollary 2.6. Let A be a Sidon set contained in [1,n] with size |A| = n'/?—
en'/*. Then, the mazimum gap in A (i.e., distance between two consecutive
elements) satisfies g(A) < (4 + 2¢)n®/*.

Proof. Suppose that there exists a gap [m,m + g — 1] and consider X =
([1,m—=1]U[m+g,n])NZ and B = [0,]]NZ with [ = |\/(n — g)n'/2]. Since
AC X, wehave |[A+ B| < |X+B| < |X|+2|B|—2<n—g+2l. We now
use Lemma 2.1 and the trivial estimate |A| < 2n'/? to get

2n1/?
[+1

< n—g+4n1/2 +4 /(n—g)n1/2 — (\/n——g+2n1/4)2.

Thus, n'/? — en'/* < \/n — g + 2n*/*, which leads to the desired result after

obvious algebraic manipulations. 0

2 _ 1/2
[+1

A2 < (n—g+20) (1+

A less precise statement of the Corollary 2.6 above was proved in [3] as a
consequence of the well distribution in [1, n] of Sidon sets of large cardinality.

We observe that, under the condition |A| = n'/2 4 O(n'/*), the exponent
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3/4 is sharp. To see this, we take a Sidon set A C [1,n] with |A| = n'/2. We
slice the interval [1,n] in n'/*/c intervals of length cn®“. One of them must
contain no more than |A|/(n'/4/c) < en'/* elements of A. Removing these
elements from A, we get a Sidon set A’ with |A’| > n'/?2 — cn'/* and a gap
of length cn®4. It is believed that the maximum gap of a Sidon set in [1, n]

of maximal cardinality is O(n'/%*).

Kolountzakis [11] used analytic methods and a theorem on the minimum
value of a sum of cosines to prove that dense Sidon sets in [1,n] are well
distributed in residues classes (mod ¢) when ¢ = o(n'/?) as n — oco. We

now give a short combinatorial proof of this result.

Theorem 2.2 (Kolountzakis). Let A C {1,...,n} be a Sidon set with |A| >
nt/2 — 1. Given q, we write A; ={a € A, a =1i (mod q)}. Then

B ANZ anl/? gpd/A
i) 23:&(|Ai|—%) LAt st

q q\2
A max{0, (}1/2pt/4 /8
i) |A;| = % +0 ( { ql/}Q + q1/4> ., for some |6] < 3.
/6
iii) If g < 100 and | < n'/3, then A contains all residues (mod q).

Proof. We split A in residues classes, A = UL, (q-A;+17) with A; C [0, [n/q]].
We let B = [0, |B|—1]NZ, so |A; + B| < |n/q| +|B|. We observe also that
if a; — aj = a; — a # 0, then (ga; + 1) — (qa; + 1) = (qa; + j) — (qaj + j),
which is impossible since A is a Sidon set. So, Y ¢ | 74,-4,(g) <1 for g # 0.
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Using Lemma 2.1 for each A; and summing up the inequality (5) over all

1=1,...,q, we get that

Z Al < Z |A|1;L|QB| ZTAFAi(g)TBfB(g)
< Ln/C’]B?; 5] (Z |A;||B| + Z (ZTA —a( > TBB(Q))

g#0 \i=1

< W <|A||B| +Z7~B_B<g>>

g7#0
n/q|+|B
- % (1AlIB| + |BI - |B])

= n/q) + [A] =1+ B[+ (|A] = 1)[n/q]/| B

Taking |B| = {\/|A|n/qw, we obtain
q
S lAl < g+ 1A + 2v/]A[n/q.
i=1

We now write |A| = n'/? — [ and use the trivial estimate |A| < 3n'/2, to get
| °
Z(|A | = |Al/a)* Z A — 1A Jg < “=2 1 1Al + 24/[ATn/q
lnl/ LAl 4 47113/4 4ln1/2 8n3/47
q q'”? q q'”?

which is i). To deduce ii) from i), we observe that

1/2
201/2p1/4 2/2n3/8
|AZ~—|A|/Q|§(Z(lAi|_|A|/q>2> S Tar T

i

Finally, iii) follows easily from ii). O

We observe that iii) is tight up to constants. Take a Sidon set A with

1/2

n/* elements, which is possible for infinitely many values of n. Consider

q = [n'/%]. There exists r such that |[{a € A, a = r (mod ¢)}| < n'/?/q <
n'/3. Now we remove these elements from A. The new set A’ satisfies that
|A’| > n'/? — n'/3 and one of the residues (mod q) with ¢ ~ n'/6 doesn’t

appear in A’
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2.3. Lindstrom’s conjecture. Erdés and Turan asked if F(n) < n'/? 4
O(1) holds for all n. This unsolved question was generalized by Lindstrom
[12] in 1969 for any d who asked whether

(11) Fy(n) < n¥? +0(1)
holds for all n and d, where the constant in O may depend on d.
We answer this question in the negative for d = 2. Ruzsa [16] has also

proved the result below independently by a similar construction.

Theorem 2.3. There exists a constant ¢ > 0 and infinitely many integers
n such that

Fy(n) > n + clognlogloglogn.

Proof. Let n, be the least quadratic non-residue (mod p), where p is an
odd prime. It is known [8] that there exists a constant ¢y > 0 such that the
inequality n, > cologplogloglogp holds for infinitely many primes p. For

one of these primes p, consider the set

Ay = {((npk2)p , (np(k + 1)2)13)7 k=1,...p},

where (x), denotes the least positive integer which is congruent with z

(mod p). First we will prove that A, is a Sidon set in Z, x Z,. Suppose that
(npkt, np(k1H1)?)+(npks, ny (ko +1)?) = (npk3, ny(ka+1)?)+(nph, ny(kat+1)?)

k3 + k3 =k3+ k2 (mod p)

Then and we eas-
(i + 1) + (ky + 1) = (kg + 1)% + (ks + 1)? (mod p),
ki = ks (mod ki = k4 (mod
ily obtain that ' 5 ( P) or ' o P) . Thus, A,
ks = ky (mod p) ko = k3 (mod p)

is a Sidon set in Z, x Z,, and since that n,k? and n,(k + 1) are qua-

2

dratic non-residues (mod p), we have that A, C [n,,p]°>. Hence, the set

A,—(ny,—1,n,—1) is a Sidon set with p elements included in [1,p—n,+1]%.
Then

Fp-n,+1)>p=p—n,+1+n,—1,

and the theorem follows taking n =p —n, + 1. O

(mod p).
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It is believed that the correct conjecture is the following:

Conjecture: For any € > 0, we have Fy(n) < n+ O(n?).

Theorem 2.4. The estimate Fy(n) < n+ O(n) implies that the least qua-
dratic non-residue modulo p is of size O(p®), which is a known conjecture of

Vinogradov.

Proof. Using the same construction as in Theorem 2.3, we have with the

notations from its proof that
p < By(p—ny) <p—mnp+O((p—np)),
and the result follows. 0J

2.4. Lower bounds. Three different constructions of maximal Sidon sets
which show that F'(n) > n'/?(1 + o(1)) are known ([1], [14] and [17]). In
particular, they all imply that

(12) F(n) ~n'/2

There is a natural way to map one dimensional Sidon sets to d-dimensional

Sidon sets. The next lemma will help us in this respect.

Lemma 2.2. Let nq,...,ng be positive integers and write

No=1, Ni=[[m i=1...d

For each integer a, 0 < a < Ng—1, let ay,...,aq be integers such that
d
(13) a:ZaiNi_l, and 0<a; <n;—1, i=1,...,d.

=1

Proof. Notice that 0 < a < Zle(ni —1)N;_y = Zle N; — N;_; = Ng— 1.
Then, to conclude the proof, it is enough to prove that all the representations
in (13) are distinct.

Suppose that 25:1 a;N;_1 = Z?Zl a;N;_1 and let j denote the lowest

(2

index such that a; # a}. Then Zf:j a;N;_1 = Zf:j a;N;_1. Dividing by
Nj_1 we obtain that a; = a) (mod n;). But the condition 1 < a;,a’ < n;
forces a; = aj. O
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Theorem 2.5. Letny, ..., ng be positive integers. If we denote by F'(ny,...,ng)

the largest size of a Sidon set contained in the box [1,n1] X - -+ X [1,ng4], then

F(ny,...,ng) > F(ny--ng).

In particular,
(14) Fy(n) > F(n%)

Proof. Let ¢4 denote the function defined by ¢4(a) = (ai,...,aq), where
ai,...,aq are defined in (13). This function maps Sidon sets to Sidon sets.

To see it, suppose that A is a Sidon set and for a,a’, a”, a”" € A we have that

wa(a) + pa(a’) = @a(a”) + a(a”).

Then,

a; +a, = a; +a’ fori=1,...,d.

70

Thus,

d d d d

/ " "
E a;Ni—1 + E a;Ni_1 = E a; Ni_1 + E a; INi—1,
i=1 i=1 i=1 i=1

therefore, a + a' = a” + a"”

. Since A is a Sidon set, we have that {a,d’'} =
{d";a"}, so {pa(a),pa(a’)} = {pa(a”),pa(a”)}. Hence, we have showed
that the set p4(A) is also a Sidon set.

Let A C [1,n;---ng4] be a Sidon set. If A is a Sidon set in [1,n, - - ng),
then A —1 is a Sidon set in [0,n; - - - ng — 1]. Then ¢4(A — 1) is Sidon set in
0,79 — 1] x -+ x [0,nq — 1], so the set @4(A — 1)+ (1,...,1) is a Sidon set

in [1,n] X -+ X [1,n4]. O
Corollary 2.7. For all positive integers d, we have that
Fyn) ~n%? as n— oo

Proof. This is a consequence of (2), (12) and (14). O
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3. INFINITE SIDON SETS

Dealing with infinite Sidon sequences is a much more complicated matter
both for the case for d = 1 as well as when d > 1. Futhermore, there is no
known natural way to map infinite Sidon sets in N to Sidon sets in N¢ or
viceversa. Doing it in an economical way is part of this work. Let A C N¢

be an infinite Sidon set and let
An)=+#{a=(a1,...,aq) € A, a; <mn, foralli=1,...,d}

denote, as usual, the natural counting function of A. In general, given

positive numbers tq, ..., 1, we let

A(n',. .. nf) = #{a=(ay,...,aq9) € A, a; <n' foralli=1,...,d}.
3.1. Upper bounds. Obviously, for any Sidon set A in N9, we have that
(15) A(n) < Fy(n) < n??,

It is a natural question to ask whether there exist infinite Sidon sets A such
that A(n) > n%? holds for all n. Erdés [18] answered this question in the
negative for d = 1 by proving that

A
lim inf (n)

n—oo o /n/logn

Trujillo [20] studied the 2-dimensional case and gave a partial answer to this

< 1.

question by proving that

A
lim inf (n,m)

<1,
N—oon,m>N nm/ log(nm)

where A(n,m) is the size of AN [1,n| x [1,m]. Unfortunately this estimate

Aln)

is not strong enough to prove that liminf, .. = 0 for any infinite Sidon

set A C N2, We solve this question for any d > 1.

Theorem 3.1. For any positive integer d > 1 and for any infinite Sidon set
A in N, we have
A
lim inf (n)

e i Togn

< 1.
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Proof. Let 7(N) = inf,sx %%n)m and consider the d-dimensional box
(0, N, For any U= (i1,...,iq), 0 <i; < N, let denote by C: the number
of elements of A lying in the small box N -7+ (0, N]%. For each [ = 0,1, ...,
let D; = Zm:l C%, where [1] = maxj<;<q ;. Then

D} <d(l+1)"" ) 7,

)=t
S0,
! > b Yo oG+ Y GHC-1)
d (I+1)d-1 = : s
0<I<N 0<|il<N 0<i<N

By (15), we have that

Z Cr= A(N2) <q N
0<[II<N
Observe that all the differences @ — @ with @ # @ both in the same small
box belong to (—N, N)?. This property together with the Sidon property
give

> CHCr—1) < (2N)

So,

2

D
Z (I+ ld71 <<de'

0<I<N 1)

On the other hand, we can write

2
D, ) D? 1 .
Yo —=] <. > <4 N%log N.
d d—
<0§1<N (14 1)d/2 oS (14 1)1 (l+1)

0<I<N

Now we sum by parts to obtain

D, Dy, N Zl<t Dy
—_ = — >y == dt=
2. 1 > :

d/2 d/2 d/2+1
0<I<N [+ 1) / 1<IKN ! / el

MA(tN) N (N)EN)2 1 )
/2 1/2
/1 i > /1 (og ()72 a7t 4t >a TN N (log N

From (9), (10) and (12), we obtain that limy .., 7(N) <4 1. O
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3.2. Lower bounds. It is time to consider lower bounds for infinite Sidon

sequences in N, We introduce the quantity

g = sup lim inf M.
A Sidon set in Nd " ogn
It is known that vV2—1 < a; < 1 /2. The upper bound follows trivially from
(1), and the lower bound cames from a clever construction by Ruzsa [15]. It
is believed that a; = 1/2.
To deal with more general counting functions for infinite Sidon sets in N%,

we introduce the quantity

log A(nt, ... nl
atly---,td — Sup hmlnf Og (n ] ,n )

A Sidon set in Nd T lOg n

—
Notice that a>***1 = ay. Here, we prove the following result.

Theorem 3.2. For all positive numbers tq,...,tq, we have that
(16) at1,...,td — (tl 4. 4 td)al-
In particular, ag = dovy .

Proof. To prove that aft-t < (t; + -+ +t4)aq, we map N¢ to N by using
an injective function ¢ with the following two properties:
i) ¢ maps Sidon sets in N? to Sidon sets in N.
i) @(([1,n?] x -+ x [1,n%]) NN9) C [1,ntr+Hate™] with e(n) — 0 as
n — oo.

Suppose that we have constructed such a function ¢. Then, given € > 0, let
A € N? be an infinite Sidon set such that

log A(nt, ... nl
(17) altrtd — o < liminf ogA(n, ..., n )
n—00 logn

By ii), we have that

(18) A(nft, ... ntt) < g(A)(nhtTtatem),
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Then, by i), (18) and (17), we obtain

aftrotd — ¢ . flogA(ntl,...,nt’i>
——— <limin
it tg noso log(ntitHaten)

L og(@(A) (nft Tt
< h?lg.}f log(nti+-+ta+e(n)

SOél.

Since this is true for all € > 0, we have that

Next, we will construct explicitly the function ¢ and prove its properties
i) and ii). Given (ay,...,aq) € N% write the binary expansion of a; using
binary strings A% of length [kt;], k> 1 as

a = AIALL AL
ay = A2A2. A2

ag = AINS. AL

We define ¢(ay, ..., aq) as the integer whose binary expansion is
(19)
ATOA20---0AY0AL0OAZ0---0A20------ 0ALOAZO0---0ALOQ---

To prove property i), we will show that if A € N¢ is a Sidon set, then
®(A) is also a Sidon set. Suppose that

¢lar, -, ag) + ¢lay, .., ag) = dlay, ..., ag) + ¢(a’, ..., ag),

where (ay,...,aq),(a},...,d,),(a],...,;a)), (), ... a}) € A. Thanks to the

inserted zeroes between blocks, we have that for alli=1,...,d and j > 1,
Aj(ai) + Aj(a;) = Aj(ay) + Aj(a").
Then, for any i =1,...,d,

A (ai) Ay(ai) -+ A (a) Ag(ay) - - = Aj(a) A (af) -+ A1 (0" ) Ay (a") - -
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So,
(ai,...,aq) + (ay,...,ay) = (af,...,ay) + (af’, ..., ad}).

Since A is a Sidon set, we have that

{(ar,...,aq),(ay,...,a))} ={(a7,...,al), (), ... a])},
S0
{6(as, ... aq),¢(ay, ..., ag)} = {(af,. .. ag), d(ay’, .. ., ag)},
therefore ¢(A) is a Sidon set.

To prove ii), suppose that a; < n'i. Then the length of the binary ex-
pansion of a; is bounded by ¢;log, n. Let k the greatest integer such that
Al # 0 for some i. Then

[t:] + [2t:] + - - - + [(k — 1)t;] < t;logyn,

which gives k < (/2log,n 4+ O(1)
On the other hand, the length of the binary expansion of ¢(ay,...,ay) is
bounded by

ZZ([JE] +1) < %2(151 + -+ tg) + O(k).

i=1 j=1
Then
(b(al, R ,ad) < 2%(t1+ +tq)+0(k) nt1+---td+e(n)

where ¢(n) = O(1/+/logn).

To prove that the inequality af*»' > (t;4---+1t4); holds, we construct
another function ¢ with analogous properties:
i) » maps Sidon sets in N to Sidon sets in N%.
i) @([1,ntt ) NN) C [1,nTa)] x ... x [1,nfate™)] with ;(n) — 0
asn —oofori=1,...,d,
and we follow a similar argument. We omit the details, but provide the
function ¢:

Given a € N, write the binary expansion of a in the following way

azAiA%---AfA%A%---Ag ...... A1A2 Ad
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where the length of A’ is [jt;]. We define ¢(a) = (as,...,aq), where the

binary expansion of a; is
ALOALOD---0ALO---
O

The set A = {(n,n?), n > 1} is a Sidon set such that A(n,n?) = n.
It shows that a'? > 1, so oy > 1/3. Of course, we can obtain this lower
bound using the greedy algorithm to construct Sidon sets of integers, but
the construction provided by the theorem above is explicit (we don’t need to

know the previous elements of the sequence to compute a,,). More precisely,

Corollary 3.1. The sequence of integers defined by

(20) a, = Z 9¥3 -2 (|_273(J*1)/2(n)2j(j+1)/2j 4 27t LZij(J?l)(nQ)Qj(]'Jrl)J) ,
j>1

where (), is the least non negative residue which is congruent with x

(mod m), is a Sidon set which satisfies a,, = O(n>+°(V),

Proof. We will check that a, = ¢(n,n?) where ¢ is the function defined in
(19) for the special case d = 2, t; = 1, to = 2. Looking at that definition

we observe that

(21) A} = 27907072 > e:2' = [2799792(n) gy5402
J(G-1)/2<i<j(i+1)/2
(22) A? = 27907 Z g2 = [27797D(n?) 564 |

J
JG-1)<i<i(+1)

Then
A 0 AT 0= [2797D2(n)gsm 0] + 2727797 (0) gy |,
S0,
an = ¢(n,n?)=AT0A20A0AZ0------ 0AL0AZQ---
= Y 2R (12 )] + 27 (270D (0 e )
i>1
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