NEW UPPER BOUNDS FOR FINITE B, SEQUENCES

JAVIER CILLERUELO

ABSTRACT. Let Fj,(N) be the maximum number of elements that can be selected
from the set {1,..., N} such that all the sums a1 4+ --- + ap, a1 < --- < ap, are
different. We introduce new combinatorial and analytic ideas to prove new upper
bounds for Fj(N). In particular we prove

1/3

4

F3(N) < 1_'_716]\7 +0(N1/3)7
(r+2)4

1/4

8

Fy(N) < (NN) +o(NY/4).
T +2)7

Besides, our techniques have an independent interest for further research in
additive number theory.

1.INTRODUCTION

Let h > 2 be an integer. A subset A of integers is called a By, set if for every
positive integer m, the equation

m=x;+ -+ xp, 1 < --- <, x; € A
has, at most, one solution.
Let Fj,(N) denote the maximum number of elements that can be selected

from the set {1,..., N} so as to form a B}, set. Bose and Chowla [1] proved that

Fp(N) > NYP 4 o(NYV. (1.1)
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On the other hand, if A is a By, subset of {1,..., N}, an easy counting
argument implies the trivial upper bound

Fi(N) < (hh\N)Y*., (1.2)

The reader is refered to [9], [11] and [15] for well written surveys about this
topic.

For h = 2, it is possible to take advantage of counting differences z; — z;
instead of sums z; + x;. In this way, P.Erd6és and P.Turdn [4] proved that
Fo(N) < N2 4 O(N'/%), which is the best possible upper bound except for
the estimate of the error term. Unfortunately, a similar argument doesn’t work
for h > 2.

Denote by mA the set A+---+A = {a1+---+am;a; € A}. In 1969 Lindstrom
[14] observed that if A is a B4 sequence then 24 = A+ A is nearly a By sequence.
Using this idea he obtained the non-trivial upper bound for Fy(V).

Fy(N) < (8N)Y4 + O(NY/®), (1.3)

X.D.Jia [10] generalized Lindstrom’s argument to h = 2m and he obtained

Fom(N) < (m(m)?)V/2mN/2m L o(N1/4m), (1.4)

An analytic proof of (1.4) has been given by M.Kolountzakis [12]. A similar
upper bound for Fj,,_1(/N) has been proved independently by S.Chen [2] and
S.W.Graham [7]:

Fgm_l(N) < ((m!)2)1/(2m—1)N1/(2m—1) —I—O(Nl/(4m_2)). (15)

For large m (m > 63), N.Alon (unpublished) has obtained a better upper
bound for Fy,,(N) exploiting the “concentration” of the sums a; + -+ + @y, —
ay —---—al, around the value 0:

Fom(N) < (6%/2y/m(m!)?)! /2 N1/2m 4 o(N1/2m) (1.6)

An sketch of the proof of (1.6) is contained in [11].

For m = 2, the estimate (1.5) gives F3(N) < (4N)'/34+O(N'/%). S.W.Graham
[7], using an argument due to A.Li [13], made a slight improvement to this upper
bound:

F3(N) < (3.996N)? + 0(1). (1.7)
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In this paper we introduce new combinatorial and analytic ideas to improve
all these upper bounds. Precisely, our aim is proving the following result.

Theorem 1.1.

1/3

4

F3(N) S (1_1_—16N> +0(N1/3)’
(m+2)*

1/4
8
(r+2)%

For 3 <m < 38,

(m|)2 1/(2m—1) @)
Fo,_1(N) < ’ N N m— 7
et () = <1+cos2m<7r/m> ) tol )
m(m!)? 1/2m .
Fom(N) < N N1/2my,
2m (V) < <1+6082m(7r/m) ) +of )
For m > 38,
1/(2m—1)
5015 5\ (m!)?
Fo, 1(N)< | = - — ~ 7 N Nl/(2m—1)
2m=1 )—<2<4 4m) Jm + of ),
1/2m
5 /15 5\
Fom(N) < (5 (Z - m) \/E(m')QN) + o(NY/2m),

We shall use two different strategies to prove Theorem 1.1. For small m
(m < 38) we will use that the sums a; + --- + a,, are not well distributed
in the interval [m,mN]. It is the most interesting part of this paper. For
large m (m > 38) we will take advantage of the concentration of the sums
ai + -+ ay —ay — -+ —al, around the value 0.

Section 2 is devoted to prove a combinatorial identity for sequences of integers
(Lemma 2.1) that has independent interest in additive number theory. See [4]
and [5] for more applications of this identity.
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In Section 3, inspired by an idea due to I.Ruzsa, we use Fourier analysis
to prove that if A is a B,, sequence contained in [1, N], then the sequence
mA C [m,mN] is not well distributed in short intervals. A weaker result was
used by I. Ruzsa, C.Trujillo and the author in [3] to obtain non trivial upper
bounds for By,[g] sequences.

In Section 4, we shall use the results of the previous sections to prove Theorem
1.1. for the cases 2 < m < 38.

Finally, in Section 5 we prove Theorem 1.1 for m > 38, using a probabilistic
approach.

2. A COMBINATORIAL LEMMA FOR SEQUENCES.

In this section we present a combinatorial identity which works for general
sequences of integers.

Lemma 2.1. Let A C{1,...,N}. Then, for any integer H > 1 we have

2 Y dalh)(H —h)= H*|Af H|A|
A "N+ H-1
1<h<H-1

N+H-1 2
- (A(n)—A(n—H)—%) ,

where da(h) is number of solutions of h =a—a'; a,a’ € A and A(n) is the
counting function of A.
This identity captures valuable information about the sequence A: the size

of A, the number of small differences a — a’ and a measure of the distribution
of the elements of A.

Proof.
A(n)— A(n— H) is the size of the set [,, = {i; 0<i<H-1, ne€A+i}.
Then we can write the last sum of the lemma as

> Py AR
N+ H-1 N+ H-1
1<n<N+H—1 1<n<N+H—1

where

Y L= ). Aln)-A(n-H)=H|A|

0<i<H-1 1<n<N+H-1
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Then we have

HIA o H?|AP
I,| — = I, — )
Z (| | N+ H — 1) Z [l N+ H-1
1<n<N+H-1 1<n<N+H-1

We also observe that
1L,)> = #{(i,j);n € A+ine A+ j} = #{(i,j);in € (A+i)N(A+j)}.

Then

Yo LP= ), lA+)nA+))l=

0<n<N+H-1 0<i,j<H-1

=H[A+2 > [(A+i)n(A+))

0<i<j<H-1

It is easy to see that [(A+i)N(A+j)=]AN(A+j—1i)]. Then

Y lAFINA+) = Y [ANATR)I(H-R) = Y da(h)(H-h),

0<i<j<H-1 1<h<H-1 1<h<H-1

and the lemma follows. O

The following corollary is an inmediate consequence of Lema 2.1; however
it loses the information about the distribution of the elements of A, which is
crucial to improve (1.4) and (1.5).

Corollary 2.1. Let A C [1,N] a sequence of integers. Then for any integer
H > 1 we have

—Rp)y > —r _ .
2 Y daWH -0z o~ HIA
1<h<H-1

S.W. Graham [7] deduced the above inequality from the Van der Corput
lemma and applied it to the sequence mA when A is a By, sequence or a
Ba,,—1 sequence to prove (1.4) and (1.5).

A known fact about Bs,, sequences is that most differences a1 + - -+ + a,, —
ay —--- —a}, are different up to the order of the a; and a}. We state this fact
(see [7] for a proof) in a suitable form to apply it to Lemma 2.1 in Section 4.
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Lemma 2.2. Let A C [1, N] be a Ba,, sequence. Then

2 Z dma(h)(H — h) < H? + O(HN(2m*1)/2m).
1<h<H-1

Lemma 2.3. Let A C [1, N] be a Ba,,—1 sequence. Then

2
AL o apm),

> S duam)(H -1y <

1<h<H-1

In this paper we will take advantage of the last sum in Lemma 2.1. It should
be noted that this information is lost if we apply Corollary 2.1. instead of lemma
2.1.

2

The sum ZgilH_l (A(n) —A(n—H) HlA| > is a measure of the distri-

T N+H-1
bution of the elements of A in short intervals. We shall study this question in
the next section.

3. THE DISTRIBUTION OF THE ELEMENTS OF SUMSETS.

The following theorem has an independent interest. In [3] we used it in a
weaker version to obtain non trivial upper bounds for B}, [g] sequences. Actually,
the upper bounds obtained in [3] follow immediately from Theorem 3.1 by taking
H =1 and p = gml!.

Given a sequence of integers A, we define

rn(n) =#{n=a1+---+ap;a; € A} and R, (N) = Z rh(n).
n<N

Theorem 3.1. Let A C [1, N] be a sequence of integers and h > 2 an integer.
For any real p and any positive integer H = o(N) we have

> |Ru(n) = Ru(n— H) — p| > (L + o(1)) H|A",
h<n<hN+H

where A
LQ = m and Lh = COSh(’iT/h) fOT h > 2.

Proof. Let f(t) = Y ,ca€™. Then f"(t) = >, o <nn Th(n)e™, and for any
m, 0 <m < H —1 we have -

fh(t)eimt _ Z rh(n _ m)eint.

h<n<hN+H-1
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Then
Y e Y (Buln) - Raln— H)) e =
0<m<H-—1 h<n<hN-+H-1
= Z elint + Z (Rh(n) _ Rh(n N H) B M) eint
h<n<hN+H-1 h<n<hN+H-1

for any real pu.
Using the notation Dy (t) = 27];:0 e'™t we can write

FM)Drr -1 (t) =pe™ Dy 1)1 -1 (1)

+ > (Ru(n) — Ru(n— H) — p)e'™.
h<n<hN-+H—1

We known that

c k4l
sin( 2=t
|Dy(t)| = (—Qt) for 0 <t < 2. (3.1)
S11 5
Let t), = hwfﬁ Then, for any integer j, 0 < 7 < N we have

Di(n-1)+H-1(jtn) = 0.

and we have

rGtn) Da_1(ity) = > (Ru(n) — Ry(n — H) — p) eimitn
h<n<hN+H-1

for any integer j, 0 < 7 < N.
Taking absolute values gives
G Da—a(it)] < Y |Ba(n) = Ra(n— H) — p| = S.
h<n<hN+H—1

Now we use the fact that [Dy(t)| is a decreasing function for ¢, 0 <1 < 75
to conclude

1/h
|f(]th)’ < (m) (3.2)

for any integer j, 1 < j <J < N, whenever Jt, < 7.
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In the next we will take J = [(N/H)?/3]. This choice implies that H.J <
H'/3N?/3 < (H + 2N)/3, which gives Jt, < 7/H.

Now we are looking for a lower bound for |f(jt,)|. Since the midpoint of the
interval [1, N| is (N + 1)/2, it will useful to express f as

Fitn) = e 2 Wt f* (jty,)

“(jtn) = Ze =3

a€A

where

Suppose we have a function F'(z) = >, ;- ; bj cos(jz) such that F(z) > 1 if
x| < 7. Let Cr =3, |bj|. We are looking for a lower and an upper bound for

Re (3] 051" (tn) )

J J
S b Git) | = Re [ 303 beilemrD/in
j=1

acA j=1

= ZZb cos((a— (N +1)/2)jtr) = ZF (a—(N+1)/2)ty) > |4], (3.3)

acA j=1 acA
because |(a — (N 4 1)/2)ty| < 7 for any integer a € A.
On the other hand, using (3.2) we obtain

- . s\
SO l1 G| < Cr (Dﬂ—um) |

7j=1

J J
> bif* (jtn) Z bl £ (itn)] =
i=1 i=1
From this estimate and (3.3) we deduce

1
S = > |Ri(n) — Rp(n— H) — p| > W|DH71(Jth)||A|h-
h<n<hN-+H-1 F

Now we obtain a lower bound for |Dg_1(Jtp)| by noting that

sin(Z Jt),) Hsin(%Jth) - 1_7r_ HJ
- oy, T 6\ N/ )’

|Dp—1(Jth)| = BN

sin
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where we have used the estimate % >1— “%2 for x > 0. Then

2/3
S > (% +0 ((ﬁ) )) HIAJ", (3.4)

To finish the theorem we look for a function F' such that Cr is as small as
possible.

For h > 2 we choose F(z) = W}T/h) cosz with Cp = Then

1
cos(mw/h)"*

s> (cosh(ﬂ/h) +0 ((%)2/3» HIAl

and we prove the theorem for h > 2.
For the case h = 2, a little more work is required. If we consider the function

1, |z| < /2
G(z) =
1+mcos(z), w/2<|z|<m

it is easy to see that

G(z) == cos Z WJ/Q cos(jz).

=2

We need truncate the series. Let

J :
T cos(mj/2) ,
Gy(z) = 5 cos(x) + 2; o1 cos(jx).
Obviously |G(x) — G (z)| < 223>J 43 — < (J_ 3-
We shall prove that the function Fj(x ) = =L@ (x) satisfies the suitable
conditions.

Fi(z) = 5—5Gs(2) = 5—G(2) + 7—(Gs(2) - G(2))
and I L
Fi(z) 2 7—G(2) - 7—3|G(2) - G(x)| =
JJ-1 J-1 2
=J-3 J-3J-1
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for |x| < m/2.
On the other hand,

J—1 1
T3 /242 Z

1<j<J/2

CFJ = <

42 -1 =

> 1 J—1
PR PSSP N R 91 1).
<73 |2 ;4;’2—1 T—3(™/2+1)

Substitution in (3.4) with J = [(£)2/3] gives the theorem for h = 2. O

S.W. Graham [8] has observed that the constant Cp = 7/2 + 1 is the best
possible constant for A = 2. I include here his elegant proof.

Proposition 3.1. (S.W. Graham) Suppose F'(z) = >, ;<. bjcos(jz) satisfies
F(z) > 1 for |z| < 3. Then Cp =3_; [b;j| > 7/2+ 1.
Proof.

First note that 1 < F(m/2) =3, baj(—1)7 < > |baj]. Next, we have

T ™

/2
0= F(z)dx = 2/ F(z)dz + 2/ F(x)dx.
—7 0 /2

Since F(x) > 1 for |x| < 7/2, it follows that

/7:;2 F(x)dx

and this in turn gives us

VRN

_ ijsm(ﬁj/ ) > /2,
- j

> Ibgjial = /2.

=0

So, we have lower bounds for the sum of |b;|, j even and j odd. Adding these
bounds together the theorem folows. [

If we apply Theorem 3.1 to B,, sequences we obtain the following corollary:
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Corollary 3.1. If A C [1,N] is a By, sequence then, for any real 1 and any
integer H = o(N)

Y. lmA)(n) = (mA)(n — H) = p| = (D + 0(1)) H|A™,

m<n<mN-+H
where
2 cos™(m/m)
D2 = m and Dm = T fO?" m > 2.

Proof. Observe that if A is a B,,, sequence and s € mA, then r,,(s) = m! except
when the unique representation (up to order) of s as a sum of m summands
has some repeated summand. Then we can write r,,(s) =, (s) — 7l (s) where
r(s) = m!if s € mA and r/,(s) = 0 if s € mA. Obviously 0 < r// (s) <

rl(s) < ml.
Let R}, (n) = Yy.,, 7' (k) = ml(mA)(n) and R, (n) = 3, <, " (k)

Then
> |Rr(n) — Rp(n — H) — pml| =
m<n<mN+H-—1

= > im! (mA)(n) = (mA)(n — H) = p) — (R, (n) — Ry (n— H))[ <

m<n<mN+H-—1

< m! > [(mA)(n) — (mA)(n — H) —
m<n<mN+H—1
+ > | By (n) = Ry (n — H)J.

m<n<mN+H-—1
It should be noted that |R], (mN)| counts the elements of mA with some
repeated summand. Then
> |R!\(n) — Rl,(n — H)| = HR"(mN) < H|A™L.
mn<mN+H—-1
Now we apply Theorem 3.1 to get

S lmA)n) — (mAY(n— H) — p| >
m<n<mN+H-1
1 .
- % Z ‘Rh(n)_Rh(n—H)—um!‘+O(H‘A| 1)2
m<n<mN-+H-—1

> (Dy + o(1) HIA™.
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4. PROOF OF THEOREM 1.1 (CASES 2 < m < 38 )

Let A be a By, or a Bs,,_1 sequence contained in [1, N|. Now we apply
Lemma 2.1 to the sequence mA, which is contained in [1, mN].

H?mA|?

2 2 dmal)H -0 =S

1<h<H-1

— HimA|+

mN-+H—1

+ Y (mA)(n) = (mA)(n — H) — p)° (4.1.)

H|mA]|

~nro—1- U we apply the Cauchy inequality to the last sum we obtain

S (mA)(n) — (mA)(n — H) — p)* >

1<n<mN+H-1

with pu =

> (mN+H-1)"" Y. lmA)n) = (mA)(n - H) —p|| =
1<n<mN+H

> (mN+H—1)"" (D2, +o(1)) H?|A]*™.

We have applied Corollary 3.1 in the last inequality.
Now, if h = 2m we use Lemma 2.2 to obtain an upper bound for the left hand
side of (4.1) giving

H? + O(HNC™=D2my > 2 N dpya(h)(H — h) >
1<h<H-1
H?|mA|?
" mN+H-1

Trivially we have that |A| < N'/2™ and |mA| < N'/2. Then, if we take
H = [N'~Y/4m] and divide the inequality by H? we can write

— HlmA| + (mN + H — 1)"Y(D2, + o(1))H?| A|*™.

ImA|? Dy, +o(1) 2m
mN(1+o(1)) o(1) + mN(1+ o(1)) 4]

It should be noted that A is “a priori” a B,, sequence. Then

A = (]A|+m—1) _ 14
m

- m!

1+0(1) >
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and, consequently,
| A | 2m

mN(1+o(1)) > W

+ (D, +o(1)| A

so, finally,

1/2m
A < [ — 2 1 o() N1/2m
~ \ gz + D,

The numbers D,,, are defined in Corollary 3.1 and we obtain the upper bounds

2

1/4
Fy(N) < ( N) +o(NY4) < (7.821N)Y4 4 o(NV/*4)

1 i
1T o
and

ml/Qm(m!)l/m

Fom(N) < (1 + cos2™ (7 /m))t/2m

NY2m L o(NY2my o m > 2,

If h =2m — 1 we use Lemma 2.3 to get an upper bound for the left side of
(4.1) and we proceed in a similar way.

H2|A‘ 2m—1 _
+OHIAP™ Y >2 > dpa(h)(H —h) >
1<h<H-1
H?|mAJ? —1/2 2 112m

Trivially we have that |A| < NY/@m=1) and |mA| < N™/ 27~ If we take
H = [N'?|A|™=1] and divide the inequality by H?|A| we can write
1 ImA|?

m tel) 2 N A o)

Dy +o().
N(1+o(1))

Again, it should be noted that A is “a priori” a B,, sequence. Then

A = (|A|+m—1) _ 1A
m

m!

—o(l) + |A[Pm

and
|A|2m—1

(m!)?

N(1+o(1)) = + (D5, + o(1))| AP,
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so, finally,

1 1/(2m—1)
|A| S (W + 0(1)) Nl/(Qm—l)‘

Again, the numbers D,,, are defined in Corollary 3.1 and we obtain the upper
bounds

1

1/3
F3(N) < ( N) + o(N1Y/3) < (3.911N)Y/3 4 o(NV/3),

1 4
1T oo

(m!)2/2m—1

N1/2m-1 N1/(2m=1) 5 [
(1 + cos?™(r/m))1/2m=1 +of ),  m>

Fom_1(N) <

5. PROOF OF THEOREM 1.1 (CASES m > 38). A PROBABILISTIC APPROACH.

Suppose that A C [1, N] is a Bs,, sequence. Let the random variable Y be
defined by
Y:X1+"‘+Xm—X{—"'—X;n,

where the X; are independent random variables uniformly distributed in A.
We will take advantage of the concentration of Y around the value 0, consid-
ering the 4—moment of Y.
We know that
E,=EXY*) > MN*P(]Y| > AN).

Then
E,
P([Y|<AN)>1-— NG (5.1)
On the other hand we have that
PY]<AN) < 41727 37 o),
[n|<AN
where r(n) =#{n=a1+---+am —ay — ---—a,; a;a, e A}

Let r(n) = r'(n) + r"/(n), where r’'(n) counts the representations where all
the a;,a) are distinct and 7”/(n) counts the representations with some repeated
element.
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Then, Y. 7" (n) < |A]?"~1 < N*8= < o(N) because of the trivial estimate
|A| < NV/2m,
Now we observe that if A is a By, sequence, the representation

/ / / /
n:a1+...+am_a1_..._alm, a1<...<am’a1<...<am

is unique. So 7’(n) < (m!)? due to the m! permutations of the a; and a}. and
> r(n) < 2AN(m)? + o(N). (5.2)
In|]<AN
Now we can write
P(JY| < AN) < A[7™A (2(m!)® + o(1)) N. (5.3)
From (5.1) and (5.3) we deduce

AP N4
‘A|2m <

S NNT_E, (2(m!)* +o(1)) N

and taking A = (5]\%)1/4 we have

5 (5B,\"*

2m 2

The next step is to obtain an upper bound for E; = E(|[Y]).

It is useful to write Y = Y7 + -+ + Y, where ¥; = X; — X/. The first

observation is that E(Y?) = 0 if j is odd. Then

Z EXY")---E(Y)m)
Yl !

E(Y14 -+ Y,)hH =4
Y1t rm=4

=mE(Y}) + 3m(m — 1)E*(Y?)
Observe that E(Y]') < N?2E(Y{#) and
B(Y) = B((X: - X1)%) = 2B(XD) ~2B3(X,) < AB(X0) (N - B(X)) < .
Then

N4

m  3m(m—1) 3m? —m
E, < N*( = -
L= (2+ 4 ) 4
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If we substitute in (5.4) we obtain

1/4
AP < 3 (S 1m)  (VEem? +o(n) .

and we finish the proof of Theorem 1.1. for Bs,, sequences.
If A is a Bs,,_1 sequence the proof is similar except that in this case we have
the following estimate in (5.2):

> r(n) < ‘mﬂ (2A(m)? +o(1)) N

[n|<AN
and the proof follows in the same way. [J
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