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ABSTRACT. We study the typical behavior of the least common multiple of the elements of a
random subset A C {1,...,n}. For example we prove that lem{a : a € A} = 2n(1+o(1)) for
almost all subsets A C {1,...,n}.

1. INTRODUCTION

The function ¥(n) = loglem {m : 1 < m < n} was introduced by Chebyshev in his study on
the distribution of the prime numbers. It is a well known fact that the asymptotic relation
¥(n) ~ n is equivalent to the Prime Number Theorem, which was proved finally by Hadamard

and de la Vallée Poussin.

In the present paper, instead of considering the whole set {1,...,n}, we study the typical
behavior of the quantity ¥(A) := loglem{a : a € A} for a random set A in {1,...,n} when
n — co. We consider two natural models.

In the first one, denoted by B(n, d), each element in A is chosen independently at random in
{1,...,n} with probability 6 = §(n), typically a function of n.
Theorem 1.1. If 6 = 6(n) <1 and dn — oo then

dlog(6~1
p(4) ~ n B0

asymptotically almost surely in B(n,d) when n — oo .

The case § = 1, which corresponds to the asymptotic estimate for the classical Chebyshev

-1
function, appears as the limiting case, as § tends to 1, in Theorem 1.1, since limgs_,1 % =1.

When 6 = 1/2 all the subsets A C {1,...,n} are chosen with the same probability and

Theorem 1.1 gives the following result.
Corollary 1.1. For almost all sets A C {1,...,n} we have that

lem{a: a€ A} = on(1+o(1),

For a given positive integer k = k(n), again typically a function of n, we consider the second
model, where each subset of k elements is chosen uniformly at random among all sets of size k
in {1,...,n}. We denote this model by S(n, k).

When 0 = k/n the heuristic suggests that both models are quite similar. Indeed, this is the
strategy we follow to prove Theorem 1.2.
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Theorem 1.2. For k= k(n) <n and k — oo we have
log(n/k) —Cylogk
A = 1 og
P(A) kl_k/n<+0(e ))

almost surely in S(n, k) when n — oo for some positive constant C.

The case k = n, which corresponds to Chebyshev’s function, is also obtained as a limiting

case in Theorem 1.2 in the sense that limy,_,1 l(ig(%s) =1.

This work has been motivated by a result of the first author about the asymptotic behavior
of Y(A) when A = A, = {qg(m) : 1 < g(m) < n} for a quadratic polynomial ¢(z) € Z[z]. We
wondered if that behavior was typical among the sets A C {1,...,n} of similar size. We analyze

this issue in the last section.

2. CHEBYSHEV’S FUNCTION FOR RANDOM SETS IN B(n,d). PROOF OF THEOREM 1.1

The following lemma provides us with an explicit expression for 1/(A4) in terms of the Mangoldt

function
logp if m = p* for some k> 1

A(m) =

0, otherwise.

Lemma 2.1. For any set of positive integers A we have (A) = 3 A(m)Ia(m), where A

denotes the classical Von Mangoldt function and

IA(m){ 1 AN {m,2m,3m,.. .} 40,

N 0 otherwise.

Proof. We observe that for any positive integer [, the number logl can be written as logl =
Zp’“l , log p, where the sum is taken over all the powers of primes. Thus, using that p*|lem{a :
a € A} if and only if AN {p¥,2p* 3p* ...} # 0, we get

loglem(a: a € A) = Z logp = Zlogp Is(p ZA

pkllem(a: acA) pk

O

Note that if A = {1,...,n} then ¢(A) = 3, ., A(m) is the classical Chebychev function
P(n).

2.1. Expectation. First of all we give an explicit expression for the expected value of the

random variable X = ¢(A) where A is a random set in B(n, ).

Proposition 2.1. For the random variable X = ¥ (A) in B(n,d) we have

1

B (x) = n 1080 ) 5ZR( ya-o,

where R(x) = ¢¥(x) — x denotes the error term in the Prime Number Theorem.
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Proof. The ambiguous case § = 1 must be understood as the limit as 4 — 1, which recovers
the equality ¢(n) = n + R(n). In the following we assume that 6 < 1. By linearity of the
expectation, Lemma 2.1 clearly implies

=Y Am)E(La(m)).

m<n
Since E(1a(m)) = P(AN{m,2m,...} #0) =1-][,,,,,Prm ¢ A) =1 - (1 - s)ln/ml | e
obtain
(1) A(m —9) [n/m]
X)= 3 Am (1~ )

We observe that |n/m] = r whenever 35 < m < 2, so we split the sum into intervals J, =

(47, %], obtaining

E(X)=) (1-(1-8") Y Am)

-y a-an(o(2) ()

_ ;Z;w(:f)(l oy

:(sn; R (E)a -
) a2y

Corollary 2.1. If 6 =d6(n) <1 and dn — oo then

E(X) :néligft:l) (HO((c mg(an))).

for some constant C > 0.

Proof. We estimate the absolute value of sum appearing in Proposition 2.1. For any positive
integer T' and using that |R(y)| < 2y for all y > 0 we have

YOIR@/rIA=8)" = Y [R(/r)1=0)""+ Y |R(n/r)[(1-6)

r>1 1<r<T r>T+1
[R(n/r)| (1-0)""" -0 !

< 2
=N Z (n/r) T ten Z

1<r<T r>T+1

|R(x)| (-9 (1-8"!
< -7 A S Y
=N <:vgl'r?7(T x Z r +2n Z r
1<r<T r>T+1

log(6 b |R(x)| 2n (1 -6)T

SO WGBS )t s

Taking into account that (1 —6)T < e°T and the known estimate

JBE@)] < e~ C1VIoEy

x>y X
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for the error term in the PNT, we have

B log((s*l) 3 676T
_oavr—1 Cy/log(n/T)
E [R(n/r)|(1-0)""" < ni(l—é) e e

r>1

Thus we have proved that for any positive integer T' we have

_ 510g(671) —Cy/log(n/T) 1-0 eiéT

We take T =< 6~ !y/log(dn) to minimize the error term. To estimate the first error term we
observe that log(n/T) > log(én/\/log(én)) > log(dn), so e~ CVIe(/T) « ¢=C1vl1os(on) for

some constant C7. To bound the second error term we simply observe that §7° > 1 and that

% < 1 and we get a similar upper bound. O

2.2. Variance.
Proposition 2.2. For the random variable X = ¥(A) in B(n,d) we have

V(X) < dnlog®n.

Proof. By linearity of expectation we have that
V(X)=E(X?) - E*(X)
= > Am)AQ) (B (Ta(m)1a(1) = E (Ia(m)) E (1a(1)))-

m,l<n

We observe that if A(m)A(l) # 0 then ! | m, m |l or (m,l) = 1. Let us now study the term
E(Ia(m)I4(1)) in these cases.

(i) If I | m then
E(Ia(m)Ia(l)) =1 — (1 —8)ln/m™l,
(ii) If (I,m) =1 then
E(I4(m)Is(1)) =1—(1—6) ln/m] _ (1—46) ln/t) 4 (1—6) [n/m]+[n/l]=|n/ml]
Both of these relations are subsumed in
E(I4(m)Is(1)) =1—(1—96) ln/m] _ (1—46) n/t) (1—6) [n/m]+[n/l]=|n(m,)/ml]
Therefore, it follows from (1) that for each term in the sum we have
A(m)A) (E (Ta(m)Ia(l)) = E (Ta(m)) E (14(1)))
= A(m)A(])(1 — §)Ln/ml+In/U=n(m.D)/ml] (1 —(1-9) Ln(m,z)/mu) _
Finally, by using the inequality 1 — (1 — )" < rz we have
A(l) A
AGm)AQ) (B (L (m) () ~ & (La(m) & (La(0) < o0 D gy

and therefore:
A(l) A(m)
m

V(X)<2on >

1<i<m<n

(m,1).
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We now split the sum according to ! | m or (I,m) = 1 and estimate each one separately.

Z @A ZZ Inglngp’<ZZ“ng<<logn

1<l<m<n p<n 1<5<4 p<n 1<14
llm

O U DI S I T R

1<i<m<n 1<i<n 1<m<n
(I,m)=1

as we wanted to prove. O

We finish the proof of Theorem 1.1 by observing that V(X) = o(E(X)?) when én — oo, so
X ~ E(X) asymptotically almost surely.

3. CHEBYSHEV’S FUNCTION FOR RANDOM SETS IN S(n,k). PROOF OF THEOREM 1.2

Let us consider again the random variable X = ¥(A), but in the model S(n, k). From now
on Ei(X) and V4 (X) will denote the expected value and the variance of X in this probability
space. Clearly, for s = 1,2 we have

Ey(X°) = ( > P4

|A|=k
(X) = = 3 (@(4) - (X))
() 5

Lemma 3.1. For s =1,2 and 1 < j < k we have that
E(X") < Br(X*) < E;(X%) + (k* — j*) log" .

n—j

Proof. Suppose j < k. There are (k J) ways to add k —j new elements to a set A € ([ ]) in order

to obtain a subset of ( ) Observe that the function 1 is monotone with respect to inclusion,
ie. Y (AU A" > ¢(A) for any sets A, A’. Therefore it is clear that, for s = 1,2, we have

N —1
WA)s(’;_j.) S AU,
ANA'=0
A" =k

and then

N —1
S ) < (Z_j) S AU
A= py
|Al=3, |A"|=k—j
()Y Y e
|A” =k UA'=A"
|[A \ =j, |A'|=k—j
n—yj "
- (12) Tew x o
|A”|=k AUA'=A"

[Al=j, |A'|=k—j

71

J s "
6] ¥ (AY)

k |A”|=k
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and the first inequality follows.

For the second inequality we observe that for any set A € ( "]) and any partition into two sets
A= AUA" with |A'| = j, |A”| = k—j we have that 1(A) < p(A)+p(A") < Pp(A)+(k—j) logn.
Similarly,

W*HA) < (W(A) + (k —j)logn)?
= P(A) + 20(A)(k — j) logn + (k — j)*log?n
< PP(A) + 24(k — j)log? n + (k — j)* log” n
= HA) + (K —5°)log n.

Thus, for s = 1,2 we have

$(4) < (’;) 3 0+ )l
|4’ |=j
< (’;)(A $H(A) + (k* — %) log" n
A=
Then, .
> s () IA=k|g',|c_,wS(A/)+<Z)(k Jlog? n
_ (’;) B IA’I:jW(A/) ﬁ‘au (Z) (k* — j*) log" n
(G o Qe e
- %A/. v+ ()0 - o
and the second inequality holds. B 0

Proposition 3.1. For s = 1,2 we have that
Er(X®) = E(X®) + O(k*~ /2 log® n)

where E(X®) denotes the expectation of X*° in B(n,k/n) and Ei(X?®) the expectation in S(n, k).
Proof. Observe that for s = 1,2 we have

E(X?®) —Ep(X?®) = -—-Ex(X°)+
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for s =1,2. Using Lemma 3.1 we get

) By (X°) — E(X*)] < log® ”Z (jj) (1- ﬁ) (1)l

The sum in (2) for s = 1 is E(|Y — E(Y)|), where Y ~ Bin(n, k/n) is the binomial distribution
of parameters n and k/n. Chauchy-Schwarz inequality for the expectation implies that this
quantity is bounded by the standard deviation of the binomial distribution.

n k J k n—j
3) S(E) (1-5) (0) -4 < VAT w7 < VR

n n
=0

<.

which proves Proposition 3.1 for s = 1.

To estimate the sum in (2) for s = 2, we split the expression in two terms: the sum indexed
by j < 2k and the one with j > 2k. We use (3) to get

E\’ EN"77 /). "k EN"7 /..
> () () Qe < w2 (G) (-5) ()u-w
j<2k J =0 J
3k3/2.
On the other hand,
£\’ EN"7 /n\, .

S () 0-n) Qo

- n n i

j>2k

< D+ Y )k(:y <1_z>”—j (?)

1>2 lk<j<(l+1

IN

IN

< Y U+ DR PY > k)

1>2

where, once again, Y ~ Bin(n, k/n). Chernoft’s Theorem implies that for any € > 0 we have
P(Y > (1+ €)k) < e k3,
Applying this inequality to P(Y > lk) we get

560

j>2k

< Z(H_ 1)2k26—(l—1)2k/3 < er—k/S < k3/2.
1>2

The next corollary proves the first part of Theorem 1.2.

Corollary 3.1. If k = k(n) <n and k — oo then

Ex(X) = kllg_(’;//’jj (1+0 (e-oveir))

Proof. Proposition 3.1 for s = 1 and Corollary 2.1 imply that

B (X) = klfg_(z//];) (140 (e=@V=EF) 4 0 (k112))
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and clearly k=12 = o (e‘CVlogk) when k£ — oo. O

To conclude the proof of Theorem 1.2 we combine Proposition 2.2 and Proposition 3.1 to
estimate the variance Vi (X) in S(n, k):

Vi(X) = Ex(X?) - EZ(X)
= V(X) + (Bx(X?) - E(X?)) + (E(X) — Ex(X)) (E(X) + Ex(X))
< klog®n + (k1/2 logn) (klogn)

< k32 log? n.

The second assertion of Theorem 1.2 is a consequence of the estimate Vj,(X) = o (EZ(X)) when

k — oo.

3.1. The case when k is constant. The case when k is constant and n — oo is not relevant
for our original motivation but we give a brief analysis for the sake of the completeness. In
this case Fernandez and Fernandez [3] have been proved that Ex(¢(A)) = klogn + Cy + o(1)
where C, = —k + Z?:z (];)(71)3% Actually they consider the probabilistic model with k
independent choices in {1,...,n}, but when k is fixed it does not make big differences because

the probability of a repetition between the k choices is tiny.
It is easy to prove that with probability 1 — o(1) we have that ¥ (A) ~ klogn. To see this

we observe that aj---ag HKj(ai,aj)*l < lem(ay,...,ax) < ap---ar < n¥, so Zle loga; —
> icjlog(ai,aj) < ¢(A) < klogn.

Now notice that P(a; < n/logn for some ¢ = 1,...,k) < k/logn. and that P((a;,a;) >
logn) < > isi0gn P [ @iy d | a;) <3740 106n = < . These observations imply that with

logn
k+(3)
logn

probability at least 1 — we have that

klogn (1 — O (loglogn/logn)) < ¢¥(A) < klogn.

The analysis in the model B(n,d) when én — ¢ can be done using again Proposition 2.1.

B dlog(671) n 1 n r—1

E((4)) =n—=2o= 43 Y R(;)(ka) w5 R(;)(lfé)
r<n/logn n/logn<r<n

We use the estimate R(z) < x/logx in the first sum and the estimate R(x) < x in the second

one. We have

B c (1-4)! (1-05)!
T<Togn Togn STSN

clogd

= clogn+0 | —————
loglogn

) + O (cloglogn)
= clogn(1+ o(1)).

Of course in this model we have not concentration around the expected value because the prob-
ability that A is the empty set tends to a positive constant: P(A = @) — e~¢.
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4. THE LEAST COMMON MULTIPLE OF THE VALUES OF A POLYNOMIAL

Chebyshev’s function could be also generalized to
Yq(n) =loglem {q(k) : 1<k, 1 <q(k) <n}

for a given polynomial g(x) € Z[z] and it is natural to try to obtain the asymptotic behavior for
1g(n). Some progress has been made in this direction. While the Prime Number Theorem is
equivalent to the asymptotic 1,(n) ~ n for ¢(z) = xz, the Prime Number Theorem for arithmetic
progressions can be exploited [1] to obtain the asymptotic estimate when ¢(z) = a1z + ag is a
linear polynomial:
n o m 1
¢q(n) ~ a1 ¢(m) 1§Z§m R
(Lm)=1

where m = ay/(a1,ap). The first author [2] has extended this result to quadratic polynomials.
For a given irreducible quadratic polynomial ¢(z) = axz? + a1z + ag with as > 0 the following
asymptotic estimate holds:

(4) the(n) = % (n/as)"*log (n/as) + By (nas)"* + o(n'/?),

where the constant B, depends only on ¢. In the particular case of ¢(z) = 2% + 1, he got
Ye(n) = $n'/2logn + Bynl/? 4 o(n'/?) with

)

log 2 (_—})logp
By :7_1_7_229?
pF£2

where ~ is the Euler constant, (_71) is the Legendre’s symbol and the sum is considered over
all odd prime numbers. It has recently been proved in [4] that the error term in the previous

—4/9+e€

expression is O (nl/ 2 (logn) ) for each € > 0. When ¢(z) is a reducible polynomial the

behavior is, however, different. In this case it is known (see Theorem 3 in [2]) that:
Pq(n) ~ ent/?

where c is an explicit constant depending only on q.

The asymptotic behavior of ¢,(n) remains unknown for irreducible polynomials of degree
d > 3, but it is conjectured in [2] that this should be given by

() Wa(n) ~ (1= 1/d) (n/aq)" " log (n/aa)

where ag > 0 is the coefficient of z?. For example, this conjecture would imply Pe(n) ~
2n'/3logn for q(z) = 23 + 2.

We observe that ¢g(n) = (Aq,) where Ay, = {q(k) : 1 < k, 1 < gq(k) < n} and
it is natural to wonder whether for a given polynomial g(z) the asymptotic Ex(X) ~ 1,(n)
holds when n — oo where k = |A,,| and X = 9(A) for a random set A of k elements in

{1,...,n}. This question was the original motivation of this work. Theorem 1.2 applied to

k=|Aqn| = v/n/az+ O(1) gives

Ex(X) = klfg_(z//i) (1 +0 (efcm>) = %(n/az)l/2 log(n/as) + o (nlm) .
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This shows that the asymptotic behavior of ¥,(n) is the expected of a random set of the same
size when ¢(z) is an irreducible quadratic polynomial. Theorem 1.2 also supports the analogous

conjecture 5 for any q(z) = aqgz® + - - - + ag irreducible polynomial of degree d > 3.

Nevertheless, there are some differences in the second term. For example, if ¢(z) = 22 + 1,

we have
1
Pe(n) = §n1/2 logn + Byn'/? + o(nl/?),

for B = —0.06627563... On the other hand, Theorem 1.2 implies that in corresponding model
S(n, k) with k = |Ag,| = |[v/n — 1| we have that

Y(A) = %nl/z logn + 0(n1/2)

almost surely. In other words, when ¢(z) is an irreducible quadratic polynomial, the asymptotic
behavior of ¢4(n) is the same that ¢ (A) in the corresponding model S(n, k). But, the second
term is not typical unless B, = 0. Probably B, # 0 for any irreducible quadratic polynomial

¢(z) but we have not found a proof.
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