COMBINATORIAL PROBLEMS IN FINITE FIELDS AND
SIDON SETS

JAVIER CILLERUELO

ABSTRACT. We use Sidon sets to present an elementary method to study some
combinatorial problems in finite fields, such as sum product estimates, solv-
ability of some equations and the distribution of their solutions. We obtain
classic and more recent results avoiding the use of exponential sums, the usual
tool to deal with these problems.

1. INTRODUCTION

The aim of the present work is to introduce a new elementary method to study a
class of combinatorial problems in finite fields: incidence problems, sum-product
estimates, solvability of some equations, distribution of solutions of exponential

equations, etc.

The main tool in our approach are Sidon sets, which are important objects in

combinatorial number theory.

In Section §2 we present Theorem 2.1, which is the main tool in our method. To
illustrate how this method works, we include in this section two easy applications
of this theorem. The first one recovers a result of Vinh [15] about the number of
incidences between P points and L lines in the field F,. The second one proves
that if A = {¢": 0<z < (V2+0(1))¢**} and g is a generator of F, then
A—A =T, Thisimproves and generalizes previous results obtained in the prime

fields F,, by Garaev-Kueh [4], Konyagin [9] and Garcia [6].

Section §3 is devoted to sum-product estimates. Garaev [2] used character sums
to give the nontrivial lower estimate max(|A+ A|, |AA|) > min(y/[Ap, |A*//P)
in IF,. Lemma 3.1, which is an easy consequence of Theorem 2.1, gives a nontrivial
upper bound for the number of elements of a dense Sidon set in an arbitrary set
B when |B + B| is small. We use this upper bound to give a quick proof of
Garaev’s estimate and related results.
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Sérkézy [11, 12] proved the solvability of the equations xjxe + x3z4 = 1 and
T1xy = T3 + T4, 1; € A; for arbitrary sets A; C F, when |A;||Az||As||A4| > pP.
This result was extended to any field I, in [7]. The proof is based in estimates
of exponential sums and they asked for an elementary algebraic proof of the
solvability of these equations (problem 3 of [1]). Our method provides a proof
of this kind. Actually, Sarkézy’s equations are special cases of more general
equations which we study in section §4.

In section §5, we apply our method to study the distribution of the solutions
of some equations in [F,. As an example we prove that if g is a generator of F},

then for any intervals I, J C Z,_; we have
I|J
H(z,y)eIxJ: ¢ —g¢¥ =1} = % L0 <q1/2ec log(|1w\/q3/2+1>> q
for some positive constant ¢. The error term is smaller than the error term

obtained by Garaev [3].

2. SIDON SETS

Let G be a finite abelian group. For any sets A, B C G and x € G, we write
r4_p(z) for the number of representations of xt =a —b, a € A, b € B. We have
the well known identities

(2.1) ZTA—B(I) = |A[|B],

(2.2) Zri_B(x) = ZTA,A(QJ)TB,B(:L').

Definition 1. We say that a set A C G is a Sidon set if r4—a(x) < 1 whenever

x #0.

By counting the number of differences a — a’, we can see that if A is a Sidon
set, then |A| < /|G| + 1/2. The most interesting Sidon sets are those which
have large cardinality, that is, |A| = /|G| — § where |§] is a small number. We

state our main theorem.

Theorem 2.1. Let A be a Sidon set in a finite abelian group G with |A| =
V|G| = 6. Then, for all B, B" C G we have

! / "4 /
{(b,0) e BXx B, b+¥ € A} = H\BHB | +0(B||B')" |G,
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with 6] < 1 + {5 max(0, 8).

Proof. Since A is a Sidon set,

ZTBB r)ra_a(r) = ’AHB’ﬂLZTBB )T A—A(T)

zeG x#0

< |Al[B|+> rp_p(z) = |Al|B| + |B]* - |B].
x#0

Using this inequality and identities (2.1) and (2.2) we have

AIIBI\® [AP|BJ?
23) > (TA_B(x) —~ W) = rp_p(r)ra_alz) - e

zeG zeG
G| — AP

< |B|(]A] = 1)+ |BJ?
|B|(|A] = 1) + | B] e

We observe that

{bV) e Bx B, b+ € A} - —'BH,ZHA’ = (rAB(b’) - _|“"‘gf‘) |
beB’

Applying the Cauchy-Schwarz inequality, taking (2.3) and |A| = |G|*/? — § into

account we obtain

o MIBN o plGL AP
5 (racntt) - 5 )‘ <151 (181041 - 1+ 1A

b eB’
21G|1V/2 —
_ B8] (|GW2 Y N |B|M)

|G

< |B||B||G|'"? (1 + 2max(0, 5)12:)

O

The Sidon sets we will consider in applications satisfy 0 < 1 and |B| = o(|G|).
In these cases we have |0] < 1+ o(1).

2.1. Examples of dense Sidon sets. The three families of Sidon sets we will
describe next, have maximal cardinality in their ambient group G. Let g be a
generator of Fy.
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Example 1. Let p(z),r(z) € F,[X] be polynomials of degree < 2 such that p(z)—
ur(z) is not a constant for any p € F,. The set

A=A{(p(x),r(x)): ©ecFy}

is a Sidon set in Fy x F,. In particular, the set A = {(z,2?) : x € F,} is a Sidon
set.

We have to check that when (ej,es) # (0,0) the relation (p(z1),r(x1)) —
(p(x2),7(x2)) = (€1, €2) uniquely determines x; and x5. If p(x) is linear then from
p(z1) —p(x2) = €1 we obtain x; = x9+ A for some \. Thus, r(z2+\) —r(zg) = ey
is a linear equation and we obtain 5 and then x;. If p(x) is quadratic we consider
w such that p(x) — pr(x) is a linear polynomial and we proceed as above.

Example 2. For any generator g of Fy, the set
(2.4) A={(r,g"): v€Z1}
is a Sidon set in Ly X Fy.

Sometimes we will describe this set as A = {(logz,z) : x € F;} where logx =

log, = is the discrete logarithm.

From (xy, g*') — (22, ") = (e1,e2) # (0,0) we have x; — 29 = ¢; (mod g — 1)
and hence ¢*! = ¢***2. Putting this in ¢g*™* — ¢*2 = ey we get ¢"2(¢g°* — 1) = es.

If e; = 0 then e; = 0, but we have assumed that (e, es) # (0,0). If e; # 0 the
last equality determines x5, and then x;.

Example 3. For any pair of generators g1, g2 of ¥y, the set
(2.5) A=A{(z,y) €EZy1 XZy1: g7 +9g4 =1}

is a Sidon set in Zg_1 X Lq—1. Since translations preserve Sidoness property, for
any A £ 0, the sets A= {(,9) : g7 +g! =} and A={(z,) : g — g = \}
are also Sidon sets.

To see that A is a Sidon set we have to prove that if (ej,e3) # (0,0) then
the equation (x1,y1) — (z2,92) = (€1, e2) determines x, 5 under the conditions

gt +9y =91*+gy =1inF,. We observe that x; —z2 = €; (mod (¢— 1)) and

Y1 — Yo = ey (mod (¢ — 1)) imply that gi* = ¢gi*™" and ¢¥' = ¢§*"* in F, and

we obtain g{?" + g8?7? = ¢{* + ¢§* = 1 in F,. Thus ¢3*(¢5> — g7*) =1 —g7*. If
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e1 # 0 and g5 # ¢7' we obtain yo and then zo,z; and y;. If e; = 0 or ¢g5*> = ¢7*,
the equation has not solutions unless (e, es) = (0,0).

When ¢ = p is a prime number we can identify F, with Z,. We show in the

pictures below the three examples of Sidon sets described above when p = 17

respectively.
Zyp Zp— Zip—1
Example 1 Example 2 Example 3

The Sidon sets given in examples, with ¢, g — 1 and g — 2 elements respectively,
have maximal cardinality in their ambient groups. The values of § = |G|'/2 — | A
are 6 = 0,1/2 — o(1) and 1 respectively. We finish this section with two easy
applications of Theorem 2.1.

2.2. Incidence of lines and points in F, xF,. Let I(P,L) = [{(p,]) € Px L :
p € L}| be the number of incidences between a set P of points and set L of lines
in F, x IF,, that is

I(P,L)y=|{(p,l)e PxL: pel}.

Vinh [15] proved that I(P,L) < % + ¢*/2\/|P||L|. We get an asymptotic
estimate for I(P, L) as a straightforward consequence of Theorem 2.1.

Theorem 2.2. Let L be a set of lines and let P be a set of points in F, x F,.
The following asymptotic formula holds:

(2.6 I(P,L) = % 0PI,

Proof. Let L={y =X Nz +p;: 1 <i<|L|} and P = {(pj,q;) : 1 <3 <|P|}.
We consider the set A = {(logx,x)} described in Example (2) and the sets

B ={(logAi, =) : 1<i<|Ll},  B'={(logp;,q;): 1<j<|[Pl}.
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We observe that each incidence corresponds to a solution of A\;p; = ¢; — p; and
the number of solutions of this equation is |[{(b,b') € B x B': b+V € A}|. The
result follows in view of Theorem 2.1. O

2.3. The difference set {g* —¢¥: 0,<z,y < L}. Let g be a generator of F}.
Many authors have studied the problem of determining the smallest number M
such that {¢* —¢¥: 0 <z,y < M} =T, in the case ¢ is a prime p.

From the result of Rudnick and Zaharescu [10] it follows that one can take any

3/4logp where ¢, is a suitable constant. This range has been

integer M > cop
improved to M > cp®* by Garaev and Kueh [4] and independently by Konyagin
[9]. The best known admissible value for the constant ¢ has been ¢ = 2%/ due to

Garcia [6]. Our approach improves this further to the following statement.

Theorem 2.3. Let g be a generator of ;. For any € > 0 and q > q(e) we have

{g””—gy: 0<ux,y< (\/§+6)q3/4} =T,.

Proof. Suppose A & {¢g* —¢¥: 0 <2,y < L} and consider in G = Z,_1 X Z,—1
the Sidon set (see Example 3) A = {(z,y) : ¢*° — ¢ = A}. We observe that

-1 qg-—1
(I,y) €A = (yvx)+<qTaqT) €A

Thus, it is clear that if b0 € B = [0, L/2]* + {(0,0), (E, %)} then b+ & A.
In other words, |{(b,0') € Bx B, b+ € A}| =0.

On the other hand, Theorem 2.1 implies that

AllBP? Bl
0=|{(b,V)EBxB, b+ S | (12 1B B
{(b,b') e Bx B, b+V € A}| > rel <+|G|>| Ite]
Thus
G5/ (g — 1) »

Bl < _ 201 .

| |_|v4|—|G|1/4 q—2—(q_1)1/2<q (1+0(1))
and the theorem follows in view of |B| = 2(1 + [L/2])?. O

3. SUM-PRODUCT ESTIMATES

We will deduce some sum-product estimates form the following lemma.
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Lemma 3.1. Let A be a Sidon set in G with |A| = |G|Y? —§. For any subsets
B, B" C G we have

|B + B'|| Al |B + B’ 2 1/4
AnBl < 2T W L g2 121 G|Y

for some 0 with 0] <1 +max(0,5)%.
Proof. Indeed, by Theorem 2.1,
|B'l[ANB|=|{(=b,b+0b): beB, beB, —b+(b+)e A}
<@, 0" : ¥V e(—B)x (B+B), V+1b"e A}
B'||B+ B’
< |~AH ‘HG’ + | +0 ]B’HB—I—B’HGPM

for some 6 with 6] < 1 + max(0, 5)%. The lemma follows. O

Theorem 3.1 (Garaev [2]). Let Ay, Ay C F; and A3 CF,. We have

(3.1) max(|A; Az, [Ar + Asz|) > min (\/|A1|q7 \/|A1|2|A2||A3|/Q> :

Proof. We consider the Sidon set A = {(logz, ) : x € F;} described in example
2 and the sets B = (log A;) x A; and B’ = (log A2) x As. Since all the elements
(logay,ay) are in A we have that AN B| = |A;|. On the other hand we observe
that |B + B'| = |A1As|| A1 + As|. Lemma 3.1 implies the inequality

| A1 Aq|| A1 + As
|Aof|As|

|44| < +0

| A1 Ag|[ Ay + As
q
for some 6 with || < 1, which in turn implies (3.1). O

We can mimic this proof to get the following sum-product estimates.

Theorem 3.2 (Garaev-Shen [5]). Let Ay, Ay, A3 C F;. We have

max(|(As +1)Aal, |41 As]) > min (v/Ar]g, /A P[4 A5l g )

Proof. We consider the Sidon set A = {(z,y) : ¢" — g = 1}, the sets B =
log(A; + 1) x log A} and B’ = log Ay x log A3 and proceed as in the proof of
Theorem 3.1. 0
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Theorem 3.3 (Solymosi [14], Hart-Li-Shen [8]). Let p(z), ¢(x) € F,[X] be poly-
nomials of degree < 2 such that p(x) — pg(x) is not a constant for any p € F,.
For any Ay, Ay, A3 C F, we have

max(|p(Ar) + Ao, [a(Ay) + As]) > min (v/[Ar]a, v/ATPTA][ A ]/a)

Proof. We consider the Sidon set A = {(p(z),q(x)) : = € F,}, the sets B =
p(A1) x ¢(A;) and B' = Ay x A3 and proceed as in the proof of Theorem 3.1. [

Solymosi [14] proved that if {(x, f(x)): z € F,} C F, x F, is a Sidon set then
max(|A + Al [f(A) + f(A)]) > min(y/|Alq, [A]*/ /7).

4. EQUATIONS IN [,

We start with the easiest example which, however, we have not seen in the
literature.

Theorem 4.1. For any x € F,, let X(x),Y (x) be any pair of subsets of F, and
put T = <Z$ |X(a:)|) <Z$ |Y(x)|) Then, the number of solutions S of

o4y = (r+y)? e X(x), v eY(y)
18
T
S=—+0qT
q

for some 0 with 0] < 1.

Proof. We consider the Sidon set A = {(z,2?) : = € F,} and the sets
B={(z,2"): ' € X(2)}, B ={(y,y): v €Y(y)}

From the definition, (z,2') + (y,v') € A <= 2 +vy = (z +y)?>. Thus
S=|{(b,))) e Bx B : b+V € A}| and we apply Theorem 2.1. O

Corollary 4.1. Let Ay, Ay, A3, Ay C F,. Then, the number of solutions of the

equation
(4.1) T+ 1y = (23 + 14)%, z; € A,

18

s | 4 0/ A Al A

_ A ][4 As][ Ay
q



COMBINATORIAL PROBLEMS IN FINITE FIELDS AND SIDON SETS 9
for some 0 with |0| < 1. In particular, the number of solutions of
(4.2) T+ my=2% 1 €A, 1€ Ay, 2 €T,
18
[Av[[Az| + 61/]A1[|Azlg,

for some 0 with |0] < 1.

Proof. The first part of the statement follows from Theorem 4.1 by taking

A, cA As, cA
X(x) = bt ’ and Y(z)= S !
0  otherwise #  otherwise.

The second part of the statement follows from the fact that if A3 = A, = F, then
each solution of (4.2) corresponds to exactly ¢ solutions of (4.1). O

Shkredov [13] used Weil’'s bound for exponential sums with multiplicative

characters to prove the following result for ¢ = p prime and the condition

|X1||X2| > 20p
Corollary 4.2. Let X1, Xy C F,, | Xi||X2| > 2¢q. Then there exist x,y € F, such
that v +vy € X7 and vy € Xs.
Proof. The number of such that pairs (z,y) is equal to the number of solutions
of the equation

(21/2 — 2)(21/2 + 2) = a9, r1 € X1, 13 € Xy, z€F,.

We observe that this equation is equivalent to the equation (x1/2)? — zy = 2°.
The second part of Corollary 4.1 applied to the sets A; = {z?/2: z; € X;} and

Ay = — X, proves that the number of solutions of the equation (r,/2)* — xy =
2%, 11 € X1, 19 € X, z € F, is at least |A;||As] —¢* \/m This quantity
is positive when |A;||As] > ¢ and the theorem follows since |A;] > |X;|/2 and
[Aa| = [Xo|. 0

Sérkozy [11, 12] using exponential sums, obtained asymptotic formula for the
number of solutions of the congruences x1x5 —x3x4 = A (mod p) and z29 — x3 —
zy = A (mod p), z; € X;. In [7] these results have been proved in any finite
fields. We derive Sarké6zy’s results directly from our Theorem 2.1.
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Theorem 4.2. For x € F;, y € F; let X(x),Y (y) be any subsets of F,. Then
for the number S of solutions of the equation

¥4y =xy, 2eX(x),yeY(y)
we have

SZ%—}-Q\/qT,

for some 0 with |6] <1+ o(1), where T = <Zx |X($)|> <Zx |Y(x)|>

Proof. We consider the Sidon set A = {(z,¢") : = € Z,_1} and the sets
B={(logz,2"): '€ X(x)}, B ={(ogy,y): v €Y(y)}.
We observe that
(logz,2') + (logy,y) € A <= o' +y = g8 ™8y = g9,
Thus S = |{(b,0') € Bx B': b+ € A}| and then we apply Theorem 2.1. [

Corollary 4.3. Let Xy, Xy C F; and X3, Xy C Fy. The number S of solutions
of the equation

T1Ty = T3+ T4, x; € X,

18

o _ 1 XullXa|| X Xy

SN aaarar

for some 6 with |0] <1+ o(1).

Proof. We take X (z) and Y (y) as in Corollary 4.1 and use Theorem 4.2. O

Corollary 4.4. Let Xy, Xy C F, and X3, Xy C F,. The number S of solutions
of the equation
Toxz —mrs =1, x; € Xy,

18
X Xo[| X[ Xy

s 4 oGSl 1< 1+ o(1).

Proof. In Theorem 4.2 we take

X(z) = Xy, @ € Xfl and Y(y) =
0  otherwise 0  otherwise

—yXy, y€ X;!
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In this way we arrive at the equation z7 'z, " = 27 x5 —25 'y, which is equivalent

to the equation of the corollary. 0

Theorem 4.3. For x € F;, y € F;, let X(z),Y (y) be any subsets of F;. The

number S of solutions of the equation
vy — 2y =1, v,y eFy o' € X(x), y € Y(y),
18
T
S = p +0+/Tq,
for some 0 with |0| < 1+ o(1), where T = <Zx |X(x)|> (Zz |Y(x)|>

Proof. We consider the Sidon set A = {(z,y) : ¢ —¢¥ = 1} C Zy—1 X Zy—1 and
the sets B = {(logx,loga’) : 2’ € X(x )} and B’ = {(logy,logy’) : v € Y(y)}.
It is clear that S = [{(b,b') € Bx B': b+ € A}|. Now we apply Theorem
2.1. U

We observe that this theorem also gives an alternative proof of Corollary 4.4
by taking X (x) and Y (y) as in Corollary 4.1.

5. DISTRIBUTION OF SIDON SETS AND APPLICATIONS

Let A be a Sidon set in G. For any set B C G we denote by D4(B) the

discrepancy D4(B) = ||AN B| — % :

The following lemma and Lemma 3.1 will be the main tools to prove asymptotic

estimates for AN B| in a class of problems. For simplicity we restrict ourselves

to the cases when A is one of the three Sidon sets described in Section 2.

Lemma 5.1. Let A be one of the three Sidon sets described in section 2 and
B C G. For any set C' C G, there exists ¢ € C such that

Du(B) < 2(%)”2 + DA(BY) + Da(By)

where B¢ = B\ (B+¢) and B.= (B+¢) \ B.
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Proof. We can write
(5.1)

_MIBLY L _
‘QE:@MWB+) K”>+K”;¥Mﬂ3||Aﬂw+@D.

We observe that for the first sum we have

Z<|AO(B+C)|—%> =|{(b,c) e BxC: b+ce A}| —
ceC

Da(B

[A[IB|C]
|G|
1/2
Hence, by Theorem 2.1, the absolute value of this sum is bounded by 2 <q|B ||C ])

For the second sum in (5.1), it follows from |B.| = |B¢| that
ANB|—|AN(B+c¢)|=|ANDB,—|AN B

|AHBCr) ( \AHBCI)
=(|ANB.|— — (AN B¢ — —— .
(' = Ta ANBT = =4

Thus

Il Z(|AQB| AN (B +c) )

ceC

i Z(DA +DA(BC))

< rgeag(DA(Bc) + DA(BY)).

O

In the special case when B is a subgroup we can take C' = B and then B¢ =
B, = () for any ¢ € C. Thus, in this case we have

D4(B) < ¢"*.

As a corollary we obtain a well known result on the Fermat equation in finite
fields.

Corollary 5.1. Let Q,Q" be subgroups of F;. We have

|QIIQ|

{(z,y) €eQ@xQ: z+y=1}= 0(v/9).

In particular, if p > (rs)? the Fermat congruence 2" + y* = 1 (mod p) has
nontrivial solutions.

Proof. Consider the Sidon set A = {(z,y) : ¢+ ¢Y = 1} and take B = C' =
Q@x Q. O
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In applications, the strategy is to take a large set C' such that |B¢| and | B.| are
small compared with |B|. This is possible when B has some specific regularity
properties (subgroups, cartesian product of arithmetic progressions, convex sets,

etc.) We illustrate our method with an example.

Theorem 5.1. For any intervals I, J C Z,—1 and g a generator of F, we have
{(zy)eIxJ: ¢"—g' =1} = LIITIe (ql/Zec IOg(“”J'/qS”“)) ,
q

for some constant ¢ > 0.

Proof. Indeed we will prove that for any positive » we have

. Hig (LI
(62) ey elxJ: ¢~ =1}]=5"+06 <<q3/2) +1)Va,

for some @ with |§] < 1. The choice r = [y/log(|I||J|/¢3/% + 1)] gives the error
term in Theorem 5.1. We proceed by induction on r. We consider the Sidon set
A={(z,y): ¢°—¢Y =1} CZy1 X Z,;—; and the set B = I x J. Then, applying

Lemma 3.1, we get

B+ B | |B+ B| _4|1||J
|AmB\§%+2 q| ] |§ |(L| |+4\/6-

Since Da(B) < max(IEL4, | AN BY), we have that D4(B) < “ +4,/g, which

proves (5.2) for r = 1. Now we assume that (5.2) is true for some r and we proved
it for r + 1.

We consider the auxiliar set C' = I’ x J' where I’ = {0,..., |a|I||} and J' =
{0,..., |a|J|]} for a suitable @ < 1. We observe that |C| > o?|I||J]. Lemma 5.1
gives D4(B) < 2% + D A(B¢) 4 D A(B,) for some ¢ € C' where B¢ = B\ (B +¢)
and B. = (B+c¢)\ B. Now we observe that B+ c is a translation of the rectangle
B =1 x J. Thus we can write B¢ = B; U By and B, = B3 U B4 where the sets
B; are rectangles with | B;| < o|I|]J].

Thus, Da(B) < 2¥2 + DA(By) + Da(Bs) + Da(Bs) + Da(Bu).

Taking into account the induction hypothesis for each B; we have

Da(B) < (% +4- 6r<<o‘|q€|/|2‘]|)l/r + 1)) Vi
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If |I]|J| < ¢*? we take a = 1 and then

i (M YO+
<o () Ve

52 ) 1/(r+1)

and then

] J 1/(7"+1) ] J 1/(T+1)
DA(B) < <2<|qL‘/z| +4-6T<<|qg/2|> +1) N

vt (TN Y0+
<o+ (( q3/2) +1)Va

O

It should be mentioned that, for the particular case |I| = |J| and ¢ a prime p,
Garaev obtained the error term O(|I]%3 log®3(|I|p~3/* +2) + p'/?). We note that
the error term in Theorem 5.1 is smaller than Garaev’s error term. Furthermore,
in the range ¢*/% < |I||J] < ¢*/?e<(1°81°9* Gur error term is also smaller than
the error term O(g'/?log? q) established in [10]. For arbitrary intervals, Theorem
5.1 gives O(q'/?eV1°89) which is only slightly weaker than O(q'/?log?q).

Finally, we remark that the analogy of Theorem 5.1 also holds for some other
problems of similar flavor, like estimating [{z € I : z*> € J}| or [{z €1: ¢* €
J}|. These are achieved by employing suitable Sidon sets.
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