ON SETS FREE OF SUMSETS WITH SUMMANDS OF PRESCRIBED
SIZE

JAVIER CILLERUELO AND RAFAEL TESORO

ABSTRACT. We study extremal problems about sets of integers that do not contain sum-
sets with summands of prescribed size. We analyse both finite sets and infinite sequences.
We also study the connections of these problems with extremal problems of graphs and
hypergraphs.

1. INTRODUCTION

A popular topic in combinatorial /additive number theory is the study of extremal sets of
integers free of subsets with some given particular shape. We tackle here extremal problems
about sets that do not contain sumsets with summands of prescribed size, and we show their
relationship with extremal problems on graphs that are free of complete r-partite subgraphs.

Definition 1.1. Let r, ¢y,..., ¢, be integers with r > 1 and 2 < {1 < --- < {,.. Given an
abelian group G we say that A C G is a LZ?..JT -free set if A does mot contain any sumset
of the form

Li+ 4L, ={M+4+XN: €L, i=1,...,1}

with |L;| = ¢;, i =1,...,r. Forr =2 we simply write Ly, ¢,.
The case r = 1, that we denote by Ly, , is trivial: a set A is Ly, -free <= |A| < ¥¢; — 1.

1.1. L-free sets problems in intervals and finite abelian groups. To motivate Defi-
nition 1.1 and the results in this work we start by summarizing the state of knowledge for
some particular cases already studied in the literature.

1) Lo2-free sets. They are just the Sidon sets, those having the property that all the
differences a — @’ (a,a’ € A, a # a’) are distinct.
Indeed take Ly = {a1,b1}, Lo = {as,ba}, (a; < b;), then the shape of the sumset
L1 + Ly can be depicted as one 2-point set plus one of its translates:

®
aj + az by + a2 ay + b2 by + b2

A Sidon set can be characterized as being free of this shape.

ii) Log-free sets. A Loy -free set A is characterized by the property that there are no
more than ¢ — 1 different ways to express any non-zero element in the ambient group
as a difference of two elements of A. They have been called BS[¢ — 1] sets [20] and
By [¢ — 1] sets [27].

For example the typical shape of a sumset Ly + Lo with |L1| = 2 and |Ls| = 3 is
one 2-point set plus two translates of it:
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The L, 3-free sets are characterized as being free of this shape.
ill) Ly, 0,-free sets. The sets that are free of ¢; translations of sets with ¢; elements
were introduced by Erdés and Harzheim [10] and have been further studied in [22].
For example the L3 4-free sets are characterized by avoiding the following shape:

iv) LS’ ,-free sets. A Hilbert cube of dimension r is a sumset of the form L + -+ L,

.

with |Ly| = --- = |L,| = 2. Thus LS’ ,-free sets are those free of Hilbert cubes of
dimension r. A Hilbert cube of dimension 3 has this shape:

*—0- - -0— 0 *—0- - -0 0
and significant problem.
Definition 1.2. We will denote by F(n,ﬁﬁ_“ Er) the size of a largest Lé?m ¢, -free set in
the interval {1,...,n}.
Our first result is a general upper bound that recovers known upper bounds for the

particular cases considered above.

Theorem 1. For anyr > 2 and 2 <ty < --- < ¥, we have

Let us compare Theorem 1 with the know upper bounds for the aforementioned cases:

i) Lg.2-free sets. The upper bound |A| < /n+O(n'/*) for any Sidon set A C {1,...,n}
was proved by Erdés and Turdn [14] and refined until |A| < /n + n'/* + 1/2 by
other authors [21, 23, 6]. The Erdés-Turdan bound follows from Theorem 1 for
r = 61 = EQ =2.

ii) Ly -free sets. The upper bound |A| < /(¢ — )n + ((£ — 1)n)"/* +-1/2 for B[t —1]
sets A C {1,...,n} was proved in [6]. Theorem 1 for r = ¢; =2 and ¢y = ¢ > 2
gives

F(n,Lay) < (L= 12012 4 O(n3).

iil) Ly, 0,-free sets. Peng, Tesoro and Timmons [22] proved that if A C {1,...,n} does
not contain ¢; copies of any set of £ elements then |A| < (o — 1)/4pnl=1/4 4
O (n'/271/(26)) | This also follows from Theorem 1 for r = 2. Note that Erdds and

1-1/0;

Harzheim [10] had previously proved the weaker estimate |4| < n for these

sets.

iv) L5 ,-free sets. Csaba Séndor [25] proved that if A C {1,...,n} does not contain

a Hilbert cube of dimension r then |A| < pl=1/2 2n1*1/2r_2, except for finitely
many n. Gunderson and Rodl [17] had previously established the weaker upper
bound |A| < n'=1/2""". Theorem 1 in the case L’g)Q implies

F(n.£§) ) < n' =27 0 (/12
which improves the error term for » > 4 in Sandor’s estimate.
The probabilistic method provides a general lower bound for F(n, /32’1'),'“’ Zr)'
Theorem 2. For anyr >2 and 2 <l < --- < ¥, we have

214+ ly —1
(r) 11— —o(1)
F(n’ ‘Cél,...,é ) >n cbr =1 .

r
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The exponents in Theorems 1 and 2 are distinct and to close the gap between them is a
major problem. We think that the exponent for these extremal sets is the one attained in
the upper bound.

Conjecture 1. Foranyr>2 and2 <ty <---<¥,,

" 11/ (01 l_y)
F(n’cfl,---,&) =n ! v,

This conjecture has been proved for some particular cases:

(1.1) F(n,Log,) ~ (ly — 1)/ 20112,
(12) F(n7£3752) = n1*1/3, (62 > 3)7
(1.3) F(n, Lo p,) =n"V0 6y > (4, — 1) +1).

The asymptotic estimate (1.1) for f5 = 2 recovers the estimate found by Erdds and Turdn
[14] for extremal Sidon sets and was generalized to any 5 > 2 by Trujillo-Solarte, Garcia-
Pulgarin and Veldsquez-Soto [27]. The estimates (1.2) and (1.3) were proved by Peng, Tesoro
and Timmons [22].

The lower bound in Theorem 2 has also been improved in other cases although they do
not match the exponent 1 —1/(¢y...0,_1). Trivially F'(n,L4s,) > F(n,Ls,4,), thus (1.2)
implies F'(n, L4,¢,) > n'=1/3 for ¢5 > 3, which gives a better lower bound than Theorem 2
for {5 = 4,5, 6.

Another interesting case corresponds to L5} ,-free sets. Theorem 2 gives the lower bound

F(n, L5 5) > n!=3/7=°(1) but Katz, Krop and Maggioni [18] found a construction which
gives

(1.4) F(n, L5 5) > n' "1/,
We confirm this last lower bound with an alternative construction based upon a E;‘?’%’z—free
set in Z3 ;.

Definition 1.3. Given a finite abelian group G, we will denote by F (G, E;’l‘))m ,Er,») the largest
size of a KZ)W 0 -free set in G.

Theorem 3. For any prime p > 2 we have

3
F(Zy 1.£555) > (0= 3)%.

The set we construct to prove Theorem 3 can be easily projected to the integers to prove
(1.4), as it was done in [18]. In general we have

Proposition 1.

F g, £ )2 F(Zyy % - X Ly L5 ,).
1.2. Extremal problems in graphs and hypergraphs. Given a graph H, let ex(n, H)
denote the maximum number of edges (or hyperedges) of a n vertices graph (or hypergraph)
which does not contain H as a sub-graph (or sub-hypergraph). Estimating ex(n,H) is a
major problem in extremal graph theory. An important case is when H = Ky, ¢,. It is
known that
£1+£0—2

_ftep—2 1 _1
(1.5) n’THET L ex(n, Koy ) < 5(t2 — 1)V (1 + o(1)).

The upper bound was obtained by Kévari, Sés and Turén [19] and the lower bound can be
easily obtained using the probabilistic method.

There is a gap between the exponents in (1.5) and to improve the exponent on the lower
bound is a difficult problem. The conjecture is that the true exponent is the one attained in
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the upper bound. The only cases where the upper bound has been reached by a construction
of a graph with Q(n?~1/1) edges are

(1.6) ex(n, F2) = (1 + o(1)),

(1.7) ex(n, Ko y,) = %nmu +0(1)), (ly>2),
(1.8) ex(n, K33) = %n5/3(1 +0(1)),

(1.9) ex(n, Ko, g,) < n?> V0 (ly > (6, — 1) +1).

Erdés, Rényi and Sés [12], and Brown [5] proved (1.6). Fiiredi [15] obtained (1.7) and Brown
[5] and Fiiredi [15] proved (1.8), whereas (1.9) was proved by Alon, Rényai and Szabé [2].
Ball and Pepe [3] have recently proved that ex(n, K5 5) > n”/4. Their result also improves
the exponent in the lower bound in (1.5) for the cases (¢1,¢2) = (5,02), 5 < {3 < 12 and for
(01,42) = (6,02), 6 < {5 <8.

The analogous problem for hypergraphs seems to be more difficult.

Definition 1.4. Letr > 2 and 2 < ¢; < --- < L, be integers. We write Ké:)_“ 0 for the
r-uniform hypergraph (V,€) where V.=V, U--- UV, with |V;| =4;, i=1,...,r and

E={{r1,...,xp}: m; eV, i=1,...,r}.
)

s

We will say that the r-hypergraph H is KZ .0, ~free when H does not contain any r-

uniform hypergraph Kg)‘__ 0,

We recall that ex(n; Kg)m ¢,) is the maximum number of hyperedges of a Kg) o, ~free

yens

hypergraph of n vertices. See [16] for a nice survey on extremal problems on graphs and
hypergraphs. An easy probabilistic argument gives a lower bound which generalizes (1.5):

po ittt —r )

(1.10) n'T R <Lex(n Ky, ).

The upper bound was considered by Erdds in the case £ = ¢; = --- = {,. He proved [9,
Theorem 1] that

(1.11) ea:(mKé?J) <nmHVET

ex(n, K7 )
positive number. We refine and generalize the estimate (1.11) as follows.

Erdds and Simonovits wrote in [13] that probably lim, exists and it is a

Theorem 4.

(Er i 1)1/41...&71 nrfl/Zy--Z,«,l

(1.12) ex(n, K" ) < o

(I+0(1)), (n— o).
The case r = 2 in Theorem 4 is the result (1.5) proved by Kévari, Sés and Turdn [19]. It
is believed that the upper bound in (1.12) is not far from the real value of ex(n, KZ) 0)-

Conjecture 2.
ex(n, KZ) 7&‘) = pr Vet

The lower bound in (1.10) has been improved in a few cases for r > 3:
(1.13) ex(n, KQ(?Q)Q) > nd1/8,
(1.14) ex(n, Kér) ) > e R G (sr=1 (mod 2" —1)).

)

Katz, Krop and Maggioni [18] attained (1.13) and Gunderson and Rodl [17] proved (1.14).
An alternative proof of (1.13) follows from Theorem 3 and Proposition 2 below.
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1.3. Connection between the two areas of problems. The two exponents of n in
Theorems 1 and 2 have the same flavour as the two exponents of n in (1.10) and in Theorem
4. This is a consequence of the following result.

Proposition 2. Let G be a finite abelian group with |G| =n. Then

n) F(GVCE:) ZT)

.....

catn. 57,0 = (!

The proof uses ﬁg)”_ ¢, -Iree sets in finite abelian groups to construct K g)___ ¢,~free hyper-
graphs. Proposition 2 connects results on extremal problems in abelian groups with results
on extremal problems in hypergraphs.

We mention a couple of cases already discussed in the literature. It is well known that
if A is a Sidon set in a finite abelian group G then the graph G(V,€) where V = G and
E={{z,y}: v+y e A} is a Kya-free graph. Another related example is the connection
that was discussed in [22] between Ly, ¢,-free sets and the problem of Zarankiewicz, which
in turn is connected to extremal problems on Ky, ¢,-free graphs (see [15, §2]). As a final
example (1.13) can be obtained from Theorem 3 by using Proposition 2.

algebraic ideas behind the constructions of some Ky, ¢,-free graphs can be used in some
cases to construct Ly, ¢,-free sets. This was the strategy followed in [22] to construct dense
L3 3-free sets.

1.4. Extremal problems in infinite sequences of integers. We consider also infinite
L-free sequences of positive integers. This problem is more difficult than the analogous finite
problem, even in the simplest case of L, o-free sets (Sidon sequences). Let A(z) = |AN[1, z]|
be the counting function of any sequence A. In the light of Conjecture 1 for the finite case
and being optimistic one could believe in the existence of an infinite Eé:?'..’zr-free sequence
satisfying A(z) > 2!=1/(r—1) Erdés [26] proved that it is not true for Sidon sequences,
and Peng, Tesoro and Timmons [22] proved that neither for £, ¢,-free sequences this is true.

......

.....

lim inf z) (zlogz)/tr-1) « 1,

T—00 T

.....

sequence with
(1.15) A(r) > s VAR S O

A positive answer to this question was conjectured by Erdés in the case of Sidon sequences.
The greedy algorithm provides a Sidon sequence A with A(z) > x1/3. This was the densest
infinite Sidon sequence known during nearly 50 years. Ajtai, Komlés and Szemerédi [1]
proved the existence of a Sidon sequence with A(z) > (zlogz)'/? and Ruzsa [24] proved
the existence of a Sidon sequence with A(z) > V2~ 1) The first author [7] constructed
an explicit Sidon sequence with similar counting function.

To attain the exponent in (1.15) looks like a difficult problem. It even seems difficult to
get a exponent greater than 1 — %, which is the exponent obtained in Theorem 2

for finite sets.
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The probabilistic method used in Theorem 2 to construct dense finite 52)___ ér—free sets
)

.....

might be adapted to construct infinite clr -free sequences with large counting function in
O1senrlr

order to prove that for every e > 0 there exist an infinite ,CZ) ¢, -free sequence A satisfying

b4t by —r

A(z) > 2'777¢, with v = 7 Y-
Ll —

We have not found a proof for the general case, however we have succeeded in two
particular cases.

Theorem 6. For any ¢ > 2 and for any € > 0 there exists an infinite Lo ¢-free sequence
with ,
A(z) > ' mz17e

Note however that the constructions in [24] and [7] provide a greater exponent for £ = 2
and £ = 3.

Theorem 7. For any r > 2 and for any € > 0 there exists an infinite Eg_)uz—free sequence
with
Alz) > zl77=17¢

The rest of this paper is organized as follows. Several auxiliary results that will be used
in the sequel are included in section 2. In section 3 we discuss finite sets that are L-free
and we prove Theorems 1, 2, 3, and Proposition 1. In section 4 we prove Proposition 2 and
Theorem 4. In section 5 we discuss infinite £-free sequences of integers and prove Theorems
5, 6 and 7.

2. LEMMATA AND AUXILIARY THEOREMS.

Lemma 2.1. Let r > 2 and 2 < €1 < --- < 4, be given. If A is a LZ)_“ Zr—free set 1 an
abelian group G then the set

(A4+z)N---N(A+zg)

s a ﬁé;fl)e -free set for any collection {x1,...,xe, } of €1 distinct elements of G.

Proof. f Lo+---+ L, C (A4x1)N---N(A+zy,) then Lo+---+L,—x; CAfori=1,...,4
aHdSOLl—FLQ—‘r--'—f—LTCAfOI‘le{—l‘l,...,—J?gl}. Il

Definition 2.1. We say that a sumset Ly + --- + L, is degenerated if |[L1 + -+ + L,| <
|L1| -« |Ly|, that is to say some of all the possible sums are repeated.

Lemma 2.2. If a sumset is degenerated then it contains an arithmetic progression.

Proof. Consider the sumset X = Ly + ---+ L, Suppose that x1 + -+ x, =y1 + - + y»r
with ;,y; € L; (1 < i <r), and with xy # yg, say xp > yi, for some k. Then the three
following elements of X form an arithmetic progression of difference z — yx:

i+ T T Y T g1t Te, Tib Ty, Y1 b Yp—1 T T T Y1 T Y
|

Lemma 2.3. Givenr > 2 and 2 < {1 < --- < {,., there are at most n©> T Te=m+1 sumsets
X c{l,...,n} of the form X =Ly +---+ L, with |L;| =¥4;, i=1,...,r.

Proof. Any sumset X can written in only a way in the form x + L} + --- + L) with L} the

translate of L; such that min L) = 0. The number of choices for z, L},..., L] is at most

n(p ) () < nttEmbEetD), O
1— [
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We recall a Theorem, which is a consequence of the Jensen’s inequality, and that will be
used in the proof of Theorem 4.

Theorem 8 (Overlapping Theorem [8]). Let (€2, A, P) be a probability space and let { E; };?:1
denote a family of events. Write

o=y P(E,N-NE), (21)

1< < <gi<k

o> (“1> _ oo =1 (o= (=1)

Then we have

l

An inmediate corollary of Theorem 8 is the following lemma which will be used several
times through this work.

Lemma 2.4. Let [ > 2 be an integer. If A+ B C X then

IAlIB]
1 > I(A+x1)ﬂ-~-m(A+g;,)Z< |);| >
{w1,mai}e(7)

(2.1)

Behrend [4] proved the following result that will be used in the random constructions we
make in the sequel.

Theorem 9 (Behrend). For n large enough, any set of n consecutive integers contains
a subset By, free of arithmetic progressions with size |B,| = nt=w () for some decreasing
function w(n) — 0 when n — oo.

Indeed it is possible to take w(n) =< 1/+/logn.

3. FINITE L-FREE SETS

3.1. Proof of Theorem 1. As the first step in the proof we attain a weaker version of the
upper bound of Theorem 1.

Lemma 3.1. Forr>2 and 2 <t <--- </, we have
F(n, [,gr) , ) < =V (tt).

Proof. For short we write F,. = F(n,ﬁg)m h) and F._q = F(n,LZf)&‘). Suppose that

yeus

that
(3.1) [(A4+z)N---N(A+xz)| < Froa,
holds for any set of distinct positive integers {z1, ...,z }-
Now we take B = [1,n] and X = [1,2n] in Lemma 2.4 and use (3.1) to get
o (1)Eez () = Mm@
and then we have
(3.2) F. < (2n)'"YVa(F,_ )Y 20,

This inequality allow us to prove Lemma 3.1 using induction on r. First note that F} =
F(n,Ly,) =€y — 1 for n > ¢ — 1 and inserting (3.2) we have that the Lemma is true for
r=2.

Assume that it is true for r — 1. Inequality 3.2 implies
F'r‘ << nl*l/zl (Fr—l)l/EI << nl*l/el (nlfl/(széT,l))l/él << nl*]/(fl-“@.ﬁfl)'
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Next we will prove a refined version of the inequality (3.2).

Lemma 3.2. Let r,ly,...,¢, be integers with r > 2 and 2 < 41 < --- < {,.. We have the
following inequality:

Fln L) ) <n' 7 (F(n £, ) +0 (nt/2/@nten)
Proof. The first part of the proof is similar to the proof of Lemma 3.1 but now we take

B =[0,m] and X = [1,n+ m] in Lemma 2.4 where m will be choosen later. The inequality
(3.1) and Lemma 2.4 imply

Fr—l m+1 > n::lrle
n+m 2 -
4
F,_ 1F, !
= Lim+ 1) > (m+ — (6 —1))
n—+m n-—+m
Fr,1 > él—].
n+m = n+m m+1
F _ (Fa Va1
n+m — n+m m—+1

Using that (n +m)' =14 = p!=V0 (1 4 m/n)=V0 < nl =141+ m/n) we get

Fy < (n+m)t-t/np, oy (oDl tm)

m—+1
<pl-Vbp 1/ (1 " @) n (4 — 1)j_n1+ m)
n m

E_\Y5% -1
nt~VaE._Yh 4m <1) 4G =bn +4 -1
n m+1

To make as sharp as possible this last estimate we need that the second and the third
summands have the same order of magnitude. Hence by taking m = |[v/nly /(F,_1/n)"/ (%) |
and using also Lemma 3.1 we have

ly — 1/(261)
n(F._1/n Vit -1
LR (Fa ) 1t

< nl—l/lerlzfll + O(n1/2—1/(2£1---h_1))

(3.3) F, <n(F_y/n)"/" +21 =
as claimed. g

To finish the proof of Theorem 1 we proceed by induction on r. For r = 2, let Fy =
F(n, Ly, 0,) and Fy = F(n,Ly,). Observe that F; = {3 — 1 for n > ¢ — 1. Inequality (3.3)
implies

Fy < (by —)YVap=Va 4 0 (n1/2—1/(241)) .
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Assume that Theorem 1 is true for r — 1 and take any f1,...,¢, with 2 < f; < ... < /.
Lemma 3.2 and the induction hypothesis imply

Fpo< a0 (B ) g0 (pt/emt/ @)

1/¢
< nlfl/ll ((&' _ 1)22.,-11T_1 nl—lz.,.lzr_l +0 (n%'i-ﬁ_ez,.ir_l )) 1

+ 0(nt )

1 1— 1 _14_1 1/¢, 1_ 1
< (& — 1)l1~“lr—1 n G-boa (1 +0 (7?, 2120, )) +0 (n2 211'“%—1)

1

11 1,1 1 11
< (Er — 1)51'“1"7«71 n fa&-1 40 <n2 201 @1"'%71) +0 (n2 2@1"'4’?71)

For r = 2 the second and third summands are the same. For » > 2 note that #1 -+ #,._o—2 >
—1, and dividing this inequality by 2¢; ---¢,._; we have that the exponent in the third
summand is smaller than the exponent in the second summand. Hence we have

1 1y_1 1
Lylpq +O(n2 20,1 51"%%71)’

1 1—
Fo<(t—1)a i

as claimed.

3.2. Proof of Theorem 2. The lower bound of Theorem 2 comes from a probabilistic
construction. Our proof is a generalization of the argument that Gunderson and Rodl [17]

used for the particular case [,g)Q

Let B,, denote the set given by Theorem 9 of Behrend, with the following properties:
B, C [n], Bis free of arithmetic progressions and its size is | B,,| = n' =) with w(n) = o(1).

Next we randomly construct a set S in [n] with the following probability law:

pifv € By,

0 otherwise,

]P’(VES)Z{

where all the events {v € S},>1 are mutually independent. For the value of p we choose

1 r=Ci+ 4l —w(n)
lr—1

p=pln)=gn T

We will say that X is an obstruction (for S) when X C S is a sumset of the class EZ)“_ 0
Our aim is to destroy all the obstructions for S. To this end we will remove from S the
greatest element of every obstruction. Let SP®d denote the collection of all these greatest

elements:

(3.4) sedi= | {max(X)}.

If the number of obstructions is low enough, then we could remove from .S all the elements in
the collection S and still retain a sufficiently dense set which would be free of obstructions.
With this in mind we claim that the obstructions for S are few in our construction.

Lemma 3.3. For all n sufficiently large, with probability at least 1/4 the random sets con-
structed in this way satisfy

|Bn‘p
2

and |SP*| < M

>
5] 2 .

The lemma implies that there exist a set S C [n] such that

Al

B -1 —©
|S \ Sbad| > % = nl Ty lp—1 (1)
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Note that the set A = S\ SP3 satisfies the conditions of Theorem 2. Indeed by removing
from S all the elements in SP?d we have that A is C(T) —free because all the sumsets of

the class E ¢, that were contained in S have been destroyed

.....

Thus to complete the proof of Theorem 2 all we need is to prove Lemma 3.3.

Proof of Lemma 3.3. On the one hand since S C B, then S is free of arithmetic progressions
and Lemma 2.2 implies that all the obstructions for S are non degenerated (see definition
2.1). Hence all the possible sums within an obstruction X are distinct and so the probability
of any obstruction X to occur in the construction is

(3.5) P(XCS:XeLl ,)=prt.

Consider the random variable N(S) = #{X C S: X € Elj,---h} that counts the number
of obstructions. As two different obstructions may have the same maximum then N(S) is
greater or equal than the cardinality of S*®d. Hence using Lemma 2.3 and (3.5) we can
estimate the expected cardinal of SP2d as follows:

E(Is*™]) < E(N(9)=#{Xcn]: XeL ,}PXcCS)

< phtetleri it

o gl byl PO (4 g 141

r— (014 +lr) —w(n)

— o bl pl-wn), — -1 — |Bn|p/221---£r71_

Using the fact that 2 < ¢; (2 < i < r), this last estimate of E(|S*24|), and Markov inequality
we have

(3.6) (Sbad|> [B- |p> <]P’<|Sbad |B P )

ol —2
<P (]S"] > 2 E(|Sbad\)) <1/2.
On the other hand the size of Sequals ), p 1,es, i.e: the sum of | B, | independent random

indicator variables all having the same expectation p and variance p(1 — p). This implies
E(|S|) = |Bn|p and Var(|S|) = | Bn|p(1 — p). We can now use Chebychev inequality to write

(181 < Z2) = 2 (151 < ZE0) <p (s - msp > E00)

4Var(|S|) _ 4[Bn|p(1 —p) 4 1

(E(IS1)? (IBnlp)? | Bnlp

except for finitely many n, since |B,,|p — co. Combining (3.6) and (3.7) we obtain
P (S| > |Bulp/2 and [S™*!| < [Bulp/4) 21— (1/2+1/4) > 1/4,

(3.7)

as claimed. O

3.3. Proof of Theorem 3. Theorem 3 is an immediate corollary of the following result.
Proposition 3. Let p be an odd prime and 0 be a generator of F,. The set
A= {(l'l,l'g,xg) D 0T 072 0% = 1, z1,29,23 # 0} C Zp 1

does not contain subsets of the form Ly + Lo + L3 with |L1| = |La| = |L3| = 2 and has
(p — 3)? elements.

Proof. The first observation is that, given any abelian group G, a set A C G is free of subsets
of the form Ly + Lo + L3, |L1| = |L2| = |L3| = 2 if and only if for any y € G, y # 0, the
sets AY = AN (A + y) do not contain subsets of the form Ly + Lo, |L1] = |L2| = 2. This
last condition is equivalent to say that AY is a Sidon set. This is what we have to prove.
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For a fixed y = (y1,y2,ys) # (0,0,0) in Zg_l we consider the set AY = AN (A+y). Itis
clear from the definition that

AY = {(x1,x9,x3) : satisfying the conditions (x)}

6" 1672 4 6% = 1
(*) gTrtyL 4 gr2ty2 4 gTstYs — |
xiaxi_'_yi 7é Oa i = 172a3'

We claim that, if AY is not empty, then one of the coordinates of y is distinct from 0 and
distinct from the other two coordinates.

To prove this claim suppose that (z1,zs,z3) € AY. Since y = (y1, y2,y3) # (0,0,0) we can
assume that one of the coordinates is different from zero, say ys # 0. If y3 # y1 and y3 # yo
then the coordinate ys satisfies the statement of the claim. We consider now the possibility
that y3 = y2 (the case y3 = y; is similar). We will see that in this case, the coordinate y;
satisfies the claim. If y; = 0 then the equations (*) imply that 6% + %2 = Y3 (6% + §*2)
and then, since y3 # 0, we have that 6% + %2 = 0. But it implies that 3 = 0 which is not
possible by construction. Furthermore it is clear that y; # y2 = y3. Otherwise we would
have that y; = y2 = ys3 and the equations (*) would imply that y = (0,0,0) which is a
contradiction.

Let us assume that y3 is distinct from 0 and distinct from the other two coordinates. This
implies that the elements \; = Y3 — Y1 Ay = 0Y3 — 0Y2 and pu = 0Y3 — 1 are distinct from
zero. Hence taking the function zg(x1,x2) = logy(l — %1 — *2) we can deduce from the
equations in (*) that the set AY is included in the set

S = {(x1,$2,l’3(x17x2)) : )\19w1 + )\20$2 = U, g% +0£D2 74 1}

Next we show that S is a Sidon set, which implies that AY is a Sidon set. For a given
(21, 22, 23) # (0,0,0), suppose that
(3.8) (z1, 20, x3(21, 22)) — (2], 2, x3(2], %)) = (21, 22, 23)

with

ALOTT + ATz =
(3.9) { 1070+ A2 o

A0+ N0 = p.

We will show that (1,2, x3(z1,22)) and (2], x5, x3(x], 25)) are uniquely determined by
the conditions (3.8) and (3.9). If z; = 25 = 0 then (x1,22) = (2], %), which implies that
z3 = 0. Therefore we can assume that (z1,22) # (0,0). In this case equations in (3.8) and
(3.9) imply that

X672 (1 — 071 7%2) = p(1 — 6*1).

If z; = 29 then u(1 —0*') =0 = 21 = 20 = 0. If z; # 25 then x5 is uniquely determined
and therefore also x1, z], 24, z3(x1, 22) and x3(x), zh).

To complete the proof of the lemma we calculate the size of A:

A = H{(u,v,w) € ]Fzg) cutv+w=1, u,v,w ¢ {0,1}}
= ) > 1= Y (p—[0,1,—w,1—w})
w¢g{0,1} vZ{0,1,—w,1—w} w¢{0,1}
= p(p—2)— Z |{071a_w71_w}‘_|{0>17172}|
w¢{0,1,—1}
= pp—2)—4(p—-3)-3=(p—3)".
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In the rest of this section we will prove the estimate (1.4) by using Theorem 3 and
the following projection from Z2, to Z. For any integer m > 2 we consider the function
Om + Z3, — 7 defined by

(3.10) Om(T1, 20, 23) = (2m)2xy + (2m) 1y + 23,

where x1, 22, x3 are residues in [0, m — 1]. An easy, but important, property of this function
is that

(3.11) om () + Pm(Y) = pm(u) + om(v) = r+y=u+v.

This property in a more general fashion is proved during the proof of Proposition 1 in section
3.4.

Lemma 3.4. If ACZ2, is L’gj’%,g—free then the set @, (A) is Cg?;z—free over the integers.

Proof. A Hilbert cube of dimension 3 can be also described as a multiset {z1,...,zs} with
X9, X3, x5 # x1 satisfying the following conditions (see the picture below):

{$2—$1:$4—x3:$6—$5:$8—1’7

L3 — &1 = X7 — T

o o e o e o e o
T1 T2 T3 T4 T5 Te Tr T8

This system of equations is equivalent to the following system in term of sums:

To +x3 =24 + 21,
(3.12) T2 + x5 = Te + X1,
T2 + X7 = 28 + X1,

T3+ Ts =27+ X1

Suppose that {¢m,(a1),...,em(as)} with ay,...,as € A is a Hilbert cube of dimension 3

contained in ¢, (A). Since the elements ¢, (a1), ..., ¢m(as) satisfy the four equations in
(3.12), the observation (3.11) implies that also the elements aq, ..., as satisfy the analogous
equations in Z3, and therefore the multiset {ai,...,as} is a Hilbert cube of dimension 3
contained in A. N

To attain bound (1.4) we apply Lemma 3.4 to the set A described in Proposition 3. It is
easy to see that ¢,, defined by (3.10) is injective thus |¢p,—1(4)| = |A| = (p — 3)? and we
also have ¢,_1(A) C [0,4(p — 1)®). Let p be the largest prime p such that 4(p — 1)3 < n,
that is p = (n/4)*/3(1 + o(1)). Then we have

3
F(n, £33 5) > lpp-1(A)] = (p = 3)° = (n/4)* (1 + o(1)).

3.4. Proof of Proposition 1. To prepare for the proof we first generalize the idea that we
used during the proof of Lemma 3.4. The sums in a sumset might be repeated thus we have
a multiset in the general case. However a minimum number of the sums are distinct. The
set L1 is translated £ times to form a pattern which is in turn translated ¢3 times and so
on. The next lemma characterizes sumsets as multisets satisfying a number of conditions.
Lemma 3.5. Letr > 2 and2 < {1 < --- < ¥, be given, and a sumset L1+---+L, € ﬁl(,:) 0
with summands Ls = {Xs1,...,Ase. }, (1 < s < 71). We enumerate the sums using a multi-
index as follows:
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Then the following ZZ=1 (g’“) conditions hold:

(3.13) T1odiglel 7 T1o1je1o1, (1 <idg <o <Uls,s=1,...,7).

Furthermore the following ¢y -+ £, — ({1 + -+ -+ £,) + (r — 1) equalities hold:

(3.14)

L1l + T1eigigs iy = Tloliglool + Tloiliyyy iy (is #£ 1, (igg1,--500) #(L,...,1),1<s

In the other direction, suppose that a given multiset X of €1 ---£,. elements can be multi-
indexed as follows
X:{mi1~--ir7 1§7;s§6571§8§r}7

so that conditions (3.13) and (3.14) are satisfied. Then X € EZ?.H,ZT'

Proof. For s = 1,...,r the cardinality of any translate of Ly is ¢;. Hence all the elements
in the translate

E A1+ Ly —{xl diglee s=1,. ﬁ}
1<t<r
t#s

must be distinct and so (3.13) holds.

Let us fix s, with s < r — 1, and also fix 4511,...,%, With (is41,...,%.) # (1,...,1).
Varying just the s place of the multi-index we have that the following £, — 1 equalities on
differences hold:

TeLigiggrmvin — Llodlipgs iy = Asiy — Asl = Tloliglol — T1o1, (I # 1),
We now vary is41,. .., i, and we have that the following (€541 --- ¢, — 1)(¢s — 1) equalities
on sums hold:

1.1+ T1eodigigyqerip = Lloligle1 + L1 Ligqy g (is 75 1, (is+1, - ,i,«) 75 (1, R 1))

As this is true for 1 < s < r we have (3 14). Summing in s, the total number of equalities is

r—1
> (logr e = 1)l — 1) Ze bp— Loy by — Uy +1
s=1
r—1 r—1
£T+Z byl Lyl Y (<L + 1)
s= s=1
= (131 +o )+ (r=1),
as claimed.

To prove the second part of the lemma, suppose X = {z;,...;,, 1 <is < ;1 < s <r}
satisfies conditions (3.13) and (3.14). We define Ly := {x11..1,221...1, ..., Z¢,1...1} and for
s=2,...,r we define

Ls:=—z11.0 +{z1. 15,0110 =1,..., s}
As x1..1 € Ly and 0 € Nj,_, L, it is trivial that x1..; = z1..1 + 2222 0 belongs to both X
and Ly + ---+ L,. In other case (i1,...,%,) # (1,...,1) and then using r — 1 times (3.14)
we can write
Tiqyeoip = Lq1--1 — L1001 + Tlig- iy

= Zj1.1 — T1.01 + T1i91--1 — L1..01 + L1lig--ip

= xill-ul + (—1’14..1 + ‘rl’igl"-l) 4+ 4 (—(El...l + 1’1...1“),
which implies that any element of X (other than z;...1) belongs to Ly + --- 4+ L, and vice
versa. Hence we have X = L1 +---+ L,.. Condition (3.13) implies that |Ls| = €5 (1 < s <),
and so X € E(T) R O

<7’).
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Now we are ready to prove Proposition 1. We remind that given ry,--- ,r;,--- (the base),
any non negative integer can be written in a unique way in the form
Y1+ y2r1 FYsrare + YT i1+,
with digits y; satisfying 0 <y; <r; (> 1).
The map ¢: Zy,, X -+ X Zy,, — Z given by
oz, ..., zk) =x1 +22(2n1) + - + £ (2n1) (2n2) - - - (2ng—1),

is injective, to see it just note x1, ..., x are the k digits of the integer p(z1,...,2zx) in any
base starting with {2n,2ns,...,2ng_1,2n%}. One important property of ¢ is
(3.15) o(@) +o(y) =pu)+pv) =>r+y=u+v.
To prove it suppose ¢(z) + ¢(y) = ¢(u) + ¢(v), that is to say
k k
(3.16) D (@5 ;) (2m)(2n2) -+ (2n;-1) = > (u; +v;)(201)(2n2) -+ (2n;1).
1 1
For every j =1,...,k we have 0 < z;,y;,u;,v; < n; which implies

0<z; +y;,u; +v; <2n;.
The expresion of an integer in the base is unique, thus by (3.16) we have x;+y; = u;+v; (1 <
j < k), which implies that z +y = u + v.
We claim that ¢ preserves the property of being LZ?.”,ZT—free. Indeed, let A C Z,, x

-++ X Zp, be any set such that ¢(A) contains a sumset Y of the class EZ?._’@T. By Lemma
3.5, Y can be multi-indexed {y;,...;., : 1 <is < 5,1 < s <r} and satisfies conditions (3.13)
and (3.14). The function ¢ is injective and so ¢~ 1(Y) = Z can multi-indexed in the natural
way : 2i,..i, = ¢ 1 (yi,..i, ). Because ¢ is injective we have that Z satisfies the conditions
(3.13). The property (3.15) implies that Z satisfies the equalities (3.14). Hence the second

part of Lemma 3.5 implies that Z = ¢ ~1(Y) is a sumset of the class Eg)..lr in the group
Liny X -+ X Loy, -

Note that the image of ¢ is in the interval [2*1niny---ny], because we have z; <
n; —1,(1 <¢ < k) and then

o(m1,...,mk) < (ng — 1)+ (n2 — 1)(2n1) + (n3 — 1)(2n1)(2n2) + - - -
=—-1+ ny — 27L1 + 27L1712 — 4n1n2 -+ 4n1n2n3 + -

k—2 k—1
— 27" nng - np_1 + 2 Tning - - - Ny

:—1—n1—2n1n2—-~-
< 2k_1n1n2 Nk
Therefore for any Eg)___ ér—free set A C Zy,, X -+ X Ly, we have
Al = [p(A)] < F2F tnang - omi, £ ),

which implies F'(Z,, x --- X Z”k’ﬁg?..-,h) < F(2k_1n1n2 Cee Mg, EZ),)

4. CONNECTIONS WITH TURAN PROBLEM ON GRAPHS AND HYPERGRAPHS

4.1. Proof of Proposition 2. Let A C G be any set free of subsets of the form L +---+L,,
with |L;| = ¥¢;, i =1,...,7. Consider the hyper-graph G = (V,£) where V = G and

5:{{x1,...,xr}6 <C:) a:1+'~-+xr6A}.

We claim that G does not contain a copy of the r-uniform hyper-graph K g).__ ¢, (see definition
1.4). Otherwise there exist Ly,..., L, with |L;| = ¢;, ¢ = 1,...,r, such that all the hyper-
edges {x1,...,2,} with z; € L; belong to £. But this is equivalent to say that z;+---+z, € A



ON EXTREMAL PROBLEMS IN L-FREE SETS 15

for all (z1,...,z,) € Ly X -+ X L,. In other words, that Ly 4+ --- + L, C A, which is not
possible because A is EZ?“_JT—free. Hence we have

(o0 ) 2 # e (O) v a)

an inequality which can be alternatively written as follows

ex(m k{7, ) > Re(y)

yeEA
where R, (y) = #{{z1,..., xr}e(G): x1+-~-—|—xT:y}.

Note that, for any given x € G, as A is L o, -free then A + z has the same property.
This implies the last 1nequahty also holds if We sum in y € A+ x. Hence we can write

exKf) ) 2 m X Y R = g LR W sey—4)

wEGy€A+ yeG
_ ﬂ _ A6 _ Al (n
B |G|ZRT(y)_|G| r ) n\r)
yeG

4.2. Proof of Theorem 4. The proof uses induction in r. The case r = 2 was proved by
Kovari, Sés and Turdn [19].

For r > 3 to ease the notation we write e, = ex(n, Kg)z) and e,_1 = ex(n, K(T 1)5)

Suppose H = (V, ) is one extreme r-hypergraph which is free of K g) 0 hypergraphs. We
have
(4.1) €| = e,

The neighbourhood of any vertex v in V' is the collection of all (r — 1)-subsets of V' that
form a r-hyperedge when combined with v:

N(v)z{Ue (T‘_/1>:{U}UU€5}.

For any fixed ¢ vertices v1,...,vs let £ denote N(v1) N--- N N(vg,). The set & can be
considered as a collection of (r—1)-hyperedges. Let V' C V denote the vertices connected by

&' thus forming a (r — 1)-hypergraph H' = (V' £’) . Assume that H’ contains one K(TW{)Z
hypergraph, say Z = (V(Z),&(Z)). Then the hypergraph

{v1, .00, JUV(I), {{vi} VU U € &), i=1,...,41})
would be r-uniform K g)& and it would be included in #H, which is impossible. Hence

(V',&") must be Kg:i)er—free and so we have

(4.2) IE' = |N(vi)N---NN(vg,)| < ep—q forany vq,...,v,.

In order to use Theorem 8, let us define the random variable X: V' — (r‘jl) with uniform

probability law P (X =U) = 1/(Tf1), for every U € (T‘_/l). For any v € V we define the
event I, = {X € N(v)}. Note that ) i, |[N(v)| counts the number of all subsets of r — 1

elements in every hyperedge of V, thus ZUEV IN(v)| = (,",) €] and then we can write

i rlE] _ re
7= L) = oy T INO = o = 15,

veV r— 1 veV

where in the last equality we have used (4.1). Theorem 8 implies

1 re/(,")
m > [N(v1) -+ N N(vg, )| > Y.
(T_l) {1)1,...,1141}6(2;) ( b )
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Using the inequality (4.2) we obtain

(4.3) () ey (7“ er/(rfl))

(rﬁl) G

Now we estimate the left term in (4.3):

() (=D (n—(r—1))

(") a4l -y v

r—1

In the case r — 1 < ¢ we have

er—1()  (r—1)! (r—1)!

— . _ N ly—r+1
( — ) = er—in—r+1)---(n—0+1) < o €r_1 M .
r—1
Otherwise we have r — 1 > ¢; and then
€r—1 (Z) _(r=1)! €r_1 < (r—1)! €r_1
(") L (n—t)--(n—r+2)— 4! (n—r+2)-1-4
1
< (7" er_1 (n*T’+2)£1 r+1
£q!
Hence we have
er—1(, — 1)
;(61) < (Tg ' ) er1 nfl—r—i-l(l _"_0(1))7 (n N OO)
(7'—1) 1:
A lower bound for the right term in (4.3) is
n rle, e b
r 67'/(r—1) > n‘T*1 > (:L"fl — (i~ 1)) )
4 “\ 4 )~ 44!
Combining the last two estimates and (4.3) we can write
rle f
(4.4) (nr_g — (4 — 1)> < (r—1le,qg n "1+ 0(1)), (n — o0).

+lp—7

SO e it il . . . .
By (1.10) we have that e, > n" 77T The fraction in this last exponent reaches its
maximum for r = {1 = {5 = 2, that is to say Lotedle—r < % Hence er/n”*1 > nl/d o 00,

Tl —1
and then we have that £, — 1 =0 (e,;/n""1), (n — 0o), which implies

(r! i —1))61 _ (r! er)fl (1+0(1)), (n— o).

nrfl nr—1

Using this last equality and (4.4) we can write

£y
(55) (o) <=0 o), (1 o0

and so
r € (= D) (o) ' (14 0(1)
1/44
(4.5) O VR (1 g o(1)), (n s o0).

7!
To prove the induction step assume that (1.12) holds for r — 1, then

(ér _ 1)1/@2'”@71

et £ e Y o)), (0 00),
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and inserting this into (4.5) we have

o 1 ' 1/,@1 gr o 1 1/22--.€T71 1/[1 e
e, < ((r r')) (( (T)_ o nrll/fz-“5r1(1+0(1))> n T o

(b — )1/t
<

: nrfl/ll"'frfl (1 + 0(1))’ (n - OO)
r!

Hence (1.12) also holds for r and the proof of Theorem 4 is completed.

5. INFINITE L-FREE SEQUENCES OF INTEGERS

5.1. Proof of Theorem 5. We part the interval (0, N?] into the subintervals I; = ((j —
1)N,jN], j=1,...,N and use the notation A; = ANI;. Note that A(tN) = ngt |4;], (1<
t < N). We will first estimate the sum

| 4]
S = Z 11/ A1) "

j=1 J
(y log y)l/(‘el"'er—l)

y
On the one hand for any t such that 1 <t < N we have

AEN) > o(N)(EN) =Y/ (k) N (V) (EN) =1/ (et )
(tN) > (log(tN))/(trte1) = (21og N)1/ (- lr1)

We use this inequality and summation by parts to get

Let o(x) denote the number inf,~ . A(y)

N < Al
J<t 177
S =z (1=1/(br---lr1)) : oy e
1 [N A(N)
E 5/1 12—1/(br+£r_1) dt
U(N)Nl_l/(el“'er—l) N dt
> -
- 4(]0gN)1/(€1~~fr1)/1 t
N _
(5.1) > Iy og Nyt Y/t
On the other hand Hoélder inequality yields
N 1/(€1-+£r—1) N . 1-1/(lr-+Lr—1)
s<(Slape >
j=1 =7

At this point we will need the following result.

Lemma 5.1. Let A C Z be Eg?‘__,ér—free and A; = AN((j —1)N,jN], j=1,...,N. Then

we have

Z |Aj‘[1“'€'r‘71 < Nzl"'er—l_l.
J<N

Assuming Lemma 5.1 holds (we will prove it below) we can write
(5.2) S < Nl_l/(el”'grfl)(log N)l—l/(fr--&»q).
Inequalities (5.1) and (5.2) imply o(N) < 1 that is precisely the claim of Theorem 5.

Proof of Lemma 5.1. We use induction on r. We will call ¢1-subsets to the subsets of ¢;
elements.
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When 7 =2 then } .y (l’Zj‘) counts the £1-subsets in A included in some of the intervals
I =((j —1)N,jN], j =1,...,N. We will estimate this number in two steps. On the one
hand there are (Z :i) classes of pairwise congruent ¢;-subsets of A with diameter less than
N. The reason is that each of these classes contains a representative subset that is within
[1, N] and which contains 1, note that the remaining elements of the representative subset
can be chosen in (Z j) different ways. On the other hand it is easy to see that since A is
Ly, ¢,-free then necessarily every class of pairwise congruent /;-subsets contains at most ¢,
members. Hence we have

41 ‘Aj‘ < N—-1 £1—1
> 14 <<Z<€1>_€2 1 < Nt 1,

J<N J<N

When r > 3 assume that Lemma 5.1 is true for 7 — 1. For any set S and any collection

x=A{x1,...,x0} € (Z) we will use the notation S * z = ﬂflzl(S + ;).
On the one hand Hélder inequality yields
1/(faly_1)

ot N 1-1/(l2-Lr—1)

(5.3) Z\] |4; x x| < z;] |Aj s |2 b=t (€1> .
mG(Ll) xe(ll)
On the other hand Lemma 2.4 with X = [2N] and B = [N] implies
Ajl/2
(5.4) Z |A; * x| > 2N 1451/ > NJ|A;|5.
) "
x 09

Combining (5.3) and (5.4) we obtain

NZQI..£T71|AJ'|£1”'ZT71 < Z |A] *x|52---er71 Nél---frflle.
ze(}y)

Summing in 7 we can write:

Ntz tlr—a Z |Aj|51'“fr71 < N tlr—1—b Z Z ‘AJ *:1;|Z2"'er71'

JSN $€(Z)]§N

Observe that A; is EZ)“_ o, -free (because A; C A) and then Lemma 2.1 implies that for any

x=A{x1,...,x0} € (2[) the set Aj xax = ﬂflzl(Aj +a;) is Eég:_l")er—free. Hence we apply the
induction hypothesis to each A; * x to obtain

Ntz br—1 Z |Aj|51"'@r71 < N lr—1—b Z Ntz b=l
J<N gge(é\i)

Thus we have
Do lAyft < N
J<N
as claimed. O

5.2. Proofs of Theorems 6 and 7. The strategy of the proof is the same for the two cases
of Hilbert cubes and L. We first construct a dense random sequence S free of arithmetic
progressions.

We will say that X is an obstruction (for S) when X C S is a sumset of the class
L'Z)Z The sequence S is likely to have infinitely many obstructions. If we could proof
that obstructions are few then we would be able to remove all of them by just removing few
elements from S. After the removal process we would retain a subsequence A C S satisfying
the conditions of Theorem 6 (resp. Theorem 7). Thus we have to estimate the number of
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obstructions for S. In the cases of Hilbert cubes and L3¢ we have succeeded to obtain an
upper bound which allows to complete the proofs of Theorems 7 and 6.

Our first remark is that we can take e as little as needed in the sense that if Theorem 6
is true for a particular ¢y > 0 then it is also true for any € > €.

We define a collection of intervals as follows:
Ly = [4™T24™F2 4™y (m > 1).

Let B,, denote the set given by Theorem 9 of Behrend with the following properties: B,, C
I, By, is free of arithmetic progressions and has size |B,,| > gm(1+o(1))

Given € > 0 we have | B,,| > 4™(1=</2) (m > m,), for some positive integer m.. We take
B= U B
m>me

Let r, £y, ...,£,. be integers with » > 2 and 2 < ¢; < --- < ¢,.. We consider the probability
space of all random infinite sequences S of positive integers with law

]P’(VGS)—{f(V) if v e B,

0 otherwise,
where all the events {v € S},>1 are mutually independent and

flv)=v"°, ot o

2.
non -1
We will write S,, for the intersection S N B,,.

Lemma 5.2. Any random sequence S defined as above is free of arithmetic progressions
and with high probability we have
+"‘+2'r*7'_6>

1
(5.5) 1S > 4™ (955 70) () L o),

Proof. For the first part of the Lemma, as S C B, it suffices to proof that the set B does not
contain arithmetic progressions. Take any x1 < z9 < x3 with &1 € B,,,, x2 € Bp,, 23 €
By, and m; < mg < mg. We distinguish four cases:

i) If my = mg = mg then x1,x9,x3 are not in arithmetic progression because B, is
free of them.
ii) If m; < ma < mg and 2z9 = 1 + 3 then we would have
34-4M2 = 2(4M2 2 4 4™M2) > 2y = xq + ag > 4T3 T2 > 4m2 3 — 64 4™2,
which is false.
iii) If my < mg = mg then
47

Ty —xy > 422 (gmatl g ogma—ly — Z4mz > x3 — T9,

and then x1, 2, T3 are not in arithmetic progression.
iv) If m; = ma < mg then
T3 — g > 4T3 (422 LMY — AT 472 > gy — g,

and then x1, 2, T3 are not in arithmetic progression.

When v € B,, then v < 4™*3 and so the expected size of S, = SN By, is
pm = B(|Sm]) = > v > By a7 (mHe s qmme/270) (1 o0),
veEB,
Since | S| is a sum of mutually independent indicator random variables we can apply Cher-

noff inequality to obtain

_gm(i—e/2—a)

P(|Sp| < pim/2) < e Fm/? < e



20 JAVIER CILLERUELO AND RAFAEL TESORO

This inequality implies ), <5 P(|Sy| < ftm/2) < 00, and then by the Borell-Cantelli Lemma
we have that with high probability

L4 A lp—r —6)

S| > /2 3> AmA=e/270) = g U=TETET 79 (i o00).

O

We want to prune the sequence S in order to destroy all obstructions. To this end we
will remove from every obstruction its greatest element. Let S22 denote the collection of all
elements in S, that have the property to be the greatest element in at least one obstruction
(to S):

Shad.— {5 € S, | s = max(X), X C S is an obstruction} .

We also define a random variable that counts the number of obstructions that have their
maximum in S,,:

N(Sp) :={X C S is an obstruction | max(X) € Sp,}.
For two particular cases we claim that obstructions with a maximum in .S,,, are few.

r)

Lemma 5.3. For the two cases L2 and Lé 5 we have with high probability

.....

(5.6) IN(Sm)| = o(Sml),  (m — o0).

We postpone the proof of Lemma 5.3 until the end of this section.

Now we can end the proof of Theorems 6 and 7 as follows. Take the randomly constructed
sequence S. For every obstruction X C S we have that max(X) € S,, for some m. We
remove max(X) from the set S,,. We perform this removal process for all the obstructions
for S. Let S}, denote the subset of S,, that is retained after the completion of this removal
process. Two different obstructions might have the same maximum therefore N(S,,) >
|SPad| Thus by Lemma 5.2 and Lemma 5.3, with high probability we have that the retained
elements are at least

ftodtnor

1S5 = S \ S5 > |Spn| = [N (S| > S| > 4™ 75T 79 (1 — 00),
for the two cases L2 and E(J)Q

Finally let us take A = |

of the class EZ)...,ZT that were contained in the initial sequence S have been destroyed in
the process of obtaining the subsequence A C S.

m>m. Om- On the one hand A is Eg?___,h—free because all sumsets

On the other hand for each z large enough take the integer k such that 4% < z < 4*+1,
It is clear that

1l bt =T

£
Aw) > D IS5l = 18] > AP TTAEET ) s TR T (2 00),
m<k

,,,,,

sequence must exist satisfying Theorem 6. The same applies for Theorem 7.

In the proof of Lemma 5.3 we will use the following well known estimates:

(5.7) S onf <P g > -1,
n<lx
(5.8) Z n? =P i g < —1.

z<n
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5.2.1. Proof of Lemma 5.3 for the case L4 . Any sumset X in Ly, can be described as
follows:

X ={0,2} +{y1,- .., ye}, y1 < <y
For any fixed choice of x,y1, ...,y either (a) there exists a ¢ with 2 < ¢ < ¢ such that

(5.9) <<y <z<y <-- <y,

or alternatively (b) we have either < y; < --- < yp (type “left”) or y; < --- < yp < x (type
“right”). For convenience we will say that X is “of type t” when X = {0,2} + {y1,...,y¢}
and (5.9) holds.

Suppose that a sumset X of the class £, is contained in S. By Lemma 5.2, S does not
contain arithmetic progressions, hence X is also free of them. Then Lemma 2.2 implies that
X cannot be degenerated, that is to say all the possible sums that contribute to the sumset
X are distinct (see Definition 2.1). Hence

PX CS)=fly)- fly)f(z+y) - fz+ye)
We will estimate first the expected number of obstructions X (to .S) such that max(X) € S,,
for the cases left and right.

Let N,%l denote the number of number of such obstructions that satisfy x <y < - < y,.
The function f(v) = v~%, where a = 55 + €/2, is non-increasing so f(z +y;) < f(y;), and
we can write

P(X CS)=fly)- fly) fle+y)-- flx+ye) < Fly)*--- flye).

Note also that if x + yy = max(X) € S, C [4™F2,4mF2 4 4™) then y, < 4™T3. Hence we
can write

E(NL) = > P(X CS)
X of type left end
max(X)€ES,,

< oo fw) e fw)? = ooy

<y <oy <4mS z<y1 <eoeyp<4mts
)4

< Z Zy72o¢ < Z x(172a)£ < 4m(1+(172o¢)£)’

r<4m+3 \z<y z<4m+3
where, since 2a = % +e>1and (2a — 1)l = (575 + €)l < 1 for € small enough, we have

used the estimates (5.7) and (5.8).

Let N/ denote the number number of obstructions X (to S) such that max(X) € Sy,
with y; <--- <yy <. Again by the monotony of f we have

PXCS)=fn)f)f@+uy) - fl@+ye) < fln) - flye)f(@),
and then

E(NH) = > P(XCS)
X of type right end
max(X)ES,,
= > Fln) - fye) f(a)" = > yr eyt
Y1 Sy SesAm? y1<- Syp<e<4ms
¢
< Z nyoz xfaf < Z x(172a)f < 4771(1«%(17204)6)7
r<4m+3 \y<z r<4m+3

where we have taken e sufficiently small to have o < 1.
Fix ¢t with 2 <¢ < /. By (5.9) and the monotony of the function f we have:
fl@ty) < flo), A<i<t—=1),  fle+wy) < [fly), E<i<0).
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Then we can write

P(X CS)< fly) Flye) f@) " flwe) - fye)
= fn) - Flye) f@) T Fwe)? - flye)®.

Let N = Nﬁf)(S) denote the number of sumsets X of type ¢ such that X C S and
max(X) € S,,. The expected value of N can be estimated as follows

]E(NQ) - Y PxCS)

X of type t
max(X)ES,,

< 0 ) Fae) @) ) f )

y1<-Syi—1<x
<y, <o <Syp<amt?

—« —a, —(t-1a, —2a —2a«
< E Y1 Y1 Ye Yy
Y15 Yt—1ST
<y <<y, <4

Z Z yfa xf(tfl)ayt—Qa . ye—Qa

<y <---<yp<4mtS \y<z

IN

{—t+1 t—1
e S » >R I O o
r<4m+3 <y y<z
(since % <a<liore small) < Z x—(t—l)ax(l—Qa)(Z—t+1)x(1—o¢)(t—1)
$S4m+3
< Z x7(2a71)f < 4m(17(2a71)£),
mg47n+3

since (2a — 1)¢ = 545 + €¢ < 1 for € small enough.

Observe that N(S,,) = N}, + Zf:z N+ N hence we can write
¢
E(N(Sm)) =E(N%)+> E (N,gp) +E (NF) « 4m(i+(1-20)0)
=2

Mark()\/ Hle(]uallty ylelds

Thus by the Borell-Cantelli Lemma with high probability we have

£

N(Sm) < m’E (N(Sm)) < 4m(1+1=2a)l+0(1)) — g (1= gy —teto(1))
Using this and the estimate (5.5) we have with high probability
N(Sm)
[Sml

since £ > 2, which proves Lemma 5.3 for the case Lo .

< 4m(A=Oete@) 0 (m — o),

5.2.2. Proof of Lemma 5.3 for the case of Hilbert cubes. Any Hilbert cube X of dimension
r can be written as

X=zo+{0,21}+ - +{0,z.}, (21 < - <zp).
Indeed if X = Ly + -+ L, with L; = {a;,b;}, take o = >_7_, a; and z; = b; — ay,
rearranging the indexes if needed to have xy < --- < .. In other words, X = {zo+> ;¢
I C [r]}, where the indexes in the sum cover all subsets of the interval [r] = {1,...,r}.
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Suppose that a Hilbert cube X is contained in S. By Lemma 5.2, S does not contain
arithmetic progressions, hence X is also free of them. Then Lemma 2.2 implies that X
cannot be degenerated, that is to say all the possible sums that contribute to the sumset X
are distinct (see Definition 2.1).

For any fixed choice of xg,x1,...,2, with 1 < --- < x,., the probability that the cor-
responding Hilbert cube X = {zg + > ..;x; | I C [r]} is contained in the random infinite
sequence S is

P(XCS)=P| A\@+> =es|=1]] ]P’((xo—FinES))

icl

IC[r] i€l IC[r] i€l
—«
ICr] icl
because all the sums xg+) ;. ; z; are distinct. The indexes I in the sum (and in the product)
cover all subsets of the interval [r], that is to say: (), and -for each i = 1,...,7- all the 2¢71
subsets of [r] in which i is the maximum. Note that having fixed i, for each s-uple kq, - - | k4

with 1 <k <-.. <k, <17 we have
(£E0+$k1 + -+ T, +JCZ‘)7Q < (1‘04—1‘1‘)70‘.

Hence we can write
s

P(X cs)< Ty * H H (xo+x;) < o " H(UCO + xi)_?“la,

i=1 IC[r], i=1
max =i

It is convenient to write yo = x¢ and y; = o9 + x;. With this notation we have

(5.10) P(XcS) <y v =

i=1
Note that if y, + 21 + - + 2,1 = max(X) € S,,, C [47F2,4™m+2 4 4™) then necessarily
yr < 4™F3. Hence by (5.10)

E(N(Sm)) < > P(X C5)

X:{wo+Eiez x| IC[r]}
21 <<z, max(X)ESm,

T

—a —2i7 1y

< > v [[wi® >
Yo<y1 <Ly, <4mES i=1

Taking in account that a = ﬁ + €¢/2 and that t — 2ta; > —1 for all t < r and e small
enough we can estimate E(N(S,,)) as follows:

.

_ _ _oi—1

ENSn) < > ww v

Yo Sy <Amt3 i=2
i

1-2a  , —2a« —2i7 1y
< Z Yy Y H Y; L
ylg.A.SyTS4’77L+3 i=3
T
t—2' —2ta —2i 1y
< E Yt “Yri H Yi <L
Yy <o Syp<4mts i=t+2

r—1-2""tq —2r 1y
< E : Yr—1 “Yr
Yr—1 <y, <4mES

< Z y:—Z““a < (4m)1+r—27‘a.
yT§4m+3
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Markov inequality yields

3 ]P’(N(Sm) > m21E(N(sm))) <y # < .

Thus by the Borell-Cantelli Lemma with high probability we have
N(Sm) < m2E (N(Sm)) < 2m(1+r72Ta+o(1))

(5.11) « gm(I= g =2 eto(1), (m — oo).
Combining (5.11) with (5.5) we have with high probability

which proves Lemma 5.3 for the E(zr)z case (Hilbert cubes).
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