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FIELDS
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ABSTRACT. We obtain analogues of several recent bounds on the number of
solutions of polynomial congruences modulo a prime with variables in short
intervals in the case of polynomial equations in high degree extensions of finite
fields. In these settings low-dimensional affine spaces play the role of short
intervals and thus several new ideas are required.

1. INTRODUCTION

Recently there has been a series of results that give upper bounds on the
number of solutions of polynomial s-variate congruences modulo a prime p that
are contained in s-dimensional cubes of the form

[Ki+1,Ky 4+ M) x ... x [K,+ 1, K, + M]

with a side length M that is small compared to p (so standard methods based
on bounds of exponential sums do not apply), see [3, 4, 5, 6, 7, 8] and references
therein.

Here we formulate and investigate several similar problems in the somewhat
dual setting of finite fields that are large degree extensions of some small field.
Note that many of the tools applicable in the case of congruences modulo p do
not work or even exist in the case of general finite fields. For example, such
important technical tools as analogues of the results of Bombieri and Pila [2] and
Wooley [12, 13], do not exist in the settings of this work (more precisely, in the
settings of function fields). So we use some alternative approaches.

Let F, be a finite field of ¢ elements and let F» = F,(«) be an extension of
[F, of degree n obtained by adjoining a root « of an irreducible polynomial 1 of
degree n over F,.

In extension fields F,, instead of intervals, we consider the following linear
subspaces

Vm:{a0+a1a+---+am_1am_1 ca; €F,, i=0,...,m—1}, 1<m<n.

Here, for various polynomials F(X,Y) € F,» we obtain non-trivial upper
bounds for number of solutions to the equation

F(z,y) =0, (x,y) € Py + Vi X Vi,
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for an arbitrary fixed point Py = (20, y0) € Fyn x Fn and also of some related
equations.

Although our argument can be made uniform with respect to all parameters,
to simplify the exposition and results, we always assume that ¢ is fixed, while
m — oo. In particular, the implied constants in the symbols ‘O’ and ‘<’ may
depend on g and d = deg F', but are uniform with respect to m and n (as usual,
U=0(V)and U <V mean that |U| < ¢V with some constant ¢ > 0).

Throughout the paper, for z > 0 we define log z as log z = max{In z, 1}, where
In z is the natural logarithm of z.

2. PorynoMIAL Di1visOrR FUNCTION

The following estimate is one of our principal tool. It is a polynomial analogue
of the well-known bound on the classical divisor function.

Lemma 1. The number of divisors of a polynomial f € F,[T] of degree s is
O(s/logs)
q

Proof. This has been proved in [11] for ¢ = 2, the general case is completely
analogous. O

3. GENERAL CURVES

Here we consider points in small subspaces on reasonably general polynomial
curves. Our next result is an analogue of [5, Theorem 5| and [7, Theorem 1].

Theorem 2. Let f € Fpn[X]| be a polynomial of degree d with p > d > 2,
where p is the characteristic of Fgn. For any positive integer £,m < n and point
Py = (x0,Y0) € Fgn X Fyn, the number of solutions to the equation

f(l')::% (may)EPO‘i‘VeXVm,
is bounded by q'rO¢/1os0) <q_md—1 4 g dem)/2t q—(n—m)/2d_1)‘

Proof. Making a change of variables, without lost of generality, we can assume
that Py = (0,0). We also assume that f is exactly of degree d, that is, its leading
coefficient Ay # 0.

Let J be the number of solutions to the corresponding equation. We claim
that for any £k =0,1,...,d there is a polynomial

Fo(X,Zv,...,Zy) € Fn[X, 21, ..., Zy]
of the form
Fo(X, 20, Z0) = Al X TR 2y 2+ GR(X, 2y, Zy),

where Ay € F},., degy G < d—k, where we assign the degree —1 to the identically
zero polynomial (thus G is the zero polynomial) and such that

(1) J* < g TUR,,
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where R;, is the number of solutions to
Fe(z,21,...,2k) =y

with (z,21,...,2) € VT y € V.

We prove (1) by induction on k.

Clearly (1) holds for £ = 0 with Fy(X) = f(X).

Now assume that (1) is correct for some k < d. For a set S C F,» we denote
by xs the characteristic function of S. We write

2k+1 0(2F 1 —2k—2) p2
J7 < " 'R}

2
:qe(2’v+1_2k—2) (Z Z XV, (Fk(x7zla--~azk))> :

z€Vy 21,...,2LEV)

Thus, by the Cauchy inequality

2
(2) g < q£(2k+1,k—2) Z (Z xv, (F(z, 21, . .. 7Zk>>> _

21,..,25E€EVE \2€V)
Furthermore
2
< E XV, (Fk(% RBlye-- &k)))
zeVy

= Z v, (Fx(z1, 20,0y 2) — Fi(z2, 21, ..+, 21))

x1,22€Vp

:Z Z XW(Fk(x+Zk+lvzlu--->zk)_Fk<x7z1;---7zk))-

z€Vy z1+1€VE
Recalling (2) we have
(3) J2k+1 < q£(2k+1ik72) Z XV, (FkJrl(xa Blyen 7Zk+1)) )
T,21,..,2k+1E€E V2
where
Frni(X, 20, ..., Zy) = B (X 4 Zyg1, 20,y . 2) — FR(XL 20,0 )
= Ap(d = B)XT®VZ  Z + Grn(X, 24, Zrg)

and
d—k

d—k\ o
Gk-l—l(XaZla---7Zk+1):AkZ< i )Xd "2 Ty Ty

=2

+Gr(X + Zys1, 21, Zk) — Ge(X, 24, .., Z).

Since degy Gi(X, Z1, ..., Zy) < d—k, thendegy Gy1(X, Z1, ..., Zp11) < d—k—1
and we conclude the proof of (1).
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We now notice that F,_; is of the form
Foa(X,Z,...,Z40) = Aqr X Zh ... Zaga + gaa (21, . Zga)

where g4—1(Z1,...,Z4-1) € Fpn[Z1, ..., Z4_1] does not depend on X.
Thus R;_1 is the number of solutions to the equation

(4) Tz1...24-1+ A(;_llgdfl =Y, Yy e A;ilvmv TyZ1yeee3%d-1 € Ve

If for some fixed z,...,24 1 there is a solution (x1,y;) to (4), then for any
other solution (z3,ys) (corresponding to the same 21, ..., 24 1), we obtain

(T1 —@2)21. .. 2401 = Y1 — Yo
Clearly y; — y2 € A}, Vi Thus, denoting 24 = 21 — 5, we obtain
(5) Ry < ¢"7Y + Q,
where ()4 is the number of solutions to the equation
(6) 2. 24 =Y, ye A Vi, 21,...,24 € Vi
Since Fyn =~ F,[T]/1(T) for some irreducible polynomial ¢(T) € F,[T] of degree

n such that ¢(a)) = 0, we can identify any element u € F,» with the corresponding
polynomial w(T") € F,[T] of degree degu < n — 1 and thus the equation (6) is
equivalent to the following polynomial congruence

Z21..- 24 =Y (Il’lOd ¢),
that in turn implies that

Z1...29 =Y+ uy, deg z1,...,degzg < 0 —1,

for some polynomial u € F [T such that
deguyy < degz; +...+degzy < d(l—1)

(and the equation is considered in the rings F,[T]). Hence, we infer that degu <
max{—1,d({ —1) —n}, where as before we assign the degree —1 to the identically
zero polynomial.

Therefore, there are at most

qmax{fl,d(ﬂfl)fn}Jrlqurl < (1 + qdéfn) qm

possibilities for the polynomial w = y + uw on the right hand side of (3).

If the polynomial w(7T') vanishes, then we obviously have at most dq‘““~ pos-
sibilities for each solution (z1,. .. z4).

Otherwise, by Lemma 1 we get ¢@(#/108(d) — O(/logl) ogsibilities, for each
polynomial zy, ..., 241, after which z; is uniquely defined. Therefore

Qd < qé(d—l) + (1 + qdé—n) qm—i-O(Z/logE)
< q€(d—1) + qm—‘rO(Z/logé) + qdﬁ—i-m—n—‘rO(Z/logZ)'
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Hence, by (5),
Ry, < qé(dfl) +qm+0(5/log€) +qd€+mfn+0(2/log€),

and using (1) with £ = d — 1 we conclude the proof. O

We remark that Theorem 2 is nontrivial only if m < d¢, which is a rather
natural condition. In fact the example of the polynomial f(X) = X? shows that
such a condition is necessary.

Furthermore, we see that for a quadratic polynomial f € Fyn[X] and { =m <
n/2 the bound takes form ¢™/27°(™) which is actually tight.

Remark 3. We are grateful to the referee for the observation that the Lagrange
interpolation can be used to show that the number of solutions to y = f(x),
(z,y) € Vip X Vi is bounded by ¢™/>T°"™) (that is, evactly of the same shape
as for d = 2) for any polynomial f € Fu[X] of degree d > 2, provided that

m < 2n/(d*> + d + 2). On the other hand, one perhaps may expect the bound
m/d+o(m)
q .

4. HYPERBOLAS

Here we consider several special curves for which we obtain improvements of
the general estimate of Theorem 2.
For example, we have the following analogue of [6, Theorem 1].

Theorem 4. For any positive integer m < n, point Py = (x,y0) € Fgn X Fyn,
and A € Fy.., the number of solutions of the equation

Ty = A, (x,y) € Py + Vi X Vi,
15 bounded by

(i) (14 glim=m)/3) gOtmllosm) for arbitrary xo,yo;
(ii) (14 g@Bm=m/2) gOlm/logm) for g0 — .

Proof. First we consider the case of arbitrary xg,yo. After a change of variable
we have an equivalent equation
(7) xy +ax + by = ¢, x,y €V,
for some a,b, c € F,n. For any non-negative s <n — 1 we can write
Fon X Fon = {(u,v) + " *(w, 2) : w,v € Vs, w,z €V}

For each nonzero t € Vog, 1 we write (ta,th) = (ug, vy) + "% (wy, z;) with ug, vy €
V._s and wy, z; € V. By the Dirichlet principle, there is a nonzero t € Vg1 such
that (wy, z;) = (0,0), so at = wug, bt = vy for some ug,vg € V,,_5. Clearly, the
equation (7) is equivalent to the equation

(8) tory + upr + voy = wo

for some wy € Fyn.
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Again, we write F,n ~ F,[T]/¢(T) for some irreducible polynomial (T €
F,[T] of degree n such that (o) = 0, we can identify the elements of F;» with
the corresponding polynomials in IF,[T] and the equation (8) is equivalent to the
following equation in IF,[T]):

) HT)z(T)y(T) + uo(T)x(T) + vo(T)y(T) — wo(T) = 2(T)(T),

degx, degy < m — 1.
We observe that degug,degvy <n —s— 1 and degt < 2s. Thus,
degzy < max{degtry,deguox,degvoy, deg wy}
< max{2s+2m —2,n+m—s—2,n—1}.

Then, either z =0 or

(10) degz <max{2s+2m —n—2,m—s— 2}.
Multiplying (9) by ¢, we obtain an equivalent the equation (over F,[T7):
(11) (tz 4 vo) (ty + uo) = fiz,

where p, = t(21¢ + wg) + upve. Next, we give an upper bound for the number of
solutions of (11) for each z € F,[T7.

Clearly there are O(1) solutions to xy = A with (tz + vg)(ty + ug) = 0.

We now always assume that p, # 0 distingue two cases:

Case 1: m < n/4. In this case we take s = m and then z = 0. If deg iy < 18m
the number of solutions of (11) is bounded by the numbers of divisors of 11, which
is qO(m/lesm) " TIf deg jiy > 18m we claim that (11) has, at most four solutions.
Suppose that we have five solutions, say (x1,41), ..., (x5, y5). Renumbering the
variables, can assume that either

1
(12) deg(tz; + vy) > 3 deg jo, 1=1,2,3.
or

1
(13) deg(ty; + up) > 5 deg o, 1=1,2,3.

We consider only the case (12) and the case (13) is completely analogous.
Since for i = 1,2, 3, the polynomial tx; + ug divides py, it is clear that

(14) lem[tay 4 vo, txa + vo, txs + vo] | 1o
On the other hand,
lemtxy + vo, txo + vo, trs + vo)
B ngigs(mi + o)
N H1§i<j§3 ged(tz; + vo, tz; + vo)
We observe that if r | (t; + vo) and r | (tx; + vg) then r | t(x; — ;). Thus

- ged(txy + vo, tra + vo, trg + vo).

1
deg(tx; +vo,txj+vg) <m+2s—1=3m—-1< édegu(}—l
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and we get

degpuo > deglem[tzy + vo, txg + vo, txs + vg)

3 1
> édeg,uo—?) <6deg,u0—1) = deg po + 3.

Case 2: m > n/4. In this case we take s = |(n —m)/3]. By (10) we have

4dm —n

deg z <

For each z, the number of solutions of (11) is bounded by the number of divisors
of y1, which is bounded by ¢@™/1°8™) = ¢O(m/logm) gince m > n /4.

Thus, then number of solutions of (9) is bounded by (1 + qUm—m)/ 3) qO(m/logm)
which implies the desired bound in case of arbitrary zg,yo € Fgn.

In the “diagonal” case Py = (x,%¢) € Fyn x F,n instead of (8) we obtain
txy 4+ uox + ugy = wyp for some t € Vi1 and uy € V,,_s. Repeating the same
argument as in the case of arbitrary xq, 3o, we conclude the proof. O

In turn, Theorem 4 can be used to estimate the number of solutions to the
equation
x =", r =20+ Vi, u € ug,up + M],
for xy € Fn and some integers m, M and uo, see [4, 6] for analogous results for
congruences modulo p. We do not present this result as one can probably obtain
stronger bounds by using the method of [4].
We now have the following analogue of [1, Theorem 1].

Theorem 5. For any positive integer m < n and a point Wy = (o, Yo, uo, Vo) €
Ffln, the number of solutions in Fpn of xy = wv with x,y,u,v € Wy + V4 is
bounded by 20q(ng*™ + ¢*™™).

Proof. The desired number of solutions is
J=#{(z,y,u,v) € Wy + V2 : 2y = uv}.
After removing the solutions of xy = uv = 0 we obtain
J <4¢™ + #{(z,y,u,v) € Wo + V2 - x/u =v/y # 0}.
For a,b € F, now define the set (a + V,,)/(b+ Vi) as

a+Vn a-+r
= F* oo, Vin
b+ Vi, {b+s€ o P TIE }

xo+ Vi vo + Vi
U= 2" m .
(u0+vm) ﬂ (y0+vm>

T <A™+ Nag g (V) N 4o (V),
e

and put

Then
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where N, () is the number of solutions (z,u) € (a,b)+V,, x V,, of the equation
z/u = X in F,n. We observe that the Dirichlet principle implies that for any
A € Fyn there exist r, s € V|;,/2)41 such that

e (7)) is monic;
e r(T) and s(T) are relatively prime polynomials;
o \=r1/s.

We choose, for each A\ a unique such pair r, s.
On the other hand we observe that r/s € U. Thus, the set R of chosen pairs
(r,s) is of cardinality

(15) HR < #HU < ¢*™.
We now write

(16) J <A™ + > Naguo(1/8)Nug o (/).
(r,s)ER

We observe that, after a change of variables, Ny, .,(7/s) is the number of
solutions of ry — sz = c in Fgn for a suitable ¢ € Fyn, with 2,y € V,,. As
before, we assume that Fn ~ F/[T]/¢(T), where ¢(T") € F,[T] is the minimal
polynomial of o and write the above equation as an equation in I [77:

(17) r(Ty(T) = s(T)(T) = (T) + u(T)Y(T).

Thus Ny, ., (7/s) equals the number of solutions x,y,u € F,[T] to (17) with
degx,degy < m—1. We write also R for the set of pairs of admissible polynomials
(r,s) (rather than for the set of F,n elements, as in (16)).

Next we estimate Ny, ., (7/s) for degs < degr. We observe that

deguyp < max{degry,deg sz,degc} < max{degr +m —1,n — 1}.

Thus degu < max{m +degr —n — 1, —1}.

For each u we consider a solution (z,,¥,) (in the case it has it). Thus, any
solutions to (17) is of the form (z,y) = (x, + 1t,y, + st) with ¢ € F,»[T], and
since deg x,degy < m — 1 we have that degt < m — 1 — degr. Thus

Nypuo(1/5) < > (1 gmdeer)

u€l,[T)
deg u<max{m+degr—n—1,—1}

< (1 + qudegr) (1 + quneregr) ]

Similarly, for degr < deg s we have

Niﬂo,uo (T/S) S (1 + qm—degs) (1 + qm—n—I—degs) .
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Since this estimate does not depend on (¢, ug) and since the case degr < degs
can be studied similarly, we see from (16) that

J < 4q2m+2 Z (1+qm—degr)2 (1+qm—n+degr)2

(r,s)eER
deg s<degr<|n/2|
< 4q2m +8 Z (1 + q2m72degr) (1 + q2mf2n+2deg7‘)
(r,s)ER
deg s<degr<|n/2|
< 4q2m +8 Z (1 + q2m—2degr + q2m—2n+2degr + q4m—2n)
(r,s)ER
deg s<degr<|n/2|
< 4q2m + S#R (1 + q2mfn) +8 Z (q2m72degr + q4m72n) )
s,rGFq[T}
degsﬁrdglgoflchn/QJ

Using (15) we obtain
(18) J S 12q2m + 8q4m—n +8 Z (q2m—2degr + q4m—2n) )

s,r€F4[T]
T monic
deg s<degr<|n/2|

Furthermore,
Z (q2m72degr + q4mf2n)
s,reFy [T]
r monic
deg s<degr<|n/2|
< Z (q2mfdegr+1 + q4m72n+degr+1)
r€F[T]
r monic
degr<|n/2]
[n/2]
—d _
< Z Z (q2m +1 + q4m 2n+d+1)
d=0 reF,[T)
7 monic
degr=d
[n/2]

S Z (q2m+1 +q4m—2n+2d+1) S (Ln/QJ + 1])q2m+1 + 2q4m—n+1‘
d=0

Recalling (18), we derive
J < 12¢°" 4+ 8¢ + 8 (([n/2] +1]) " + 24" )
< 6”4+ 4¢" T 48 (([n/2] +1]) ¢+ 2¢" )
S 18nq2m+1 + 20q4m7n+17

which concludes the proof. O
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Certainly the constant in the bound of Theorem 5 can easily be improved.

We now derive an analogue of the estimates of the 4th moment of character
sums from [1, 9, 10]. In fact in the case of finite fields this bound is more explicit
and precise.

Corollary 6. For any positive integer m < n and an element o € Fgn we have

Y x(%’)4

X lzx€xo+Vim
where x runs through all multiplicative characters of Fyn.

< 20q(ng®™*" + ¢'™),

From Corollary 6 we immediately obtain the following analogue of [8, Theo-
rem 5).

Theorem 7. For any positive integers k, 7, for any positive integer m < n and
a point Wy = (xo, Yo, Uo, Vo) € Fén, the number of solutions in Fyn of ¥y’ = uFv?
with (z,y,u,v) € Wy + V2 is bounded by 40v/kjq(ng®™ + ¢*™™).

Proof. The number of solutions of 2%y’ = ufv? = 0 with (z,y,u,v) € Wy + V2 is,
at most, 4¢*™. Writing T;(Wo, m) for the number of solutions of the equation
iyl = ukvi) (2, y,u v) € Wo+ VA xyuv # 0 we have

= Y Y Y Y St

szo+Vm YEYo+Vm u€uo+Vm v€vo+Vim X
x#0 y#0 u#0 v#£0

) DY X Y. X Y Y.

X xewo+Vm YyEYo+Vim ueug+Vm vEV+Vm
z#0 y#0 u#0 v#0

Using Holder inequality, we obtain
4

2

4

> K@) > X

z€T0+Vm X |y€yo+Vm
(19) A A
D12 X ] > K

X lu€uo+Vm X lvevo+Vn

We observe that there exist, at most, k characters y such that \* is a given
character. Using this and Corollary 6, we obtain

3D IRIEIED S PR

X lz€xo+Vm z€xo+Vim
Putting this estimate, and s1m11ar estimates for the other there sums, in (19) and
using that ¢" — 1 > ¢"/2 we derive

Tk] W(), < 40 / q 2m +q4m—n>‘

4
S Qqu(nq2m+n + q4m)
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k

Adding the solutions of 2%y/ = u*v/ = 0 we get the desired estimate. U

5. FURTHER QUESTIONS
Here we mention several possible directions for further study.

Problem 8. Obtain an upper bound on the number of solutions to x> = \y® with
(z,y) € Py + Vi X Vi, for some point Py € Fi.

As in [8] (see also [5]) we note that the equation of Problem 8 is related to
studying the distribution of Weierstrass equations of isomorphic elliptic curves.
The methods of [5, 8] are based on the bound of Bombieri and Pila [2, Theo-
rem 4| for the number of integral points on plane algebraic curves. Obtaining an
analogue of this bound in function is certainly of independent interest.

Problem 9. Let K =F,(T) and Let F(X,Y) € K[X,Y] be an absolutely irre-
ducible polynomial of degree d over K. Obtain an upper bound on the number
of solutions to the equations F(x,y) = 0 in polynomials x(T),y(T) € F,[T]| of
degree at most n (asn — o0).

Motivated by some algorithmic applications, several congruences with products
of variables from small intervals have been considered in [3, 4]. These questions
are also of interest in extensions of finite fields and also have the same algorithmic
implications as in [3].

Problem 10. Obtain tight upper bounds on the number of solutions to symmetric
and one-sided equations

X1 Ty =Y1.. . Yy and T1...T, = A,

where X € Fyn, with variables (x1,...,2,) € Po+ Vi x...xV, and (y1,...,y,) €
Qo+ Vi X ... X V.

Obtaining the analogues of other results of [3, 4] for high degree extensions of
finite fields is of interest too.
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