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ABSTRACT. We prove that for any base b > 2 and for any linear homogeneous
recurrence sequence {a, }»>1 satisfying certain conditions, there exits a positive

constant ¢ > 0 such that #{n <z : a,, is palindromic in base b} < z*~¢.

1. INTRODUCTION

Probably Fg = 55 is the largest palindromic Fibonacci number. It seems, how-
ever, a hard problem to decide if there are only finitely many of these numbers.
Luca proved that for any base b > 2, the set

{n: F, is palindromic in base b > 1}

has zero density [L]. We will use a distinct approach to prove a stronger and more
general result for a broader class of linear recurrent sequences.

Theorem 1.1. Let b > 2 be an integer and let {a,}n>1 be the linear recurrent

sequence of integers of minimal recurrence relation
(1.1) (pik = ClOpyp—1 + -+ + Cry, (n>1),

where ¢; € 7 for 1 <i < k. If the polynomial C(X) = X* —c; X*1 — ... — ¢, has
a unique dominant root cy > 0 which s multiplicatively independent with b, then
there ezists ¢ = c¢(b) > 0 such that

#{n < x: a, is palindromic in base b} = O(z' ™).
An inmediate corollary is that the number of Fibonnaci numbers up to x which

are palindromes in any base is O(z'~¢), for some constant ¢ > 0. We prove that
in this case we can take ¢ = 1071

Corollary 1.2. We have that
#{n <z : F, is palindrome in base 10} < 210"
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2. PRELIMINARY RESULTS

In this section, we recall several well known results that will be used in the
paper. The linear recurrence sequence given by (1.1) can be solved as follows.

Theorem 2.1. The general solution of (1.1) is given by

(2.1) a, = Z af'pi(n),

where the corresponding characteristic polynomial

R
Xk X g X — = H(X —a;)™,
i=1
has R distinct complex roots c; with multiplicity m;, and p;(X) is a polynomial
of degree m; — 1 and coefficients determined by the first k terms of the sequence
{an}tn>1 fori=1,...,R.

For more details refer to [E, §2.3, 2.5].

We say that «; is dominant if |aq| > |a4| for all 1 < ¢ < R (if the dominant root
exists, we can always index it as the first one by rearranging the roots if needed).
Clearly, the dominant root is real, has |a;| > 1 and p;(X) is a polynomial with
real coefficients. In particular, the sign of a,, is the same as the sign of the leading
term of p; () for all large n when «; > 0, whereas the sign of a,, is (—1)" times the
sign of the leading term of p;(X) for all large n when a; < 0. Thus, by replacing
C(X) with (—=1)*C(—X), and simultaneously changing the signs of p;(X) for all
i =1,..., R, if needed (operations which do not change |a,| for any n > 1), we
may assume that oy > 0 and that a,, is positive for all large n.

Lemma 2.2. Let M be an integer greater than 1. Any recurrence sequence satis-
fying (1.1) is periodic modulus M. The period m = m(M) satisfies m < MP*.

Proof. Consider the k-tuples @, = (a,, @yi1, ..., Grgpp_1), 1 <r < M¥+1. By the
pigeon-hole principle, two of them are equal modulo M, say @, = @, (mod M).
Denote m = 7’ — r. Since the value of a, (mod M) is determined by the k
previous values a,_; (mod M) for i = 1,...,k of the sequence, we have that the

two sequences a,, n > 7 and a,,4,, n > r are the same sequence (mod M).
Thus, a, = apmin (mod M) for all n. O
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We say that the sequence {si}r>1 C [0,1] is well distributed if for any interval
I C [0,1) we have that D;(z) = o(x) as x — oo, where

I(x):‘#{kgx:; s, €1}

D

—m\.

Write D(x) = sup;co1) Dr(7). A quantitative version of this definition is the
following inequality.

Theorem 2.3 (Erdés-Turan). For any positive integer M and any sequence {sy}

> elisn)

1<j<y

Y

M
Y 1
2.2 D(y) < Y-
(2:2) <y)_M+1+3m:1m

where e(r) = >,

See [K-N, page 112] for more details.

We will write [|z|| for the distance of any real number z to the the nearest
integer.

Theorem 2.4 (Baker). For any algebraic independent numbers y, z there exists
§ = 6(y,2) > 0 such that ||nlogy/log 2| > n=°.

To compute an explicit § for our example involving the Fibonacci sequence and
the base 10, we use the following result due to Matveev [M]. Recall that for an
algebraic number 1 we write h(n) for its logarithmic height whose formula is

h(n) := c_li (log ap + ZIOg (max{‘n(i)’, 1})) :

i=1

with d being the degree of n over Q and

d
(2.3) f(X) = [ [(X =) € ZIX]
i=1
being the minimal primitive polynomial over the integers having positive leading

coefficient ag and 7 as a root.

With this notation, Matveev proved the following deep theorem:

Theorem 2.5 (Matveev). Let K be a number field of degree D over Q, v1,..., v

be positive reals of K, and by, ..., b; rational integers. Put

B > max{|b|,. .., b},
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and
A= ,Yin_,,%bt — 1.

Let Ay, ..., A; be real numbers such that
A; > max{Dh(v;),|log~],0.16}, i=1,... ¢t
Then, assuming that A # 0, we have
|A| > exp (—1.4 x 30" x t*° x D*(1 +1og D)(1 + log B)A; - - - A;) .
Corollary 2.6. In Theorem 2.4, we can take 6((1++/5)/2,10) = 4.92 x 10,

Proof. In Matveev’s theorem, we take t = 2, v, = (14++/5)/2, 72 = 10, K = Q[v/5]
for which D = 2. We can then take A; = 0.5 > 2h(y;) = log((1 + v/5)/2),
Ay = 4.7 > 2h(~,). For an integer n > 2 consider the expression

1
Inlogm/logyz]| = ——|nlogm —mlog 1|

08 V2
for some integer m. Clearly, m < n, for if not the right—hand side above is at least,
n

log 72

a contradiction. Thus, m < n. Then B := max{m,n} = n. Put z = nlogvy, —

|log v, —logy1| > 2n > 6,

mlog . Then
2]

1
1l nl 1 <
log 72 ||n og%/ Og%” =5

therefore |z| < (logvs2)/2 < 1.5. Thus,
le* —1] e —1

< 2.5.
lz| = 1.5

We thus get that
2| 1 Lo - Al
=1 > =" -1 = —
g, = 35Togy, ¢ 1~ ghine =

The right-hand side above is not zero since ; and v, are multiplicatively indepen-

[nlog 1/ log Yol =

dent. We apply Theorem 2.5 to get the following inequality:
|A| > exp (—1.4 x 30° x 2*° x 2*(1 + log 2)(1 + log n)A; As) .
Using the fact that n > 3, we have 1 + logn < 2logn, therefore

|A| >n"¢
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where we can take
c=1.4x30"x2" x 2% x (1+1log2) x 2 x 0.5 x 4.7 < 2.46 x 10™°.

Hence,

1 —C —4C
[nlogy1/logye|| > gt " *,

which completes the proof of this corollary since 2¢ = 4.92 x 10, O

3. PROOF OF THEOREM 1.1
It is enough to prove the estimate for dyadic intervals
P(z)={n: z/2 <n <z, a, is palindromic in base b}.

For any positive integer ¢ = ¢(z), Lemma 2.2 yields an integer m; which is the
period of the sequence {a,} modulo . The value of a, (mod b") is determined
by the residue of n (mod b"). We will write &, for the residue of a, (mod b") and
€, for the number obtained from &, by reversing digits. We have that for n = r
(mod m;) we have that a, =&, (mod b"). A typical sufficiently large palindromic
number a,, with n = r (mod m;) can be written in base b as

an:ér”'g’l‘a

where both &, and &, are strings of ¢ digits in base b. The value of ¢ will be
taken at the end of the proof but certainly it will be t(x) = O(log z). Thus when
x/2 < n < z we have that b' < \/m holds for = large enough, so &, and &, do
not overlap. For short, we call J = b* throughout this proof. Also we define o by
m! = J*. Note that Lemma 2.2 implies that o < k.

Since the ¢t most significant digits of a, are coincident with the t digits of the

number ET, we can write
(3.1) an =01 +007Y) 0<0<1,

for some positive integer d. By hypothesis, we know that |as/a;| < 1. Thus, we
have that

az/aq|" < 29W|ag/aq[*? < b7t

R
| Z(Oéi/%)npi(n)/pl (n)] < nmaxi(deg(p:))
=2
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for x large enough. By Theorem 2.1, we have

R
an = aipi(n) + Z@?Pi(n) =aipi(n) (1+0(J7)).

Taking logarithms and inserting (3.1) we have
log &, + dlogb+log (1+6J7") = nlogay + logpi(n) + O(J1).

We consider first the case when the multiplicity of oy is my = 1, so the polynomial
p1(n) is a constant, say p;(n) = p;. Therefore

loga; logp; —logé 71
d= L+ O0(J7).
" log b * log b +0(77)

Thus, when z/2 <n <z, n=r (mod m;) and a, is palindromic, we have that

1
s

log b o

where B
_ log¢&, —logp
log b '

r

Hence, by the Cauchy-Schwarz inequality, we have

|P(z)|]* = <i #{ne P(x): n=r (mod mt)}>

me—1

< my Z #{n,n" € P(x), n,n' =r (mod my)}
r=0

< m#{n,n € P(z), n=n" (mod my)}.

We observe that if n,n’ € P(z) then

| / log a;y ( ,) log a;y
n—n|—-| = n—mn
log b log b
log oy log ay
- Hn log b || ‘ " log b "
< Jh
Furthermore |n —n'| = Im, for some 0 < [ < 57— and, given [ and n € P(z),

there are at most two distinct n’ such that |n — n/| = lmy. Thus, for each [, the
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number of pairs n,n’ € P(z) with |n — n/| = Im; is bounded by 2|P(z)|. With
these observations we have

(3.2)
1
|P(x)] < ‘Pw(l—;”# {n,n' € P(x), n=n' (mod my), |||n—n'| ?Oggoél < Jl}
x log oy C
l:0<1I<— ||l < —
<<mt#{ - T 2my’ Hmtlogb _J}’
for some constant C'. Now we apply Lemma 2.3 to the sequence s; = ||lmy l‘foggabl Il,

the interval [0,C/J] and y = 5. It gives

L

|P(z)| < m, (1 IS (i)) .

2Jmt th

By Theorem 2.2, we have

T
x x 1 .. logay
D|— -
(th> < 2m,T * ; i Z € (”mt log b )

1< </ (2me)

T

T

=1

1 1

log a1 || '
logb

i|lim,
As a; and b are algebraically independent, Theorem 2.4 yields that there exists
9 = d(aq,b) > 0 such that

T
T T 1

D — ~(im,)°

(th) < o, T + ; ; (imy)

<

T5 J
thT + mt

_d
< m1+67

where we take T = Lxﬁll /my]. Indeed as t = t(x) grows with x, inserting this in
(3.1) we have

(3.3) w@n<§+mﬁ%
< 24 Jopihs
J xr

| [ S
Lz~ H9)0+e)

1
where we take J ~ z+90+a) as x — 00.
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Now we consider the case when the multiplicity of aq is m; > 2. In this case,
we split the interval [x/2,z] in J intervals I; = [n;,n;41] of length ~ z/(2.J).
We observe that if n € I; then logp;(n) = logpi(n;) + O(J'). Thus, if n €
I; N P(x), n=r (mod m,), we have that

log 1
Hnw r,j <K J y
where _
_log¢&, —logpi(ny)
i logb
0g
If we denote by P;(z) = P(x) N I;, we proceed as above to get that
log oy C
3.4 P; [: 0<I< — < =
B IB@l<m{i osis om0 < O
(3.5) wm (143 4 p(-2
: m; :
J 2J2mt 2Jmt

As in the case m; = 1, we have

x s
D 70 J)T+s
<2Jmt> < thT +T°m? < (x/J)T,
therefore

7+ my(a)T)Ts
& o J T T
J2

|1Pj(2)] < =

Thus,

L L 1—

I—ZIP |<< L 4 Jotl-thih « ol @maET

where we take J ~ x<a+1>(1+5>+1, as r — oQ.

3.1. Proof of Corollary 1.2. The characteristic polynomial of the Fibonacci

recurrence has oy = 1+\[

as the unique dominant root. It has multiplicity m; = 1,
so we can apply the estlmate (3.3). It is known that for b = 10 and ¢t > 2, the
period of the Fibonacci sequence (mod 10%) is m; = 3 x 10" < 10%, so we can take

a = 1. Thus, by Corollary 2.6, we have
R B _
#{n < x: F, is base 10 palindrome} < pl AR g gm0

which is what we wanted to prove.
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4. COMMENTS AND FURTHER PROBLEMS

Each of the binary recurrent sequences of general term a,, = 10" + 1 or 10" — 1
consists of palindromes in base 10. This shows that in the case of the dominant
root, the condition that the dominant root and the base be multiplicatively inde-
pendent cannot be removed without affecting the conclusion of Theorem 1.1. In
a related spirit, we mention that in [L-T], it was shown that the largest base 2
palindrome of the form 10" 4 1 is 99 = 110011 s).

We believe the conclusion of the theorem also holds under the somewhat more
general hypothesis namely that the sequence is non degenerated (i.e, that a;/a;
is not a root of 1 for i # j in {1,..., R}, and that the absolute value of the
largest root of the characteristic polynomial is multiplicatively independent over
b. However, we could not deal with the case when a dominant root is not present

and we leave this as an open research problem for the reader.
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