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1 Introduction

A Carmichael number is a positive integer N which is composite and the con-
gruence a’¥ = a (mod N) holds for all integers a. The smallest Carmichael
number is N = 561 and was found by Carmichael in 1910 in [6]. It is well-
known that there are infinitely many Carmichael numbers (see [1]). Here,
we let k be any odd positive integer and study the presence of Carmichael
numbers in the sequence of general term 2"k + 1. Since it is known [15] that
the sequence 2" + 1 does not contain Carmichael numbers, we will assume
that k£ > 3 through the paper. We have the following result.

For a positive integer m let 7(m) be the number of positive divisors of
m. We also write w(m) for the number of distinct prime factors of m. For
a positive real number x we write log x for its natural logarithm.



Theorem 1. Let k > 3 be an odd integer. If N = 2"k + 1 is Carmichael,

then o ,
n < 22><10 7(k)?*(log k) w(k). (1)

The proof of Theorem 1 uses a quantitative version of the Subspace
Theorem as well as lower bounds for linear forms in logarithms of algebraic
numbers.

Besides k = 1 there are other values of k£ for which the sequence 2"k + 1
does not contain any Carmichael numbers. Indeed in [2] it has been shown,
among other things, that if we put

K={k: (2"k + 1)p>0 contains some Carmichael number}

then I is of asymptotic density zero. This contrasts with the known fact
that the set

{k: (2"k + 1),,>0 contains some prime number}

is of lower positive density (see [9]). Since 1729 = 26 x 27+1 is a Carmichael
number, we have that 27 € . While Theorem 1 gives us an upper bound
on the largest possible n such that 2"k + 1 is Carmichael, it is not useful in
practice to check if a given k belongs to K. Here, we prove by elementary
means the following result.

Theorem 2. The smallest element of IC is 27.

For the proofs of Theorems 1 and 2, we start with some elementary
preliminary considerations concerning prime factors of Carmichael numbers
of the form 2"k + 1, namely Lemmas 1, 2, 3 and 4. Then we move on to the
proofs of Theorem 1 and 2.

2 Preliminary considerations

Here we collect come results about prime factors of Carmichael numbers of
the form 2"k + 1. There is no lack of generality in assuming that & is odd.
We start by recalling Korselt’s criterion.

Lemma 1. N is Carmichael if and only if N is composite, squarefree and
p—1| N —1 for all prime factors p of N.

Assume now that &k is fixed and N = 2"k + 1 is a Carmichael number
for some n. By Lemma 1, it follows that
S
2"k +1=[]@™d; +1), (2)
i=1
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where s > 2, 1 < m; <n and d; are divisors of k such that p; = 2™id; + 1 is
prime for ¢ = 1,...,s. The prime factors p = 2™d + 1 of N for which d =1
are called Fermat primes. For them, we must have m = 2 for some integer
« > 0. The next result shows that one can bound the Fermat prime factors
of 2"k 4+ 1 in terms of k.

Lemma 2. If k > 3 is odd and p = 2> + 1 is a prime factor of the positive
integer N = 2"k + 1, then p < k2.

Proof. If & =0, then p = 3 < k? because k > 3. So, we assume that a > 1.
We write n = 2%g + 7, where |r| < 271, Then

N=2"k+1=229""k4+1=(-1)92"k+1 (mod p).

It then follows easily that p divides one of 2"k &+ 1 or k + 2" according to
the parity of ¢ and the sign of . None of the above expressions is zero and
the maximum such expression is 2/"/k+1. Hence, p < 2I"'lk+1 < 22 4 1,
which implies 22°7" < k, so 22° < k2. Clearly, the inequality is in fact
strict since the left—hand side is even and the right—hand side is odd, so
p =22 +1 < k2, and the inequality is again strict since p is prime and k>
isn’t, which completes the proof of the lemma. O

Primes factors p = 2"'d + 1 of N for which 2"k and 2™d are multiplica-
tively dependent play a peculiar role in the subsequent argument. In what
follows, we prove that there can be at most one such prime factor.

Lemma 3. Assume that p = 2™d+1 is a proper prime divisor of the integer
N =2"k+1, such that d | k and 2™d and 2"k are multiplicatively dependent.
Then p < 2/3kY3 4 1. Furthermore N has at most a prime factor p such
that p — 1 and N — 1 are multiplicatively dependent.

Proof. Let p be the minimal positive integer such that 2"k = p* for some
positive integer u. Since 2"'d and 2"k are multiplicatively dependent, it
follows that 2"'d = p" for some positive integer v. Since 2"'d < 2"k, it follows
that v < w. Furthermore, p* = —1 (mod p) and also p* = —1 (mod p).
This implies easily that vo(u) = v2(v), where v,(m) denotes the exponent of
the prime p in the factorization of m. To see this, write u = 2% uy, v = 2% wv;
with u1,v; odd integers and assume, for example, that o, < «,. We get a
contradiction observing that

20v —Qy

—L=pt = (pPe)T T = () =1 (mod p).



Writing o = vo(u) = v2(v), we get that u = 2%uy, v = 2%v; for some odd
integers u; and v;. Furthermore, since p = (p?" )" + 1 is prime, it follows
that vy = 1, otherwise p would have p?>” 4 1 as a proper factor. This shows
that p is uniquely determined in terms of 2"k. Furthermore, since u; > 3,
we get that p>* < (27k)Y/3, so p < 27/3k1/3 4 1. O

The next lemma shows that each of the prime factors p = 2"*d + 1 of the
Carmichael number N = 2"k + 1 for which 2™d and 2"k are multiplicatively
independent is small.

Lemma 4. Assume that p = 2d + 1 is a prime divisor of the Carmichael
number N = 2"k + 1 such that d > 1 and 2"k and 2™d are multiplicatively
independent. Then

m < 7Ty/nlogk whenever n > 3logk.

Proof. Let p = d2™ + 1 be the prime factor of k2" + 1. Put X = n/logk.
Consider the congruences

d2™ = -1 (mod p) and k2" = -1 (mod p). (3)
Look at the set of numbers
{mu+nv: (u,v) €{0,1,...,|X"2]}}.

All the numbers in the above set are in the interval [0,2n.X'/?] and there
are (| X'/2] +1)2 > X of them. Thus, there exist (u1,v1) # (u2,v2) such
that

X2 3n
[(muy + nvy) — (mug + nvy)| < ~_1 < X172 = 3v/nlogk

provided that X > 3, which is equivalent to n > 3log k. We put u = u; —us9
and v = v1 — v9. Then

(u,v) # (0,0), max{|ul,|v]} < XY? and |um +vn| < 3y/nlogk. (4)

We may also assume that ged(u,v) = 1, otherwise we may replace the pair
(u,v) by the pair (u/ ged(u,v)), v/ ged(u, v)) and then all inequalities (4) are
still satisfied. In the system of congruences (3), we exponentiate the first
one to u and the second one to v and multiply the resulting congruences
getting

UM AUEY = (—1)%  (mod p).



Thus, p divides the numerator of the rational number
2um+vndukv _ (_1)u+v' (5)

Let us see that the expression appearing at (5) above is not zero. Assume
that it is. Then, since k£ and d are odd, we get that um +vn =0, d*k” =1
and u + v is even. In particular, (2™d)%(2"k)" = 1, which is false because
(u,v) # (0,0) and 2"k and 2™d are multiplicatively independent. Thus,
the expression (5) is nonzero. Since p is a divisor of the numerator of the
nonzero rational number shown at (5), we get, by using also (4), that

p < 2|um+vn|d\u\k\v| +1< 21+3\/n10gkk2X1/2
21+(3+2/ log 2)v/nlogk < 27\/nlogk’ (6)
because 2/log 2 < 3, which implies the desired conclusion. O

3 The Quantitative Subspace Theorem

We need a quantitative version of the Subspace Theorem due to Evertse. Let
us recall it. Let Mg be all the places of Q; i.e. the ordinary absolute value
and the p-adic absolute value. For y € Q and w € Mg we put |y|, = |y| if
w = oo and |y|, = p~*®) if w corresponds to the prime number p. When
y =0, we set v,(y) = oo and |y|,, = 0. Then

H lylw =1 holds for all y € Q*.
yEMQ

Let M > 2 be a positive integer and define the height of the rational vector
y = (v1,--.,ym) € QM as follows. For w € Mg write

1/2
= (ZAL y2> if w = oc;
|y |w = i=1Yi .
maX{|y1’w7"'7’yM|w} if w < Q.
Set
Hy)= ]I [¥]w
UJEMQ
For a linear form L(y) = Zi‘il aiyi with a = (a1, ..., ap) € QM we write
H(L) = H(a).



Theorem 3 (Evertse). Let S be a finite subset of Mg of cardinality s con-
taining the infinite place and for every w € § we let L1, ..., Ly be M
linearly independent linear forms in M indeterminates whose coefficients in
Q satisfy

H(Liw) < H for i=1,...,M and weS. (7)

Let 0 < § < 1 and consider the inequality

[ T L)l

weS i=1

(H det( Llw,...,LM,wﬂw) Hiy) ™. (8)

|y| weS

There exist linear subspaces Tt ..., Ty, of QM with
t < (260M25—7M)s’ 9)
such that every solution y € QNV\{0} of (8) satisfying H(y) > H belongs to

TIU"'UT;H'

We shall apply Theorem 3 to a certain finite subset of & of Mg and
certain systems of linear forms L; ,, with¢ =1,..., M and w € S. Moreover,
in our case the points y for which (8) holds are in (Z*)™. In particular
|y|w < 1 will hold for all finite w € Mg, as well as the inequalities

1 <H(y <H\y|w<Mmax{]y,]. =1,...,M}.
weS

Finally, our linear forms will have integer coeflicients and will in fact satisfy
det(L1w, ..., Larw) = £1 for all weS. (10)

With these conditions, the following is a straightforward consequence of
Theorem 3 above.

Corollary 1. Assume that (10) is satisfied, that 0 < 6 < 1, and consider
the inequality

HH|LW N < M0 (max{|y;| :i=1,...,M})~° (11)

weS i=1

for some'y € (Z*)M. Then the conclusion of Theorem 3 holds.



4 S-units on curves

We shall also use a result concerning bounds on the number of solutions
of a certain type of S-unit equation. Recall that an S-unit is a non-zero
rational number y such that |y|, = 1 for all w ¢ S. The following result is
a corollary of Theorem 1.1 in [14].

Theorem 4 (Pontreau). Let f(X,Y) € Q[X,Y] be a polynomial of degree
D which is irreducible (over C) and which is not a binomial (i.e., has more
than two nonzero coefficients). Then the number of solutions (u,v) of the

equation
flu,v) =0 with (u,v) € S (12)

1s bounded above by

ty < 2104s+51D6s+3(10g(D + 2))1084—6‘ (13)

5 Baker’s linear form in logarithms

We need the following theorem due to Matveev (see [13] or Theorem 9.4 in
[5])-

Theorem 5. Let t > 2 be an integer, vi,...,7%: be integers larger than 1
and by, ...,bs be integers. Put

B = max{|bi], ..., b},

and
A:’yi’1~--7£’t—1.

Then, assuming that A # 0, we have
|A| > exp (—1.4 x 303 x t*%(1 + log B)(log 71)(log 72) - - - (log 7)) -

6 Proof of Theorem 1

Since Theorem 2 is in fact independent of Theorem 1, we shall assume that
k > 27 whenever N = 2"k + 1 is Carmichael. In particular, logk > 3.
From now on we assume that

n > 3logk. (14)

In particular, Lemma 4 holds.
We put dp = (24/7(k))~! and split the prime factors of the Carmichael

number N = 2™k + 1 into four subsets as follows:



(1) Fermat primes;

(2) The (at most one) prime p = 2™d + 1 such that 2™d and 2"k are
multiplicatively dependent;

(3) The primes p = 2™d + 1 not of type (1) or (2) above with m < dpy/n;
(4) The remaining primes.

We write NV; for the product of the primes of type ¢ above for ¢ = 1,2, 3, 4.
We next find an upper bound for NyNoN3. Clearly, writing p = 22% + 1 for
the maximal Fermat prime factor of N, we have that

Mm<J[EP+)=22"" —1=(p- 1>~ 1<k, (15)
£=0
by Lemma 2. Secondly,
Ny < "3R8 41 < o3k, (16)

by Lemma 3. Further, putting ng = dp/n, we have

Ny < ] e@ra+n< [ [[2mta= [ 2tmtOr®ir®2

1<m<no 1<m<ng d|k 1<m<ng
d|k
< 2(n0+1)(n0+2)7'(k)/2+n0'r(k‘) logk’ (17)

where we used the fact that 1/(2log2) < 1. Assume that the exponent of 2
in (17) is at most nd7(k) = n/4. This happens if

(no + 1)(no + 2)7(k)/2 4+ no7(k) log k < n%T(k:),
which is equivalent to
2nglog k < n% —3ng — 2.

Assuming that ng > 2, the above inequality is implied by ng > 4 + 2logk,
and since log k > 3, the last two inequalities are satisfied when ng > 4logk.
Recalling the definition of ng, we deduce that if

n > 647 (k)(log k)2, (18)

then (17) implies that
N3 < 2™/4, (19)



So, if inequality (18) holds, then by estimates (15), (16) and (19), we get
NlNQNQ < k4(2n/3k)2n/4 — 27n/12k'5 < 27n/12+1010gkz < 2271/3’

where the last inequality follows because 5/log2 < 10 and n > 120logk,
where the last inequality is implied by (18). Since NyNoN3Ny = N > 2™
we get that Ny > 2"/3. On the other hand, by Lemma 4, we have that if
p | Ny, then

p< 27\/nlogkk_ +1< 21+10gk+7\/nlogk < 28\/n10gk’

where the last inequality above is a consequence of (18). Hence,

2n/3 <N, < 28w(N4)\/nlogk

)

showing that
v
24./logk’

We record what we have proved as follows.

w(N4) >

Lemma 5. Assume that
n > 647(k)(log k)% (20)

Then there exist at least \/n/(24v/log k) primes p = 2™d+1 dividing 2"k +1
subject to the following properties:

(1) d > 1 is a divisor of k;
(2) dpv/n < m < 7y/nlogk;
(8) 2™d and 2"k are multiplicatively independent.

We next take a look at prime divisors p = d2™ + 1 of N4. As we have
seen, they have the property that

m>ng= (50\/’); (21)
Write
n=qgm+r, where 0<r<m-—1<7ynlogk. (22)
Then n n
¢ = LiJ < = <oWn < 2/ (k)n (23)
m m



In congruences
k2™t = —1  (mod p) and d2"™ = -1 (mod p),
raise the second one to power ¢ and divide it out of the first one to get
k27d™ %= (-1)7!  (mod p).

Thus, p divides d? + (—1)?k2". Let us check that this last expression is
nonzero. If it were zero, we would then get that r = 0, that ¢ is odd, and
that k = d?, therefore 2"k = (2™d)4, which is impossible since 2"k and 2"d
are multiplicatively independent. Thus, d? + (—1)7k2" # 0, and

9+ (=1)9k2"| < 27d%% < ora+1 _ or+(g+1)(logk)/(log2)
Using (22) and (23) we have that

logk nlogk + (v/7(k)n + 1)(log k) /(log 2)

log k\/T(k)n <1 7log2 1 >

log 2 * V7 (k) log k - VT(k)n

log k\/T(k)n <1+ 7log2 1 >

r+(¢g+1)

log 2

_l’_
log 2 r(k)logk  87(k)logk

log k\/T(k)n <1+ 7log2 1 )

_l’_
log 2 2log(27)  161log(27)

< blogk+/7(k)n

Thus, writing §; = 5logk+/7(k), U =d2™ +1 and V = d? + (—1)9k2",
we have

2Vh < U and V] <20V,
therefore
U > |V|%, where 5y = 6001 1 = (107(k) log k) L. (24)
We record the following conclusion.

Lemma 6. Assume that inequality (20) is satisfied. Then the number of
triples of integers (U, Vi, Va) with the following properties:

(1) U=d2m, Vi =di, Vo = (—1)7k2";

10



(2) d > 1 is a divisor of k and q and r are nonnegative integers;
(3) 2™d and 2™k are multiplicatively independent;

(4) U+ 1[Vi+Vy;

(5) U >|Vi+Val|®;

exceeds
_Vn
24/logk

We next find an upper bound for the number of triples (U, Vi, V) with
the conditions (1)—(5) of Lemma 6 above in terms of k alone.

Lemma 7. Assume that
n > 10%(log k)7 (k). (25)

Then the number of triples (U, V1, Va) with the conditions (1)-(5) of Lemma

6 is at most
23><6137—(k)2(10gk:)2w(k).

Proof. We apply Corollary 1. We fix the numbers k& and n. The finite set of
valuations is

S ={p| 2k} U {0},

so s = w(k) + 2, where we recall that w(m) is the number of distinct prime
factors of the positive integer m. The following argument based on the
Subspace Theorem is not new. It has appeared before in [3], [4], [7], [8],
[12], and perhaps elsewhere. Recall that

U=d2™, Vi=d? Vo = (—1)9k2".
Start with

1 1 1 <1_1 o )

U+”'+ UMi—1 +UM1

U+1 UQ+1yU) U

where M; is a sufficiently large positive integer to be determined later and
|Cu| < 2. Thus, we get

2
UM1+1 :

IR U Vi
1+U U UM

11



Multiply the above inequality by V = V] + V5, to get

2|V
— UM1+1 :

|4 _V1+V2+m+(—1)M1(V1+V2)
1+U U UM

Multiply both sides above by UM! to get

vuM 2|V
— UMt Ml o ()M 4 ()M < S
‘ 1+U 1 2 -+ (1) 1+ (=) Ve < U
(26)
We take M = 2M; + 1 and label the M variables as
y = (yla oo 7y2M1+1) = (Z7y1,M1—17y2,M1—17 v 7y1,07y2,0)-

We take the linear forms to be

Lioo(y) =2 —y1m—1— y2an—1+ -+ (1) g o+ (=)

and L; ,,(y) = y; for (i, w) # (1,00). It is clear that these forms are linearly
independent for every fixed w € S, and condition (10) is satisfied for them.
We evaluate the double product

M
T I 12w (), (27)

weS i=1
when (U, V1, V) are as in Lemma 6,

My ,
Z:W and y;; =V;U? (i=1,2, j=0,...,M; —1).

For i > 2, y; is an S-unit and L; ,,(y) = y; for all w € S, so that

M
T IT 1w = 1. (28)

wES 1=2

For i = 1, since V/(1 4+ U) € Z, it follows that z is an integer multiple of
UM, Hence,

M
[T Iz <o (29
weS\{oo} =2
Finally, we have
2|V
L @le < 20, (30)

12



by (26). Multiplying (28), (29) and (30), we get that

M
2V|
TL Il < oy (31)
weS 1=1

Choose M; = |3/02]. Then we have that M; > 2/d,, therefore
UM > 2% s v 2,

by (24). Thus,
v _ v _ 1
UN1+1 UN1 — m

We now compare |V| and |V;| for i = 1,2. If ¢ is even, then V = |Vi| + |V3].
Assume now that ¢ is odd. Then

(32)

V] = [Vil[k2"d~® — 1] (33)

By using the inequality of Theorem 5 with t = 3, v1 = k, 72 = 2, 73 =
d, by =1, by =1, b3 = —q, we have that

|k2"d™1 — 1] > exp(—c1(log k) logn), (34)

where we used the fact that max{d, k} < k and max{r, ¢} < n, and we can
take ¢; = 1.4 x 30% x 3%% x 2 x log2. Let us check that

|k27d~ % — 1| > UL (35)
For this, since U > 2™ > 2%V7 it is enough that
So(log 2)v/n > c1(log k) logn,

which is equivalent to

Vvn 2
oz (/) > co(logk)“+\/7(k), (36)

where ¢ = 11.2 x 30° x 3%5. Let us spend some time unraveling (36). It is
easy to prove that if A > 3 then the inequality

log(z)

> A isimplied by z > 2Alog A.
Using this argument it follows that it suffices that
Vn > 2¢s(log k)2 /7 (k) log (CQ(log k:)Q\/T(k)> (37)

13



Since 2loglogk < logk, 7(k) < k and log(c2) < 28, we get that
log(c2) + (log 7(k))/2 4 2loglogk < 28 + 1.5logk < 11logk,

where the last inequality follows because log k > 3. Hence, in order for (37)
to hold, it suffices that

Vn > 22¢5(log k)2+/7(k),
which is satisfied for
n > 10%(log k)57 (k), (38)
which is exactly condition (25). Since condition (25) holds, we get that also
inequality (35) holds. With (33), we get that
V] = Vi|lk2d™ = 1] > [vi|U ",

therefore V4| < |V|U < |V|2. A similar argument shows that |V5| < V2.
Thus, we always have max{|V;|, |V2|} < |V|? regardless of the parity of ¢.
Hence,

VU=t < VRO < VIR (= 1,2);
v
1+U

This shows that for our vector y we have that

< VUMt <y ML

max{|y;| :i=1,..., M} < [V|MTL, (39)
Finally, we have
M =2M;+1 S(i—kl < 607(k)logk+1 < 200V < [T < V.
Indeed, the middle inequality is equivalent to
n > 7(k)(2log 2)?log?(607(k)log k + 1),
which is implied by (38). Thus,
Mmax{|y;| :i=1,...,M} < |V|M+2,

Comparing (31) with (32) and the last estimate above, we get

M 21V 1
. -
H I Ziw®)h < M S W < (Mmax{ly;| :i=1,.... M},
weS 1=1



where 6 = 1/(M; + 2).

We now apply Corollary 1 with H = 1. Note that relation (7) holds
for our system of forms, while the condition H(y) > 1 is needed in (i) if
obviously fulfilled since y € ZM. We get that all solutions y to our problem
lie in ¢; proper subspaces of Q, where ¢; is bounded as in (9).

Let us take such a subspace. We then get an equation of the form

2 Mp—1
Vi+ W\ s
d(1+U>U1+ZZc” U9 =0 (41)
i=1 7=0
for some vector of coefficients
(do,cij:1<i<2,0<j<M —1)eQY

not all zero. We divide across equation (41) by VU M1, Further, by setting
W =V, /Vi = (—1)9k2"d™9, we arrive at

2 Mi—1
W+1
WY 3 e o
=1 5=0

The last equation above is a rational function in the pair (U, W), which is
nonzero as a rational function (this has been checked in many places, like
[3], or [8], for example). Clearing the denominator 1 + U, we arrive at an

equation of the form
1 M

ZZei,jW"U’j =0 (42)
=0 j=0
for some coefficients (e;; : 0 <i < 1,0 < j < M;) € QM| not all zero. Put
U = U~L. The above equation (42) is of the form

WPU) +Q(U) =

where P(X) and Q(X) are in Q[X] of degrees at most M;. We distinguish
a few cases.

When P(X) = 0, then Q(X) # 0. Then U; has at most M; values,
therefore m is determined in at most M; ways.

A similar argument works when Q(X) = 0.

Assume now that none of P(X) and Q(X) is the constant zero polyno-
mial. Put

F(X,Y)=YP(X)+ Q(X).

15



Then any solution (U, W) to equation (42) leads to a solution to the equation
F(Uy,W) = 0. Assume next that F'(X,Y) is a binomial polynomial. It
then follows that P(X) = ¢; X1 and Q(X) = X2 for some nonzero
rational coefficients ci1,cs and some nonnegative integer exponents fi, fo.
Then since F(Uy, W) = 0, it follows that WU/2=/1 = —cy/c; is uniquely
determined. To recover W and U uniquely, we need to check that W and U
are multiplicatively independent. If they were not, we would have integers
A and p not both zero such that

(WA = kA2 =9 = @rmt = UH,

Hence, we get that 7\ — mu = 0, and that k& = d#**t*. If A\ = 0, we then
get that d* = 1, so p = 0, therefore (A, ) = 0, which is false. Thus, A # 0.
This leads easily to the conclusion that 2"k and 2™d are multiplicatively
dependent (in fact, we get the relation (2™d)*+9* = (k2")), which is not
the case. Thus, when F(X,Y) is a binomial polynomial, then there is at
most one convenient solution to F(Uy, W) = 0.

Assume now that F'(X,Y’) has at least three nonzero coefficients. Write
P(X) = X"P(X) and Q(X) = X/2Q(X), where f1, fo are nonnegative
integer exponents, and P;(X) and Q(X) are polynomials in Q[X] with
P1(0)Q1(0) # 0. Replace F(X,Y) by

F(X,Y)

iAo = YXfrmin{fhfz}pl(X) + szfmin{fl,fg}Ql(X)‘

Then any solution (U, W) to equation (42) still satisfies F'(U1, V) = 0 with
this new F(X,Y) (because U; # 0). Furthermore, F(X,Y) is now irre-
ducible over C[X, Y] because it is not divisible by neither X nor Y and it is
linear in Y. Its degree D satisfies

D < max{1 + deg(P1(X),deg(P(X)} < M1 +1< M.
But then, by Theorem 4, the number of solutions (U, W) is at most
ty < 2104s+51M63+3(10g(M + 2))108+6_ (43)

Note that U determines uniquely d and m, which in turn determine also ¢
and r uniquely by (22). To summarize, we get that for fixed n satisfying
(38) and odd k > 3, the number of triples (U, Vi, V2) with the conditions
(1)—(5) of Lemma 6 is at most

l1ta,
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where t; and ty are shown at (9) and (43), respectively. We now bound t;
and to for our application.

Note that since 67! = My +2, M = 2M; + 1 and My = |3/d2], we get
easily that

51 = (M +43))2

M < 562 +1 < 617 (k)log &, (44)
s = w(k)+2<3w(k). (45)
Therefore
t < (260M25—7M)s

< (20M° (M +3)/2)™M)s;
and since s > 3,

ty < 2104s+51M65+3(10g(M + 2))103+6 (46)
< (22'M"log"(M +2))°.

Hence,

(log )M 2 T og2) a2 T (log 2) 2

tite < <2

< 2615M2 (47)

60M2 <1+% ( 7log((M+3)/2) 4221 7log M + 7 log log(M+2) )) > S

provided the quantity

_ Tlog((M +3)/2) = 221 TlogM  Tloglog(M + 2)

E(M) (log 2)M M2 " (log2)M?2 (log 2) M?

satisfies E(M) < 1. We observe that

M = 2M;+1=2|3/6) +1=2|30r(k)logk| + 1
> 2[30 x 2 x1og(27)] +1 =395

and certainly, E(M) < 1 for M > 395.
Finally, putting (44) and (45) in (47) we get

tity < 23><613w(k)72(k) log2k‘
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Theorem 1 follows now from Lemmas 6 and 7. Indeed, observe first that
inequality (25) implies inequality (20). Next, assuming that inequality (25),
the conclusion of Lemmas 6 and 7 is that

n < 242(10g k)26><6137(k)2(10gk)2w(k)

< 92x 1087 (k)2 (log k)2w(k) ’

where we have used that 242(log k) < 27(K)*(ogk)*w(k) for k> 27,
So, to finish, it suffices to prove that

22><106T(k)2(logk)2w(k) > 1028(10g k)GT(k),
which follows since 2% > (10z)* for z > 100 with

=2 x 1057(k)?*(log k)?w(k).

7 The proof of Theorem 2

We have to show that if £ < 25 is odd, then there is no Carmichael number
of the form 2"k + 1. We distinguish five cases, according to whether & is
prime, or k € {9, 15,21, 25}.

7.1 k<23 is prime

By Lemma 1, we have that if p is a Fermat prime factor of N = 2"k 4 1,
then p < k? < 232, therefore p € {3,5,17,257}. By the Main Theorem 2 in
[15], we get that there are only seven possibilities for N, namely

N € {5x13x17,5x 13 x 193 x 257,5 x 13 x 193 x 257 x 769, (48)
3x 11 x17,5x 17 x 29,5 x 17 x 29 x 113,5 x 17 x 257 x 509} .

There is another possibility listed in [15], namely
N =5 x29 x 113 x 65537 x 114689,

which is not convenient for us since 65537 is a Fermat number exceeding
232. However, no number from list (48) is of the form 2"k + 1 for some odd
prime k < 23.
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7.2 Preliminary remarks about the cases k € {9,15,21,25}

We first run a search showing that there is no Carmichael number of the
form 2"k + 1 for all n € {1,...,256}. Suppose now that n > 256. Write

S
2"k +1=]]@™d;+1)
i=1
where 1 <m; <n,d; | kfori=1,...,s and p; = 2"id; 4+ 1 is prime for all
i=1,...,s. We assume that the primes are listed in such a way that

a=mp <mg<---

We first show that n > a + 20. Indeed, assume that this is not so. If
p1 is a Fermat prime, then, by Lemma 1, we have a < (logk)/log2 < 5,
son < a+ 20 < 25, which is false. If 2"k and 2™ d; are multiplicatively
dependent, then Lemma 2 shows that a < n/3. Thus, n < a+20 < n/3+20,
therefore n < 30, which is again false. Finally, assume that d; > 1 and
2M1dy and 2"k are multiplicatively dependent. Then Lemma 3 shows that
a =my < 7Tv/nlogk < 14\/n because 3logk < 3log27 < 12 < n. Thus,
n < 14y/n + 20, which is impossible for n > 256. So, indeed n > a + 20.
From this, we conclude that if we put b; such that

b =va(pip2---pi — 1)

fori=1,2,...,5s —1 and b; < a+ 20, then a;11 < b;. This argument will
be used in what follows without further referencing.

73 k=9

If p is a Fermat number dividing N, then p < 92 = 81 by Lemma 1, so
p € {3,5,17}. Clearly, 312" -9+ 1 for any n > 1, therefore p € {5,17}. We
now write

s t u
moor1=JJem+ [ -3+ e -9+1),
i=1 i=1 i=1
where a1 < -+ < ag, by < --- < b, 1 < -+ < ¢y. It is easy to see that
ai,b1,c1 cannot be all three distinct. Let @ = min{ay, b1, c1}. We do a case
by case analysis according to the number a.
If @ = 1, the possibilities are that two of 3,7,19 divide N. As we have
seen, 31 N, so both 7 and 19 divide N. However, 7 never divides 2" -9+ 1,
which is a contradiction.
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If a = 2, then two of 5, 13, 37 divide N. However, 5 | N implies n = 0
(mod 4). Similarly, 13 | N implies n = 10 (mod 12), while 37 | N implies
n =2 (mod 36), and no two such congruences can simultaneously hold.

If a = 3, then 22 -3 + 1 = 25 is not prime, and we get a contradiction.

If a = 4, then neither one of 24.3+1 =49 = 72 or 2*.9+1 = 145 = 5% 29
is prime, again a contradiction.

Thus, a > 5. In particular, s = 0, and by = ¢;. Put py =2%-3+41 and
p2 = 2%-9+ 1. For an odd prime p we put ord,(2) for the multiplicative
order of 2 modulo p. Then ordy(p;) = 2% -§;, where o; < a and ¢; € {1, 3,9}
for ¢ = 1,2. The congruences

2".9=-1 (mod p;) and 22¢.9=1 (mod p)

imply 2"72¢ = —1 (mod p;), which implies that ord,, (2) | 2n—4a, therefore
2n = 4a (mod 2%1). Similarly, from the congruences

2".9=-1 (modpe) and 2*-9=-1 (mod p2),

we get 2"7% = 1 (mod p2), so n = a (mod 2%?), or 4n = 4a (mod 2%2).
Thus, putting o = min{a;,as}, we get that 2n = 4a (mod 2%) and also
4dn = 4a (mod 2%), therefore 2n = 0 (mod 2%). In particular, 2¢ -9 | 18n,
showing that one of the numbers p; or po divides 28" — 1. Since

pz|2ng+1’218n918_1:(218n_1)918+(918_1)
for both i = 1,2, we get that one of p; or py divides
918 _1=2".5.7-13-19-37-73- 757 - 530713.

However, none of the primes appearing in the right hand side above is of the
form 2% -3 4 1 for some a > 5, which completes the argument in this case.

74 k=15

If p is a Fermat number dividing N, then p < 152, therefore p € {3,5,17}.
Clearly, it is not possible that 3 | 2" -15+1or 5|2"-15+ 1 for any n > 1,
so only p = 17 is possible. We write

s

2" 15+ 1= H(Qmidi +1),
=1

where s > 2, d; | 15 for ¢ = 1,...,s and p; = 2™id; + 1 is prime for all
i=1,...,s. We put again ¢ = min{m,; : i = 1,...,s}. Then p; = 2%, + 1
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and ps = 2%y 4 1 are both prime divisors of N for two different divisors d;
and dy of 15. We again do a case by case analysis according to the values
of a.

If @ = 1, then p1, po € {7,11,31}. However, 7 t 2" - 15 + 1 for any
n > 1, therefore both 11 and 31 divide N. However, 11 | N implies that
n = 3 (mod 10), while 31 | N implies that n = 1 (mod 5), and these two
congruences are contradictory.

Assume next that @ = 2. Since 22-541 = 21 = 3 x 7 is not prime, it fol-
lows that the only possibility is that both 13 and 61 divide N. However, the
condition 13 | N implies that n =5 (mod 12), whereas 61 | N implies that
n =2 (mod 60), and again the last two congruences for n are contradictory.

The case a = 3 is not possible since neither 23 -3 + 1 = 25 = 52 nor
23 .15 41 =121 = 112 is prime.

Assume now that a = 4. Since 2*-3+1 =49 = 7?2 and 2*.5+1 = 81 = 3*,
it follows that the only possibility is that both 17 and 241 divide N. However,
the condition 17 | N implies that n = 7 (mod 8), whereas 241 | N implies
that n =4 (mod 24), and these last congruences are again contradictory.

The case a = 5 is also impossible since none of 2° -5 +1 =161 = 7 x 23
and 2° - 15 + 1 = 13 x 37 is prime.

So, from now on a; > 6 for all i = 1,...,s. Let p = 2°d + 1 for some
b > 6. Assume that d = 5. Since p =1 (mod 8), it follows that (—1/p) =
(2/p) = 1, where the above notation is the Legendre symbol. Since 5 = —27°
(mod p), it follows that (5/p) = 1. Since 3 = —27" x5~ (mod p), it follows
that (3/p) = 1, therefore, by quadratic reciprocity, (p/3) = 1, therefore
p = 1 (mod 3). However, 2° -5+ 1 is never 1 (mod 3) for any positive
integer b. This shows that d # 5. In particular, d € {3,15} for all prime
factors p of N. Assume next that d = 3. By a similar argument, we have
(=1/p) = (2/p) = (3/p) = 1 and now the condition 5 = —27"x 37! (mod p)
implies that (5/p) = 1, which, via quadratic reciprocity, implies that p = 1,4
(mod 5). Since also p = 2° -3 + 1, it follows easily that b = 0 (mod 4) (for
the values of b congruent to 1, 2,3 modulo 4 we get that 2°-341 is congruent
to 2,3,0 modulo 5, respectively, none of which is convenient). Since when
b =1 (mod 3), we have 2° -3 + 1 is a multiple of 7, we get that b = 0,2
(mod 3), which together with the fact that b =0 (mod 4), leads to b =0, 8
(mod 12).

Suppose first that @ = 0 (mod 12). It then follows that the smallest
b > a such that 2° -3 + 1 is a prime factor of N is b > a + 8. Write
p1=2%-3+1and po =2%-15+ 1. Then

pipa = 1420719 + 2971 . 45)
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is a divisor of N. So, p3 = 29t1 .15 + 1 is also a divisor of N. Thus,

pipops = (14201194 297145))(1 + 2911 . 15)
— 1 + 2a+1(24 + 2(1—1 . 45) + 22a+2 . 15(9 + 2(1—1 . 45)
1429743 429740

is a divisor of N, where M; is some odd integer. Thus, py = 2¢t%. 15+ 1 is
also a prime factor of N. We then have

pipapsps = (142743 +2%7%. My))(1 4 2% 15)
= 14297418 + 2971 My)
142929 +2°7° My),
where M, is some odd integer. Thus, p5 = 2%T°.15+1 is also a prime factor
of N. However, since a = 0 (mod 12), it follows that a +5 =5 (mod 12),
which implies that ps =0 (mod 13), a contradiction.
Assume next that a = 8 (mod 12). Since 2815+ 1 = 3841 = 23 x 167

is not prime, it follows that a > 20. We take again p; = 2% -3 4+ 1 and
p2 =2%-15+4 1. Then

pipa = 142019 2971 . 45)
is a divisor of N. Thus, p3 = 2%T! .15 + 1 is a divisor of N and

pipaps = (1+20T1-15)(1 42919 + 271 . 45))
= 1+2971(24 + 2971 vy
1 + 2a+4(3 + 2a—4M1)

is a divisor of N for some odd integer M;. Since a +4 = 0 (mod 12), it
follows that either 2¢t% .3 + 1 is a divisor of N or 2474 .15+ 1 is a divisor
of N but not both. In the first case, ps = 274 .3+ 1 and

p1papsps = (14277 3)(1+27T4(3 4+ 2°7 M) = 1+ 2972(3 + 2% ° M)

is a divisor of N for some odd integer M>, while in the second case we have
ps =271 . 1541 and

pipopaps = (142074 15) (1 + 29743 + 274 M) = 1+ 2975(9 + 297 ° M)

is a divisor of N again for some odd integer Ms. In both cases, we conclude
that ps = 2972 .15 + 1 divides N and

p1p2pspaps = (1 +2°F2 - 15)(1 + 29%2(T + 2°7° My))
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is a divisor of N for some T € {3,9}. We thus get that
pip2pspaps  equals  1+29T6(9+207000) or 14 2078(3 42978 My)

according to whether T'= 3 or T' = 9, respectively. In the first case, we have
that pg = 2¢76.15+1 divides N, whereas in the second case pg = 2¢18.15+1
divides N. Observe that

p1-pe = (14 2970(9 + 2970 03)) (1 + 2970 . 15) = 1 4 2¢79(3 + 2979 M)
for some odd integer My in the first case, whereas
pre-pe = (142783 4+ 2978 My))(1 + 2475 - 15) = 14+ 2979(9 + 2% My)

in the second case. In either case, p; = 299 .15 4+ 1 is a divisor of N.
However, since a = 8 (mod 12), it follows that a +9 =5 (mod 12), so py is
a multiple of 13, which is a contradiction.

7.5 k=21

If p is a Fermat factor of N, then p < 212, therefore p € {3,5,17,257}.
Clearly, it is not possible that 3 | 2" - 21 + 1. One also checks that 257 ¢
2" .21+ 1 for any n > 1, so only p = 5,17 are possible. We write

s

2" 214+ 1= [J@™di +1),
=1

where s > 2, d; | 21 for ¢ = 1,...,s and p; = 2™id; + 1 is prime for all
i=1,...,s. We put again a = min{m,; : i = 1,...,s}. Then p; = 2%, + 1
and po = 2%y 4 1 are both prime divisors of N for two different divisors d;
and dy of 21. We again do a case by case analysis according to the values
of a.

When a = 1, we get that twoof 2+ 1, 2-3+1, 2-7+1, 2-21+1 are
prime factors of NV, which is impossible because 24+ 1=3and 2-3+1=7
cannot divide NV while 2-7+1 =15 = 3 x 5 is not prime.

When a = 2, we get that two of 2241, 22.341, 22.7+1, 22.21+1. Since
85 =5 x 17 is not prime, it follows that N is divisible by two of {5, 13,29}.
If 5| N, thenn =2 (mod 4). If 13| N, then n = 3 (mod 12), whereas if 29
(mod N), then n = 25 (mod 28), and no two of the above congruences are
simultaneously possible (the last two imply that n = 3 (mod 4) and n = 1
(mod 4), respectively).
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The case a = 3 is not possible since neither 23 -3 + 1 = 25 = 52 nor
23.741=>57=3x 19 is prime.

From now on, a > 4. Let p = 2°d + 1 be a prime factor of N. Let
us show that d cannot be 7. Assume that it is. Since b > 4, it follows
that (—1/p) = (2/p) = 1, and since 7 = —27% (mod p), it follows that
(7/p) = 1. Since also 3 = —27" x 7~ (mod p), it follows that (3/p) = 1, so,
by quadratic reciprocity, p =1 (mod 3). However, 2°-7+1 is never congruent
to 1 modulo 3, which is a contradiction. Hence, d € {1,3,21}. Further,
suppose that d = 3. Then, by the same argument, (—1/p) = (2/p) = 1
and so 3 = —27% (mod p), therefore (3/p) = 1. Since also 7 = —27" x 37!
(mod p), we get that (7/p) = 1, which, by quadratic reciprocity, implies that
(p/7) = 1. Since p = 2°-3+1, it follows that b = 0 (mod 3) (for b congruent
to 1, 2 modulo 3 we get that p is congruent to 0, 6 modulo 7, and none of
these possibilities is convenient). Further, in this same instance, it is clear
that we cannot have b = 3 (mod 4), since it would lead to p = 2° -3 41
being a multiple of 5. Hence, b = 0,1,2 (mod 4), which together with b =0
(mod 3), leads to b=0,6,9 (mod 12).

Assume now that a = 4. Since 2*-3+1 = 49 = 72, it follows that the only
possibility is that both 17 and 337 divide N. The condition 17 | N implies
that n = 2 (mod 8) while the condition that 337 | N implies that n = 4
(mod 21). The above conditions imply that n = 130 (mod 168). Further

17 x 337 =5729 = 1 +2° x 179

is a divisor of N. It follows that N is divisible by one of 1 4+ 2° -3 = 97 or
1+ 2521 = 673. However, there is no n > 0 such that 97 | 2" - 21 + 1.
Further, 673 | N implies that n = 5 (mod 48), which is incompatible with
n = 130 (mod 168) since the first one means that n = 2 (mod 3), whereas
the second one means that n =1 (mod 3).

So, from now on we have that ¢ > 5. Thus, p1 = 2%-3+ 1 and py =
2% .21 + 1. As we have seen, a = 0 (mod 3). It is also easy to see that
a=0,1 (mod 4), otherwise one of 2% -3 4+ 1 or 2% - 21 4+ 1 is a multiple of 5.
Thus, a = 0,9 (mod 12).

Now

pip2 = (1+2%-3)(14+2%-21) = 1+2%(3+21)+2%-63 = 14+2°73(34273.63).

Assume first that a = 0 (mod 12). Then the next prime factor of N of the
form p = 2° -3 + 1 must have b = 0,6,9 (mod 12), therefore b > a + 6, so
p3 = 2973.21 + 1 must divide N. However, since a = 0 (mod 12), it follows
that ps is a multiple of 13. Assume next that a =9 (mod 12). In particular,
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a > 9. In fact, since 2 -3 4+ 1 = 29 x 53 is not prime, it follows that a > 21.
Then none of 2T .3 4+ 1 and 2%+2 .3 + 1 are prime factors of N since a + 1
and a4+ 2 are not multiples of 3. Thus, none of 2¢+1.21 +1 and 2°+2.21 4+ 1
is a prime factor of N either. Hence, exactly one of 2¢13.34+1 or 2+3.21+1
is a prime factor of N. Assume that it is p3 = 273 .21 + 1. Then

pipaps = (14 2973(3 +2973.69)) (1 + 2973 . 21) = 1 4+ 2°76(3 4 297Cry)

for some odd integer M;. Since a + 4 and a + 5 are not multiples of 3, it
follows that none of 223 .3 + 1 or 2974 .3 + 1 are factors of N, therefore
2013 .91 + 1 and 2%t .21 + 1 are not factors of N either. Hence, one of
20%6.3 4+ 1 or 2076.21 41 is a prime factor of N. Since a+6 = 3 (mod 12) it
follows that the first one cannot be a prime factor of N, whereas the second
one is a multiple of 13 so it cannot be prime. So, assume that p3 = 20+3.3+1.
Then

pipaps = (142973342973 .69)(1 + 2973 - 3) = 1 +29T4(3 + 270y

for some odd integer M;. Since a + 4 is not a multiple of 3, it follows that
20+4 .3 1 1 is not a prime factor of N, and so py = 244 .21 + 1 is a prime
factor of N. Observe that

PLP2P3Ps = (1 + 2a+4(3 + 2a74M1)(1 4 2(1+4 . 21) -1 + 2a+7(3 4 2a77M2)

for some odd integer M,. Next, 292 .3 4+ 1 are 2976 .3 + 1 are not prime
factors of N because a + 5 and a + 6 are congruent to 2,3 (mod 12), so
20%5.921 + 1 and 2976 .21 4 1 are not prime factors of N either. Thus, one
of 29t7.3 41 and 29+7 .21 + 1 is a prime factor of N, and since a + 7 is not
a multiple of 3, it follows that py = 227721 +1 is a prime factor of N. Now

pipopspa = (1+2977(3 4+ 297 M) (1 4+ 2%77 - 21) = 1 + 2¢710(3 4- 297 1017)

for some odd integer M3. Since a + 8 is not a multiple of 3, it follows that
20+8.3 11 does not divide N, therefore 27821 +1 does not divide N either.
If 2919 .3 + 1 is a prime factor of N, then 2¢t? .21 + 1 is a prime factor
of N also, but since a = 9 (mod 12), it follows that a + 9 = 2 (mod 4),
therefore 2019 .21 + 1 is in fact a multiple of 5. Thus, none of 2°7?.3 41 or
20+9.921 +1 is a prime factor of N. Since a+ 10 is not a multiple of 3, we get
that 2¢%19.3 4 1 cannot be a prime factor of N. Thus, ps = 2¢110.21 +1
is a prime factor of N. Thus,

pLe--ps = (1+2a+10(3+2a—10M3))(1_|_2a+10 21) — 1+2a+13(3+2a—13M4)
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is a divisor of N for some odd integer My. Since a+ 11 is not a multiple of 3,
it follows that 2%t .34 1 is not a prime factor of N. Therefore 2¢+11.21 41
is not a prime factor of N either. As for a + 12, it follows that either both
pe = 2°T12.3 +1 and py = 29+12 .13 + 1 are prime factors of N, or none of
them is. If both of them are, then

pepr = (1+27F12.3)(1 427712 21) = 1 4 29412 1y

for some odd integer Ms. So, in either case, namely when both ps and pg
are prime factors of IV, or when none of them is, we still infer that one of
2013 .3 1 1 or 29713.21 + 1 is a prime factor of N. However, since a = 9
(mod 12), a + 13 is not a multiple of 3, so 24713 .3 + 1 cannot be a prime
factor of N, whereas since a + 13 = 2 (mod 4), the number 20713 .21 4 1 is
a multiple of 5, so it cannot be a prime factor of IV either. This completes
the analysis of the case k = 21.

7.6 k=25

If p is a Fermat number dividing N, then p < 25? = 625, therefore p €
{3,5,17,257}. Clearly, 512" - 25+ 1 for any n > 0, and one can check that
25742" .25+ 1 for any n > 0. Thus, p € {3,17}. We now write

s

t
2”-25—|—1:H2a’+1H ﬁ2oi 25+41),
=1

=1 =1

where a1 < --- < ag, b1 < -+ < by, 1 < -+ < ¢y. It is easy to see that
ay,by,c1 cannot be all three distinct. Let a = min{ay, b1, ¢1}. We do a case
by case analysis according to the number a.

Ifa =1, then 2-25+1 = 51 = 3 x 17 is not prime, so we must have that
both 3 and 11 divide 2™-25+1. If 3 | 22541, then n = 1 (mod 2), while if
11| 272541, thenn = 7 (mod 10). Thus, 33 = 2°+1 is a divisor of N. This
implies that b = min{ag, by, c2} < 5. Put b = min{ag, be,ca}. Assume first
that b < 5. Then not all three as, bs, co are distinct. The case b = 2 is not
possible since 22 +1 = 5 is not a divisor of N and 22-5+1 = 21 = 3 x 7 is not
prime. The case b = 3 is also not possible because 23 - 2541 = 201 = 3 x 67
is not prime. In case b = 4, since 2* - 54+ 1 = 81 = 3% is not prime, the
only possibility is that both 24 +1 = 17 and 2% - 25 4+ 1 = 401. However,
17 | N implies that n = 1 (mod 8), whereas 401 | N implies that n = 4
(mod 200), and these congruences cannot be both satisfied. Thus, b = 5.
However, this is not possible since none of 2° -5+ 1 = 161 = 7 x 23 and
25 .25 41 = 801 = 32 x 89 is prime.
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Assume now that @ = 2. This is not possible because 22 + 1 = 5 cannot
divide N and 22 -5+ 1 =21 = 3 x 7 is not prime.

The case a = 3 is not possible because 23 - 25 + 1 = 201 = 3 x 67 is not
prime.

Assume now that a = 4. Since 24 .54 1 = 81 = 3%, it follows that N
is divisible by both 2% 41 = 17 and 2% - 25 + 1 = 401. Again the condition
17 | N implies that n = 1 (mod 8), whereas 401 | N implies that n = 4
(mod 200) and these two congruences cannot simultaneously hold.

From now on, a > 5, therefore both 2¢ -5+ 1 and 2% - 25 + 1 are prime
factors of N, which is false since one of these two numbers is always a
multiple of 3.
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