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1. “Riemann’s example”

sin(n?mx)
p(r) = Z 2
n>1
1L
0.5
0.5 1 l.‘5

3/37



1. “Riemann’s example”

2

Z sin(n‘mx)

(p(.%') = n2

n>1

e K. Weierstrass introduces this function in 1872 as an example
given by Riemann of a continuous function which is nowhere
differentiable.

e G. H. Hardy proves in 1916 that ¢ is not differentiable at
any point except, perhaps, at the rational points of the form
odd/odd or even/(4n + 3).

e J. Gerver completes this result in 1970 and 1971, showing that

¢ is indeed not differentiable in the rationals even/(4n + 3),
but it does have derivative —7 /2 at the rationals odd/odd.
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1. “Riemann’s example”
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1. “Riemann’s example”

“Riemann’s example” and Jacobi's theta function,

2

o(z) = Z w and 0(z) = Z 6”2””,

w1 nez

are formally related by

o(z) = g?R/ (0(x) — 1) da.

The function 6 is a classical modular form of weight 1/2.
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2. Classical modular forms

The group

SLQ(Z):{<Z Z) :a,b e, deZ, adbc:l}

acts on the upper halfplane by Mébius transformations:

az+b .
vz = ot d given 72(‘22) € SLy(Z), Sz > 0.

The action can be extended to the set Q U {oo} (the cusps).
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2. Classical modular forms

The Ford circles associated to the cusps are:

) 1
{e-t-sl<ap) e {32211
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2. Classical modular forms

A classical modular form of weight » > 0 for a finite-index sub-
group I' of SLy(Z) is an analytic function defined on the upper
halfplane, satisfying

f(vz) = py(cz+d)" f(z) forall ~= (‘clg) el,

for some constants |u,| = 1, and which has at most polynomial
growth as 3z — 0.

f(vz2)

=l where  [U(z)= T
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2. Classical modular forms

The graph of Jacobi's theta function 0(z) = Z ez
ne”Z
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2. Classical modular forms

Thereexist me N, 0 <k <1, a,, € C such that:
f(z) = Z an 2T TR (Fourier series at 00).

n>0

If v € SLa(Z) then f7(z) = f(vz)/(cz + d)" is a modular form of

weight  for the group 71Ty N SLy(Z).

v 2rintra) T (Fourier series at y(00) = a/c).

)= ale

n>0

e There are essentially finitely-many functions f7.
e [ is said to be cuspidal at a/c if either aj = 0 or k., > 0.

e f is said to be a cusp form if it is cuspidal at every cusp.
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2. Classical modular forms

0 is cuspidal at those rationals of the form odd/odd.
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3. Fractional integrals of classical modular forms

Fractional integrals of order «:

[ = Y e R s o(a) = Y

n+r>0 nimeo (R K)C

Associated fractional integrals: f7 ~» fJ = (f"’)a.

For “Riemann’s example” ¢:

1 2

(9(2) — Z 6n27rz'z —~ 01(:6‘) — 22 ﬁen 7ri3:7
neL n>1
sin(n’rx
Sy (z) =2 (712) = 2p(x).
n>1
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3. Fractional integrals of classical modular forms

Let f be a nonzero classical modular form of weight r > 0.

fa(x) _ Z aineQm'(n-i-n)% (*)

nimso (0 k)"

Theorem (F. Chamizo 2003)

Let ag = r/2 if f is a cusp form and ay = r otherwise. Then:

@ For a < ay the series (x) diverges in a dense subset of R.

@ For a > «ayg the series (*) converges uniformly to a continuous
periodic function in R.

From now on we will assume o > ag.
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3. Fractional integrals of classical modular forms

A function f is said to lie in C*(x¢) if for some polynomial P,

|f(x) = P(x — 20)| < |z — 20/ (x — x0).

The pointwise Holder exponent [ of f is defined as

Bx) =sup{s : feC(x)}.

e For 0 < s <1, we have: f € C%(xg) < f is s-Holder at xo.
e If f is smooth enough, P must equal the Taylor polynomial.
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3. Fractional integrals of classical modular forms

Let f be a nonzero classical modular form of weight r > 0.

an mi(n+r)Z
fale)= mez (n+r)

Let z € Q, and (8 the pointwise Hélder exponent of either fn, Rfa
or Sf,. Then:

8(x) 2 — 1 if f is cuspidal at x,
) =
a—1 if f is not cuspidal at x.

*Chamizo, Petrykiewicz, Ruiz-Cabello (2015); Chamizo (2003);

Duistermaat (1991); Gerver (1970, 1971); Hardy (1916).
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3. Fractional integrals of classical modular forms

An irrational x is said to be T-approximable if

1 . .
x — p’ < — for infinitely many rationals P
ql — q" q

We say that x is T-approximable with respect to f if

r— L
q

1 - . . :
p‘ < — for infinitely many rationals P where f is not cuspidal.
q q

We also define

Ty = sup {7 : x is T-approximable with respect to f} > 2.
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3. Fractional integrals of classical modular forms

Let f be a nonzero classical modular form of weight » > 0.

an mi(n+r) =
falt) = 3 i)

n+r>0 (n + F‘:)a

Tp = sup {7 : x is T-approximable with respect to f}

Theorem (Regularity at the irrational numbers, P. 2016, ...*)

Let x € R\ Q, and 3 the pointwise Hélder exponent of either f,,
Rfa or Sfo. If f is a cusp form, B(x) = a — r/2. Otherwise,

ﬁ(x)za(ll)r.

Tx

*Chamizo, Petrykiewicz, Ruiz-Cabello (2015); Ruiz-Cabello (2014);

Chamizo (2003); Jaffard (1994); Hardy (1916).
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3. Fractional integrals of classical modular forms

In the case of p = %%91:

2 if z € Q and z = odd/odd,
B(z)=4¢1/2 if z € Q but x # odd/odd,
% (1 + L) if x is an irrational number,

Tx

where

Ty = sup {7’ :

 is differentiable only in those rationals of the form odd/odd.

r—Z
q

1
P’ < p for infinitely many g # odd/odd }
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3. Fractional integrals of classical modular forms

Theorem (Approximate functional equation, P. 2016, ...*)
Given y € SLa(Z) with y(o0) = zo € Q,

fa(@) = An(z — o) + Bla — wo**(z — 20) " f3(v"'w) + E(x)

e A =0 ifand only if f is cuspidal at xg.
" ifa—ré&Z,
o nw)={"  ~ fre-re
z® Tlogx ifa—1r€Z.
@ B is a real constant, B > 0.
o E is differentiable in R\ {xo} and lies in C?*~ "1 (xy).

Recall v € I implies f7 = p f for some constant p., € C.

*Chamizo, Petrykiewicz, Ruiz-Cabello (2015); Miller, Schmid (2004);

Duistermaat (1991).
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3. Fractional integrals of classical modular forms

o(z) = S [AM] +3 [B(x — 20)3/207 (y—lx)} + B(x).
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3. Fractional integrals of classical modular forms

The spectrum of singularities is the map:

d(s) = {dimH { : B(z) =6} if B(x) =4 for some x,

—00 otherwise.

Theorem (Spectrum of singularities, P. 2016, ...*)

Let d be the spectrum of singularities of fo, Rfa or Sfa. Then:
If fis a cusp form: If f is not a cusp form:
1 ° 1 /
1 ' M I ' N
a—r/2  2a-r a—r a—-r/2 2a-—r

*Chamizo, Petrykiewicz, Ruiz-Cabello (2015); Ruiz-Cabello (2014);

Jaffard (1996).
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3. Fractional integrals of classical modular forms

Techniques involved:

e Wavelet transform.
e Approximate functional equation.
e Jarnik-Besicovitch theorem for approximation by cusps.

Lemma (Regularity and growth)

Fix 0 < ' <0 < a and xg € R. If for every € > 0 small enough,
one has when (z,y) — (z0,07),

flo+iy) = Q12T  and

& —e
f(z +iy) <<y‘5_°‘_6 <1+ |2 yfco\) ,

then B(xg) = 9.
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3. Fractional integrals of classical modular forms

Wavelet transform and Diophantine analysis:




3. Fractional integrals of classical modular forms

The function RA 3,5, where A is the discriminant form: (o = 6)
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3. Fractional integrals of classical modular forms

—Rfy5, where f is the newform of weight 2 and level 14: (ag = 1)

0.5

! ! I I !
0.2 0.4 0.6 0.8 1

26/37



3. Fractional integrals of classical modular forms

Sf12, where f is a cusp form for a noncongruence group: (ag = %)
5
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27/37



4. Lattice point counting problems

Given K C R% and R > 1 we define
N(R)=#{ficZ? : ic RK}
and the error exponent

ag =inf{a>0 : N(R)=vol(K)R* + O(R*) }.

K is said to be a smooth convex body if it is convex, compact,
and its boundary is a differentiable (d — 1)-dimensional manifold
with strictly positive Gaussian curvature.

K smooth convex body = ax < d — 1 (Gauss 1837).
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4. Lattice point counting problems

Lattice points and exponential sums:

N(R) =Y xrx(i)

nezd

“=" 3" Rri (i)

neZd

=vol(K)R*+ > Xrx(#).
O#itezd

Bounds for aujy <= Bounds for Z XrK (7).
0<||7|[<R~Y
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4. Lattice point counting problems

State of the art:

d smooth convex body d-dimensional ball conjecture

2 | ar <38 —o628. 1 ax <37 —oe2ra Pl g =1/ 0

= 824
3 |ax <2 =14620.. M ax <2 =131250 ag =1
>4 aKSd—2—i—r(d)[4] ag =d—2 ag =d—2
In the bottom-left entry, r(d) = %.

U Huxley (2003).

Bl Bourgain, Watt (2017).

Bl Hardy (1915).

4 Guo (2010).

B Heath-Brown (1997); Iwaniec, Chamizo (1995).
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5. Lattice points in bodies of revolution

Let K be a three-dimensional smooth convex body, that is also
invariant by rotations around the z-axis:

z = fi(r)

z = for)

Theorem (Chamizo 1998)

If the functions % f!"(r) (extended by continuity to r = 0) do not
vanish, then ax < 11/8 = 1.375.

Ball: ag <1.3125 Smooth convex bodies: ay < 1.4620.. ..
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5. Lattice points in bodies of revolution

Let K be a three-dimensional smooth convex body, that is also
invariant by rotations around the z-axis:

z = fi(r)

z = for)

Theorem (Chamizo, P. 2017)

If the zeros of the functions f{" and f}' are of finite order, we also
have ag < 11/8 = 1.375.

Ball: ax <1.3125 Smooth convex bodies: ax < 1.4620.. ..
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5. Lattice points in bodies of revolution

The most “pathological” case:

" —
"= ()

Theorem (Chamizo, P. 2017, ...%)

If K is a double revolution paraboloid then ay < 1.
If moreover all the coefficients of K are rationals, apr = 1.

*Kratzel (1997, 1991); Popov (1975).
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5. Lattice points in bodies of revolution

For d > 3, let K be the d-dimensional double elliptic paraboloid
K={(#y) eR"" xR : [y <c— QT+ )},
where c € R, B € R and Q(7) = 2ij QijTiTy.

Theorem (Chamizo, P. 2017)
° /falg/all,agg/all € Q, then ag < d— 2.

e [f all the coefficients of K are rational numbers, age = d — 2.
Moreover N'(R) — vol(R)R? = Q(R42n(R)) where

exp (aloglgogR) for any a < log2 when d = 3,

n(R) = loglog R when d = 4,
vdioglog R when d = 5,

1 when d > 6.
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5. Lattice points in bodies of revolution

In the case of the double revolution paraboloid:

N(R) —vol(R)R* ~ > % > exp{Zm’Tg(n% +n§)}

m<R " n24n2<R?

Hardy-Littlewood bound:

. N 1
Z e27rzn2m < — if ‘J;_p‘ < — with q < N.
Vi N

In|<N 9
2

N
e Squaring the bound: Z exp {27ri:n(n% + n%)} < —.
| <N q

e “Typically” ¢ > N'—¢
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5. Lattice points in bodies of revolution

Convolving 62(z) = Zem("%"g)z with the Dirichlet kernel:

ni,n9

> exp {27T'i:):(n%—|—ng)} = '/01 0% (u+i/N) Dy (z—u—i/N) du.

nf +n§ <N




5. Lattice points in bodies of revolution

Theorem (Chamizo 1998)

If the functions 1 f!"(r) (extended by continuity to r = 0) do not
vanish, then ax < 11/8 = 1.375.

Theorem (Chamizo, P. 2017)

If the zeros of the functions f{" and f} are of finite order, we also

have ax < 11/8 = 1.375.

e Slice the exponential sum depending on the location of the zeros.
e Van der Corput method for the pieces far away from the zeros.
e Kuzmin-Landau inequality for the pieces close to the zeros.

e Diophantine estimation of the phase when really close.
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j Thank you for your attention!



