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until one sees an example with images or sound. The possibilities to include sounds here
are not very informative (they reduce to boo, miaow, ha, . . . ) then we focus only on the
case of images.
Consider the semi-spherical shaped function
(2.46)

f (x, y) =

q

max(1 − x2 − y 2 , 0)

for x, y ∈ [−1, 1].

Let A be the map performing the spatial quantization with a grid 400 × 400. In this way A
is a 400×400 matrix storing orderly the values of f . Let us assume that the value of f (0, 0)
is clamped3 to 0.999. . . and hence the elements of A are real numbers aij ∈ [0, 1). If we
have a large palette of gray tones (theoretically an infinite one), we can represent faithfully
the values in [0, 1) and plot A as a spherical gradient. In some situations we have a reduced
palette, for instance in newspapers or GIF images. Let us say that we have to our disposal
c gray tones labeled as 0, 1, 2, . . . , c − 1 varying from black to white. Quantizing under
this restriction, our digital assigns the color ⌊caij ⌋ to the pixel (i, j). This is the natural
option and it seems the only sound option. On the other hand, the following examples
show that the result is utterly disappointing if c is small.

original

c=2

c=6

c = 10

c = 14

When c = 2, as the graph of f is very steep near the unit circle, the values with f > 1/2
determine a circle close to it, so more or less we have a white circle where we had a gradient.
For greater, but still small, values of c, we see clearly rings corresponding to the quantized
level that do not recall the original image.
Now it goes the crazy idea. Let ξij be independent random variables under a uniform
distribution in [0, 1). The noisy discrete signal (matrix) Ae = A + (c − 1)−1 Ξ with Ξ = (ξij )
eij ∈ 0, c/(c − 1) . Now, the digital image with color ⌊(c − 1)a
eij ⌋ at pixel
has elements a
(i, j) looks, no doubt, more satisfactory

original

c=2

c=6

c = 10

c = 14

3
The term clamping or clipping is used in signal processing to mean that the signal f is constrained to
an interval [a, b] changing f by max(min(f, b), a) usually to avoid overflow errors.
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The result for c = 14 is not bad and for c = 2, although it is clearly defective, gives a
better idea about the gradient than a perfect white circle.
Usual photographs are plenty of gradients but often what calls our attention are the
sharp edges, then the brute force dithering we have just introduced, called random dithering, could be less effective than in the previous example

c=2
dithering

original

c=2
no dithering

c=6
dithering

c=6
no dithering

In these images (of size 500 × 500) for c = 2 without differing we lose completely the
clouds and the sky, nevertheless the result may be more pleasant than the noisy image
with dithering. For c = 6, without dithering the sky is artificial and with artifacts and
the columns show an unrealistic aspect but somebody with a not so twisted taste could
consider it preferable to the version with dithering that is more informative with respect
to the details but contains visible grains of noise.
The are several methods to avoid the noisy aspect caused by random dithering. Essentially all of them substitute the randomness by something deterministic. We discuss
here two of these methods. Both are quite popular, being a noticeable asset the ease to
program the corresponding algorithms even in a low-level environment.
Firstly we present the most common form of ordered dithering. It uses a real matrix
Mk of size 2k × 2k , called Bayer matrix, defined according the recurrence
(2.47)

Mk =

Mk−1
Mk−1 + 2 · 2−2k
−2k
Mk−1 + 3 · 2
Mk−1 + 1 · 2−2k

!

with M0 = (0).

2k

The entries of Mk are a rearrangement of {j2−2k }2j=0−1 that, according to the literature,
maximize the average distance between consecutive entries where the last row/column is
consecutive to the first one (I have not been able to find a proof in the bibliography). The
first two Bayer matrices are

(2.48)

M1 =

1 0 2
4 3 1

!

and





0 8 2 10

1 
12 4 14 6 
M1 =
.

16  3 11 1 9 
15 7 13 5

In principle a greater matrix is better but on the other hand, it has to be small in comparison to the size of the image. Once we have selected the matrix, we proceed as before
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but with the noise
(2.49)

ξij = Mi′ j ′

i′ ≡ i (mod 2k ),

with

j′ ≡ j

(mod 2k )

where Mk = (mij ). In other words, the noise matrix is obtained now tiling the image size
with Mk .
Let us see the results for 4 × 4 matrices (k = 2):

c=2

c=4

c=6

c=8

The result is clearly much better than the one obtained with random dithering. With 16×16
matrices (k = 4, often employed in practice) the improvements are not very noticeable.

c=2

c=4

c=6

c=8

Although the results are rather good, cross-hatch pattern artifacts appear typically
with this method. The result looks very often like fabric and, obviously, images with big
variations between adjacent pixels can give weird results. One alternative is to combine
both techniques adding a small random noise to reduce the visual impact of the pattern
due to Mk . Another possibility is to use tiles with more involved forms instead of square
matrices. We do not explore these possibilities but a completely different idea.
There is a collection of techniques generically known as error diffusion dithering that
try to compensate the quantization error in each pixel distributing it among the values
of neighboring pixels. By far the most common version is the Floyd-Steinberg dithering
[FS76]. In it, the pixels are scanned from left to right and from top to bottom and in
each pixel the quantization error is distributed according to the proportion indicated in
the following scheme
7/16
3/16

5/16

1/16
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them, although simple, are under patent laws (that also apply if you rediscover the idea
on your own).
Suggested Readings. There is a lot of information about dithering in the internet. One of the
most informative sites that I have found is http://caca.zoy.org/study/. Do not get wrong with
the software under lavatory names hosted in the main page, it is done by serious programmers.

