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ABSTRACT. We study the efficiency of greedy algorithms for N-term wavelet ap-
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L® = LP for some 1 < p < oo. In addition, optimal Jackson and Bernstein inequal-
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which in some cases can be described as Besov spaces of generalized smoothness.
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1. INTRODUCTION

Let (B, || - ||s) be a Banach (or quasi-Banach) space with a countable unconditional
basis B = {e; : j € N}; that is, every x € B can be uniquely represented as an
unconditionally convergent series z = ) jen S €, for some sequence of scalars {s;}.
Let 3 denote the set of all elements y € B with at most N non-null coefficients in the
basis representation y = ZjeN sjej. For x € B, the N-term error of approrimation
(with respect to B) is defined by

on(z)p =inf {||z —yllz : y € Tn}. (1.1)

Two main questions in approximation theory concern the construction of efficient
algorithms for N-term approximation, and the characterization of the approximation
spaces
1
A7(B) = {SB €B: [Z(NQUN(x)B)q%} "< }, (1.2)
N>1

when a > 0 and 0 < ¢ < oo (with the obvious modification when ¢ = c0).

A computationally efficient method to produce N-term approximations, which has
been widely investigated in recent years, is the so called greedy algorithm. If
T =) enSje; and we order the basis elements in such a way that

155, €5 llB > (15, €5 llB > 1555 €55l > - ..

(handling ties arbitrarily), the greedy algorithm of step N is defined by the correspon-
dence

N
szsjejEB%GN(x):Zsjkejk € Xn. (1.3)

jeN k=1
It is clear that on(2)p < ||z — Gy(z)||s . A basis B is said to be greedy in (B, || - ||z)
if the converse inequality holds up to a constant, that is, for some ¢ > 1

1
E||$—GN(SE)||B§UN($)B, VeeB, N=1,2,...

Thus, for such bases the greedy algorithm produces an almost optimal N-term ap-
proximation, which leads often to a precise identification of the approximation spaces
A2(B). A result of Konyagin and Temlyakov [19] characterizes greedy bases in a Ba-
nach space B as those which are unconditional and democratic, the latter meaning
that for some constant C' > 0

E & || < § e
llevlle ||g — lle~ Il
vyel’ yel

holds for all finite sets of indices I', IV C N with the same cardinality.

Wavelet systems are well known examples of greedy bases for many function and
distribution spaces. Indeed, Temlyakov showed in [29] that the Haar basis (and any
wavelet system LP-equivalent to it) is greedy in the Lebesgue spaces LP(R?) for 1 <
p < 0o. When wavelets have sufficient smoothness and decay, they are also greedy
bases for the more general Sobolev and Triebel-Lizorkin classes (see e.g. [14, 11]).

The purpose of this paper is to study the efficiency of wavelet greedy algorithms in
the class of Orlicz spaces L*(R?). We recall that, as M. Soardi proved in [28], wavelet
bases are unconditional in every L® with non-trivial Boyd indices (see §2 below for

)
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definitions and precise statements). It may seem surprising that wavelet bases are not
democratic (hence not greedy) in a typical L?® space.

Theorem 1.1 (Wojtaszczyk [31]). Let L*(RY) be an Orlicz space with non trivial
Boyd indices. An admissible wavelet basis is democratic in L®(R?) if and only if
L*(RY) = LP(R?) for some 1 < p < oo.

This result makes interesting to understand how far wavelet bases are from being
democratic in general L* spaces. To quantify democracy of a basis B = {¢;}jen we
shall study the following functions

he(N) = sup HZnewm

Card(T")=

d h(N)= inf H
and  he(N) Carjn Zuewm

which we call right and left democracy functions of B (see also [9, 16]). Observe
that a basis is democratic if and only if these two quantities are comparable for all
N > 1. Our main result gives a precise estimate for these functions in terms of
intrinsic properties of the space L®. Namely, let HJ (t) = sup,.¢(ts)/¢(s) denote
the dilation function associated with the fundamental function ¢ of L*, and let H » be
the same quantity with “sup” replaced by “inf” (see §2.1 for the precise definitions).

Theorem 1.2. Let L*(R?) be an Orlicz space with non trivial Boyd indices. Then,
h(N)~ HZ(N) and hy(N)~ H;(N)

©

where the involved constants are independent of N > 1.

This result will have interesting applications in the study of greedy approximation in
Orlicz spaces. We take up this task in the last part of the paper, where we investigate
Jackson and Bernstein type estimates and corresponding inclusions for the N-term
approximation spaces. In the well-known L case, these estimates are naturally given
in terms of the class of discrete Lorentz spaces €77 (see e.g. [14, 12, 7, 17, 11]). In the
general Orlicz situation we shall need weighted Lorentz sequence spaces, defined by

N = {5+ lsllg = [ (mlsi)’ £ ] < o},
k>1

where {s;} is the non-increasing rearrangement of s and the weight n = {n;} is
a fixed increasing and doubling sequence (see §6 below). In particular, AL = (71
when 7, = k'/7. Weighted Lorentz spaces have already been used in the study of
approximation spaces associated with multivariate Haar systems (see e.g. [16]). To
state our result we use the notation

s(L%) = {/ € L*®Y) : {{/. v)lvallis}g € 5}, (1.4)
for any fixed sequence space s, indexed on the set of dyadic cubes in R%.

Theorem 1.3. Let L*(R?) be an Orlicz space with Boyd indices 0 < w6 < T o < 1,
and let « > 0 and 0 < ¢ < co. Then

Aq (L<I>) s AO‘(L{)) SN Aq

ke b ( keh (k)(L¢)' (1.5)
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These embeddings are optimal, in the sense that the largest and smallest weighted
Lorentz spaces that one can place on the left and right hand side of (1.5) are respec-
tively Al o () and Af, he(k)- We point out that a necessary and sufficient condition
for these two spaces to be equal is that h,(N) ~ hy(NN), in which case the basis is
necessarily greedy and L® = LP. Theorem 1.3 leads also to the following inclusions in

terms of classical Lorentz spaces.

Corollary 1.4. Under the same hypotheses of Theorem 1.3 we have:
(a) A2(L®) — 7(L?), for all T < a4+ e and ¢ € (0,00].
(b) €79 (L*) — AY(L®), for all 1 > a+7T s and q1 € (0,00].

Finally, we point out that some of these inclusions can be described in terms of
Besov spaces of generalized smoothness [22, 15], namely,

By (L) = {f: {T@)|f *vyll-} € °(Z)},

for suitable increasing functions W(¢). We refer to §6.4 below for precise statements
and explicit results in the particular case of the Zygmund classes LP(log L) (RY).

The organization of the paper is a follows. Section 2 contains definitions and results
concerning Orlicz spaces, wavelet bases and the greedy algorithm. Some examples of
Orlicz spaces with non-democratic wavelet bases are given in Section 3. Sections
4 and 5 are devoted to the proofs of Theorems 1.2 and 1.1 respectively. Jackson
and Bernstein type estimates, as well as the inclusions described in Theorem 1.3 and
Corollary 1.4 are given in Section 6.

Remark 1.5. In 2006, after the manuscript of this paper was completed, we dis-
covered an earlier preprint of P. Wojtaszczyk [31] where a more general result than
Theorem 1.1 is proved; namely, wavelet bases are actually not greedy in any rearrange-
ment invariant space distinct from LP. Since our approach to this problem has been
independent and different from [31], we have included our original proof of Theorem
1.1, based on the stronger result stated in Theorem 1.2.

2. PRELIMINARIES

2.1. Basics on Orlicz spaces. In this section we recall some basic facts about Orlicz
spaces, referring to [27] and [3] for a complete account on this topic.

A Young function is a convex non-decreasing function ® : [0, 00) — [0, 00] so that
lim; o+ ®(¢) = 0 and lim;_, y o, ®(t) = co. Throughout this paper we shall assume that
® is strictly increasing and everywhere finite!, so that it is a continuous bijection of
[0,00). Given such ®, the Orlicz space L®(R?) is the set of all measurable functions
f:RY — C so that ®(|f(z)|/\) € L'(R?) for some A\ > 0. It is well-known that
L*(R?) becomes a rearrangement invariant Banach function space when endowed with

the Luzemburg norm
|/ ()]
_— < .
® < ) dr < 1} (2.1)

|/ llzogee) = inf {3 >0 /
R4

(see e.g. [3, p. 269]). The fundamental function of a rearrangement invariant space X

in R? is defined by ¢(t) = ||xallx, where A C R? is any measurable set with Lebesgue

IThis restriction avoids a few pathological cases which fall outside the scope of this paper.
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measure |A| = t. In the particular case of Orlicz spaces X = L*(R?), the fundamental
function can be computed explicitly in terms of ®, by means of the formula
1
QO(t) - @,1(1/15) )
(see [3, p. 276]). Observe that ¢ is a continuous strictly increasing bijection of [0, o).
Moreover, it can be shown that ¢ is a quasi-concave function, that is, ¢(t)/t is non-
increasing [3, p. 67].

The Boyd indices, my ,Tx of a rearrangement invariant function space X are usually
defined in terms of the norms of the so-called “dilation operators” [3, p. 149]. However,
in the special case of Orlicz spaces X = L®, the Boyd indices can be computed directly
from the fundamental function ¢. More precisely, if we denote the dilation function
associated with ¢ by

t>0 (2.2)

p(st)

H*(t) =su , t>0, 2.3
2y =sup 27 2.3
then the lower and upper Boyd indices of L*(R?) are given by
, log H (t) log H} (t)
Tre =i, = lim ————= = —
t—0t logt o<t<1 logt

(2.4)

log H () . log HX(t)

———F—— = in
t—o0 10g t 1<t<oco log t

(see [3, p. 277], [20, p. 54]). In particular, 0 < i, < [, < 1. Assuming further that
i, > 0 it follows that

o(st) < Comax{si=™ s )p(t), 5,150 (25
and .

o(st) > C.min{s"™ s} p(t), s,t >0 (2.6)
for every € > 0 and some constant C. > 0 (see e.g. [18, p. 3]).

In our applications we shall only consider Orlicz spaces with non-trivial Boyd in-
dices, that is, 0 < 7 ;e <7 e < 1. In this case, from (2.5) and (2.6) we see that

@:lim%:oo and lim@:hm%

s—0t S t—oo s—o0 S t—o0+ ¢t

=0.

Thus, with the terminology of [27], ® will be an N -function (or “nice” Young function).

Finally we shall denote by A, the set of all non negative functions A(t) in [0, co)
which are doubling, i.e., 0 < h(2t) < C h(t) for some constant C' > 0 and all £ > 0. It
is not difficult to see from (2.2)—(2.6) that m;+ > 0 is actually equivalent to ® € A,.
In fact, if (®, V) is a pair of complementary Young functions (see e.g. [27, p. 6] for
the precise definition), then ®, U € A, is equivalent to say that (L®, LY) is a pair of
reflexive Orlicz spaces with 0 < 7,6 < T e < 1. Some of these properties will be
used below without further mention.

Example 2.1. When ®(¢) = t*, 1 < p < oo, then L*(R?) = LP(R?%) and ¢(t) = t'/7.
Hence, H} (t) = /7 which implies 7,6 = 7 1o = 1/p.
Example 2.2. When ®(t) = ¢ [log(e + t)]%, with a > 0 and 1 < p < oo, then L®

is the classical Zygmund space LP (log L)*. In this case, p(t) ~ t'/7 (1 4 log™ 1/t)*/?
and HF(t) ~ t/7 (1 4 log™ 1/t)2/? which implies 7,6 = 7 1o = 1/p.
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Example 2.3. Let ®(t) ~ t? [log(e +t)]“, with a < 0 and 1 < p < co. Then ¢(t) ~
t/7 (1+log"™ 1/t)*/P and HJ (t) ~ t1/7 /(1+log* t)*/?, which implies 7 o = T 2 = 1/p.

Example 2.4. Consider the Young function

2 if 0<t<1
q)(t)_{t“ if ¢> 1.

In this case one has L® = L[? N L* with equivalence of norms: || f|[ze =~ ||f|lz2nrt =
max{||f|lzz, || fllza}. Moreover, it is not difficult to see from this identity and the
definition of fundamental function that ¢(t) = HI(t) = t"/*xp.1)(t) + t/2x(1,00)(1).
Therefore 7,0 = 1/4, T o = 1/2.

Example 2.5. Consider now the Young function

o(t) = tt if 0<t<1 _f[t' if 0<t<1
(2t—1)2 if t>1 2 if t>1

Then L® = L? + L* with equivalence of norms: ||f||ze =~ || fllz24z+ = inf{||gl|z2 +
|h||L+}, where the infimum is taken over all decompositions f = g + h with g € L?
and h € L*. The fundamental function is given by ¢(t) ~ t/2x0.1)(t) + Y4 X [1.00) (),
while H}(t) is comparable to the one given in the previous example. Thus we obtain
again e = 1/4, T e = 1/2.

Remark 2.6. In the last two examples the exponents 2 and 4 can be replaced by any
p,q € [1,00), leading to the Orlicz spaces LP N L? and LP + L9, which satisfy analogous
properties after obvious modifications.

2.2. Wavelet bases and Orlicz spaces. Let D = {Q;, = 277([0,1)?+ k): j €
Z,k € Z} denote the set of all dyadic cubes in RY. We say that a finite collection of
functions {¢!, .. z/JL} C L*(R%) is an orthonormal wavelet family if the system

{v5,,.( =202 2y —k):jeZ ke l=1,...,L} (2.7)

forms an orthonormal basis of L2(RY) . We will say that the wavelet family is admissible
if in addition the system in (2.7) is an unconditional basis of LP(R?) for all 1 < p <
0o. The reader can consult [23, 13] for constructions, examples and properties of
orthonormal wavelets. Admissible wavelets include the d-dimensional Haar system,
wavelets arising from r-regular multiresolution analyses (see [23, p. 22]), wavelets
belonging to the regularity class R° (as defined in [13, p. 64] for d = 1), and actually
any orthonormal wavelet in L2(RY) with very mild decay Conditions (see [30, 26])

an uncondltlonal basis for any Orlicz space L®(R?) with non- tr1v1al Boyd indices
0 < mpe <Tre <1. That is, every function f € L?(R?) can be written in the form

f= ZZ , YEIG (2.8)

(=1 QeD

with unconditional convergence in L®(R?), and moreover

1/2
11| 2o (ray =~ (ZZI , o) P1QI 1XQ()) (2.9)

(=1 QeD Lo R4
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This result was derived from the corresponding wavelet characterization of Lebesgue
spaces LP(R?), 1 < p < oo, by applying Boyd’s interpolation theorem for sublinear
operators.

In view of (2.9), we will denote by f* the space of all sequences of complex numbers
S = {sg}er’g:Lm’L such that

ol = | (3035 oI@xe) ]

(=1 QeD

< . (2.10)
L®(R4)

Thus, the correspondence f —— {sé} = {({f, wé)}er,g:Lm, 1, defines an isomorphism
from L® onto §*. As usual, this will reduce our research about N-term approximation

in Orlicz spaces to prove the corresponding results on the sequence spaces f* (see §6
below).

Remark 2.7. For the sake of simplicity, we shall assume throughout the paper that
the number L = 1. Our theorems will remain valid for any L > 1, since the finite sum
appearing in the definition of §® is completely harmless in our computations.

2.3. Greedy bases and democracy. We defined in the introduction the notion
of greedy basis in a quasi-normed Banach space (B, || ||g). We also mentioned the
result of Konyagin and Temlyakov [19] characterizing greedy bases as those which are
unconditional and democratic. For simplicity, given a basis B = {e;};>1 in B we shall
denote the normalized characteristic function of a set of indices I' C N by

~ ~ e
=107 =3y
g ]EZF le; e

Thus, B is democratic in B if there exists C' > 1 such that
[1r|l5 < O [11r |5 (2.11)

for all finite sets of indices I',;T" C N with CardI" = CardI”. Quite often one can
show democracy by finding a function i : N — R* for which

L h(CardT) < |[Ir||; < Ch(CardT), VT CD. (2.12)

In the case of wavelet bases, many classical function and distribution spaces satisfy
(2.12) with h(N) = NY?. Indeed, this is the situation for Lebesgue spaces LP(R%)
when 1 < p < oo (see [29]); for Hardy spaces HP(R%), 0 < p < 1 and Sobolev spaces
W*P(R%), 1 < p < 0o (see [14]); and more generally for the family of Triebel-Lizorkin
spaces F;T(Rd) with 0 < p < 00, s € R, 0 < r < oo (under the usual decay and
smoothness assumptions, and with the standard modification of the basis in the case
of inhomogeneous spaces; see [11]). Thus, wavelet bases are democratic and hence
greedy in all these spaces.

Wavelet bases, however, are not democratic in other classical spaces, such as BMO,
the Besov classes ng , With p # ¢, and as we shall see below, Orlicz spaces L? distinct
from LP. To deal with these cases the following notion will be useful:

Definition 2.8. Let B be an unconditional basis in a quasi-Banach space B. The
right-democracy function associated with B is defined by

h.(N)= sup HIF‘ N=1,2,...

Card(I")=N

B’
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Analogously, the left-democracy function associated with B is defined by

he(N) = . |Tr]ls, N=1,2,...

Observe that B is democratic in B if and only if A, (N) < C hy(N) for all N > 1 and
some C' > 0. Also, if the p-triangle inequality holds in B and B is an unconditional
basis we have

¢ < h(N)<h(N)<NYP, V¥N>1,

for some ¢ > 0 (we thank an anonymous referee for pointing out this fact).

3. EXAMPLES

We show with a few examples that, in general, admissible wavelet bases are not
democratic in Orlicz spaces. In order to do so one needs to estimate ||1FH ;o 0 terms
of CardI'. This can be easily done when I' is a collection of pairwise disjoint dyadic
cubes of equal size.

Lemma 3.1. Let L*(R?) be an Orlicz space with 0 < w6 < Tpe < 1, and let
B = {yq:Q € D} be an admissible wavelet basis. If T = {Q1,Qa,...,Qn} C D is a

pairwise disjoint family then

(3.1)

Xo(")
2 e(1QI)

Qer

el e | -

If we further assume that all the cubes in T are of the same size, say |Q| = 2*¢ for all
Q €T and some k € Z, then

~ _p(N 2k
Hlme(Rd) T (2R (3.2)
Proof. For a single element 1 of the basis B we have, by (2.9),
a() ”2‘ e (1Q)
~ = . 3.3
HwQHm (R9) H( Q] Lo (RY) |Q|1/2 (3.3)
Thus, using again the expression of the norm in (2.9) it follows that
1/2
X
‘]_FHL@(Rd HZ ® 4 H( Q())
‘WQ“L‘I’(W L®(R) Qer |WQHL¢ RY) Q| L®(R4)

- H <Q€F s;%‘!;) )

where in the last equality we have used that the cubes in I' are pairwise disjoint.
Assuming further that |Q| = 2% for every Q € I, we obtain

‘ZX@ = amelUel) =" de)-

Qer L®(R9) Qer

xq(+)
Z (|Q|) L®(R?)

L®(Rd) Oer ¥

||IF||L¢(Rd) - 2kd
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Remark 3.2. Defining

fiy o (25 Sy e p(t28)
it follows from Lemma 3.1 that if [' is a family of disjoint cubes of the same size then
h,(CardT) < || 1r]| . ey S Ty (CardT). (3.5)

Moreover, this estimate is sharp in the sense that we can find families I" for which
||1FHL‘1>(]R'1) is comparable to either h_(CardI') or h(CardT'). Thus, if A7 (N) and
h,(N) are not comparable for N > 1 it follows that admissible wavelet bases are not
democratic in Orlicz spaces.

Proposition 3.3. For the Orlicz spaces L*NL* and L?>+L* given in Examples 2.4 and
2.5 we have that h;(N) ~ NY* and hj;(N) ~ N'? when N € N. Thus, admissible
wavelet bases are not democratic for these spaces.

Recall that in the previous examples we have m;¢ # 7 rs. We also show that
there are Orlicz spaces with 7 ;s = 7 ;s for which admissible wavelet bases are not
democratic.

Proposition 3.4. Let « € R and 1 < p < oco. Then, the Orlicz space LP(log L)*
satisfies h(N) ~ N'/7(1 +log N)~/? and ht(N) =~ NYP when a > 0 and h,(N) ~
NP and hf(N) ~ NP (1 +1log N)=*/? when oo < 0. Thus, admissible wavelet bases
are neither democratic nor greedy for LP(log L)* with « # 0.

We conclude this section with the simple proof of the previous two propositions.

Proof of Proposition 3.3. We first obtain the desired estimates for h, and h;f. Let
us observe that these expressions are not comparable. Thus, by Remark 3.2, in both
cases, we can conclude that admissible wavelet bases are not democratic

We do the case L® = L? N L* where ® is given in Example 2.4 as the other case
can be proved similarly. For N € N, we have

N4 if s<1/N
N —
eWNs) ) g i 1N <s<1
#(s) N2 it s> 1.
Hence,
N2kd Nzkd
pr) = sup PNZ) v and (V) = g 2D s
kez ©(2) kez p(2+)

Proof of Proposition 3.4. We do the case a > 0 as the other case can be proved
similarly. As before it suffices to get the desired estimates for i, and h:g. Recall from
Example 2.2 that the fundamental function associated with L? (log L)* is given by
@(t) =~ Y7 (1 +log* 1/t)%/P. Then,

1+logis a/p .
©(N's) NV ( 1+10g1N/s) if s<1/N
~ ¢ NP (141ogl/s) ™" if 1/N<s<1 (3.6)
o(s) ( + log /s) /N < s <

N1/p if s>1.
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Thus, h;(N) ~ N7 (1 +log N)=*/? and h}(N) ~ N'/». O

4. LEFT AND RIGHT DEMOCRACY FUNCTIONS FOR ORLICZ SPACES

We saw in (3.5) that for any I' C D consisting of disjoint cubes of the same size we
have
h,(CardT) < |I1r||,q ey S 1 (CardT).

Our main theorem in this section shows that these inequalities remain true for
arbitrary I' C (). We state this result in a slightly different way than Theorem 1.2 in
the Introduction.

Theorem 4.1. Let L*(R?) be an Orlicz space with indices 0 < 76 < T e < 1 and
let B={1g :Q € D} be an admissible wavelet basis. Then

h, (CardT) < ||1r]| o gay S by (CardD), VI CD. (4.1)

In particular, the left and right democracy functions associated with B in L®(R?)
satisfy he =~ h;; and h, ~ h}.

Remark 4.2. As mentioned in Remark 3.2, the estimates in (4.1) are best possible,
as one can obtain comparable quantities on the left or right hand sides by considering
sets I' consisting only of disjoint cubes of the same size.

The rest of this section is devoted to prove Theorem 4.1. We first present a very
simple argument for the case of pairwise disjoint cubes. The general case is more
technical and will require a linearization argument and some combinatorics about
dyadic intervals.

4.1. Proof of Theorem 4.1: The case of disjoint cubes. Assume first that I' =
{Q1,...,Qn} consists of pairwise disjoint cubes. Let A = hf(N), so that ¢(N|Q]) <
Ap(]Q)), for all @ € I'. Therefore, since the elements of I' are disjoint and ® is
increasing

Lo M = o (xgan) 19 = 2 * (ovrap) @

Qer Qer
d =1.
> (o (1)) 1@ -
Thus, by (3.1) and (2.1) we have
xq() +
H]'F”L‘I’ R%) HQer o(1Q]) < hg (N).

The lower estimate is obtained in a similar way: take now A < h_(N) so that
©(N|Q|) > Ap(|Q]) for all Q € I'. Then, reasoning as above

L. ZQEFA% Z®< @) )'@’>Z®( QD )‘Q'

Qer Qer
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QZE;% (var)) =1

Thus, (3.1)) and (2.1)) yield
XQ

hZ(N).

=

R%)

Tl = | 322
QEF

4.2. Proof of Theorem 4.1: The general case. In the case of disjoint cubes just
considered we have two important features. First, Lemma 3.1 allows us to “linearize”
the square function in (2.9). Second, for the estimates obtained in the previous ar-
gument it is crucial that the sets involved are disjoint. For general families of cubes
we are going to follow the same scheme. First we “linearize” the square function and
then we dominate this by an expression involving only disjoint subsets from I'. This
last argument is the most subtle, since it requires a careful selection procedure on
dyadic cubes.

4.2.1. Linearization of the square function. Given a finite set I' C D, we shall denote

o) — xo() \"?
%”‘&gmmﬂ’ 42)

so that, by (2.9) and (3.3), we have ||IF||L¢(Rd) ~ [|Sp|| Lo Ra).-
For every x € Jger @, we define @), as the smallest (hence unique) cube in I
containing x. It is clear that

o) > XQs (z) .
= Sy YeelUe (43)

since the left hand side contains at least the cube @, (and possibly more). We now
show that the reverse inequality holds with some universal constant. Indeed, if we
enlarge the sum to include all dyadic cubes containing (), we have

XQ
>Z

QDQq
QeD

(!QI ZO 2”IQ )?

QEF

Since we are working in an Orlicz space with i, > 0, by (2.6) we can choose 0 < € < i,
and find C. > 0 such that p(279|Q,|) > C.29%=9)x(|Q,|) . Therefore,

> 1 Xq. (%)
r(z)” < ; 2215|002~ 0(|Qu])2

This and (4.3) show that

Xq. (@)
Srle) = Ca (44)

This linearization procedure has been used by other authors in the context of N-term
approximation (see e.g. [14, 6, 11]).
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Observe from (4.4) that Sp(x) ~ St
cubes in I, that is,
Linin = {Qx NS U Q}
Qer
Moreover, as we shall see below, the cardinalities of I" and I}, are comparable, so
that for our purposes only the cubes in I}, will be relevant. However, we still need
a finer selection, since the cubes in I',;, are not necessarily pairwise disjoint.

(x), where [, denotes the family of minimal

4.2.2. Shaded and lighted cubes. We start with an example. Suppose we have a family
I' of 10 cubes which have been arranged by generations as in Figure 1.

]|

Q7 H QsﬁQ—?_QHI_O Q7 H QgﬁQ_&?.&l.O

Qs Qo Qb= 11 Qo]
Qs —— Qi = Qs —=— 1 Qi
Qui———H o Qer——— il
o SEEN oy S
Figure 1: I' = {Q1,...,Q10} Figure 2: Shade & Light

Projecting a beam of light as shown in Figure 2, some parts of a cube @); receive
light: we call these parts Light(Q;). Some other portion of the cube @); is shaded:
we call this portion Shade(Q);). The shaded parts of the cubes given in Figure 1 are
represented with thicker lines in Figure 2. Observe that the minimal cubes are those
with some portion of light, as « € Light(Q;) if and only if @, = @;. In this example,
Tin = '\ {Qs}. Notice also that {Light(Q) : Q € I'nin} is a disjoint collection.

Now we give precise definitions: given a fixed I' C D, for any ) € I' we define the
Shade of () as the union of all cubes from I' strictly contained in @

Shade(Q) = {R: ReT, RC Q}.
We define the Light of @) as
Light(Q) = Q \ Shade(Q).
As mentioned above it is clear that Q € Ty, if and only if Light(Q) # 0, and moreover

Ue= U Lign@)
QEF Qermin
where the sets in the last union are pairwise disjoint. Therefore, by (4.4) we can write

o)~ XLight(@) (%)
St = 2. o) )

where in the last sum there is at most one non-zero term.



WAVELETS, ORLICZ SPACES, AND GREEDY BASES 13

Next we classify the cubes as shaded if the shade is a big portion of the cube
or lighted if this does not happen. Precisely, a cube ) € I' is called shaded if
|Shade(Q)| > Q| , and we write I'g for the collection of cubes from I' which are
shaded. A cube Q from T is called lighted if it is not shaded, that is, if |Light(Q)| >
37 |@Q|. We write T, for the collection of all cubes from T that are lighted. Observe
that I'r, C Lyin.

Lemma 4.3. With the above definitions we have
2d

Card( ) < Card(I'y) < Card(Lyin) < Card(T'), vI'cD.

Proof. Clearly, as we have observed before Card(I'z) < Card(Im) < Card(I"). Thus,
we need to prove the lefthand side inequality. Given Q € D, we write QF, k =
1,2,...,2% for the 2¢ dyadic cubes contained in @ of size 274 ]Q\ For Q € I's and
k=1,2,...2% let Qf be a biggest cube from I' with Qf C Q*. Notice that the cubes
QF exist for every Q € T's: otherwise, if for some ko € {1,2,...,2%} there is no cube
from I" contained in Q* we have that Q¥ C Light(Q) and then

d __
Shade(Q)] < |Q\ Q"] = (1 -2 |Q| =

contradicting the definition of I'g.

The procedure just described assigns 2¢ different cubes from I' to each Q € D',
namely Q}, Q3 . .. ,di, and neither of them coincides with Q.

We claim that if Q, R € I'g and @) # R, then we necessarily have Qf #+ Rf for
all 1 < k,¢ < 29 This is trivially true if @ N R = (). Without loss of generality
we may assume Q C R and also Q C R!'. It follows from here that Qé“ =+ R§ for
all k =1,2,...,2% and all £ = 2,3,...,2% since Q} C R' while R; C R’ for { # 1.
Moreover, as R} is the biggest cube in T' contained in R' and @ C R' we have that
@ C R} C R'. Hence, for all k =1,...,2% we have Qf C Q C R} and thus Qf # R}

In short, to each @ € I's we have assigned 2¢ different cubes in I' and these are not
associated to any other cube in I's. We conclude that 2¢ Card(I's) < Card(T") and, as
desired,

Hal.

d_
21 Card(I).

Card(I'y) = Card(I") — Card(I'g) > Card(T") — 2—1dCard(F) =
U

4.2.3. Proof of (4.1). We can now conclude easily the proof of Theorem 4.1. By (4.2)
and (4.5), we know that

XLi
i | - 2l

QE i

(4.6)

Lo (R4)

so we only have to estimate this last expression. Let A = hf(Card(Iyin)), so that

o(|Q| Card(Tyin)) < Ap(|Q]) for all @ € Dy . Since {Light(Q) : Q € Tun} is a
disjoint collection, we have

XLight(Q) (I)

ZQ@F,,HDW B 1 .
% 3 b= 2 ‘D<Aso<|@|>) [Light{Q)|

Qermin
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< Y @ (Groromam) 101 = 2 @ (97 (grommn) ) 1@l =1

Qermm Qermin
Hence, by (4.6) and Lemma 4.3, and since 7} is non-decreasing, we have
10|l oy S hif(Card (L)) < A (CardT).

We next show how to obtain the left hand side of (4.1). By (4.6), and using that
't C Iy, We can write

il 2 || 3= ™
QeTl'

Now let A < h(27¢Card(T'z)) so that Ap(|Q]) < ¢(|Q]27¢Card(T'y)) for any Q €
I';, . Proceeding as before, using that |Light(Q)| > 2=¢|Q| for Q € 'y, we deduce that

L®(Rd)

/ o (B dr = D ¢>(;> |Light(Q)|
N ! Qery, Ap(1Q)) g
1 o
i Q; ( (274|Q| Card(T" )))2 Q=1.

Thus, by (2.1), Lemma 4.3 and by (2.6) with s = (22 — 1)272¢ and ¢t = Card(T") we
obtain

\\IF\\Lq,(Rd) > h, (274 Card(I'L)) > h (27 —1)27* Card(T")) > C h(CardT) .
This completes the proof of Theorem 4.1. O

5. GREEDINESS OF WAVELET BASES IN L®.

In this section we prove Theorem 1.1. Some of the arguments have been adapted
from [27] (see, however, an alternative proof in [31, §2]). Throughout the section
we shall assume that ¢ : (0,00) — (0,00) is a non-decreasing function so that
lim; o+ p(t) = 0, lim;_,» ¢(t) = 00, and, in addition, ¢ € Ay, that is, p(2t) < Cy (1),
for all ¢ > 0.

Recall the definitions of H} (t) and h3(t) in (2.3) and (3.4), and let us also introduce

() — it PO
B =20

The following lemma is a trivial consequence of the doubling property.

t>0.

Lemma 5.1. Given ¢ as above we have
Colhy(t) <HZ(t) < hgy(t) and hj(t) < HI(t) < Cohl(t), Yi>0. (5.1)

Our second lemma follows an argument presented in [27, p. 31-32] in the context
of Young functions, which we have adapted to our situation.

Lemma 5.2. Let ¢ be as above and suppose that there exists Cy > 0 such that
H}(N)<CiH;(N), forall N =1,2,3,.... (5.2)
Then, there exist co > 1 and 0 < o < oo such that
cgtt* < p(t) < cpt” forallt > 0. (5.3)
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Proof. The proof is divided into several steps.

Step 1. H(t) < CoCy H(t) for allt > 0.

Let ¢ > 1 and choose N such that N <t < N 4 1. Using that ¢ is non-decreasing,
¢ € Ay and (5.2), we have

HI(t) <HJ(N+1)<HI(2N)<CoH}(N) < CoCyH(N) < CyCy H (t).
The inequality for ¢ € (0,1) follows from the previous case and H} (t) = 1/H(1/t).

Step 2. There exists co > 1 such that 5 o(t)p(s) < @(ts) < co(t)p(s) for allt > 0
and s € (0, 1].

From Step 1 we deduce

o(ts) _ ot - p(t-1)
) SHIOSGOH ()< Gt g

On the other hand, Step 1 also implies

o(0) = 1) 20D < ) B3 1) < (1) Co 5 0) < 1) GGy 2

Step 3. There ezists 0 < a < 0o such that o(t) < cot® for all t € (0, 1].
Let fi(u) = log[co/w(e™™)]. For all u,v > 0, Step 2 yields

Silu+v) =log o= =5 <10gW fi(w) + fi(v). (5.4)
Let u > v > 0 and choose n € N such that nv < u < (n+ 1)v. Then, by (5.4) and

the fact that f; is non-decreasing we obtain

filw) < fil(n+1v) < (n+1) fi(v) .

u+v

Since nv +v < u+ v we have (n+ 1) < , and hence

f1( ) U+ v

fi(v), u>v>0.

Thus, for all v > 0,

lim sup filw) < lim sup utv filv) = L) ) (5.5)

U—00 (% U—00 u v v

0 < limsup M < lim inf h(v) )

U—00 U V=00 v

which shows that

Consequently, there exists a > 0 such that lim, . £ 11(Lu) = «. Using (5.5) it follows

that a < oo and also that for v > 0, we obtain a < fl( = Lloglco/¢(e™)]. This
estimate with ¢ = ™", implies that go( ) < ¢ot® for all e (0 1], as we wanted to
prove.

Step 4. For allt € (0,1], we have t* < ¢y p(t) and also a > 0.
Let fa(u) = log(1/[co p(e™™)]). For all u,v > 0, by Step 2 we have

fo(u) + fa(v) = IOgW < log = fo(u+v). (5.6)

Co@(ef(uﬂ))



16 GUSTAVO GARRIGOS, EUGENIO HERNANDEZ, AND JOSE MARIA MARTELL

For u > v > 0, choose n € N such that nv < u < (n+ 1)v. Then, by (5.6) and the
fact that fy is non-decreasing

nfa(v) < fa(nv) < folu).
Since u < (n + 1)v we have n > “=* and hence

u—v

" fa(v) < fo(u), u>v>0.

Note that fo(u) =2 log1/co + fi(u). Hence for all v > 0

a = lim o) > lim + Y f2(v) = f2(v) : (5.7)

U—00 U T u—o0 u v v

This implies that & > 0. On the other hand, this estimate with t = e~ yields that
o(t) > % t* for all t € (0, 1], as we wanted to prove.

Step 5. The proof of (5.3).
The previous steps imply that
G 1 < p(t) < t®, for all ¢t € (0,1]. (5.8)
Let ¢t > 1. By Step 2 and (5.8)
ol <) =p(t-t7) < cop(t) p(t™) < ¢ p(t)
Consequently, ¢y t* < ¢(t). A similar argument gives
o> p(1) =t t7") > g () p(t™) = g ()t~

and therefore ¢(t) < ¢3t*, completing the proof of (5.3). O

Proof of Theorem 1.1. We already mentioned in Section 2.3 that (admissible) wavelet
bases are greedy in LP(R?) for all 1 < p < oo. Thus, the interesting implication is the
converse.

Suppose that a given wavelet basis is democratic in an Orlicz space L*(R?). Then,
Theorem 4.1 and Remark 3.2 give

hH(N) < Chy(N), N=1,2,3,...

for some constant C' > 0. Note that the fundamental function o of L? clearly satisfies
the conditions we assumed at the beginning of this section. Hence, Lemma 5.1 implies

HY(N)<CyH;(N), N=123,...

and therefore Lemma 5.2 leads to ¢(t) ~ t*, for some 0 < a < oo. Taking p = 1/a, we
have that L®?(R?) = LP(R?) with equivalent norms. Moreover, since 7 ;¢ = 7 o = 1/p,
we necessarily have 1 < p < oo. Il
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6. GREEDY ALGORITHM AND ERRORS OF APPROXIMATION

In this section we prove Theorem 1.3 and Corollary 1.4, concerning the inclusions
of the N-term approximation spaces of L®(R?). To do so, it suffices to consider the
same problems in the sequence space §* defined in §2.2. We recall that f® is the space
of all sequences of complex numbers s = {sg }gep such that

bl = (X sall2l " xo)) |
€D

In this setting the approximation is performed from the canonical basis {eg}gep,
where each vector eg has entry 1 at the index (), and 0 otherwise. Observe that the
canonical basis is unconditional in §®, and in particular that {® satisfies the lattice

property
sol < ltgl, YQeD = [{setqenllp < [{totqenll-  (6.1)

The greedy algorithm in §* takes the following form: given s = {sg}gep € §*, we
order the index set in such a way that

< 00.

L*(RY)

HSQI €, ||fq> > HSQz eQsz‘I’ > Hst €Q; Hf‘I> > (62)
handling ties arbitrarily. Notice that, as in (3.3)

1
leqlls = ¢(IQN)/1QZ,  Q€D. (6.3)
The greedy algorithm of step N > 1 is given by the correspondence

N

8 = ZSQGQ € f(b _>GN(S) :ZSleQk‘

QeD k=1

As usual, when N = 0 we set Go(s) = 0.
We recall the definition of the approximation spaces: given a > 0 and 0 < ¢ < oo

A(f?) = {s e [Z(N%N(s)f@)q%]q < }
N>1
and
I8 a2 go) = lIsllso + [Z(N%—N(s)f@)q%] 3
N>1

When ¢ = oo one modifies these definitions in the standard way:

A% (5%) = {s €% ¢ sup Ny () < 0o } I8l| e gy = lIsllje + sup N (s)p.
N>1 N>1

6.1. Sequence spaces in D. We recall the definition of some classical sequence
spaces over the index set D. All of them are subspaces of ¢y and therefore for each
sequence {sg}gep we can find an enumeration of the index set D = {Q}32, so
that |sg,| > [sg,| > ... and in addition limy_ .. sg, = 0. We shall always assume
that {sg, }x>1 corresponds to such ordering, which coincides with the non-increasing
rearrangement s* of the sequence s.
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Let n = {m}x>1 be a fixed positive increasing sequence so that limy_, . 7 = co and
n is doubling (i.e. nor, < C'mg, k > 1). Then, for each 0 < r < oo we define a discrete
Lorentz space by
1

Ay = {s €co:|slla; = [Z(nk‘stDT%]? < oo}.

k>1

Note that for r = oo one writes [[s||ax = sup, i [sq,|- These are quasi-Banach
rearrangement invariant spaces, which are Banach when » > 1 and in addition {n},/k}«
is non-increasing (see [4, p. 28]). When r = 1 or r = oo we shall write, respectively,
A, and M, (the latter called Marcinkiewicz space). The particular case {n; = k*/7}
leads to the classical (discrete) Lorentz spaces A = (7"(D). The spaces A] for general
n, and in particular their interpolation properties, have been studied e.g. in [22, 25, 4].
In our applications we shall use the sequences {1, = k*h3 (k)}x>1, for suitable a > 0,
which always satisfy the required assumptions.

Remark 6.1. Given a fixed sequence space s as above, we define a new sequence
space 5(f*), isomorphic to s, by

s(7*) = {s = {so}qep € 1* : {sollegllfe}q €5 },

with [[s[|se) = ||{SQHeQqu>}QH5. Such definitions appear naturally in relation with
greedy approximation when the basis is not normalized (see e.g. [11]).

6.2. Jackson’s inequalities. In this section we apply our results in §4 to obtain
Jackson type estimates associated with the greedy algorithm.

Proposition 6.2. Let ® be a Young function so that 0 < w6 < 7Tre < 1. Then,
Ayt (F%) <= §*, and moreover, there is a constant C' > 0 so that

“S - G"N—l(s)”f‘l> <C Z ||SQk erHf<I> h;(k)% ) VN>1 (64)

k>N/2

Proof. We show (6.4) for every N > 1 (when N = 1, as Gy(s) = 0, this is the
embedding Ahjg(fq’) < §?). By the triangular inequality and (6.1) we have

[e.e]
o < ZO: H Z SQk €Qx
j=

21 N<k<2i+1N

Is = Gra®)lp = || 3 50, a .
k>N f

HSQQ]'N eQQjNHf(I)

I

I
o

Z eqQ,
||erHf<I>

2 N<k<2i+1N

f<I>
J

C Y |ls0y y €y x Il B2 N)

Jj=0

IN

where in the last inequality we have used Theorem 4.1. This estimate can be trans-
formed into 6.4 using that A (k)/k is non-increasing. Indeed, one just writes the right
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hand side as

N hg ( )
Z Z HSQQJN anNHf‘I’ 2] 1N <2 Z HSleQka‘I’ .

J=0 21-IN<k<2IN kE>N/2

4

Remark 6.3. The inequality in (6.4) is best possible, in the sense that left and right
hand sides are comparable for certain choices of s. Given N > 2 we take k € Z so
that d
N2
Z h*( N) ¥
9 My o(2%9)
Let I' C D be a collection of 2N — 1 pairwise disjoint dyadic cubes of equal size Qkd
and set s = 1p = ), eq/|leqllie. Notice that for @ € I' we have sqeqlle = 1.
Thus s — Gy_1(s) = 1 for some IV C T with Card [V = N. Tt is easy to see that

N2kd
O'N,1<S)f<1> = ||S — GNfl( Hfd) = H]_F Hf@ = % ~ hz(N), (66)

< h(N). (6.5)

where the third equality follows as in Lemma 3.1
On the other hand, when s = 1r, the right hand side of (6.4) takes the form
> nja<kean—1 s (k)/k = hZ(N), by the doubling property of h_.

Remark 6.4. We should also point out that for certain other sequences s the estimate
in 6.4 may be too “crude”. To see this consider the same example as before, but

choosing the cubes sizes 2" so that in place of (6.5) we have h (N) < W(V;Z;)

2h_(N). Then, ony_1(s)e = ||s — Gn_1(8)||;e = h_ (N), while the right hand side of
® f f ® g

(6.4) is still comparable to A% (N). For non democratic spaces the gap between these

two quantities can be big, as we have seen in the examples in §3.

The estimate in (6.4) implies a decay of oy(s); as N growths. For general s €
Ahz(f‘b) we do not have further information about the rate of decay. However, re-
stricting s to appropriate subspaces we can obtain precise rates of convergence.

Corollary 6.5. Let ® be a Young function so that 0 < w6 < Tpe < 1, and let
a > 0. Then, for everys € Mkah$(k)(f¢) we have

Is — Gy_1(8)]lje < C N~ sl VN >1. (6.7)

Proof. By (6.4) and the definition of the Marcinkiewicz space

Is =Gyl <C Y llsau eaulle B 1 < Clsli,,, .., 00 Sk -

k>N/2 k>N/2

S CN sl

The previous result can be translated as an inclusion of approximation spaces.
Corollary 6.6. Let a > 0. Then
Mkah;(k)(fq)> — AL(f?). (6.8)
Moreover, Myt 15 the largest M, -space so that M, (§2) — A% (§*).
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Proof. The inclusion (6.8) is obvious from (6.7) and the definition of A2 (f*). To
see the optimality, assume that M, (f*) — A% (f*), and let s = 1r be as in Remark
6.3. Then, by (6.6) we have ||s|| 4o o) 2 N*hf(N). On the other hand, [[s||y, o) =
SUPq<r<an—_1 Mk = M2n—1. Thus, the assumed inclusion and the doubling property give
N°h:(N) < nw, which shows M, (F*) < My, o, (%) O

As a particular case we obtain the following inclusions in terms of classical Lorentz
spaces.

Corollary 6.7. Let a > 0. Then, we have the inclusion
0T (52) — A2 (F%), whenever £ > a + T ra. (6.9)

Proof. By (2.5), we know that hf(t) < C.t7r2*¢, ¥t > 1. Choosing € = I—a—Tre
this gives k*h (k) < k7, k > 1, which in turn implies 7> — Mo pt k- The result
then follows from (6.8). O

Remark 6.8. Let us observe that from the proof of Corollary 6.6, if (6.9) is valid for
1 = +T e, then it follows that 2} (N) < N7z, Also, Lemma 5.1 and (2.4) imply
that h}(N) 2 N7r® and therefore h(N) ~ N7r¢ for N > 1. Conversely, if one
assumes that hf(N) >~ N7 for N > 1, Corollary 6.6 gives (7°(f®) < A% (f*) with
% = o+ 7 pe. This shows that for (6.9) to be valid at the endpoint % = a+T e, it is
necessary and sufficient that h;(N )~ N7r2 N > 1. In our examples in §2.1, this is
the case for the Young functions associated with L* + L* L2 N L* or LP(log L)* with
a > 0, but may fail in other cases, such as for the spaces L”(log L)* with a < 0 (see
Example 2.3).

6.3. Bernstein’s inequalities. Bernstein type estimates are useful to obtain con-
verse inclusions for approximation spaces.

Proposition 6.9. Let ® be a Young function so that 0 < w6 < Tre < 1. Then,
2 — M, (%) and there is a constant C' > 0 so that

IGN (), o) = sup |[[sq, eq,llj= hy (k) < Cl|Gn(s)lle, VN =1 (6.10)
¢ 1<k<N
Proof. As before, it suffices to show (6.10), since the embedding f® — M, (§%) follows

by letting N — oo. For fixed 1 < k < N, using Theorem 4.1 and the lattice property
(6.1) we have

[5G, €, llje Iy, (k) < C [|sq, eq, [l

f@

k
er

k
S CH SQ]. er
Tea i I = Ol 22
< C|Gn(s)lle-
O

Remark 6.10. As before, one can show the optimality of (6.10) by finding an appro-
priate s for which both sides of the inequality are comparable. Indeed, one just needs
to choose s = 1, for I' consisting of N disjoint cubes of equal size 2" and k such
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- p(N 2F ) _ . .
that h, (V) < < 2h_(N). In this case, as in Lemma 3.1 we have

@) ¢
(N 2k4) -
—(10(2“) ~ h_(N). (6.11)

1Gn ()l = [Islly= =

On the other hand, as h, is non-decreasing,

||GN(S)||Mh;(f<I>) = SEEN h, (k) =h,(N),

and therefore both sides of (6.10) are comparable.

Corollary 6.11. Let ® be a Young function so that 0 < mw;e < Tre < 1 and let
a > 0. Then, there exists C > 0 so that, for all N > 1,

||s||Akah;(k)(fq>) < C N*|sl|e, VseXy. (6.12)
Proof. Write s = Gn(s) = Yo, so,€q, with lsg.eq,llie > [|sg.€q.lle > ... By
(6.10) we have
k< o
I8l ) = Z B () Isq, eqllp 7 < O I1Gn(5)p Z? <O N s
k=1
U

As before, the above result can be stated as an inclusion of approximation spaces.
Below, the number p = p, € (0, 1] is chosen so that the quasi-normed space A, h (k)
satisfies the p-triangular inequality, that is, for every N > 1,

Is1 + s213 < [lsallk + [[s2llA : (6.13)

kO (k) k®he (k) k®hg (k)
Corollary 6.12. Let o > 0. Then
Aﬁ(fé) - Akah;(k)(ftp)' (6.14)

Moreover, Akah;(k) is the smallest \,-space so that Ag(ﬁ’) — A, (f*) for some 0 <
q <1

Proof. The argument for (6.14) is standard (see e.g. [8]). It suffices to prove that

||s||Akah;(k>(]@) < Cllsllaggey,  Vs€Xy, N2>1

with a constant C' > 0 independent of N and one obtains the desired inclusion by
letting N — oco. We may also assume N = 27. Now, write s = ijo[s(j) —sU=1],
where by convention st) = s, s(-1) = 0 and s¥) € By, is so that [|[s—sY ||jo < 209 (s)se,
0 < j < J. Then applying (6.13), and (6.12) to s¥) — s~ € %511 we obtain

“SHAWh o [Z H s0) _ j—1)Hi e ]E <C [Z 9jap HS(J gli— 1)“;]5

K®h, (k)

-
-

Now, by assumption for 1 < j < J
89 — U=V < {89 =]l + [|ls =YV s < 40nii(s)pe
On the other hand for j = 0 we have
59 = ] = 8]0 < 18 = 8] + lsle < 201()e + sl
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Hence,

J—1
HSHAWh;(k)(Fb) < C |:||S||f<1> + Z (2304 O'Qj(S)fq>)p]p ~ ||S||A%(f<1>).

J=0

=

To see the optimality, assume that for some sequence n and ¢ € (0,1] we have
A%(§®) — A, (f*), and let s = 11 be as in Remark 6.10. Then by (6.11) we have

N N 1

Isllageey = lIslle + [ (2orls)p)” 1] " S llsll | Dok 7= ¢ N2 ().

k=1 k=1
On the other hand, by the doubling property

N

||S||An(f<1>) = an% Z nk% 2 1Nj2 2 1IN
k=1 N/2<k<N

v

Thus, if the assumed inclusion holds, the previous two estimates lead us to ny <
N®hg (N), which in turn implies Ao - <= Ay s

Corollary 6.13. Let o > 0. Then, we have the inclusions
A(FP) — P15, whenever £+ < a + T po. (6.15)

Proof. From (2.5) we have h_(t) = 1/hj(1/t) > Ct™v*=5, t > 1. Letting ¢ =
o +7 po — £ we obtain that k*h (k) 2 kv, which leads to Apanz k) <= (™. The result
then follows from (6.14). O

Remark 6.14. As in Remark 6.8 if (6.15) holds at £ = a + 7, it follows that
h,(N) Z N7w® and therefore hf(t) < t"1* for 0 < ¢ < 1. From Lemma 5.1 and
(2.4) we also have that h7(t) 2 t"+* for 0 < ¢ < 1. This yields that hf(t) ~ t7r®
for 0 < ¢t < 1. On the other hand, assuming that h;f(t) ~ 72 for 0 <t <1, (6.14)
implies (6.15) at £ = o+ o. All this shows that a necessary and sufficient condition
for the endpoint case I = o+ 7 e in (6.15) to hold is hf (t) ~ t*c* for t € (0,1]. In
our examples in §2.1, this is the case for the Young functions associated with L%+ L*,
L?*N L* or LP(log L)* with o < 0, but such property fails in this last case when o > 0
(see Example 2.2).

6.4. Inclusions for the approximation spaces Ag‘(]‘q’). Finally, using real interpo-
lation we can obtain inclusions for the whole family of approximation spaces Ag‘(f‘t’),
0 < q¢ < oo. For this we take into account the interpolation properties of the sequence
spaces Af, namely,

(Akooyry» Mroryry) 6.0 = Mgy @ = (1—0)ag + 0o, (6.16)
for all 0 < ¢,r < 00,0 <6 <1 (seee.g. [25, Prop. 6.2], [22, Thm. 3]).
Corollary 6.15. Let o > 0 and 0 < g < oo. Then
q P a/¢® q {ii]
AL () = AS() = AL () (6.17)

kehd kehy,
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Proof. Let ag < a < aq, so that a = (ag + a1)/2. Then, for every 0 < ¢, < oo we
have (see e.g. [8])

1/2,q°

a7 = (a4

Setting r = min{pa,, Po, } and using (6.14)

AGER) = (AP, AT () g = Mkeonz () Akerng 09 () g = Az ()

where the last equality follows from (6.16). Similarly, by (6.8)

A?(fq)) = (Agé)(fq)), Agg(fé))l/lq - (Mkaohg(k)(f®)>Mkalh;(k)(fq)))l/zq = Azah;(k)(f¢)~
U

As a consequence of (6.17), and proceeding as in Corollaries 6.7 and 6.13 we obtain
the following result.

Corollary 6.16. For all « > 0, q,qo,q1 € (0, 00] we have
() A7) < (),
wheneverT—l1 <a+7re <a+Tre < 7—10

Proof. Pick 7 so that % > % > « + 7 re. Then as in the proof of Corollary 6.7 we

observed that for all £ > 1 we have t*hf(t) < t+. Then (6.17) and the embedding
{7090 — (79 yield

AG(®) = A o (F7) = AL (7) = 79(F7) = €700 (57).

ke bt (k) ok

For the other embedding we choose 7 verifying % < % < a+ 7me. The proof of
Corollary 6.13 yields that t* h_ (t) 2 t~. Then (6.17) and the embedding (74 — (T4
give

() o AL (%) = AT, (1) = £79(5%) o (20 ()

kehg (k kr
U

Remark 6.17. Observe that the two results stated in the introduction, Theorem 1.3
and Corollary 1.4, are straightforward consequences of Corollaries 6.15 and 6.16 and
the definition of the spaces s(L®) in (1.4).

Remark 6.18. Notice finally that the inclusions in (6.17) remain as well valid when
we replace Ag‘(f‘b) by the smaller approximation space

Ga(i) = {s e Do (vefs - GN<s)y|f@)q%]‘l’ <oo}.

N>1

This is because of our formulation of the Jackson estimate in (6.7). We do not know
however whether in general one has A%(f*) = G2(f®). See more properties of G&(f?)
in [12].
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6.5. Besov spaces of generalized smoothness. Let U : (0,00) — (0, 00) be a fixed
continuous function with sup,., ¥ (ts)/¥(s) < oo, for all t > 0. Given 0 < 7,q <
00, we define a Besov space of W-smoothness, Bffq(]Rd), as the set of all tempered
distributions f € &'(R?) for which

-

1 0ge, = [ D (@) IF # xllern)?]" < o0, (6.15)
jez
where x € S(R?) is so that xqe<i3 < X(€) < Xqg<2y, and x;(z) = 274 (27z) —
20~1dy(20712). As usual, one takes the quotient of ng with the set of polynomials
to get a (quasi)-Banach space.

Besov spaces of generalized smoothness were introduced in [22, 5] in the context of
real interpolation with function parameters (see also references in [1, 10]). The par-
ticular case W(t) = t* corresponds to the usual (homogeneous) Besov space B? J(RY).
When ¥(t) = t*(1 + log* t)7 one obtains logarithmic Besov spaces B;Ofﬂ), analogous
to those studied by Leopold in [21] (see also [24]). Alternative characterizations of
these spaces also appear in [15, 2]. We point out that most of the above mentioned
references only consider the theory of “inhomogeneous spaces” (in which the series
in (6.18) is truncated to j > 0; see (6.23) below). Minor modifications, however, are
necessary to carry out a similar theory in the “homogeneous” setting of B;I’ p

In this paper we shall only use the wavelet characterization of ij (RY) (which
we may as well take as definition), similar to the one obtained by Almeida in the
inhomogeneous setting (see [1]). As in §2.2 we fix a wavelet basis {1}, which we
shall assume to consist of Schwartz functions. For notational simplicity, we shall also
drop the super-index /.

Proposition 6.19. A tempered distribution f belongs to ng(Rd) if and only if

1

> [( ST 1RIQIT ) QT2 (f,ve) \T>T}q < 0. (6.19)

JE€L  |Q|=277d
Moreover, this expression is comparable to || f|[%, -
7,9
A particular case of this result is given next.

Corollary 6.20. Let ® be a Young function with 0 < m;e < 7Tre <1 and 7 > 0.
Define U(t) =t /O (t4) = t7p(t~%). Then,

BY = {feS®RY :

(f.va)eeqlw < oo}, (6.20)
Q

with the equivalence of norms | fll5e =~ (Sl (f.v0)qeqllls)”

Proof. From (2.5) and (2.6) it follows that the function W(¢) satisfies the conditions
required at the beginning of this section. By (6.3) and the definition of ¥ we have

leallie = QI 2¢(1Q]) = Q|72 ¥(|Q| 7).

Therefore we can write

Solif vadaeall = D 1W(QIT) Q177 (£, ¥a)|”
Q Q

9



WAVELETS, ORLICZ SPACES, AND GREEDY BASES 25
which together with Proposition 6.19 complete the proof. U

We now proceed to connect these Besov spaces with the approximation spaces
AX(L®).

Corollary 6.21. Let o > 0 and 0 < g < oco. Then

d d
570 (¢~ 4) a(r® St 7L ()
BIORT oy AN(L®) — B

(6.21)
whenewarT—l1 <a+Tre <a+Tre < 7—10

Remark 6.22. As usual, the first inclusion in (6.21) is understood with the assign-
ment f — ZQ< f, %) oo, so that polynomials in the Besov space are mapped into

the null function of L? (see the proof below).

d
Proof of Corollary 6.21. We prove the first inclusion. Given f € 'i(:)ff(t d), by (6.20)
the sequence {(f,%q)q |leolls }gep belongs to £™, and since % > T e, also to Ay

By Proposition 6.2, this implies that s = {(f,%g)}gep € §*, and therefore f* =
Yolfsqleiq € L?(R?) (with convergence of the series in L®). Moreover, by Corol-
lary 6.16, we also have s € (™ (f*) — A2(f*). Finally, since on(s)p = on(f*)re we
casily conclude that f* € A%(L?®) and HfﬁHAg(ch) <C H]‘THE',%,T0 as asserted. The sec-
ond inclusion is proved similarly using the right hand inclusion of Corollary 6.16. [J

Remark 6.23. A special case of the previous proof gives the Sobolev type embedding
ot =% i —
B — L%, 0<7<1/Te.

Lqi-1
This is a refinement of the classical estimate BT,(J P L? for 0 <7 <p.

The special case of Zygmund spaces LP(log L)P. Let us now consider the special
case of the Zygmund spaces L* = LP(log L)7? in Examples 2.2 and 2.3 above. We
wish to describe the approximation spaces A;‘(L‘I’), for fixed @ > 0 and 0 < ¢ < .

~The description is given in terms of the logarithmic Besov spaces B (RY), i.e.
BY_ with U(t) = t*(1+log™ ¢)7. By Corollary 6.20 and the explicit expression ¢ (t) ~
t7(1+log* 1/t)7, we can identify B%" (RY) with ¢7(§2) when =9+

Then, Corollary 6.21 gives

B« Af (L7 (log L)'7) «— Bl (6.22)
foralla1<a<a0,%:%+%,and%:%+%_

These inclusions can be slightly improved at the endpoints. More precisely, when
v > 0, using Corollary 6.15 an h (k) =~ kP we can take ap = « in (6.22), provided
q > 7o On the other hand, if v < 0, one has h_ (k) =~ k'/? and then Corollary 6.15
gives the right hand inclusion of (6.22) with a; = «, provided ¢ < 71. Finally, observe
that in the special case v = 0 we recover the well-known identity B‘T”T = A? (LP) with
=9+ (seeeg. [11, (6.22)]).

T
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6.6. Truncated wavelet bases. In some applications it may be of interest to replace
the wavelet basis {¢¢} in §2.2 by a “truncated basis” of the form

B={¢o:|Q <1}U{vy : Q| =1},

where (9 denotes a suitable scaling function. All the results stated in this paper
remain valid for such bases, after standard modifications. More precisely, one considers

the characterization
1le = || (32 1F v 1Q1 %)) | L + | (2 KA eI ()’

lQI<1 Q=1

L®

(implicit in the arguments of [28]) and the corresponding sequence space (which is
isomorphic to the subspace of all sequences of {® supported in |Q| < 1). The arguments

presented in §3, §4 and §5 can be carried out in exactly the same way, except for the
fact that A (t), h(t) in (3.4) are defined as

p(t2") _ P

ht(t) = — d h_(t) = inf ———=

o(t) =sup-"omy  an o(8) = Inf oy -

because of the restriction || < 1. Finally, in §6 one uses the “inhomogeneous” version

of Besov spaces, B;If q(Rd), given by the norm

Q=

1£llms, = | D2 (B@) I +x1l)’) (6.23)

Jj=0

where x; are as in §6.4 when j > 0, and xo = X.
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