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Session 1: Discrete signals, Fourier transform and sampling theorem

1.- Introduction and notation

DEF: By a signal we will mean a function or sequence, typically repre-

senting the measurement of a physical phenomenon.

• Functions f(t) or f(x, y) −→ analog (or continuous) signals

• Sequences f [k] or f [k1, k2] −→ digital (or discrete) signals.

Examples

• Audio signals: f(t) = position of string or membrane of musical instru-

ment at time t sec.

• Images: f(x, y) = light intensity measured at point (x, y) of a screen.

• Signals typically belong to the space L2(Rd) (or `2(Zd)) and

‖f‖2
2 =

∫

Rd

|f(x)|2 dx = Energy (f).

• More general examples of signals (for mathematical manipulations) are

contained in the space S ′(Rd) of tempered distributions.



3

2.- Basic results about Fourier transform

DEF: The Fourier transform (FT) of f ∈ L1(Rd) is defined by

f̂(ξ) =

∫

Rd

f(x) e−ix·ξ dx, ξ ∈ Rd,

and the inverse Fourier transform by

F−1g(x) = 1
(2π)d

∫

Rd

g(ξ) eix·ξ dξ.

DEF: A convolution operator is

f 7−→ f ∗ h(x) =

∫

Rd

f(x− y)h(y) dy.

The three main properties of the Fourier transform are:

1.- The inversion formula: f = F−1f̂ , ∀ f ∈ S ′ (or f, f̂ ∈ L1).

2.- Plancherel theorem: ‖f‖L2(Rd) = 1
(2π)

d
2
‖f̂‖L2(Rd), ∀ f ∈ L2.

3.- The convolution theorem:
(̂
f ∗ h

)
= f̂ ĥ, ∀ f, h ∈ L1.

Examples

1. Gaussian: g(t) = e−
t2

2 =⇒ ĝ(ξ) =
√

2π e−
ξ2

2 .

2. Rectangle: h(ξ) = χ[−a,a] =⇒ F−1h(x) = sin(ax)
πx .

3. Pure exponential: eω0
(t) = eiω0t =⇒ êω0

(ξ) =
√

2π δ{ω0}.

4. Chirp: γ(t) = ei t2

2 =⇒ γ̂(ξ) =
√

2πi e−i ξ2

2 .



4

Figure 0.1: Examples of Fourier transforms of elementary functions.

.
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3.- Discretization and sampling theorem

Given a signal f(t), we consider the natural discretization

f(t) 7−→ fd =
{
f( k

N )
}

k∈Z,

for a suitable integer N ≥ 1. The new signal fd can be stored in a computer

and manipulated numerically.

Question: Is there a general procedure to reconstruct f(t) uniquely from

the values {fd[k]}k∈Z?

Theorem: Shannon-Whittaker.

If f ∈ L2(R) and Supp f̂ ⊂ [−πN, πN ], then

f(t) =
∑

k∈Z
f( k

N ) hN(t− k
N ), t ∈ R,

where hN(t) = sin(πNt)
πNt .
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Example

• f(t) = sin(2π10t),

Supp f̂ = [−20π, 20π] =⇒ need at least N > 20 samples.

• Sampling f(t) with less points will produce a different signals (“alias

signals”):

N = 9, f(k
9) = sin(2π10 k

9) = sin(2π k
9) −→ f̃(t) = sin(2πt)

N = 10, f( k
10) = sin(2πk) = 0 −→ f̃(t) = 0.

Observe that the reconstructed signals f̃ have spectrum in [−πN, πN ].

This undersampling phenomenon is called aliasing.

Notes

• Audio signals are perceived by human ear at frequencies 20 Hz - 20

kHz, thus sampling must be performed with N ≥ 40.000. In fact, audio

CD’s perform 44.100 samples/sec (of 16 bits each). Additional oversam-

pling sometimes has important applications, like reducing the “quantiza-

tion noise” (Super Audio CD’s).

• Images may also be sampled in 2D,
{
f( k1

N1
, k2

N2
)
}
, but often these sig-

nals involve much higher frequencies, so the aliasing phenomenon is more

frequently present (bricked walls, stripped clothes, turning wheels,...).
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Figure 0.2: Aliasing phenomenon in bricked wall images

.
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Figure 0.3: Sampling of f(t) = sin(2π10t) with N = 9 points.

.
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Proof of Shannon’s theorem:

• Write f̂(ξ) = f̂(ξ) χ[−Nπ,Nπ](ξ) (∗)

• Observe that F−1
(
χ[−Nπ,Nπ]

)
(t) = sin(πNt)

πt = NhN(t)

• Compute the Fourier series of (∗) in [−Nπ,Nπ]:

f̂(ξ) =
∑

k∈Z
ak e−

ikξ
N χ[−Nπ,Nπ](ξ)

which taking inverse Fourier transforms F−1 becomes

f(t) =
∑

k∈Z
ak N hN(t− k

N )

• Finally, calculate the Fourier coefficients

ak = 1
2πN

∫ πN

−πN

f̂(ξ) e
ikξ
N dξ = 1

N F−1f̂( k
N ) = 1

N f( k
N ).

2
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4.- The discrete Fourier transform

DEF: The discrete Fourier transform of a signal {f [n]}0≤n<N is:

DFT (f)[k] =
N−1∑
n=0

f [n] e−
2πikn

N , 0 ≤ k < N,

and the inverse discrete Fourier transform

IDFT (g)[n] = 1
N

N−1∑

k=0

f [k] e
2πikn

N , 0 ≤ n < N,

NOTE: For simplicity we sometimes write ek[n] = e
2πikn

N and DFT (f) = f̂ .

Proposition 1 The system {ek}0≤k<N is an orthogonal basis of `2(N).

Corollary

(1) Inversion formula: f = IDFT
[
DFT (f)

]
.

(2) Plancherel formula:
∑

0≤n<N

∣∣f [n]
∣∣2 = 1

N

∑
0≤k<N

∣∣f̂ [k]
∣∣2.

DEF: The circular convolution of
{
f [n]

}
0≤n<N

and
{
g[n]

}
0≤n<N

is defined

by

f ~ g[n] =
N−1∑

`=0

f̃ [`]g̃[n− `], 0 ≤ n < N,

where f̃ and g̃ are the N -periodic extensions of f and g to Z.

Exercise.

• Convolution formula:

DFT
(
f ~ g

)
[n] = DFT (f)[n] · DFT (g)[n], 0 ≤ n < N.
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The following proposition explains the relation between DFT and the

continuous Fourier transform.

Proposition 2

• Let f(t) be an analog signal in L2[0, 2π], and fd =
{
f(2πn

N )
}

0≤n<N
. Then

DFT (fd)[k] = N
2π

∑

`∈Z
f̂(k + N`), k ∈ Z.

• In particular, if Supp f̂ ⊂ [−N
2 , N

2 ], then

DFT (fd)[k] = N
2π f̂(k), −N

2 ≤ k < N
2 .

PROOF:

Here f̂(`) =
∫ 2π

0 f(t)e−it` dt denotes a Fourier coefficient of f as a func-

tion of L2[0, 2π]. Then

DFT (fd)[k] =
N−1∑

j=0

f(2πj
N ) e−

2πijk
N

(by inversion formula) =
N−1∑

j=0

(
1
2π

∑

`∈Z
f̂(`) e

2πi`j
N

)
e−

2πikj
N

= 1
2π

∑

`∈Z
f̂(`)

(N−1∑

j=0

e−
2πi(k−`)j

N

)

︸ ︷︷ ︸
dξ

N δk+NZ

= N
2π

∑

`∈Z
f̂(k + N`).

2
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5.- The Fast Fourier transform (FFT)

Recall that

f̂ [k] =
N−1∑
n=0

f [n] e−
2πikn

N , 0 ≤ k < N.

Thus, computing f̂ requires O(N 2) complex multiplications.

Example.

A 3′ music recording contains N = 44.100× 60× 3 ≈ 8 · 106 samples.

A modern computer performs 109 multiplications per second; therefore

DFT requires > 17 hours!!

Theorem: Cooley-Tuckey. There exists an algorithm, called FFT ,

which computes DFT with ≤ κN log2 N operations (with κ = 3
2).

Back to the example, FFT requires ≤ 0.18 seconds!

Corollary: The fast convolution computes

f ~ g = IFFT
[
FFT (f) · FFT (g)

]

with ≤ 4κN log2 N operations.

PROOF: Exercise.

Note: The direct definition of f ~ g requires 2N 2 operations.
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Proof of theorem and description of the algorithm

Assume N = 2`.

• Compute first the even frequencies:

f̂ [2k] =

N/2−1∑
n=0

f [n] e−
2πi(2k)n

N +
N−1∑

m=N/2

f [m] e−
2πi(2k)m

N

(m = n + N
2 ) =

N/2−1∑
n=0

(
f [n] + f [n + N

2 ]
)
e−

2πikn
N/2 = DFT (feven; N/2)[k],

where feven[n] = f [n] + f [n + N
2 ] is N

2 -periodic.

• Compute similarly the odd frequencies (exercise):

f̂ [2k + 1] =

N/2−1∑
n=0

e−
2πin

N

(
f [n]− f [n + N

2 ]
)
e−

2πikn
N/2 = DFT (fodd; N/2)[k],

where fodd[n] = e−
2πin

N

(
f [n]− f [n + N

2 ]
)

is also N
2 -periodic.

• Iteration: Thus, if C(N) = # operations for FFT (·, N) we have

C(N) = 2C
(

N
2

)
+ 3

2 N ←− operations to construct feven, fodd

= ... = 2` C(1) + 3
2 `N = κN log2 N.

2

Note: Variants of FFT , like the split-radix algorithm improve this

bound to N log2 N real multiplications and 3N log2 N sums.
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6.- Sampling theorem and DFT for 2-D signals

The product theory is completely analogous, and can be carried out as an

exercise.

• Discretization:

f(x, y) −→ fd =
{

f( k1

N1
, k2

N2
)
}

0≤k1<N1
0≤k2<N2

,

for suitable positive integers N1, N2.

• Sampling theorem. If Supp f̂ ⊂ [−πN1, πN1]× [−πN2, πN2], then

f(x1, x2) =
∑

k1,k2∈Z
f( k1

N1
, k2

N2
) hN1

(x1 − k1

N1
) hN2

(x2 − k2

N2
).

• 2-D DFT. Given f =
{
f [n1, n2]

}
0≤n1,n2<N

we define

DFT (f)[k1, k2] =
N−1∑
n1=0

N−1∑
n2=0

f [n1, n2] e
− 2πik1n1

N e−
2πik2n2

N .

This transform satisfies analogous inversion, Plancherel and convolution

formulas.

• 2-D FFT. Consists is carrying out a 1-D FFT in each variable separately:

FFT (f [·, ·]) := FFTn2

(
FFTn1

(
f [·, n2]

))
.

The algorithm performs ≤ 2κN 2 log2 N sums and multiplications.

Example. Image of 1024 × 1024 pixels. Then N = 210 and FFT requires

2κ220 · 10 ≈ 225 operations. If the computer performs 109 multiplica-

tions/sec, this is less than 0.033 seconds!
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Session 2: The JPEG format

1.- Introduction

• JPEG is a well-known format, designed in 1992, for compressing digi-

tal images. Good quality images are obtained at compression rates 1 : 8

to 1 : 16. The compression process can be schematically described is as

follows:

Original

digital image
−→ Decomposition

into 8× 8 blocks
−→ Computation of

DCT coefficients

↓
Resulting file

image.jpg
←− Entropy encoding

algorithms
←− Quantization

of DCT coeff

Example: A typical 1024 × 1024 black & white photograph requires

≈ 1MB of storing space (8 bits/pixel). JPEG produces good quality com-

pression at rates 0′5 − 1 bits/pixel, i.e. the corresponding files occupy

65-130 KB.

Main JPEG features:

• Lossy compression: many high frequency DCT coefficients are small

and can be set = 0. Visual resemblance remains, as human vision is less

sensitive to high frequency variations than to low frequency changes.

• Lossless compression: JPEG profits from special properties of image

DCT coefficients, such as long arrays of 0’s, suitable size decomposition,

similarity between neighboring blocks,...
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1.- Cosine bases in L2[0, 1]

Motivation: Fourier series approximation of f ∈ C[0, 1] with f(0) 6= f(1)

produces oscillations near boundary points (Gibbs phenomenon).

Figure 0.4: f(t) = t2 approximated with Fourier and Cosine-I series.

• The phenomenon may be corrected by considering the even extension of

f to [−1, 1], which is 2-periodic with f(−1) = f(1). Thus

feven(t) =
∞∑

k=0

ak cos(πkt) +
∞∑

k=1

bk sin(πkt), in [−1, 1].

By symmetry of feven, the coefficients bk = 0. Therefore

f(t) =
∞∑

k=0

ak cos(πkt), t ∈ [0, 1],

which is called Cosine-I series of f .
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Note: There is also a Cosine-IV series :

f(t) =
∞∑

k=0

ak cos
(

π
2
(2k + 1)t

)
, t ∈ [0, 1],

obtained from the extension of f to [−2, 2], evenly wrt 0 and oddly wrt ±1. The Cosine-

IV basis appears in various other contexts, such as the construction of ONB in L2(R) by

partitioning the real line with “smooth windows” (local cosine bases).
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2.- Discrete cosine bases

The discrete version of the Cosine-I basis is:

C
(N)
0 ≡ 1 and C

(N)
k [n] =

√
2 cos

(
kπ
N (n + 1

2)
)
, 1 ≤ k < N,

Note: cos(kπt) has been sampled at t = (n + 1
2
)/N (rather than t = n/N), 0 ≤ n < N ,

because the even extension of a discrete signal {f [n]}0≤n<N is symmetric wrt −1/2.

Theorem. The system
{ 1√

N
C

(N)
k

}N

k=0 is an ONB of CN .

DEF: The DCT (I) and the IDCT (I) of {f [n]}0≤n<N are defined by

DCT (I)(f)[k] = 1√
N

N−1∑
n=0

f [n] C
(N)
k [n], 0 ≤ k < N,

IDCT (I)(f)[n] = 1√
N

N−1∑

k=0

f [k] C
(N)
k [n], 0 ≤ n < N.

As usual, the inversion and Plancherel formulas hold:

f = IDCT
[
DCT (f)

]
and

N−1∑
n=0

|f [n]|2 =
N−1∑

k=0

|DCT (f)[k]|2.
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3.- Fast algorithms for DCT

Proposition DCT can be computed with O(N log2 N) operations.

Method 1: Write

DCT (I)(f)[k] = 1√
2N

e−
iπk
2N FFT2N

(
feven

)
[k],

where as before feven[n] = f [−n−1] when −N ≤ n ≤ −1. This method re-

quires ≈ 2κN log2(2N) operations (some of them complex multiplications).

Method 2: The same type of algorithm as for FFT gives

DCT
(I)
N (f)[2k] = 1√

2
DCT

(I)
N/2

(
f+)

[k], 0 ≤ k < N/2

DCT
(I)
N (f)[2k + 1] = 1√

2
DCT

(IV )
N/2

(
f−

)
[k], 0 ≤ k < N/2

where f± = {f [n]± f [N − n− 1]}0≤n<N/2, and

DCT
(IV )
M (g)[k] = 1√

M

M−1∑
n=0

g[n]
√

2 cos
(

π
M (k + 1

2)(n + 1
2)

)

= Discrete Cosine-IV transform.

This method can be refined to produce N
2 log2 N + 1 real multiplications

and 3
2N log2(N)− (N + 1) sums.
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4.- The JPEG use of 2-D DCT.

• For a 2-D signal {f [n1, n2]}0≤n1,n2<N we have

DCT (f)[k1, k2] =
1

N

N−1∑
n1,n2=0

f [n1, n2] C
(N)
k1

[n1] C
(N)
k2

[n2], 0 ≤ k1, k2 < N.

The fast algorithm involves O(N 2 log2 N) operations. It is implemented in

Matlab with the command dct2(f).

Example: An 8× 8 piece of “cameraman” image.

(i) Original signal (in gray scale [−128, 127]):

f =




54 54 57 57 57 60 58 60

52 55 54 58 61 63 63 64

55 58 57 66 52 4 −43 −44

53 59 63 22 −84 −112 −112 −111

55 62 27 −101 −115 −116 −116 −115

57 53 −91 −114 −114 −113 −113 −112

67 −32 −112 −114 −114 −113 −114 −114

31 −104 −115 −115 −116 −115 −114 −114




(ii) Discrete cosine transform of f (rounded to the nearest integer):

dct2(f) =




−183 302 105 31 14 1 2 −4

456 −109 −130 −72 −26 −12 −1 −2

66 −186 5 70 51 25 10 4

−9 1 83 14 −40 −36 −22 −5

−53 36 1 −49 −19 26 27 17

−19 44 −19 −6 23 16 −7 −16

−4 6 −24 17 9 −18 −12 −8

9 2 −10 16 −5 −13 17 20
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(iii) One of the JPEG quantization matrices:

Q =




16 11 10 16 24 40 51 61

12 12 14 19 26 58 60 55

14 13 16 24 40 57 69 56

14 17 22 29 51 87 80 62

18 22 37 56 68 108 103 77

24 35 55 64 81 194 113 92

49 64 78 87 103 121 120 101

72 92 95 98 121 100 103 99




(iv) Resulting DCT matrix (encoding the remaining signal information):

Q(dct2(f)) =




−11 27 10 2 1 0 0 0

38 −9 −9 −4 −1 0 0 0

5 −14 0 3 1 0 0 0

−1 0 4 0 −1 0 0 0

−3 2 0 −1 0 0 0 0

−1 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0




(v) Reconstructed signal (after reversing quantization and using idct2):

f̃ =




51 60 62 53 47 54 63 68

55 48 54 72 81 71 57 51

60 53 57 63 42 −1 −29 −33

55 64 55 9 −59 −109 −119 −109

56 54 13 −66 −124 −132 −119 −112

70 20 −59 −121 −129 −105 −98 −110

59 −30 −113 −129 −109 −103 −113 −119

22 −75 −133 −108 −89 −117 −129 −107




Note: A measure of the quality of approximation is given by ‖f − f̃‖2
2 = 0.1249 ‖f‖2

2.
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5.- Encoding the information

To encode the information in the quantized DCT matrix, JPEG uses

the following sequential zig-zag reading of the matrix entries:

One expects long arrays of consecutive 0’s at the end of the block, which

can be coded with just one symbol EOB = (end of block). Most of the

compression is due to this fact.

However, more compression is possible with an efficient reading of the

remaining coefficients, which takes into account their probability distri-

bution within the matrix (see histogram below). This suggests studying

entropy coding techniques.
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6.- Lossless compression

Given an finite alphabet A = {x1, x2, . . . , xM}, we want to find a cor-

responding binary assignment {b1, . . . , bM} which minimizes the average

#bits/letter:

L̄ =
M∑

m=1

`mpm,

where `m =Length(bm) and pm =Prob(xm).

Example: A = {a, b, c, d}. Suppose that a typical sentence is “abacadabab”,

which gives the probability distribution

pa = 0.50, pb = 0.30, pc = 0.10, pd = 0.10.

Here are some possible codes:

a b c d Rate L̄

Code 1 00 01 10 11 2

Code 2 0 10 110 111 1.7

Code 3 0 10 110 101

Code 2 is better than the standard Code 1 (15% of compression!). Code 3

is ambiguous: 1010 could be “bb” or “da”. Ambiguous codes can be ruled

out with the following

Prefix condition: No code word may be the prefix (beginning) of another

word.

Note: Codes produced from the leafs of a binary tree always satisfy

the prefix condition. Conversely, every such code can always be written in

binary tree form.
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7.- Shannon entropy and Huffman algorithm

Theorem (Shannon). Given an alphabet {x1, x2, . . . , xM} with probabil-

ity distribution {p1, . . . , pM}, there exists a binary code so that

E :=
M∑

m=1

pm log2
1

pm
≤ L̄ < E + 1.

Note: The number E is called entropy of the code. It somehow mea-

sures the uncertainty of the outcomes {xj} according to the probability

distribution {pj}. An easy exercise shows that E is maximum when all

pj = 1/M .

Example: In the previous example E = 1.68, and the optimal code has

L̄ = 1.7.

• When the probability distribution is known, there is a constructive

method to find a code of optimal length: the Huffman algorithm. It is

based on the following lemma:

Lemma: Let p1 ≤ p2 ≤ . . . ≤ pM . Suppose we know an optimal

(M − 1)-code
{
(b1,2, p1,2), (b3, p3), . . . , (bM , pM)

}

where p1,2 = p1 + p2. Then an optimal M-code is given by

{
(b1, p1), (b2, p2), (b3, p3), . . . , (bM , pM)

}
,

where b1 and b2 are the sons of b1,2 in the corresponding binary tree.

Exercise: Construct an optimal code for

p1 = 0.05, p2 = 0.10, p3 = 0.10, p4 = 0.15, p5 = 0.20, p6 = 0.40
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Proof of Shannon’s theorem:

The proof uses the following lemma

Lemma (Kraft): Every prefix code of lengths {`1, . . . , `M} satisfies

M∑
m=1

2−`m ≤ 1. (*)

Conversely, if {`1, . . . , `M} are positive integers satisfying (∗), then there

exists a prefix code {bj}M
j=1 with Length(bj) = `j, j = 1, . . . , M .

• To prove Shannon’s theorem, one minimizes with Lagrange multipliers




F (`1, . . . , `M) =
∑M

m=1 `mpm

G(`1, . . . , `M) =
∑M

m=1 2−`m ≤ 1.

Then, one must set ∇F = λ∇G, for some λ ∈ R. Differentiating, this is

the same as pm = −λ2−`m ln 2, or equivalently

`m = log2
1

pm
, m = 1, . . . , M.

Thus every prefix code has L̄ ≥ E . Moreover, choosing `m = dlog2
1

pm
e, the

Kraft lemma gives a code with L̄ < E + 1.

2

Note: As the proof shows, an optimal code (i.e., a Huffman code) reaches the “entropy

length” L̄ = E if and only if log 1
pm
∈ N, ∀ m. However, it is possible to design codes with

L̄ as close as desired to E , by replacing the alphabet A with alphabets AK consisting of

blocks of K letters. Indeed, an easy exercise shows that in such case

E ≤ L̄ < E + 1
K

.
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7.- The JPEG encoding

• The information in each 8× 8 block is separated into the DC coefficient

(in the upper-left corner), and the AC coefficients (the remaining 63 read

sequentially in zig-zag order).

• The DC coefficients of all blocks are stored together, with a Huffman

coding applied to

DC1, DC2 −DC1, DC3 −DC2, . . .

Note: Reading differences produces smaller numbers (because of frequent resemblances

between neighboring blocks), which saves additional information.

• From the remaining 63 AC entries of each block, only non-null coeffi-

cients are codified. For each such coefficient JPEG uses the symbols

(Z,L)(A)

where

Z = number of consecutive 0’s preceding the coefficient

L = length of the binary expression of the coefficient

A = binary expression of the coefficient.

The EOB symbol is denoted by (0, 0). In practice, the (Z, L) symbol will

not add redundancy, because of frequent arrays of 0’s and small magnitude

coefficients. This symbol is typically stored if a Huffman code (see example

below).
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• The symbol A: after quantization and round-off, one can prove that

the matrix entries have absolute value < 28. Therefore, each entry can

be stored with 9 binary digits (one of them counting the sign). One can

improve on this by previously specifying the length, according to the table

L Entries

1 ±1

2 ±2,±3

3 ±4, . . . ,±7

4 ±8, . . . ,±15

5 ±16, . . . ,±31
...

...

Observe that entries with length L can now be unambiguously stored

in the symbol A with only L digits.

• About Z and L: JPEG constrains these numbers to take values in

[0, 15]. When at some point an array of more than 15 zeros appears, it is

denoted by (15, 0) followed by the next symbols, e.g.:

(Zi−1, Li−1)(Ai−1); (15, 0); (Zi+1, Li+1)(Ai+1)
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Back to example:

(i) Zig-zag array

−11

27 38

10 −9 5

2 −9 −14 −1

1 −4 0 0 −3

0 −1 3 4 2 −1

0 0 1 0 0 1 0

0 0 0 −1 −1 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0

0 0 0

0 0

0

(ii) Thus DC = −11, while the AC coefficients are

(0, 5)(27) (0, 6)(38) (0, 4)(10) (0, 4)(−9) (0, 3)(5) (0, 2)(2) (0, 4)(−9)

(0, 4)(−14) (0, 1)(−1) (0, 1)(1) (0, 3)(−4) (2, 2)(−3) (1, 1)(−1) (0, 2)(3)

(0, 3)(4) (0, 2)(2) (0, 1)(−1) (2, 1)(1) (2, 1)(1) (4, 1)(−1) (0, 1)(−1) (0,0)

(iii) Probability distribution of symbols:

Symbols (0, 1) (0, 2) (0, 3) (0, 4) (0, 5) (0, 6) (1, 1) (2, 1) (2, 2) (4, 1)

Frequency 2 u u 2 | | | p | |
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(iv) Computation of Huffman tree leads to the optimal entropy code:

Symbols (0, 1) (0, 2) (0, 3) (0, 4) (0, 5) (0, 6) (1, 1) (2, 1) (2, 2) (4, 1)

Binary code 00 110 100 01 1010 10110 10111 1111 11100 11101

Observe that this code has an average length of 66/21 = 3.14 bits/symbol.

(v) Final bit sequence:

1010(27) 10110(38) 01(10) 01(−9) 100(5) 110(2) 01(−9)

01(−14) 00(−1) 00(1) 100(−4) 11100(−3) 10111(−1) 110(3)

100(4) 110(2) 00(−1) 1111(1) 1111(1) 11101(−1) 00(−1)

Here it is understood that 27, 38, 10, . . . are represented with respective

binary numbers of lengths 5, 6, 4, etc... This makes a total of 118 bits,

which produces a final encoded information with rate ≈ 1.84 bits/pixel.

Final remark: In order to decode this binary sequence, the jpg file should

store the Huffman code of each 8 × 8 block. This may be expensive, so
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instead one can use a common Huffman code for all the 8 × 8 blocks, or

the standard Huffman tables specified by JPEG.

• JPEG also allows the possibility of using adaptive entropy codes, such

as the arithmetic code, which learns progressively the probability distribu-

tion of the source and adapts the encoding. These algorithms, although

more efficient, do not always give substancial improvements and sometimes

require patent agreements.
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%,p = L 1 Vo,?'Y!-t,n' Yr*n + L <'l ' 'P t nf¿-t,n) *!-,n
h:-cp h= -co

(g.e l  4(3,12\  o - -  + -
.+:; 

-' 
,l-z Z -hry-*nlVr-o,n +,[7 Z Xtp-"Á7 *to,n

[l=-oo

Tl',1^¿/ 
p

C, fp: = <f, flo,p> = \E Z hr?-
fl:ll>

tüxrtcnl 
v fxrplxrht -_ 

t o
'u¡¿ h¿.¿

€.r¡t = rt-¿ üJ-r'hrg1 . {1,4-,.?crl

CoMf rssssssssssssssss�XirY . Tor- diÉu&- t@e 4 "eay\^.4^ Nf trr¿ rr^¡"rr",lpN- o|o,,,-o,kdor.¿
nÍd"r( L" l.ar.flrJc- \:s rza,nsb¿u¿'Íóon w&h (3,tt ) An 54LrS ,rUi 4ü*^4
S{ &,n?lC'\ T"- -

C,*rn1 tr ), . f  & -  "C3-.Cn1 C, Cnl

ñ:  u:

p

*nl er-rLr, . n-^a*t tp-.ni d¡-, rnt (3,u)

4  n = 2 ?

c (  n:4p +r-

Q . t q \

lr/
,l¡-sÉn3 

'/ A¡-rcr,l
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3.7, THE. HAAR ttüA,VeltT

A s.^pl" MRA ün É¿?.l ü UrrrU¡' b¡ torwü Mrc 
V' 

(A l.tu gL,bg p.tLo
o$ útrer' tkoA- ronvüst: op g¡'-ck-*'v-, ctÁ a¿ ¿¿r,¡u.,i¡ ; Lh, 

*,,k62.
A *.al't, to*chb^ of tt^"s r'rRA üa , Y= *(o,*1 ,

Srr,..,q- f¡,,.(t) ̂  *f db-¿l : /" y.,y, g.¡(b) we ac¡,''s
" 2 ! '  g l

?u.g = L aN,gt,Jv¡,,.: 
Zb(#frvrdt)#^rt,!#r 

(s'¿or
u vezr vEz 72, /

so 'u\ú,b +lv- ,brt+ü"*> cj,^ = al,yr,.) u.e- as*'Ji..% +.1v a'vút-t
o( ( o'¿* f #, F). ^e

Fo,¿nn^la C3,¿) , tt a,! us ,h. rn: = J-áf {!l t¿Zf:ñJa. f attou:s

J¡¿ &c <rAb@¡*

Aro:=A > .{', r!1 = ;f, 
o*1 h Ínr =o üf n l|o/ L '

bx¡nr,t¿. Lg,s) L'rr,,* Qcwa 
@o1s¿ oPP*nC,"v¿r,k:orrzr ÜJ

co-rrpr = {a Lá g QPt , tcr r.?"d] ,
tuh¿h $o"ar*^N 4' 

Gi,z ct¡no¿"Xu "( {,^:o u¡rt¿ar)eve *^ffu.f

Th¿ h^f-9ona W ¡v-4"0^^¿6 a¡r¡- o.lot¿ir.¿¿,t fr-*^ C?.,q> i

? i o l = - l > $ E c = 4 .  6 ^ d  Q E n l = o  d f  \ * o t L .

81 (3.¿o) {f"" wa^tdú (11a">'t- \ ta

= ¿ [-áV(¿u) +]gtar- ' t_l
kh{?b ^f ftCa a^¡ <1v n**na*| zzruc .

(3,AL)

(3, aa¡

w-6trt".

G,/3)

REI¿¡n¿ I

rV tt)

hJotú¿

T1^¿ d*eY^ ae- Twrn bJ LT.A-A), orrr.r,r*ch c"p,INA to ihñ

{+t¡: . l; [- ¿ cr e,p] " á g c.¡*r:]

thn r@-(.rn¡V¡d,ü.rn alfú:vn\dótrt b" ,rt^r"f*¿ ftrr"^ (a'U>
L2,92\ e^"L (3'¿Lt) :

¿4!z nt tttt

L3,e_u)

or¿ $:clrn

Qreys = rti [ á..-J ü - !\-c¿) ) gtzy+r.)= frLbqúp:. ád=.FJ.
t3 .e5)
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3.8, niurae tsaKr-<s FoB PERFEcT RccotrsaBücTtof\r

Etú{,.A tp¿ktr truo so.¡s o( ?yM" t *r-fnf he f 3 ,*á "[ grnf r ne7 ]

[ ¡t¿¿i-rr¡'q.Qr.^"¿) . 54,¿ d diewk- e*6orA {Ca cn: : ne &3 fo"Uo,- fur;-^L-

t3"5) d""^ L3,Lgt to r¿rx-\¿ ( hu"¿ .h* cn¡ = 'h C-nl )

e,-, r¡3 * ñ cJ * $ tzyT .a,^d. d1-otyl= Q 4.d lzp¡ G,a6s

Tak¿ r\oLo tuo o*fua- set"> t( lt h@n> { fr rn: -.ne&l a^A {$ rn: : nea!

Lalb t@et- ¡ra,fnu> ) o^^"t $oga'> (3"fa) üc, urtrahe

. \ - , V A r V f u
c,rpl  . , f iC¡-r**r i ¡ :  " ' { -z {_r"€ 

(pl ($.9 ' ,1)

rur.¿,* I'n. = ll*t "$ l+.,5 D

Ougrr'or.r : Ehd. urnd.^:c.¿'no on )n, 6, fr ".^d I Eo {ha.t u,e abfain
p*W x¡-rpnstú¡Lt{-- ofr ) t¡aA c> 8" rgr = c, (¡t .

Revor¿t-
\
¿ runl
r\efr

cu*A

g.J-j. . Tf,¡t cL ¿¿srt<zfr scpag {x ro 1,, ne ?}

ar{nt'D &",¿ y ünJ = X ízn1 ( subso"r\,#!- )

I C"to¡ = 
á 

fx¿ol + ><(tu+n¡]

t¡e r,r¡,x,tk X({.o¡ =

" Thrn

C3.¿r  )

B . 2 q \

RÉr¿l-n-¿ A , J-g , dp sam^plrn,¡ bj 
+ 

h¿,¡ alt;o & 9qy,&. ¿xpK\r<-bn
tr.rüLln loyrr,¿< souill> t u( Z ún: = 

"x 
rn] ue h &\<-

á(,¿) : ) xrn: dhu = | xrp: eütPo= x(a*)

TE.REM L g.Lg. (Vebfuú"¿, $e6

!*Y f-1s%r"^, { ro Y '7n.h {c.¡ cn1 --nez! a,u*h f:r*tlLbó¡",ud h, %t A .^I e' ¡¡ ototarr"e 4 ¿l *d "^k .f
- A,

.4l,crr:rn¡ ,kc,^rl + @trll [f -t = o

mF},¿ü).Icr) * {6 $to = L
üorr-wnor, d$ {An ?^fut, ¿rú- o( trtt.L W, +l\e'v ¿xl>t5 4-e fR o"á

.l-L ft ¡l¡¡¡,h h*

$cru) = ad,c(Ál+r)tm ,tud ft", = L 
-t(2!+t)4,-iñrru 

8.3o)
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9aootr. \l.J¿ x"u* e W4 o( LIL fust pa,A . u.re har¡e

(1r É \ rrl = 3 ('). l-'+/ro.¡) = I c,rrEG

Suni¿ ,t{ to = /"f rt *:tn' = Z kr-nl eü'= 
'*ñr

neZ

Tlntvr, W G.¡G) arv'A

nez
Sevtazl< 3.lL ure ,ú*-v-ü!\

( h Cn: stt-al ) '

( 3 - 3 L )

( 3  . 3 2 )

{-r(a-) =g [6,*t/",* ) + ctrw+oGot7 .
áihnü,,r\\ t ov\.L a,b*ct"^s

, {-r(2qr) = 
5lcru> @r + c¿(w+"t@"1 .

tS*;j 3.9A) &'"4 furvrc':,k ? 'LL u¿- ab*a'ó^

4r^ = J-¿!Je-l Ár*¡*ü-r 4t-te->ár, (2.33)

QeyL+rz C¡-r-(2,^r) a^J ¿!-r (e-a) hl .L1*- ¡rra,b^zn daár;{'ed ,}t b.Z,l¡

d^^¿ ( 3 .3 g,) t" ro,rr-brd- ++'z- futb ? a'?* ol +t'z

3- q " DESie rrl oF
\lt/¿ urqM,b üo

frud" +l'¿
¿\- ..-- Ñ

I I¿r) G¡ ,0tLrr:+n) = l-

Cú.^¿ -Co¡^_ 1v -r.

ttrl= {"*htru+n) 9 rttu,te ¿'"* ffi¡ .

plrrees

ftu, F'ttrt fiv*r' {n Únl ; nefi @uA{I-.n : nez}

ñ"
G . 3 q  )

8 . 3 5 )

&^dltoon G .3 5> Jü,r^?"lDa LL"U ¡ . Tf,rm , th€x tlo ¿¡2n ctJLo-o¡,.¡ axl-

Su-p{roo"t to hnuc y*W ¡tz¡q),.�6<'tu'Lqc,n W'1"'r4 atürÁñtt1¿ +he'a<em 6 . !-1) '

W¿ haw c),oos<..rrr, -Q.=!. ¡ &=o trn LA'7q,

fn ox,ú^ Lo Jh¿*¿ J,**t4at =o =d_+¿el4b =o , ute rrv,th h,",¿ eco)
= 

{Cof 
= c, , 

o^{ w.\rLur.?r,^tiq' htnl = fr¿rtl=o , frt.ann ( 9'3q) 6'e obtzq}^

m) X.¿ol =r ;&{'dr ,x, ail*,7te^! 4 we fu*- 'Ivt=!-= i^l '

h aóüL Ll2 kv rr,|ttpt* t oyo¿¿¿Lcd 612 {4¿ W t 
b(2 J.a,.¿" P 

)en^2

rrrvznanll , (u- r¡n^¡¡,k At'wl¿-



ücrc) - -o  t l  k=otLt2 , - ,P-L "

r: f ,*W% ghaw f z ' , 'a

4 ?-- btL tz, - ,  P-L '

W, Uxtbe
ol¡+<telvui bo sqffrr€bat- Wfv'A 'h]n7=*r-f-nl t( f'hit'

-h(u¡l  = L ^Én3'¿{nt" ' .Tf. ,- t

,h(-ol =
u
> )

h=-hJ

.hrn: .'ht - i *,t-n: ¿ü'

3"Jg

t¡v'it-¿l;5 : p,c Lr+e t¿''a'¿.at** ff ol"ttnak^

,.*rnnnb , @:n¡q¿,t an'vqtwe- &(D =o
dcrl¿

= i Jrn:.tnt--.h¿q¡)
A= -N

\AJ¿ ro.rbcu|

I\= -N

U

h:-s/

So *lr¿l +r* +*rsftr. f*,¡,|*-on t'',t-rt b alro n'nrvbar " }bso-'e- {.{"¿^}- JA¿

tu{l^}o( op r.on-ato rnLwu¿*lr9 oF }^ )v) odA '

lfo¿ Lt'¡ ür)z

n . 
-¿ 

e rnf ¿cnuü * htol , I *rn: dcn'JA(¿¡ ) :  L
-f .J L

t \ r \ - l '
+.,htnru,ün'rr + hrc1,, i l"rnf Ct^t

= / - a

J l n

N

= -lr iol + l- Ufnf ¿roeht^.> = ?'*w) t
D=-i-

qlfro* p &'vrtV'> a, W@q!". 
Th¿ f\s-Xf -lfl¡ntVtv- nlv,.,ts 4ft¿-ü_ &

I ,\,

6o-bt1Jd'or ̂  o$ (3.31t\ Am a'!;o -be+c,Xanl* be :a*lrnme-.ü.<ti- H¿f'Lh,

Xzly.* +o n< o .

LEFlf4A 3 . L4.

?xsor. RepJae " f* t, fro üx B.3q) cn^^t tr*"'y*e t¿,2 xa¡Ltc . v

W ,h ¿ ql ) = h(-q¡) ¿?Y\d Suppa.r- +1..c4' Á

i{t , -- á tf,c.,t * }c-ril a.tro sehp'>

R^rrn (I"'JG) 4"nJ. A (}cl --o tñ¡-- ,A-d,q<z

f,=i-l tú & xoot of 
?rrl c¡n"J.,,c. cru^ t*.:aüt¿

tv
6om¿ $ <L,2, ̂- " 5l.i"to L+ wtw = a,-z fr u.-p

,lnrrt= ?(un0o\ 
-^ (Ln t--)Q 1(@b't = g1@S90qrr., -^@f 

Z)PWrrrl

( s . z6s

srJüfú4 G.aq). T'.o'n,

rc.24) a/,,'l fft*¡=.ffinrl,

p (-a) . k(ltt=o , -,1nvo,

ir*, = ({*xfq&s fu-
Aatrc

p(-r) +o (3.9+)
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Th¿ W
S'"nn:,tor¡ :

L3.3? ftva * *urei1b ,V a¡,.rt4.¡ '9F 2¿'rÓ ¡ruornan*5.

furc, -^ (,*]Zf P'" Lt^ru)) ,

Qxvrn a wave'W ry urVh e7 zenn

?Etr",e LT'U) 4^-d (3'31 ) ü^

foca-) + ,o G' 37 )

frnorvsnB "

{9.g4) . b¡¿ obt¿¿ür.

L= (tmBilp( t oro¡ ¿- I fP fr.tc"","¡ +

(^ ryii r" (tntur rrr) (r,z *+ )" F"Ltut ¿w+,r r)

= l¿.,n ?fti.Ptr,,",rrrior'0úr) + crm Yí6r't¡"r-rpoc-**),

Vx & t.¡¡ -- po cx) por", = 3 ( ?l 
(use -I3¡r'la'c 

¡ ' Tkm

6l (t^r) = 3 (l-9?t) -- Y tt,,* Y )

4¡*t 
Q.(-t'ot'r =P [ ¿l€r') =P ( ̂ t ?\ '

Th.,"D t w hrt. +, #ürnJ- 3 r1t'!)^ {t{'"ú-b

(*  ?¡qivrn G*?) + (xra %f 
""?(r 'g) 

=t.  (r-eq)

REt4ARk 3.-Lg- Onu- P oo ̂ YM , *:il*'* Wo'" e;r^ &",:báirsd W

r,r:xibün2. d+rr"* -(c"rl-r;za.tta¡n o$ P(tonz7) = T.,(@'.ao)poc.o:,ul .

2 1 ¡
With ¡=5¿m E t i . -X - !--kh2!- = q'9 > @/Y^{ rcsq\ ü

("uÁ.-TLetv n rn'dclv> t^ra1 !o F*t Ptn,

( ,-x)?* P .? , t ,

&err,W *hbt, loL-L\ fo 6.'"I
(\- a\,

{r-¡¡P tP d" d XP*P '7v-w

¿k po,)-lwrraal ? c¿,,r, b<

fxph" ( 3,tr0) e

? *?*0",4-x) = L

foe+l *a t so ll.a*

f\o @{\4ulm {^cXorn ,

,  
(9 "40 )

3 (+L) +O - fnu-

b3 Bezo.,'*'s cd'*W

grrr-- ct,-r;(i*vt - lvLL-xf 
'Prg (r-x). G-qt)
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5,",,r- ?ty-) irc.inA V u ¡"for,-rni & oP ct fovt á ?.f -t, tM Tayta,+

s@&/) u{ h ,¿,h. s. o+ (S"htl 
M +h¿A .P (x) 'r¡ ttto -Tag.&rrr 

?CI{noo^{h¿

o(, -*r-cfl'+f l ,? ^f t P.F-.t .-fl.^i. c¿¡r.- Lx ,rltI:,'-t¿^ lo "b*""¡

pS-r
Pcx)  =  

'L "  
(  L* [n  

)  r "  / k=r . t  
(3 '42 ;

A=o

trl..t¿h qa +kr- poJg*t*qA o[ srsa'Il,'* ¿"# nc-tUl1"*V B't-to)"

ExRr r tp r - r  "  W P= i l = { ,  Pcx ' l =  4 '+& ' v "  C iwose  po (ww)=4

A"¿ ?",-ro): ü+ l. *;7 (sro pelr-oq}- 3.'L5 ) , Th¿,n , by G.37)

., ln-(rrr= ^,fg = ¿=eI9 = *dü-*E***t-

9o {sb¡ ,hgt=&t-rt = + tu',A -h to1= %". 83 C3.38 )



RE¡¿¡R< g . .LÁ . Toc aa^tr-t¡*s fr'= ¿" or",¿. á" +; hl.z,tu-, rr.,e- n¡át

)a ,,r¡ thú,t h lo a- Sui¿"r.arnehoe- ¡.o-\nmnia.t s-tcsfyCn n

l'{rc-l l$ o | fi.¿t t¡cl lz = L

Ar*¿ lntol = i.. 6&i$9- .*r¿ ¡¡-r,¿^* A Énf )a^d.Q-, lhc*slz ra 4%/ so

-bh"* tu\ rin c 3 . 3É )

l l r r ,o l12= P(boo)>

Sin,a JrtC¡tl =o , ?t-e) 
'-¡htntfs ' Tl'u.¡' ' b€

&r" )orne ?=Lt2,3r ' '  
'  tnJ;4

Ihct, .ol lO= P(toat. . ' r¡  
= (t t  t t")Pq (ac@)

Tt'\¿ ümdJ[üon 13,4, {cvea ,, b ¡'n ( 3 ' 4 o)

.- U';99?,.€txrr:ot'txf 
'F{**¡t I i-

( 3 " * g )

G , 4 4  )

LrLr^ e.^.r,,.¿üe p ul = {r *x>PEtr )

= (*o S lt P ¿.,,o-l G.q, ,

(A . t ra  ¡

( Pt*[ n) ^o >o,rÑ 5 e (o,*7, Aa rYn L3 ' 42\ / P6<) =
P--r-
L

h:O

66*-?)P y (P'TnXsü-" gl"
h:o

= I +lt'l.t i ( t'X-u) (¡.n" Z)n (g'q+r

¡, 
"sX,rcro lrrroor.t'og ¿t* p*ru*nT.r?rr*rn A.cc p"/rfvwrn¡ol f t""igl

e¿,* b" fu"*& bj o +hror&"n of fay^ c-a R'i¿se - 
-Th\" albw s 'r.¡.¡) "t'o

Urül.Lr >1=

So *t\,út
2

l h ¿ r o l l :

U.,$,Vk ,l..ttrl "

frrt {'h. SOn^pl.
.\

h¿,. t= Adt' =)
g-

R,EMftRK g. Ll. Íb¿

(onvo&Jvfona tjtn'lrhr

c¿ ty  f ' - L ,  l hc t r l l ?=  l4 "a* - t " i  
' ,  

56L ía - t

h Lot = hlü = b 
(nonn $''itux- ) '

faCU Atg"¿V süXinc,1o $ (n1, o a(\ É At-t +1.¿
d¿t4\Ér\t hon 6¡^-\ r<.u>nlb.<txt*ü>n $orurwulc,'l

¿ú^^ U tXfu+rekrl ü^ gocaA wry

Ca rnf =o ('>r- n / Co, ttt-rl

t únf 0o yuxnfu.w. .r.'u'L'lr Poac^ta ̂ r / ar'^d tJuJ^, YM

c.,ranWAr-t¿-o¡¡* ou- Úk-u'J6x Unvelc-Ltlu":it¿r

$ únl -¡a ¡¡.a/r Q^,4^ u'r-{A rc;7u''+zc h" - U 
e-d tfe'r.'

Verrto&;z¿- t¡¡u\á F€x&>¿ ¿Nl-

Ffn¿ a?W?M 
"baooloo't 

N,Y)r'rr>-

o
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Tt",. d"fcnitcan "f 14 R/r Surl rm seclcqt

bo (cfg, " To rn ücnbe +h¿ ¿lin €¡n¡.>Ya b>c-

lon W +fú"^th o( ny'.r,s1^ 2'?/"¿ 1n'(r, ^l>

A ,.0 - M RA u^rn ú unsbcu,hA 94'orc^ a'

3"L7

3--l p" ÉcrR"l ¿xtn"I,s
nhc,reL {^)rdbe {vt'tr J'�e &}
¿h€ s.Lv7� f-,.1-4"".

4D-F4 RA ¿r'trüh I'aL\n 7

(3 .4s  )

$$$$$r*t/*-"n Y " If ¡a ev,n*1h b r-ntid'¡'-

.  ,&)  ¡  r ,  I  -&elVr*'=V¡eV5 - L *x,yr= 
nl"rnlfn 

cx)f lni i"1> , ln€Vt' ,  ?neV']* '

tt,"d ,f 
tt',r,l>: 

rglx)y(g) .

ExrRcrBr: Sh¡r@ Ahúh { gat{*-lor¡ ,-kr) : k¡., 2re7} th @^

O¡d*'ct'ryunnul.-� bo*t o$ V:" = % @ Y., .

fn ox,óu 6 F"d 4m o.n. bazr¡a^ of- f Ufl o(w \p. tt,n¡.¿&,< u)n
l"f*.nrtcan 3.1 iu ¡a evwt¡qh V Én*t a- "+,,1¡*r¿o.Uü il ba¿¿ otr
\^f'=Vf'O VÍ'. 

.Txu 
folloo*rr,2. 

'tfunmo)-'/ 
wr*,?r*nfcbn gr.uar ydo &

hüF:

v f '=  VIEV¡-  =  (V"o Wt)  @ (Vo@Uo )  =

= (V"O%) O (Vo@Wo) @ (\v"@Vo ) er ¿wo6\^¿ )

= uÍ'O V" eub)€ (v¿o vo\ @ (wo&\¡ro )
H"tt,z-,

wj" =Qo@\lo) e ( vrJo o\a) o cwo@ wo)

D¿fl¿v.¿
^t iXr!)  :  y(x)t(y ) ,  *1r, \> =  ̂ lbtvz61)

5o WtqX tL{ otothDt-r(/r^a,er¿hJ "+ ' 
, ,'{,1

C¡ rf  L?.t49\ nh-t rs H\aX

{ry*(x-?Y-9 ;  uu&.fu, Q=Ltz,3t
.h ú'n o"n. 6c¿u ol h/3. 9tn.¿ *CrZzl

t,ol{¡,ú¿rn { nlt, i, f t h a^ o,n. tDauu-bL

" n*3(r,rl = *(t)tf (\ )

"f V a^A *.,

bo

:  O  w ^ o ' r w
J: rco {

sg'>ta'r^, fu Ece7¡ "
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C¡-rtkr&l= 19,

3"'L8
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C¡-tt?, ?l =¿ f,* 1r" U-r4: cJf b ¿l
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A\,."< dJf4",,m* bf. "l daJ,ce':!4 d!*rV,1l, {-rrp,*t 6^^,{
. J

Aj-rú ?,17 41r t\or^r obta.ü¡fá tnxtttnpondinT to ea,h 4re o$. ¿t\!

$$¡..üü¿,{^¿ ^¡,tx1g¡1ya)"/fg, $crt^J\=f(x)y¿Vl ar*J ry3rny) = ̂ l cx)*(1).

)uw obta¡-\ns P"ttrurft^ st¡r¡,'Jn'c ti> ( 3" qq ) uru'fh ryWfe
torn'hn¿L'ovra ol tl.¿ -i'D - f^I)t tr A a/nd 

? 
',

( 3 " 4 6 r )

& .,.r . .É,t L"p,4 , al*rr,{ - &"j "{t eytzJl
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Session 5: Wavelet compression and non linear approximation

1.- Introduction

Fourier compression processes can be schematically described in 3 steps:

Image −→
Basis

coefficients
−→ Quantization −→ Encoding

• The main feature of wavelets for image compression applications is:

The largest wavelet coefficients are located precisely where the signal has sin-

gularities or sharp transitions (e.g. edges).

Thus, at least formally, quantization to 0 of many small wavelet coefficients should keep

the basic geometry of the image.

The purpose of the talk is to justify this fact mathematically, by studying the decay

of the approximation error

EM(f) =
∥∥f − f̃

∥∥2

2
,

when only M significant coefficients are retained. Using Harmonic Analysis, we will

describe the classes of signals for which the approximation errors decay like EM ≈M−α.

In practice, this can be translated into average rates of bits/pixel, once the distortion

error has been prescribed.

Example: For images f ∈ BV , the error decays like M−1, and good quality images

may be obtained with 0.2 bits/pixel.
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Wavelet compression vs JPEG:

JPEG’2000 is the best known wavelet-based image compression format. In addition to

Discrete Wavelet Transforms, it incorporates new and more sophisticated entropy encod-

ing schemes (embedding coding, zero-tree algorithms,...).

Some of the claimed advantages with respect to standard JPEG are:

• Superior compression performance at high bit rates, with average savings of roughly

20%.

• Much better performance at low-bit rates: elimination of blocky artifacts of DCT; good

quality images at 0.2 bits/pixel and decent at 0.05 bits/pixel.

• Scalability: possibility of progressive encoding (and transmission) by successively refin-

ing the resolution accuracy (embedded codings).

• Possibility of performing lossless compression, by using integer-valued biorthogonal

wavelets, which avoid rounding and hence quantization noise.

Disadvantages

• At the moment, it is not yet widely supported in web browsers.

• It is not completely license free: there exist legal issues with patents...
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2.- An abstract setting for non-linear approximation

Let
(
S, ‖ · ‖

)
be a Banach space with a basis {ej}.

Note: Typically, vectors in S model a large class of signals, and ‖ · ‖S quantifies their

magnitude or “energy”. We may set S = L2, but models based on other Banach spaces

such as Lp can be allowed.

DEF:

• The error of linear approximation with M basis coefficients is:

E lin

M(f) = inf
{
‖f −

∑
j≤M

cjej‖S : cj ∈ C
}
.

• The error of non-linear approximation with M basis coefficients is:

EN-L

M (f) = inf
{
‖f −

∑
λ∈Λ

cλeλ‖S : Card Λ ≤M
}
.

Three main questions in Approximation Theory are:

(i) Decide, depending on applications, what norms ‖ · ‖S and bases {ej} should be

used to approximate signals in S.

(ii) Find computable algorithms leading to minimizers of EM(f).

(iii) Identify the approximation classes

Aα =
{
f ∈ S : EM(f) ≤ CM−α

}
, for α > 0.

We will consider these questions for Fourier and wavelet bases.
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3.- The Hilbert space setting

When S = L2 and {ej} an ONB, the minimizers are explicitly given by:

(i) Orthogonal projection: PM(f) =
∑

1≤j≤M c[j]ej with c[j] = 〈f, ej〉.

(ii) Greedy algorithm: GM(f) =
∑

1≤k≤M c∗[k]ejk
with c∗[k] = 〈f, ejk

〉 and

∣∣c∗[1]
∣∣ ≥ ∣∣c∗[2]

∣∣ ≥ ∣∣c∗[3]
∣∣ ≥ . . .

The errors of approximation are explicitly given by

E lin

M(f) =
(∑

k>M

|c[k]|2
) 1

2
and En-l

M (f) =
(∑

k>M

|c∗[k]|2
) 1

2
.

Thus signals will have a prescribed error decay, say EM(f) ≤ M−α, at least when the

coefficients c[k] or c∗[k] decay like c k−α− 1
2 . This fact almost characterizes the classes Aα...

Remark: When S is only a Banach space, finding minimizers is a more subtle ques-

tion, of current theoretical interest to mathematicians in approximation theory. In the

case S = Lp and for Fourier and wavelet bases, the approximations PM(f) and GM(f)

are “almost minimizers”, that is

‖f − PM(f)‖S ≤ cE lin

M(f) and ‖f −GM(f)‖S ≤ cEn-l

M (f)

for some constant c > 0.
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4.- Linear approximation in Hilbert spaces

Set

sα =
{

c = (c[k]) : ‖c‖2
sα :=

∑
k

|kαc[k]|2 <∞
}
.

Observe that sequences decaying like k−α− 1
2
−ε belong to this class.

Proposition.

• If f ∈ L2 and c[k] ∈ sα, then EM(f) . ‖c‖sα M−α.

• Conversely, if EM(f) ≤ cM−α, then c[k] ∈ sα−ε, for all ε > 0.

• Moreover, the following characterization holds:

c[k] ∈ sα ⇐⇒
∑
M≥1

[
MαEM(f)

]2 1

M
< ∞. (0.1)

Remark: As suggested by the proposition, a natural class of approximation spaces

in L2 is defined by

Aα
2 =

{
f ∈ L2 :

∑
M≥1

[
MαEM(f)

]2 1

M
< ∞

}
Exercise: Show that Aα+ε ⊂ Aα

2 ⊂ Aα.
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Proof of the proposition.

The proof is based in the following elementary lemma:

Lemma. For any sequence s = {sk}∞k=1 we have

(i)
(∑∞

k=M |sk|2
) 1

2 ≤ c ‖s‖sα M−α, whenever M ≥ 1.

(ii) For all ε > 0, there exists cε > 0 so that

‖s‖sα−ε ≤ cε sup
M≥1

Mα
( ∞∑

k=M

|sk|2
) 1

2
.

(iii) There exist constants c1, c2 > 0 so that

c1 ‖s‖sα ≤
[ ∞∑

M=1

M2α
∑
k>M

|sk|2
1

M

] 1
2 ≤ c2 ‖s‖sα .
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5.- Fourier Linear Approximation.

Consider the Fourier basis in L2[0, 1], given by ek(t) = e2πikt, k ∈ Z. Then the

minimizer with M -linear approximation is the partial sum

f̃M(t) =
∑
|k|≤M

f̂ [k]ek(t).

By the proposition, the approximation class is characterized by

Aα
2 =

{
f ∈ L2 :

∑
|k|≥1

∣∣kαf̂ [k]
∣∣2 < ∞

}
.

Can we recognize this space of signals?

Theorem For every α > 0, the approximation space Aα
2 is equal to the Sobolev space

Hα[0, 1].

Conclusion: Sobolev norms measure global smoothness of functions. Audio signals

have a reasonably high global smoothness, hence Fourier Linear Approximation works

reasonably well in this case. However, images have many local singularities, which turn

into low global smoothness. Thus Fourier Linear Approximation gives poor decays for

the error.

Exercise: Let R be a rectangle in R2. Show that f = χR ∈ Hα(R2) if and only

if α < 1
2
. Conclude that the Fourier approximation error with frequencies ≤ M cannot

decay faster than M−1/4.
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6.- Wavelet Linear Approximation.

Consider a wavelet basis in L2([0, 1]2), given by

{
ϕj0,k, ψ

`
j,k : 0 ≤ |k| < 2j, j ≥ j0, ` = 1, 2, 3

}
(or a variant version modified at the boundaries). Set

PJ(f) =
∑
|k|<2j0

〈f, ϕj0,k〉ϕj0,k +
3∑

`=1

J∑
j=j0

∑
|k|<2j

〈f, ψ`
j,k〉ψ`

j,k

which corresponds to linear approximation at scales of sidelength ≥ 2−J . Strictly speak-

ing, this is the minimizer for linear approximation with M = 22J basis elements.

Reasoning as in the proposition above, one can establish that

Aα
2 :=

{
f ∈ L2 :

∞∑
J=j0

(
22Jα‖f − PJ(f)‖

)2

<∞
}

=
{
f ∈ L2 :

3∑
`=1

∞∑
j=j0

∑
|k|<2j

∣∣22αj 〈f, ψ`
j,k〉|2 < ∞

}
.

Can we recognize this space of signals?

Theorem. For every α > 0, the wavelet approximation space Aα
2 is equal to the

Sobolev space H2α([0, 1]2).

Conclusion: Wavelet Linear Approximation performs similarly to Fourier Linear

Approximation. For images, singularities along edges force global Sobolev smoothness of

order H
1
2 , and hence poor decays for the approximation error: for f = χR

EJ(f) ≈ 2−J/2 = M− 1
4 .
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7.- Abstract Non-Linear Approximation in Hilbert spaces.

For non-linear approximation, we must study the decay of the decreasingly arranged

coefficients c∗[k]. Recall that an error decay EM(f) ≤ M−α can be obtained if c∗[k] ≈

k−α− 1
2 .

Set

`τ =
{

c = (c[k]) :
∑

k

∣∣ c[k] ∣∣τ <∞
}
.

Observe that {k−α− 1
2}∞k=1 belongs to this class for all τ > (α+ 1

2
)−1.

Proposition. Let α > 0 and 1
τ

= α+ 1
2
.

• If f ∈ L2 and c[k] ∈ `τ , then En-l
M (f) . ‖c‖`τ M−α.

• Conversely, if En-l
M (f) ≤ cM−α, then c[k] ∈ `τ−ε, for all ε > 0.

• Moreover, the following characterization holds:

c[k] ∈ `τ ⇐⇒
∑
M≥1

[
MαEn-l

M (f)
]τ 1

M
< ∞. (0.2)

Note: For non-linear approximation in L2, the natural approximation classes are

defined by

Aα
τ =

{
f ∈ L2 :

∑
M≥1

[
MαEn-l

M (f)
]τ 1

M
< ∞

}
By the proposition these are characterized by c[k] ∈ `τ .
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8.- Wavelet Non-Linear Approximation.

Consider again a wavelet basis in L2([0, 1]2):

{
ϕj0,k, ψ

`
j,k : 0 ≤ |k| < 2j, j ≥ j0, ` = 1, 2, 3

}
The minimizer of En-l

M (f) with M -wavelet coefficients is

f̃M = Pj0(f) +
M∑

j=1

〈f, ψλj
〉ψλj

where the wavelet coefficients have been arranged by decreasing sizes

∣∣〈f, ψλ1〉
∣∣ ≥ ∣∣〈f, ψλ2〉

∣∣ ≥ ∣∣〈f, ψλ3〉
∣∣ ≥ . . .

The last proposition shows that, for 1
τ

= α+ 1
2

Aα
τ =

{
f ∈ L2 :

3∑
`=1

∞∑
j=j0

∑
|k|<2j

∣∣ 〈f, ψ`
j,k〉|τ < ∞

}
.

Can we recognize this space of signals?

Theorem. Let α > 0 and τ = (α + 1
2
)−1. Then the wavelet approximation space Aα

τ

is equal to the Besov space B2α
τ ([0, 1]2).

Remark: Besov spaces measure global smoothness, except perhaps for local singu-

larities at isolated points or along rectifiable curves. One can show experimentally that

most images belong to B2α
τ with α ∈ [0.2, 0.6].

For example, f = χR with R a rectangle of Rd belongs to Bdα
τ (with 1

τ
= α + 1

2
)

whenever α < 1
2(d−1)

. When d = 1, this improves dramatically the M−1/2 decay obtained

with linear wavelet approximation. When d = 2 one can show that

En-l

M (f) ≈ M− 1
2 ,

which also improves considerably the M− 1
4 bound of linear approximation.
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9.- Functions of bounded variation.

DEF:

BV (R2) =
{
f ∈ L2 : ∇f is a Radon measure

}
.

• This space is considered a good model for images (‘u + v’ models). It may be

equivalently defined as functions with “finite graph surfaces”, and in particular contains

characteristic functions of sets with finite perimeter. It can be shown that

B1
1(R2) ⊂ W 1,1(R2) ⊂ BV (R2).

Theorem (Cohen).

• If f has wavelet coefficients in `1, then f ∈ BV (R2).

• If f ∈ BV (R2), then the wavelet coefficients belong to the Lorentz space `1,∞, meaning

that ∣∣〈f, ψλk
〉
∣∣ . k−1, k = 1, 2, . . . ,

where
∣∣〈f, ψλ1〉

∣∣ ≥ ∣∣〈f, ψλ2〉
∣∣ ≥ . . .

• All functions f ∈ BV (R2) satisfy En-l
M (f) . M− 1

2 .
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10.- Final remarks: the Lp theory.

Wavelet non-linear approximation for S = Lp, 1 < p <∞, was first studied by DeVore-

Jawerth-Popov in 1992, and later by Lucier, Temlyakov, Cohen and others... Sometimes

this leads to interesting Harmonic Analysis problems. E.g., higher dimensional models

based on BV (Rd) require p = d/(d−1). Some of the results can be summarized as follows:

• The greedy approximant GM(f) is an almost minimizer for En-l
M (f) (provided we

normalize ‖ψλ‖Lp = 1).

• Aα
τ (Lp(Rd)) = Bdα

τ (Rd), when 1
τ

= α+ 1
p
.

• For f ∈ BV (Rd), then En-l
M (f) . M−1/d |f |BV .

• Aα
τ (W p,s(Rd)) = Aα

τ (Bs
p(Rd)) = B

d(α+s)
τ (Rd), when 1

τ
= α+ 1

p
.

• The cases L1 or L∞ remain open.

• For other types of bases (such as the hyperbolic Haar basis) or other Banach spaces

(such as Lp(LogL))), the greedy approximant GM(f) minimizes En-l
M (f) with an (logM)γ-

loss, and thus leads only to partial characterizations of the approximation spaces.


