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SESSION 1: DISCRETE SIGNALS, FOURIER TRANSFORM AND SAMPLING THEOREM

1.- Introduction and notation

DEF: By a signal we will mean a function or sequence, typically repre-
senting the measurement of a physical phenomenon.

e Functions f(t) or f(x,y) — analog (or continuous) signals

e Sequences f[k] or flk1, ko] — digital (or discrete) signals.

Examples

o Audio signals: f(t) = position of string or membrane of musical instru-

ment at time ¢ sec.
e [mages: f(x,y) = light intensity measured at point (x,y) of a screen.

e Signals typically belong to the space L?(R?) (or £2(Z%)) and

115 = [ 1/@F do = Bnergy (7).

e More general examples of signals (for mathematical manipulations) are

contained in the space S’(RY) of tempered distributions.



2.- Basic results about Fourier transform

DEF: The Fourier transform (FT) of f € L*(RY) is defined by

A

f© =] fl)e™ de, £eRY,
Rd

and the inverse Fourier transform by

Flg(e) = gl [ al€) e e

DEF: A convolution operator is

fr—fxh(x)= Wf@%—wh@ﬁw-

The three main properties of the Fourier transform are:

1.- f=F"', VYfeS (fieLh.

2.- 1 fllz2mey = (2;)3 HfHB(Rd)a vV fel’

3.- G:B::fL Y f,he L.
Examples

+2

2
1. Gaussian: g(t) =e 7 = (&) =/ 2m e 7.

2. Rectangle: h(g) = X[—a,a] — f—lh(x) _ Sin(aaj).

T

3. Pure exponential: e, (t) = ™" = €, (&) = V2T 0y

4. Chirp: ~(t) = 7 = (&) = V2mi it
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Figure 0.1: Examples of Fourier transforms of elementary functions.



3.- Discretization and sampling theorem

Given a signal f(t), we consider the natural discretization

F) — fa = {F(%)} e

for a suitable integer N > 1. The new signal f; can be stored in a computer
and manipulated numerically.
Question: Is there a general procedure to reconstruct f(¢) uniquely from
the values { fq[k]}rez?
Theorem: Shannon-Whittaker.
If f € L2(R) and Supp f C [-7nN,7N], then

=) fE) hn(t—-%), teR,

keZ

sin(w Nt
where hy(t) = “DW(T{% ),




Example

e f(t) = sin(2710¢),

Supp f = [—20m,20mr] = need at least N > 20 samples.

e Sampling f(¢) with less points will produce a different signals (“alias
signals”):

N =9, f(&) =sin(2r10%) =sin(2r &) —  f(¢) = sin(2nt)

) =sin(2rk) =0 — f(t)=0.

Observe that the reconstructed signals f have spectrum in [—7N, 7N].

This undersampling phenomenon is called aliasing.

Notes

e Audio signals are perceived by human ear at frequencies 20 Hz - 20
kHz, thus sampling must be performed with N > 40.000. In fact, audio
CD’s perform 44.100 samples/sec (of 16 bits each). Additional oversam-
pling sometimes has important applications, like reducing the “quantiza-

tion noise” (Super Audio CD’s).

e Images may also be sampled in 2D, {f (jkv—ll, ka—z)}, but often these sig-

nals involve much higher frequencies, so the aliasing phenomenon is more

frequently present (bricked walls, stripped clothes, turning wheels,...).



Figure 0.2: Aliasing phenomenon in bricked wall images



ns

06

0.4

0z

0z

04

06

08

Original signal s(fj=sin(20pi*)
T

Sampled signal s[k]=s(k/) with 3 sarmpling points
T T T T T

02 03 0.4 05 06 07 0a 0.8 1 1] 01 02 03 0.4 05
time time

Reconstruction produces the "alias signal” sin{2*pi*t)

01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
tirne

Figure 0.3: Sampling of f(¢) = sin(2710t) with N = 9 points.




Proof of Shannon’s theorem:

o Write f(f) = f(g) X[~Nn,Nn] (g) (*)

e Observe that F~' (x[-nz.na)) (t) = STV — Nhy(t)

Tt

e Compute the Fourier series of () in [—-Nm, N7]:
N _ kg
f(&) = Z age N XNz Nal(§)
keZ
which taking inverse Fourier transforms ! becomes

f(t) = ZathN(t—%)

keZ

e Finally, calculate the Fourier coefficients
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4.- The discrete Fourier transform

DEF: The discrete Fourier transform of a signal { f[n]}o<n<n is:

_ 2mikn

DFT(f)[k] = Z_:f[n]e N 0<k<N,

and the wnverse discrete Fourier transform

2mikn

IDFT(g)[n] = + » flkle™, 0<n<N,
k=0

2mikn

¥ and DFT(f) = f.

NOTE: For simplicity we sometimes write ex[n] = e

Proposition 1 The system {e;, Yo<k<n is an orthogonal basis of >(N).

Corollary

(1) f = IDFT[DFT(f)].

(2) Z()§71<N‘f[nH2 = % Z()§k<N f[k]‘z

DEF: The circular convolution of {f[n]}0§n<N and {g[n] }0§n<N is defined

by

=

-1

f@gln) =) fllgn—4, 0<n<N,

11

where f and ¢ are the N-periodic extensions of f and g to Z.

Exercise.

DFT(f®g)[n] = DFT(f)[n] - DFT(g9)[n], 0<n<N.
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The following proposition explains the relation between DF'T and the
continuous Fourier transform.

Proposition 2

o Let f(t) be an analog signal in L*[0,27], and f4 = {f }0< _v- Then
DFT(fy)[k] = &£ > f(k+ N¢), ke
ez
e In particular, if Supp f C [— % %], then
DFT(fo)lk) = 5t f(k), -5 <k<3%
Proor:
Here f(¢) = 27T f(t)e"# dt denotes a Fourier coefficient of f as a func-
tion of L?[0,27]. Then
DFT(fq)[k] = e
7=0
N-1 R 27l ik
— (% f(f) e Nj ) e N]C
7=0 leZ,
) . N=L omi(k—0))
= =X f0 (e ) d
LeZ \ 7=0 y
= XN f(k+ N0
el
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5.- The Fast Fourier transform (FFT)

Recall that

~ _ 2mikn

flk] = fln]em" v, 0<k<N.

Thus, computing f requires O(N?) complex multiplications.

Example.
A 3’ music recording contains N = 44.100 x 60 x 3 ~ 8 - 10° samples.
A modern computer performs 10° multiplications per second; therefore

DFT requires > 17 hours!!

Theorem: Cooley-Tuckey. There exists an algorithm, called FF'T,
which computes DFT with < kN logy N operations (with k = 3 ).

Back to the example, F'F'T requires < 0.18 seconds!
Corollary: The fast convolution computes
f®g = IFFT[FFT(f) : FFT(g)}

with < 4k N logy N operations.

Proor: Exercise.

Note: The direct definition of f ® g requires 2N? operations.
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Proof of theorem and description of the algorithm

Assume N = 2.

e Compute first the even frequencies:

) N/2—-1 P (% L (%
flotl = 3 flale ™% o > sl
m=N/2
N/2—1 -
— Z (f[n] +f[n—|—%]) 6_% — DFT(feven;N/2)[k]a
n=0

where feven[n] = f[n] + fln + & is S-periodic.

e Compute similarly the odd frequencies (exercise):

N/2-1

flek+1 = Y e (fln] - fln+ Y]) e ¥ = DFT(foas; N/2)[K],
n=0

where foqa[n] = e %" (f[n] = fln+5]) is also J-periodic.
e Iteration: Thus, if C'(N) = # operations for FFT(-, N) we have
C(N) = 20(5) + 3N
= .. =2'C(1) + 2/N = kN log, N.

O

Note: Variants of FFT, like the split-radiz algorithm improve this
bound to Nlog, N real multiplications and 3N log, N sums.
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6.- Sampling theorem and DFT for 2-D signals

The product theory is completely analogous, and can be carried out as an

exercise.

e Discretization:

o) — fo={r b

0<ky<No

for suitable positive integers Ny, No.
e Sampling theorem. If Supp f C [—7 Ny, mNy| x [—=7No, mNs|, then

flan, ) = ) F(332) ha (@1 — &) hov, (2 — 32).

kl,]{iQEZ

e 2-D DFT. Given f = {f[nl, we define

n2] }OSTM no<N

-1 N-1

_ 2mikyng  2mikgong
DFT ]431,]{?2 E E fnl,ng Noe N

ny= 0712 0

This transform satisfies analogous inversion, Plancherel and convolution

formulas.

e 2-D FFT. Consists is carrying out a 1-D FF'T in each variable separately:
FFT(f]) == FFT,,(FFT, (f[,n])).

The algorithm performs < 2kN?logy N sums and multiplications.

Example. Image of 1024 x 1024 pixels. Then N = 2!Y and FFT requires
2,220 . 10 ~ 2% operations. If the computer performs 10° multiplica-

tions/sec, this is less than 0.033 seconds!
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SEssioN 2: THE JPEG FORMATI

1.- Introduction

e JPEG is a well-known format, designed in 1992, for compressing digi-
tal images. Good quality images are obtained at compression rates 1: 8

to 1: 16. The compression process can be schematically described is as

follows:
Original Decomposition Computation of
— —_—
digital image into 8 x 8 blocks DCT coefficients
Resulting file Entropy encoding Quantization
— —
image. jpg algorithms of DCT coeft

Example: A typical 1024 x 1024 black & white photograph requires
~ 1MB of storing space (8 bits/pixel). JPEG produces good quality com-
pression at rates 0’5 — 1 bits/pixel, i.e. the corresponding files occupy

65-130 KB.
Main JPEG features:

e Lossy compression: many high frequency DCT coefficients are small
and can be set = 0. Visual resemblance remains, as human vision is less

sensitive to high frequency variations than to low frequency changes.

o Lossless compression: JPEG profits from special properties of image
DCT coefficients, such as long arrays of 0’s, suitable size decomposition,

similarity between neighboring blocks,...
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1.- Cosine bases in L?[0, 1]

Motivation: Fourier series approximation of f € C0, 1] with f(0) # f(1)

produces oscillations near boundary points (Gibbs phenomenon).

Figure 0.4: f(t) = t* approximated with Fourier and Cosine-I series.

e The phenomenon may be corrected by considering the even extension of

f to [—1, 1], which is 2-periodic with f(—1) = f(1). Thus

Jeven(t) = Z ay, cos(mkt) + Z brsin(wkt), in [—1,1].
k=0 k=1

By symmetry of feven, the coefficients b, = 0. Therefore

oo

f(t) =) agcos(zkt), t€[0,1],

k=0

which is called Cosine-I series of f.
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Note: There is also a Cosine-1V series:

Zakcosg%‘—l—l)) t €[0,1],

k=0
obtained from the extension of f to [—2,2], evenly wrt 0 and oddly wrt +1. The Cosine-
IV basis appears in various other contexts, such as the construction of ONB in L?(R) by

partitioning the real line with “smooth windows” (local cosine bases).
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2.- Discrete cosine bases

The discrete version of the Cosine-1 basis is:
C’éN) =1 and CIEN)[n] =2 cos(B (n+13)), 1<k<N,

Note: cos(kmt) has been sampled at ¢ = (n + 3)/N (rather than t =n/N), 0 <n < N,

because the even extension of a discrete signal { f[n]}o<n<n is symmetric wrt —1/2.

Symmetric extension of discrete signal wrt -1/2
T T T T

08
06
0.4
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02r

04k

06

0.8

Theorem. The system {\F }k o 1 an ONB of CcV.

DEF: The DCTY") and the IDCTY) of {f[n]}o<n<n are defined by
N-1

DT —J—INZf M, 0<k<N,
N—-1

1pcTY —\/—%Zf Mm], 0<n<A.
=0

As usual, the inversion and Plancherel formulas hold:

f=1IDCT[DCT(f)] and 2 |f[n])? = 2_: |\ DCT(f)[K]|*
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Original ramp signal
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3.- Fast algorithms for DCT
Proposition DCT can be computed with O(N logy N) operations.

Method 1: Write

1 itk

DCTV(f)[K] = 5 ¢ FFTon( foven) K],

where as before foyen[n| = f][—n—1] when —N < n < —1. This method re-

quires =~ 2k N log,(2N) operations (some of them complex multiplications).

Method 2: The same type of algorithm as for FFT gives
DCTY(f)[2k) = 25 DCTYL(F) K, 0 <k < N/2

DCTY(f)12k+1] = L DCTY)L) (f)k], 0<k<N/2

where f* = {f[n] £ fIN —n — }o<nen/2, and

M—

DCTEV)(g)[k] = \/LM g[n] V2 cos % (k+ )(n-l— %))
n=0

H

This method can be refined to produce % logy N 4 1 real multiplications
and 3N logy(N) — (N + 1) sums.
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4.- The JPEG use of 2-D DCT.

e For a 2-D signal {f[n1, na]}o<n, n,<n we have

N-1
1
DOT(f)lkike] = 5 D flnna] G lm] O el 0 < ki ky < .

nl,ngzO
The fast algorithm involves O(N?log, N) operations. It is implemented in

Matlab with the command dct2(f).
Example: An 8 x 8 piece of “cameraman” image.

(i) Original signal (in gray scale [—128,127]):

54 o4 57 57 57 60 58 60
92 95 o4 58 61 63 63 64
95 58 o7 66 52 4 43 -4
593 99 63 22 -84 -112 -112 -—-111
95 62 27 -101 -115 -116 —-116 —115
o7 53 —-91 -114 -114 -—-113 —-113 -—112
67 -32 -112 -114 -—-114 -113 —-114 -—-114
31 -104 -115 -115 -—-116 —-1156 —114 —114

(i) Discrete cosine transform of f (rounded to the nearest integer):

—-183 302 105 31 14 1 2 -4
456 —-109 -130 —-72 -26 -12 -1 -2
66 —186 5 70 51 25 10 4
-9 1 83 14 —-40 -—-36 —-22 5
—33 36 1 -49 -19 26 27 17
—-19 4 -19 -6 23 16 -7 -16
—4 6 —-24 17 9 —-18 -12 -8

9 2 -10 16 -5 —-13 17 20

dct2(f) =




(iii) One of the JPEG quantization matrices:

16 11 10 16 24 40 51 61
12 12 14 19 26 58 60 55
14 13 16 24 40 57 69 56
14 17 22 29 51 87 80 62
18 22 37 56 68 108 103 77
24 35 55 64 81 194 113 92
49 64 78 87 103 121 120 101
72 92 95 98 121 100 103 99

(iv) Resulting DCT matrix (encoding the remaining signal information):

i -1 27 100 2 1 0 0 O ]
33 -9 -9 -4 -1 0 00
5 —-14 0 3 1 0 00
Q(dct2(f)) = -1 0 4 0 -1 00 0
-3 2 0 -1 0 000
-1 1 0 0 0 000
0 0 0 0 0 00O
0 0 0O 0 0 000

(v) Reconstructed signal (after reversing quantization and using idct2):

51 60 62 93 47 o4 63 68

95 48 54 72 81 71 o7 o1

60 53 57 63 42 -1 =29 =33
55 64 95 9 -59 —-109 -—-119 -109
56 54 13 —-66 —124 -132 -119 -—-112
70 20 =59 -—121 -—-129 -—-105 —-98 —110
59 -30 -113 -129 -109 -103 -113 -119
22 -7 -133 -108 -89 117 -129 -107

hy
Il

Note: A measure of the quality of approximation is given by || f — f||2 = 0.1249 || f]|2.



Original signal

DCT after guantization

ocT

Recosntructed signal
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5.- Encoding the information

To encode the information in the quantized DCT matrix, JPEG uses

the following sequential zig-zag reading of the matrix entries:

\

A\

AANAA
\AMA]

| \imbk\\\\‘hh1

AN

NRIRRIRI R

(A

One expects long arrays of consecutive 0’s at the end of the block, which
can be coded with just one symbol FOB = (end of block). Most of the
compression is due to this fact.

However, more compression is possible with an efficient reading of the
remaining coefficients, which takes into account their probability distri-
bution within the matrix (see histogram below). This suggests studying

entropy coding techniques.



Histogram far the entries of the quantized DCT matrix

-10

40
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6.- Lossless compression

Given an finite alphabet A = {x1,2z9,..., 25}, we want to find a cor-
responding binary assignment {bi,...,by} which minimizes the average
#bits/letter:

M
L= Z gmpma
m=1

where ¢, =Length(b,,) and p,, =Prob(z,,).
Example: A = {a,b,c,d}. Suppose that a typical sentence is “abacadabab”,
which gives the probability distribution

pa =050, p,=030, p.=0.10, py=0.10.

Here are some possible codes:

al|lb| c d | Rate L

Code 1/00(01| 10 | 11 2

Code 2| 0 |10 110|111 1.7

Code 3| 0 |10 |110 101

Code 2 is better than the standard Code 1 ( ). Code 3
is ambiguous: 1010 could be “bb” or “da”. Ambiguous codes can be ruled
out with the following
Prefix condition: No code word may be the prefiz (beginning) of another
word.

Note: Codes produced from the leafs of a always satisfy
the prefix condition. Conversely, every such code can always be written in

binary tree form.
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7.- Shannon entropy and Huffman algorithm

Theorem (Shannon). Given an alphabet {x1,zs, ..., x5} with probabil-

ity distribution {p1,...,pum}, there exists a binary code so that

M
5::melog2]% <L < &E+1.
m=1
Note: The number £ is called entropy of the code. It somehow mea-
sures the uncertainty of the outcomes {z;} according to the probability
distribution {p;}. An easy exercise shows that £ is maximum when all

Example: In the previous example £ = 1.68, and the optimal code has

L=17T7.

e When the probability distribution is known, there is a constructive
method to find a code of optimal length: the . It s
based on the following lemma:

Lemma: Let p1 < py < ... < pu. Suppose we know an optimal
(M — 1)-code

{(b12,p1.2), (b3, p3), - - -, (bar, par) }

where p1o = p1 + pa. Then an optimal M-code is given by

{(b1,p1), (b2, p2), (b3, p3), - - -, (bar. par) },

where by and by are the sons of by in the corresponding binary tree.

Exercise: Construct an optimal code for

p =005 py=0.10, p3=0.10, p,=0.15 ps=0.20, ps=0.40
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Proof of Shannon’s theorem:
The proof uses the following lemma,

Lemma (Kraft): Every prefix code of lengths {1, ..., 0y} satisfies

M
» 2afm<l (*)
m=1

Conversely, if {{1,...,ly} are positive integers satisfying (%), then there

exists a prefir code {bj}é.‘il with Length(b;) =¢;, j=1,..., M.

e To prove Shannon’s theorem, one minimizes with Lagrange multipliers
F(ly,....0u) = S0 lupn
Gly,....ly) = M 27tn <1,

Then, one must set VF = AVG, for some A € R. Differentiating, this is

the same as p,, = —A27/"1n 2, or equivalently
by = loggpi, m=1,...,M.

Thus every prefix code has L > £. Moreover, choosing ¢, = [log, pLL the

Kraft lemma gives a code with L < & + 1.

Note: As the proof shows, an optimal code (i.e., a Huffman code) reaches the “entropy
length” L = & if and only if log I%n € N, V m. However, it is possible to design codes with
L as close as desired to £, by replacing the alphabet A with alphabets A% consisting of

blocks of K letters. Indeed, an easy exercise shows that in such case

E<SL<E++.
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7.- The JPEG encoding

e The information in each 8 x 8 block is separated into the DC coefficient
(in the upper-left corner), and the AC coefficients (the remaining 63 read

sequentially in zig-zag order).

e The DC' coefficients of all blocks are stored together, with a Huffman

coding applied to
DC', DC?-DC', DC®—-DC?,...

Note: Reading differences produces smaller numbers (because of frequent resemblances

between neighboring blocks), which saves additional information.

e From the remaining 63 AC entries of each block, only non-null coeffi-

cients are codified. For each such coefficient JPEG uses the symbols
(Z,L)(A)

where
Z = number of consecutive 0’s preceding the coefficient
L = length of the binary expression of the coefficient

A = binary expression of the coefficient.

The EOB symbol is denoted by (0,0). In practice, the (Z, L) symbol will
not add redundancy, because of frequent arrays of 0’s and small magnitude

coefficients. This symbol is typically stored if a Huffman code (see example

below).
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e The symbol A: after quantization and round-off, one can prove that
the matrix entries have absolute value < 28. Therefore, each entry can
be stored with 9 binary digits (one of them counting the sign). One can

improve on this by previously specifying the length, according to the table

L Entries

1 +1

2 +2,+3

3| £4,...,£7

4| £8,...,£15
5| £16,...,+£31

Observe that entries with length L can now be unambiguously stored

in the symbol A with only L digits.

e About 7 and L: JPEG constrains these numbers to take values in
[0,15]. When at some point an array of more than 15 zeros appears, it is
denoted by (15,0) followed by the next symbols, e.g.:

(Zie1, Lic)(Ai1); - (15,0); (Ziga, Liva) (Aigr)
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Back to example:

(i) Zig-zag array

-11

27T 38

10 -9 5)

2 -9 -14 -1

1 -4 0 0 -3

0 -1 3 4 2 -1
0 0 1 0 0 10
0 O 0 -1 -1 00 O
0 0 0O 0 0 00
0 0 0O 0 0 O
0 O 0 0 O

0 0 0 0

0 0 0

0 O

0

(ii) Thus DC = —11, while the AC' coefficients are

(0,5)(27)  (0,6)(38)  (0,4)(10) (0,4)(=9) (0,3)(5) (0,
0,4)(=14) (0,1)(=1) (0,1)(1) (0,3)(=4) (2,2)(=3) (1,
0,3)4)  (0,2)(2) (O,D(=1) &HA)  ZDA) (4

(iii) Probability distribution of symbols:

Symbols  (0,1) (0,2) (0,3) (0,4) (0,5) (0,6) (1,1) (2,1) (2,2) (4,1)
Frequency O M r g | | | r | |
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(iv) Computation of Huffman tree leads to the optimal entropy code:

Symbols — (0,1) (0,2) (0,3) (0,4) (0,5) (0,6) (L1) (21) (2.2) (41)
Binary code 00 110 100 01 1010 10110 10111 1111 11100 11101

Observe that this code has an average length of 66/21 = 3.14 bits/symbol.

(v) Final bit sequence:

1010(27) 10110(38) 01(10) 01(—=9)  100(5) 110(2)  01(—9)
01(—14)  00(=1)  00(1) 100(—4) 11100(—3) 10111(—1) 110(3)
100(4)  110(2)  00(—1) 1111(1) 1111(1) 11101(—1) 00(—1)

Here it is understood that 27,38, 10, ... are represented with respective
binary numbers of lengths 5,6,4, etc... This makes a total of 118 bits,

which produces a final encoded information with rate ~ 1.84 bits/pixel.

Final remark: In order to decode this binary sequence, the jpg file should

store the Huffman code of each 8 x 8 block. This may be expensive, so



34

instead one can use a common Huffman code for all the 8 x 8 blocks, or
the standard Huffman tables specified by JPEG.

e JPEG also allows the possibility of using adaptive entropy codes, such
as the , which learns progressively the probability distribu-
tion of the source and adapts the encoding. These algorithms, although
more efficient, do not always give substancial improvements and sometimes

require patent agreements.
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cn \.?‘(_W}) b\\j tovaort PWMU

X

3.4. MULTIRESOLUTION ANALYSIs TN Z(R).
DEF(piTIor 3. 3.
A MOLTIReSoLOTION QNAK\/S\"S (MRA) tonscks of a sequene ag Hosed_
ineun subspaes Vys Je, of \2(R) /aak;oﬁﬂ%- .

L) Vd CV\]M. ?Ox, “‘Q‘Q"jez J LY ‘?(X) é\{j'é:> f(&.’x‘)évé_rlyjﬁéz

w) NViedp? - T 2
)Acz‘ j<407 ; (Ev) Jg}\{) = (e )
W) Thew exists a Rurcheen ¥ & Vo Stch Ahak {P(x-k) s ke &}
o an oskhonopmal basws fore Vo (\.? 1o called Scaling forchcon)

REMaRK 3.4, 1), W) awdl V) = KLC) - See THWT, Pages 45 amd 4G,
N A
T 0,0 od wy hods | Yem W) & Yo #0

A men com be defied by asatming oy Mk dP(x-t) ke Z) ko o
Reesz basss 0,( Vo § dhak s ey .fevo cam be wuton ay  Lou= Z&n‘f(%—n)
G- ~

) V3 -
AN anpx-or 48 D lbal* o
Ahl\&n\ “ﬂezze n “.;,, -



3.2
LEMmaA 3.5.
- Lb Y be a scaling forckcon g am MRA and d.w.fo‘r\l \fA,k(*)=£&\f(g§k-k)/
AkeZ. Thon, {0 ¢ keZ] 2oom o baso of Vy , {eZ,

Lot ij. . \f‘(ﬂz) ——>V3 be the O.rdbh.c?onal wae.d:t?on {*La'm LZCIR) onko \{J .
'Bj ‘emena 3.5 fon amvy fe L-ZCIR), ;

‘ = (3.4)
pvj'f B \<Z<:z(<£’ Care> Faohe
ik wvergena tn P UR) W) = ﬁo:o HR{’f_ll&:o; vy =

N \\Q-T{,quo. Thus (3.4) giver & bebloc approtimation of £ oo
y>0 J
jm\maml,o DL .

X

3.2 HOW To COMPUTE COARSE APPROX\MATION'S . FILTERS .
let Cik1=<{s P> s ke & - Yorr con thinke that  4¢ T3lcz b

& "Good! digibliackoon of o Siqeak § - Can we wmpuke o "w,g‘so—(roa"
ﬁ%ﬁbqﬁf.mkbn)%hw\— Vo) {%'Ek};kek' of g ak a worser dovel € .

BLTERS . Sime YeVe , i\()(i)é\/d by €0 . By @) , thwee exisks
$ind eneZY €2 Auch Fhak

o)

TlE): D hemgdny ,  honi= ] @) PEn e (3.2)

NZ-n ~0
Tadetne, Joswe broms ooy dm e st foxmmda of (3.2) we
obbaing A 0 o\ A | A -
P aw) = (2 hine )\p(w) = hw)§w) (3.3)
N=-b

whete e chm,m) In calid Ww PAss FITER OF THE MRA .,

A"
A

SN Lﬁjd‘l’ G V,jﬂ. < Vj we can wywhe

<o

\?5'1,? =1 <‘(’5-41;> > Qaie> Py
K10

whete
<\Pd'llf’ :‘ﬂ'k}:.,,, = (Qkfk-&Pj .




3.3

Thus, . |
5 "Pj—i,P: r kz h Cle-2p7 \fd'm (3.4)
T~

Sance. € [pl= <f, LPJ“’*'P> we dedue

e lpleia D htk-2pl <§ B> = Va 0 hok-zp3 ¢ Tk (3.5)

k=~b =~

x MATRIX RiEpRESenTATION OF (3.5)

B R |
: ... Fa By ho ke ke ||
Ca B4 — ren
Gj‘i['o] : \IE v 4\.(‘21 jlf‘l] &CO} 4[(1] J\CZJ T CJ CO]

..IEn B3 hin k] ha -~ || ¢ ta

Ci-oT4)

§ .
¢ L]

(eps] =8 Hic,]
X,
REmARk.3.6. Tn provkie & 1o (veniont to have Rl wibh «
Q‘wl\r,vxmbm o¥ hon -~ 2810 caafv‘dav\ks CThas }Q'«Qhﬂ/& wcd Pnoduu. wavelhs
wikh umpa(i Sup'\oonkc

REMARK. 3.7 . Formuda (3.5) cm be waton on a wennelidion.
Jort G sequene XNl weCke X*Ind = X C-nl . Them |, (3.5) 4o

J‘: C Fj = Ve (-l‘ —*JV'L C&PJ . “ N

K

# COMPEXITY

TP the fothoe [hinl} han exably T non-zco weffounmts, the
Yuwboot og ((unvpﬂ».x) opma,&cam neeced to tampute G, Tp1 (p
fixed) fom (3:5) (o & Ik. If e augonat date hes N
non- Lo W-FW {CJ CI-J}/ we hove only %’ non -2eco Malues
0(.) Q[—LCPJ ,TMI the totel paawbet Of OPataJ.—Cow: reeche A o (.mw(cw)t

e none dapprodimakton Ciypl n K ik.a-"zj;: kN.



| 3.4
%3 DESleN OF WAVELETS FROM A8 MRA
( 5. MALLAT , 498%)

lebk Wo, be the wabho‘%onaﬂ (‘DmPe:mer\t of Vo en V, , V,&Wo =V, -
Defora W) < { @(e)-.ﬁ(g’t) . PeWo ) for atl e . TE cam be
orocd bhak Y @W) =V, forall fe Z. Thw

* 4
: V= x . / (3.7)
Y4 OW VoW oW D W
l:y«.&o
YNy 2
sne (Vi<d0d Sine UVy=L'(R) we have
sez ¥ Je&
2 > W (3.8)
2wy - B W,
L=-p
LEMMA 3. ¥

GorcaQossis © 10 obtain a Wavelt ﬁ)’t LQCHZ) L6 oo emvt,\ﬁk
bo fnd N eW, such thak {N(-k)ike 2]

i» ey o.n. basis of Wo.

PROOF S’det‘vxcd wikh am 0.0 bassy of Wo of the foom
{np i) ske &}, the axgoment of lemma 3.5 ohows that
{‘hk: ke Z§ 40 Gm O bash of AR The searelk follow s

fomn (3.8) .

X

THEOREM 3.9 ( S, MALWT, d487)
leb LV, tje#F } be o MRA, with Scalling famcteon P and Low
par fitkor h(w). If o £ o fndwon define d by

A A N -(w

Nw) = %(E\\P(%ﬂ%) wikh g w=¢e Aw +1) D(on),
‘:hm Vwy b2 &.ﬁ\P@vCodu‘c wokh IOCw)l‘:i @.ewelR, then N
\!

5 am okonomel Wavelk fore LA(R) .

We bakce Vwy =4. Fom Gy € “Riwm) e Fovxowe
weffousts g Tn11 of ‘G om be oblutred fom the Foucer
effcuenks of {hTnd]. In fack,



3.5

vn D .
oD . -(W7———— W Ln(w-tn)
5 4 In] éuw) = gw) = e Alw+n) = € Z Atnl e
N . N0
N 3 N-1z-k -k hkw
- nz-eD =0
Thuws, A-n 3
9ind = (-4) h [4-n3 ¢5:9)

X —

Exeecice 4. Theorem 3.4 Gven A wavelbkt dn tocma o‘ﬁ ok Fooswwe
tromsform . Use (3.4) to show thak

© i-n
=g 2 (B ATa-ad Pat-n3 (3.40)

N=-0

%"ZVCMG an expresycon Oﬁ N Im B bime domon .

~ X

3.4. HOW TO COMPUTE THE DETA(LS
The wese weffcwonts Guplkd =< § Bo> s eZ, of 6 sgmal £
N . . 3-45 4

O O‘O‘\TCUVNA % H\Q waﬁfcuawl-ﬁ kaji -.—(f/ ‘70_1”_(>,‘t63‘} ug{n%,
the Jow-PaM feetec weffovionks Wikl @y desorcbeol tn (3.5).
The deballs nok uu()LchA. b3 thdo warcse a1or>nox0ma/{1?oh o
Shotd S the  peffevas

d};t‘d = <, “Pd-i,nc> , (3.44)
whidh wie the waﬁ@b«k of-l'f\g D)uu\oca,ov\a,Q Px,o}\e_d?(:on /PNJ—J.; LZ(le)
.,_9\}\_}3_1_ These detaids cam be obtwired from éhe daka
{Gitel:eZ] by mearns of a formutda fmilar to (3-5),
rephaing the Jow pam flhe weffcunis A G by th M%,FM
Pothor welliuenks § L[],

T . - .
10 be prewse, s<nhu otl-irP é ) C\{J we can wuwlbe

D
(\h-.\.,P = z%;f (\,'J'%P / \Pdrk> %,k



3.€.

oD
Frap = V8 2 &L P (3. 12
k=0
Stnee. dJ'lEF] z < ﬁs ,\h'J-;P> we dedue
2 ___ 2
dg-uip] = o 2 §lk~2p3 <P 9> =\ ) §lk-2p1C [1e]  (3.13)
le=-wpo ez

QEMARK 3.10. As tn te awe of 3-5), fortpacta (3.43) cam be
sl een On o bt X foxm'\ E@l\].ﬁ_]=\5 GCCJ] @l alio ar a
Conno con

@g.j_)fP]:\{z C:) * g*CzPJ

- X

(3.44)

As tnthe e of (3.5), the Bvmbeoc of operaktons hewdsd to
tonpuke the B dletod weffouents from the N 050280l Hon - 20w
Mﬁu‘u‘a\%,usc% (343)5 w RN, for a plh lzleemgkhyEQ
Thuo , Ye dewomporclion algowthns  (3.5) avol (3.43) swgore
a tolel of kN (wmplixy Opotatcons .

. £2 PLI ‘2 r

Cms C,in1 &——— (il &— (in]
‘ . .
$28 ey




3.7
. , 9 ,
51:0:()6\4\56 wkth N = w@,?fkub«ks/ ™M 5&:PS/ with M £4, cam be
poufocmed of the dstonposcieon algecthms  (3.5) and (3-13) to obtaln
N/le ooutse w?—?r&‘wmls {CJ%CM} PJ‘*’)

— ¥ toaa +

AN ) 2"
fokoicts ok dilock Javels . Thuws , @ tobel of V(4 50)+ Ngn= W
fden 0w Stoad ot the end oﬁ thes process .
The Wolcliyy Uf wavelts to compress date ée&deFm«ots on the
fwrwbor of Small detadds thab o be Seb bo 2eto before Stordcng tie
saonsheoon process .

X'g

7.5 THE [MPORTANE OF WAVELETS WITH 26RO MOMENTS
A Rincdcon of has P 2w0 Moments o

flp\wmd{: = \j;‘iz\fuc)d’c ... =f {:Pd(:f({-) dt =0 .
R

Zesto omenks of a wavelk ou unxfwobwﬂt to have small wavelt
weﬁkue«is To see thws, suppase thok o hes wmpact soppont en
Lol Ged € 6 CP tn a rectbdibood of kg’ By the ToyLox
foourdo ‘

v-1 ), ) h (P)
5 (k -l
D=0 n. PJ
v d on [k&:')ﬁ (k—ﬂ"\)ij) C—P\OOQCV\% j’ /eamﬁe_ . Thuws

kM

) i/
e Pty = [ 02 e e ] =

%

)y
C—
+&

P} \ 4/ -_— ’
£ Gy Fgf’mp 9 o CQle-k) dt /
: ka1
.Y 2 21 1 p
pCa -'i-[ s0p ':ﬁ%ljj (b -2 k) At
°0F.' [k 7 A
2 | a2l 2

, 3 Alp+ ¥
= Clpiy, §) (%)Pﬂ& - C &“P“") (3.45)

N
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—Thk\/)/ LUCL\IP/QQ*) w\:th (a3 zqa.)cée M\O&)V\i\ oﬁ Lore> IYNomerv{-S ”Pwd&k& smalf
Aebails wéﬁcms on Smooth Po«*t)l*.s O)fa Lol The numcber  of
Yo 2000 Momerds of a waveleb p tn refledkd on the behaviowr of
e dovwakoos of e dow-por fbr h @t e pocnk I,
PRropostTion 3. 40
lek o be um orkhonamme? wavetik tn XR) LI Fw) e cPon «
i\%}h. of w=0, the &%wc%w e eﬁwm;
1y & s p 2o moments
. A
0y AN (py=0 , k=0/4,-, P-t
dw™

LI /
(oY) Fore the dow -pan ftor hw) , (1) 20, =04 -- _
w .
Proor. We have
kA _Cbw > —Cbw
My A (J Y dt) =f Ho) () e TdE >
Avk  dw* -

kA ©
S AN oy [ Epaat .

———

dw' 0
Thws prioves L) & C0). By the S "M allakt )auJPz (Theovrem 3.94)

(ockh V=4 we hove A{,(&w)- 8 Jlx(w-m) \pcw) . Sone $(0)=
(it ,\r(o)m. ‘de'cu\ﬁ Avunakcven

(3.46)
~(w 27\\"
%‘f W) = - Q J\(&Hr() \()(w) + < (wwn) \p(co) -+
~—U0
€ h(w+n) A“p (w) (3.14%)

- A
TP we apsvme 0y, Sone we &@wao(‘j have R = A(p) <0 ue deduce

0= 0 + gi‘(a)m)@(m +0 .

‘W\J.,‘A, d)“(r() 20 Mva “P“”" . Btowzo( bj Lol chcon 0(> to P-J.
Co.we;(se)bﬂ,bﬂm YYITE vl tw)/ (3.146) g wn /){»\(0) =0 , awol (3.41)

producs é’l’.(o) < 0. Take mare dvipokden o prove the result. -



3.9
3.6. THE RECONSTRUCTION  ALGORITHM

The  dewomposcteon alepsting Of seckcons 3.2 amd 8.4 have am (rwerse
ahgorom Lhok revers the Sogmel f Peuiely from the warcse
wp,ﬁcubw\é od bre detadd onen | Thio s due to the e wreposeon
Wiy ©Y)s =Y, - In fadk, thyo equaltly ohows that {c@_im}%&

e{(\hdlh}ne} £ @n 0.N. bayno 0£ VJ . Hone , fov LE”Pe Vj’

0 80
LPJ,P = Z < LPA/PSHOJ‘J-I") \fj’i,n + Z < LP:’/P s I\/j/j—_j_,n> Ak”"i/n
n=-go |

N=-0

b

3.4) R (3,12) 2 . ——
( L' Va2 Z_ J\EP—&W} LPj‘i;n +Vz Z %EP'ZH] ‘\h-i,n_

gl

N= -0

Nz -0
Thuy,

D 4 ] -
CA Cpa= <£' LPJ;P> =V 2 J)\EP-g,n] %_i[n] +7 Z 4 Cp-2n] 0{4_1 Tnl

(3.48)
N0 -
\A)KQ\T‘CV\% y X Cpl of n=2 =
Xtvﬂ:g o Cf N=2p+4
wa haw

v
@Jﬁf‘] = \g éj-ik)tr'?} c 2 d‘]‘i*%c?j (3.4a)

CoMPLEXITY . Tor disotebe sic(fna;%'og Wh N te hanrwhbec 0?0}»&&.&60;\4
needed bo tompede

bhe rewnsbuddon WEN  (3.49) do 4T with folkns
@‘_@ Jenafln Te.
4
L h f A
C‘A_icn} -—-L-—-—> ¢y, Cnd — .

CJ in1l
dq-,_’En] . |

Aﬂ_ll:l\]

X
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3. 7. THE HAAR WAVELET

A sinple MRA On PR) (a bullt by tonscdvting V) as
6%)' LZ(,(R.\ Hhok wncsks og ancktbm thak we wnstenk en
A Scaling fomdiion of s TRA Ly px Ag g -

A . 8/ \ A/
> \PJM({:): &Z‘P(ib-k-) = ‘29_ ‘X[‘_f, Krd () we have

Sibl)ﬁFCLu—

khe

T2t a8 .
- o i »
’ ez ke ‘Zj 2’ 28

<o ‘H\«G)\:‘H\L coaﬁium&s 61K=<«€/ (PJNL> ot eSse |‘aﬂ3 the Maﬁy_,
ovor [ K. kxd
0(2\04 * Li’ 79 ) 00
Yortanado (3.2), thab s A Dnl= Ioojg’g?(—f)_@—n')'db allow s
Yo olotaim

®

htor1=4 , hte1-= % and hini=o cf n#o,4. (3.24)

EY
U

-

Tosumude (8:5) thek goues ®Lse appseoximaktons W0
Ci—'LEPJ = ‘fé.. [gj QJ EZPj + i_ % EZP‘TH] s (3:&&)
o m”Man"w aretage og two conrutive Sompling. wabas .
The higl-pan Rebor vabus ate chtaned from €8.9) !

. ,4 N |
%LOL-i > 4Te1= & and  gIni=o ) nto . (3.23)
REvsRi: By (3.40) the waveldr (Hase) oo ri i‘
T_4 4 | o
‘\\fU:) VA ‘3)“?(.2{:) + E\P(&\vi)] ~_\ ‘ l N
NMW*MMOMWW' | }'/; R
| -4

The details e given by (3.43), which applied to Wis case gives

d\\,itpj =2 [—'i Cd pl + jfi % C2P+1]:J (3.24)

The retonstimdscon algoeCum comn be wrprkeed from (3-43) o fom
(3.22) and (3.24)

eyzp1=VA [Le tpr- 1A Tp) 5 QTzpeng= R [£GTpd+ £t
(3.25)



3.44
3.8. FILTER BANKS FOR PERFECT REONSTROCTION
Stk wih bwo seks of AL {hintdnezl ond {qmni1zne&}

(st walues) « Tot o disoake 550 3G In1ineZ)  fodlow faxmudcs
(3.5) awdk (3,43 ‘o wsde (how K Tnl=hT-n2)

CratI= R C v K T2pd  and A,Gpl=Vid)eq'lp1  (3.20)

Toke row two othor seks of Rekooy {FCnainezl awd {gm:nez}
( 2o 1eel Nabues ) md folloo (3.42) o wulle

c 4Epd = \!ZL@ *hLFj +{’z *g £p3 (8.22)
X ez T
whens X Cnd = 3\ o C.( n= 2PP+:L

QUESTION™ 1 Fnd Who\tulo'm on b g, » omd'g}’ so thet we obtaln
me s onstwlon J thet s @ EPﬂ \Pj

Remorie 3,44, TO @ disvete Simal {xTh1:neZ} we wrlle X(w) =

ZXL’,&@MO amd MCnl= X LCzn] (Su\oSOm\;{)ﬁ) Tham

nez

N () = é’ Lx(wy + Xecw+ry]

REMARIC 3,42, UP%""‘P}’*"‘& by gl has albo a Stwpl expesscon
wokn Torupe Sotien - L£ ZTny = thj we have

-nw w
Z(w) = Z 2ty € = Z X Cpa e “P = X(Qw)
nez P&

TEoRema 3.43. (Yetede iasg)

Yorfek retonsbrudton of amy Avsocete sipnale ¢y tnlineZ} wath feker
bovks n, %slhami% W oototred Lﬁ@«\o\ovdﬁ :f

«'k’x(uﬂ—n) vO\Cw) -+ %(co+n)%(w) = O (3.2%)
@i

Ay j\(w) + Glw) %(w‘) = 4 (2.29)
orewvver | ﬁ@lc\\a fbxﬁbm ow of Pt be Wﬁ,kw exists @ e and
LEFE mun bhak

L(p’Ul nwe

- _L(lh')w—\_._.
Guw)= @ Al awd G lwr = L Noy (3:30)
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Proor. We gve e pmoe of the ﬁ)csjc Pwot . We hove

(C’ N Ywy = ¢ g (w)e W o) < < (w) h(w)

- _ ‘ Cnw O —
Krie A (w) = ZACn]e = D hi-mle < hwy (hondswed ).
nez nez

T‘fuw, Bom (3.26) and HKemoze 3.44 we obtain

Ci,-L(:Lw) :_\% LCJcm)J%Cw) +Cy (wf»n)lxaum)] . (3.34)

Sumidatddy, one abtuing

s (200 = B [Q 0 God + Gl gamrro) - 53
U';Cwa. (3.27) dmd Femanrk 3.42 we abtoim
e Js v ~
ch): ‘9*(3’1—(‘9”“)3}‘&”)*UE%—L(Z‘D)%(‘U) (2.33)

dnd (3-32) to wnbude the ot park of the earlk . -

3.9. DEsieN OF FILTERS
We wemk to fond fornke Rtovs thTniTneZf awd {hcanezd
S thak
m) j‘\(w) + h(w+r) IwaJm) =4 (3.34)

G

..C(O N ‘ -« »
%Lw): c %(wm), %(w)e Q&wﬂx(w+n) . (3.35)

Condlcon (3.35) drpdiey  (3.29) . Thus, hese fwo (onoliicon, are
Subloctont to have mea} ionciuikon flbony Quooiing to Hrearem (B.43) .

we hawe choosem  L=4 , & =0 tm (3.30,
In ordin ko Jhane S “P(“dﬁ“o'\y )AL zo , we muak have geo) =
=§Lo\'o OMA wwu»wh«j )@x()‘()v}x(ﬂ.\ =0 . ﬁ(vm\ ( 3.34) we obtaim
o hio) =4 H\mm na}ooflw;i ng Chonse.  MNoy=4= /kco)

Tn oun o W waltelk o asouekd bo e [ ¢ to hae p e
momonks, | (e mwurk /ueppose



3.13
k™ - N |
Ucn):o Cf, k=0,4,2,-,p-1 - Samilanky ; fore £he wavehk N emouaked

gt s s A< ) -
o the flet § bo have Pmmmm,weﬁmkmum gy =o

of p=o4,2,-,pL.

We resbud o.cheQw,JN to Syt petous hin1=hinl of forne
Jonghh . wrabe @)= I Ming W Thun
N=-N
L4 hw o ~Cndd o ~CnNw
h-wyz T htnie™ = D Ainde = J Amnde = hiw)
N=-nN N=-J N=-N ‘
S0 thak Ha wamsfor fdion hiw) to abo nymnebu Dbsewve thok dre
oot of- hoh-Zeno Loe,WuB«\l—s aﬁ h w odd.

Fore Hwp case
-4 ~Cnw - —Cnw
dh () = Z_‘@\fnle + hiod + Zj\fan,
A
-NJ

W Cnw o ~Cnw
= 7 hime + Aol ¢ 2.hinye
4 4

N
= Miol+ D hCaldwonw = '?(u%w'), (3.3¢)
n=4

whee P devokes a Paﬂyr\o/rvw,@, The paxt damme nhows thak «
Soludcon o of (3.3y) tam alio -be token f be Aymmebece st
m}Pch%o Nz o .

LEMMA 3. 44,
Lek «h(w):h(—w) dmd  Svoppes< et ,{l: 50)1‘/3101,0/; (3.384). Thom,
#* Ao o .

Wiy =4 LR + Kewi] atio satofies (3:34) amd Fwy= ).

Proor. Re‘:&am ® 3;1 Bj 3'«# im (3.34) and (D/NPM&W.;M. a

Tom (3.36) and AU =0 we deduwe p-4) <h(Hy=0. The,
X=+4 o & soot of Px) and we can wute ‘p(x):(im)@glx) for

some R<i2~0 Sine A+wow=Qe D we hae

N PR b P
i)z plwrw) < (4+bow)" glwow) = &“(m%i‘ Gloyw) =(‘°’2%)p}>o(°°7w)

Pol-t) +0 (3.3%)
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The e (3:33) gover & waoveluk !\T« wikh )‘l'ﬁ 2000 ivoments,

SJQn\C/QOf(ﬂj 3

o 2w P
Hw) = (w3 F) Polinw) 5 Pola) #0 (3.3%)

Gver @ wavelk o wkh &P Zoto Irvorents .
’}ZQFQM (3.37) awd (3.38) In (3.34) . We obtwin

'\)
i= (‘*90_7,) Po(anw)tuu ) Pouo)w) +

A

2 2P
XS NETSENCES s TN

_ &(p P 2(p+p)
= (»» %) Po((mw)PoL(Dow) + (en 2 ')LP ?OL—w)w)$o(-w3w),

Lek Q()ﬂ)z Po(x)i;o(,)g) :f(i_;_-.)i) (USe—@j,Ly{) .TLU\’\

Q (ow) =1?(¢—_%_&J) = J?(sz‘éz’.)

@ .
G (~wow) tf(d:i—;“—w) =P (=’ Z) .

T, we haw J«w@w\oL 2 2uoh that

w Up+p)

2p+p)_
(1o 2P P Pl0d@y « (smg) | Bl?e) =4,  (8.39)

REVARK. 3.45.- Ona. P W0 (D’h\f))w{'ed dxﬁcwnﬁ: fui‘z—z/ Can ke obtaxped by
u)mkch d;.ﬁoz«mjr -eadoa‘zaﬁmn o,( P ——-) = ?O(Coow)))o(qu))

With x= Sm & 5 A-xz4-0n’S =0 D, and (339) 1

(1=%) PQ(X)-r ><P PP(4x) =14. @&-40)

Recall thok  pol4) #0 aod Pol-d) #0, 0 thak B@) £0- Snw
()PP ad xPHP dhove ho i fadons , by Bezowk'S Conddly
the poﬁ«jwm@aﬁ P cam be Fouvd/l_(“@m V2 gmakher oay o fCrol P,
Prom  (3.H0)

~(
Boo= (4-x) Pap)

N
- thbx;(wp)i?(bx)- (3-52)



3.45
S&,ML P reunk be o Poﬁﬁr\omial o(ﬂ da%maz. £ P+ "\]5-1 the Tagxom
Oﬁ Cl~x) (P*P\ 01(2 dufwz £ F+P‘i LThin cam be Wd o ob‘kﬂuy\
P4p-L

Poo= 2 (XY kaped Bs2)
N=o

Wwhech on the Pojﬁmn\id of Srnatlok e /.)a;t'%ﬁjcwa (3.40).

EXAMPE . @t p:}':i/ Pz 4 +2x . Chose pyrwmw)=1

Ilwy = cooq% = 4+ W
so Wbt  h[1=hi+3= £ and AloT= 45 . By (3,39)

,\) p &
hlwy =(wo L) (44 2 L) = ngcj;w [4+4-trw]

4 ) 2 ] y '
_..(ww#-(,ao - - + = (N ..l+u;72,w
2 ) w -w W 4 Qwaw A+ AW

I

4 -

- 3 Ay 4 .

—rk)-U)/
N A o~ ~
./‘\E‘Z-]'Z}\EZ']:“% - j\ 11 = }'\Ej_] .4_1:'.. and \})on:'g/qa
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REMAR< 3. 46. Jot waveteks 4z h amd galh; hene, we must fnd

Ju s thet h I a {Ju'fdcrwme,tml pelynoma ok Qa’(‘cs‘ﬁfjcf‘%
Lhaoy | +1 Rew+101% = 4 (3.43)

Gnd Ilo) = 4. DUy we wenk hTna xeal | hews|? & even, so
thak @ tm (3-3€)

Lheost” = p(wow. : (3-44)
Sing AO)=0 5, pED) 2h G0 - Thus , we wethe PO = (1 +0'q0)
bt some p=4i,2,3,-. Thin
lh(w>\9’=’?(wow) = (14 tmw)Fﬁ (o) <("D°Q%_)Pf (wow) (3.45).
The ondlhcon (3.43) %CU% , @ Am (3.40)

~ (4.»}@} L0 @ X ,PI&&R} 4 (3.46)
wlth X = sin % ¢ To4d. Aaon (3.42), P&xy= > (Pmrri)xn;q
so Ahok n=zo

\\'\.(‘0\\ - (m :L)P (?-m i)(g‘;“l u))
n=zo
W g0 P .
= \‘ﬁ& l ¥ o (Fh (y:nz‘&&)“ (3.4%)
h=o

A Hsg}uwm noot” of the Pom‘:o»( tmﬁomm‘c FoﬂAtly\mmE/Q P i w )

Carn e (?ouva bja{:‘\ewwm ag Fayn,&v\a Riesz . Thw allows us o
Comprdde I () -

: A 2 Aeetw2
Fosc W\SWPQL tare p=2 lhCw)l "= 'T‘ s So that

hiw)= é:g“’ o hlol=hidlz4 (Hawe fPc).

RempRi, 3.47. Fox fonlle disoweke ségnats € Tnl, 0&n sN-1 the
Convoluktons Am Fha ok lanponn fCon ava Herontbuwctton §oromuelan
Coxn be Lndorpueiedh tn saveral woyn
° (i Cnl =0 for, n g Co, N-171
sQanmwduzewCEHWN' amol thn , the
convalutconn aw axuddat wnvolkutcons
o ¢ TnT Do mrode W@J\U’»C{’h)'CLQPp,u\—@ib Qe e
Pvu,od»-ze, with  powod &N

o Fond appropriote “baseolor /' £tes



3.47
3,40 THE CAsSE OF IMAetES

The d.e.?wukw\n of MRA gluen tn Sedtton 3.4 @»c 2R) extends
Lo (P2 . To imdicadie the dimeoricon we shatl wyelhe {\{‘(Z):j‘e z}
fos¢ ke :ffan\*ﬂj of /:u)osme}amc\ LQ(Z)(X/@) bhe scaling formckcon .

A 2D-MRA cim be onshmded fom a 4D-MRA with sceling
@m\()ﬂ?on \f - Tt 10 enough o wnicdee
@) 2 L

Vj E\/jéOVJ‘ =1 fcx,3)= Lafn]fnw@nc\,) > $n€Vy, gne V)t

Nz -5

AR

amd P = QG0O%Y)
EXERcisE: Show thet 4\9(2)C><~k1, Y-lep) v ky ke z ) 0 an
Drcthonaumel baids of Vo< V. ® V, -

Tn ortdec bo ford am 0.0, baass of (R of Ye type wnscder tn
(ﬁszMRém 3.4 1t enouwh Lo o & Ctmpadakcon” bases of
Win :Vf)@ V:,Z). The {?oﬂnwn:v% oernal mvpukaicon glven yau a
ek

VP2 V@Y, s (Vo®Wo) ® (Vo®Wo ) =

= (V@@vc)@ (Vo ®Wo) ® (Wo®Vo) @ (Wo®W,)

@)
= VO @ 464:6%)@(\/‘}0@\/0)@ (WO®WO)
Hevxbe—,
(
Wo = Ve®Wo) @ (W 8\) @ (Wo& Wo) (3.45)
De,(i‘;m ,
2t Y = oY ly) ‘\{*;(X,‘-j)zl\}a(x)\p(g) s /\fsCx;y):‘Wx)’f(y)
So khek the oskhonapmality of | of P amd ¥,
God (3.4%) dhows that
(b y-K) sk ke, 02123 .
by o0 0.n. bats of WO Sne 12(pD) = D W, e

J= -0

toMedcon 4"#' ‘TZ’ ’1’3}( W @0 oN. wavedik syoteen for FuiR?) .
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\/(7_) v(z) The ob.‘a%mm on the ,?,af;% Suga»gs{-
J how ko Rnd a. warie approximakion

L >
®LZ) / CJ—J.Eki/k:z] =< 39: e Pgaayic” >
WJ’L ﬁ&wm the Oﬁdﬁdmﬂ oe S uents

(3 D‘.L,Kz] = < ﬁ/ Lp:j,ki(f) kﬁj]kz @) > .
A wompukodton  mpllen to e ore Lisding o (3.5) phow s

G TP =3 2 v WA N keapah [2-243 ¢ Lk, 2]

ke Qez
=2 GJ* }t&é[zp,g@j (3.49)
Thovee, dﬁf—fmzfv\* ﬁmx of detaris ci;_ltp,q]/ d:*i,\:?’a_‘] v
dj-l.t?’ﬁ] ang inow obtadngd ('me,‘oond@nca, to eadn One of the
Prndlasno LY p00Hp 5 O =H0PLgy avd 5> = 4 60 py)
One vbkatns Bromudas simlac to (3.49) with appoprecate
tombocnadcon of the AD -fters h amd 9 -

i % +
dj_LEP,g(l =20~ h c&* L2p, 241, olJiEmJ = &cj * g*«ﬁ Cp) 757

, 3 _
ard A Tpigl= & Q3 gtqt (2 297 (3.50)
Qlums Rows
¢ : Al i ‘;; C’J' 4
G die da
T |5 |
d_l'L dJ—?_
1 3
P

2D MPrese»l\J\‘a,kCoY\.
Totrmudon (3-44) ; (3,50) et o do ﬁ)wc &D’OJV\\I‘OMQM/
wile the Left dvsrane. phows that s3¢ 4D ~wnvalidkconn
em.ou% LC dowe bﬂ Hows and them bj whbuomns ,



3.14
As im Seddon 2.6 (3ee foumuds B-49)) th ewnsbrckcon algoreithm
N

A\ v
QCpql = 2 CJ_L*JJ\ Cp/ad + &o\in* h@tp,q} +

\) \'4
+ &Olj-,i_* g/h CP/ q_] -+ &dj__L*' %%’L C P193 (3.54)

Whete X Tnl= { o X (\:2?4».1_} wp Soomphing. of X T

ColuimnA Rows
9t A 2f W

C;j"l ~B- ) —p— S C "
24
A ___j%

sz_‘L 1111'#' "ﬁﬁ:*—

_ﬁ,_lg
3 4
= 21

chu:n, sCx A D-nvoluicons @@ enovgh to wnprte (3.51)
wobh  Whumn amd them Wil »ows @ tn b chove dlagrtam
Unsbi&d Oﬁ {:ourt J D - wnvoledConns rezchid bo P@ofo)aw\ (3.54)

ety -

The Lompﬂmehj "g He sewnsburdCon amal AQW{—CM
o ms  Cap be showon bo be  CRENZ for an Ll wocay
of, N? date Lasrey fendle Py of Aength & .




4.4
L, TREES OF DISCRETE BASES, WAVELET PACKETS
AND BEST APPROXIMATION .

0BJ&ive : To consbrud a Llbreany of bases using ecther he disccete
Costne baso 07 wovelk basCs amd to explain how ko sebk

the beskt bacgis '%))t a %Cven 6%& o Cmaﬁe,.
4.4 . DisreTE BLOCl—c Basts
Lot {(CKLn])L_ } an o.n. bascy of the Space of Msoeete
=0

6%;\'\02/3 (?Ln:()n: fio»texam??e Dcx) - Glven A<b, abe #
tnd L= b-a  the above basts cam be adapled. to the Spaie

Og Asotete Sbﬁmdﬂ (% tn3 )C;;L-L bfj tomALatons -
, dotl-L Gl o bL—1
{(%K [“])n:a = (thn -a] )h:a, }kto (u.4)

2 | |
let WxlL Lo,n) be the Spate of disoute Signats of
Jengln N

- | ,
I T t

=0 < a; < 4, < ai/\-;b < QIQA-1<7|"CLM aeN
bek Lo=Gp-Gp » P=0rh-, Mot Jox each duscecte Lnkmme
tap s CLF*;QH‘N we lonsider the basls {(%Psktr‘]) P*L?i}
\OrcCLCvxc& N Spaw of siqnaks oL Larqpkin Lp &ﬁmd on
[a\g,,aPﬂ_\nm we have

W wl e wre... ew't

Th 4o way we obtad e dscrete block baiis

§ (Gprind) (4.2)

G.P'\')."i ﬂ_PL M-4
§

~a—P k=0 2 P:O
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4.9 . DYADIC TREE OF DIsSCRETE BASES
Dyadie divesion of a dseete tnlval Lo ), N= 2° , redkwns
Progqumios tasks awd produws a dyodux tree of bases.

oF )M:lQ 4=0

OE A‘:l‘_i ) J‘:i
-

o ‘ih - E )‘l;—z ) j=2

OE—EDE) e E S E yey 4=3

Fore eadh §>O the disol® wterval Lo, 2°) Ko diveded
tn 2 dlsorebe Amtervaln ea.ch one of Lengkh 2 &, wale
Q.
:P_T , 0£p a‘&—_x . badh Alsorele Lwvberval
2
) e o disorebe baiCs an tm (5-2) 7

a?/ i ~rl2 )L ;LY': 1

J

:&P/J' k=0

[&st 2 P*iﬂ

ﬁﬂ { (%d)kr“

thak geraskn & Spoie W] of siqmats of Jength 2Hp
eain ‘P:;Q,i, iﬂ -4 . Th&/) )Oo*( each Aavel j (Oéj éze)

'R
lxﬁp }i : Ay an ostkhonaomel asen of 1% lo,Nn],

(4.3)

Wo Y 1.?0

et B be the numbor of adthonovmal bas€y In J"‘“"’gwj

‘\'Nm Bs i B, = 3 B.;L“S ir\@ar\sz:cak B i_-rBl;gz >
;’LH' -1 ;,;L? e
2(B)" =45 . IThom be shown thak By €277,

3‘2,



4.3
4.3, TREES OF-DIS(RETE BASES FOR TIMAGES

Constda. am bN\a.ae, %gvm by N xN S’wmf:lw dpﬁﬂ\ed on [on)x
[o,N) « With MdiLQ the oniginad Sguane o))" ko divcdid n
1eo«m, Sgquares M‘f\ % . Ahe ]:nou/y) colldd be wnkdpaed .
Each one of the NLw aum carn AUY @ Acsowke basus .

Ld: anj P s O éF g;&o_—-j_ Th each square Cal”j’anJ-/j)

% [ Qg5 bga ) we P“)C am 0.n. dsuek bases (fo exampk,
DCT) o btuciney.

& Qprlpt agrlgt 2'41 Lffi
BP% - Lt ) |
J 3) NE n=< @-P s = % K=o , =0

w‘r\m L? QP*‘L aP .Q,J \/awj‘\‘rea, P/ﬁ wikh Og]),ﬁ é_z_j—i
we abtotn 4 block batus of 12 €o,n) at favdd

0,0

A, o f=0
4 4/ \\ g

///\ N /N ANN

0,0 ﬁo,d.ﬁi o f’ B@ll 2/3 3/3 a—j = 2

Db o.n. bases O,Y, LZ EO,N)Q‘ Con. be obtolred d\oo&u\%\ baxs ﬁgm\
dﬁgmx\t no.ges Ogi the q)a«l_m/ tMv\% Cnko LON&ala.rchva\,qi thak

| 11
B‘” be%&wg‘fonbammaquadm#&f‘«hj

’rhm Bsi 8 -a, B)- _u,@i; Intgevwwﬁ B®

’i-.’[m m] [Biz}} - & . Tt wmn be

HROWN M sz) < ez?"’“l‘ .

’ \\V



4y, WAVEE PAKETS
/N
VJ-L Wj-ﬂ—
/\

Yo W

I\

Vi* W3

/\

iV

4.4

Tn the wavelk Svomsfoom aﬂgom}bhm
ondy the spais V) are detompai,
while bhe ‘debact ” spawes \/V ane
nok, Q,Cogﬁman,
V. Widkethauser (jaqz) that wave
Pad«,{’s wrkhd be obtaltred bj

ciewmpox:v\% the deball spaen ‘\A/ :

y ly]e\)UL afwu\ M.

Thew o m\aw:j ways of dlomporing.
avd 0 R o Hitbook spaw H
Crvko bwo von. bases.

Example L. let de, tkex] be on o.n baws of a Witbedt

. Wikh
Hi= { Q]

Spaie H

one hor IH=

H, & Wl

dred ‘HZ: -{ e&!cri}

Example 2. lek 1€ 1 e &} be am 0n. bass of a Hilbect

spac. H. Sek

Wi = \/J;: [Q;’Lk i €°7~‘<-]

s M= AVie} o Sna

ard “"1 = “L uk.}

wed V) = ‘\/(1; L Sp-r” g,l—c] skeZ

God M-V, =V Q,  we hawe =Mt H, » It com be
proved ( exerwse) ok <W, ,Ve>=0 all ke, €€ & , so that

“’\“HA,@\'Hz- MO)U’—OV‘%/
P W=
IH:L
/

{ued and {ViL T ae o.n. syotemno.

Thiy wane Packoi:-

\ brree LS dore wikh
N e Kaor (Z«;uw),,wa
2z tuee glves maoony 0.0
(Lw\x"\ bases GJL .
RN
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THEOREM 4.4 ((otfman 5 Meyer, Wichichauset «4942)

et {6, tkeZ be an on. bascs of a spaw Uj . lek h and -
be a pave of forkma that pakisfy
Q) | hewy* -¥|h(0u_+ﬁ)\2 =4
b |gwn®+1gww+n® =4 (4.4
¢y hw)gw) + H(’wm)m) =0
Defone {aL'k.eZ;

i 2 © _
E)j,i,kur): & 2 hn-akd 6+ ard O, , k(%):»fzgg;:n-zu B4

n= - N

Lek 4.5)

A TX | 2 T

%‘1 N {64—1.13 ke % Gt U:1-1- =4 81]':1;!« ez
ThﬂY\ i 2

Uy = Ve th-z . ,

Gmd. bhe ?(.vn\\“.bw Govem in (4.5) ow onN.bGwn of TJJ“J— vl L{—L
ﬂi’\:\d}t\fdj.

REMARI 4. Q. Condlkows (4.4) ou equivalont to the mabeix

h h(w+rn) .
Mu,u):( ) ' ) been Urw‘rwzﬁ .
4 g (w+n)
LEMMA 4.3

Pk o) o.[;’ L.y eekutvalmni: to

2 2 hle-21hTRI <, 5 ke
ReZ 1©

PRooE. 4 - ( %Q\E@ Q-Ckw)( PR e,m“’) +( % hted (-i)ké'chu).
w
(Zfﬁéﬂ(—n)"eww) -
B’

- 74 woa ( Zhoa L5 N c-af*"em""‘“’)j
le 2 ry
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Qele=n L ‘
= 2. { 2 A [e-m1bhca [4 A—n)"‘}}emw =

—

mezx  LeF
= 5 {2 hreadho Fe™ . e Z hre-2kThTed=dg,
kegz X = | |
LEMMA L. 4.

Pack b) of (L4) mo eguivalent to

9 7 gTR-2<140ea <O, ke
Qex

LEMMA H. S —
Pank €) of (4.4) o %mvwemt to 5 AT-zkIgraa=o.
ReZ

Prooz (OF THEOREM 4.4) .

<o g’ 5 3
J-L,k s G:I-LL > = Ly Z-X'\tn-Zk]eJ)m 3 \/__2 ZA{Y\*}ZI] 9J1m>

N=o N=—p
o0
z ———=  Wn-U=s L —
=2 2. hin-2aahn2ll T =7 g > AIs+a2] ks
N2 =~
- SJl—k,oﬂYL'“ by lemma 4, 3.

SU\"\*«Q@N d:j, A to Zrma L(.L(} ore Nhow S

2 2

\.)GCI\LG e L. S om can nhow

4 2
<Ol s B, >0 e, Re .

Thas nhow S ‘Uj:i@[)::_d_ < Udi R Eﬁuaﬁc\ﬂ ?auzows ?CONY\.

- —— A4 — 2
> Va2 b re-2uy 634"‘ " E;v’.'z q 221§ (4.¢)

@ Q =
b keZ



4.7
Uy " Orthonawmel baxs of Uy

J R
y, .H-}\’~_\ X i"'/\ 0.n. losen okt W
o U noden of the bre .
-2 \\J—z' 12 12
«'Q:L‘u_?<«',\ 2\ \[; \:122 é.u.\m éz:.\zzz
Wi A s Vs Vs Us Uy Ys Us

EXAMPLE | Wawelie ]’C‘m WWMY‘%- to the Haore waveldh ot
Gove he Walsh setten. Wobkh M) = f)(fo/,/z)af) - "')(Cg/i)(e) e

Jhove

) v @h-l) s ) = pak) -y (2bt)

il s

[ LF L RN

Ne B Setond Juvel
g e sfarn Nt = ek - (261

*i

(k)= of (2b) - oy bt

; 171
T 2l

2
a-yonepsny




4.8
4.5. BEST BASIS AND CONCAVITY
Conwedr o didconony D thakts made of orthonaumat bases Cn
o supral spaw of (?CNQL: diendcon N2 Q:A:)Aﬁ;\ . Can
oskhorovmal Joasco 0o a Lamdly of N vedors
. N
B'= {gn 0.

Wovelek padsels avd  (o5cre brees ane examplen of Adtonwues

Gwen a suqnel ox Cw\aﬁe f , dnd a basn él s T non —nor
approvirakcon of { fam B po defired Cn bl followtng way
Job T2 be bhe taolix sek of bhe Muedors of B thak maxomeze
|<Rigad>) s them best hon-Wwe epproximakion of £ by M tearms
VA A

«fM = 5}134f/@3\> %::,\ (4.%)

The apprexinmakton omet (S
2 2
E* tm1 = Z | <¢, %?Q\Q' = Hﬁ(l& - 2 :\\<f/ﬁra\>\‘ &4.8)
S meIa
- DeRVITON 4.6 -

We say that B ={g% 0 a beblre basn than BY=

am 1e€men

:.( %'?:\ k\%mér\r @9{1 Gaf?‘Pﬂ«O)(Qm)«:wa. ‘e L‘ﬁ fa‘( all. ™ z4
£ [m] ¢« EV LMl - (4. 2)

L

Tnseutorg, (4.3) proves bhat the beblr bakno tonduteon &9) &
egpuvalek bo
> gtz 3O<Egl®  vMzg . (4
m eIy, me 3%, -
The ?OLQD(.UCT\%‘ theartom dondves a octoute to choote a best
baxs of ok exidhs. Notce thet (4.9) & & parkcal orodlrz relokon,
5o thak best bayw /mf»j ol exrsts.



4.9
THEoREM 4. T,
A bascs ﬁ’( Ly @ better bascs tham ﬁw ﬁyf dﬂar(,ox&’h\a»l-ﬁy\% .f R amdl
ony of  for el woncave fanckeon,  BMW

N Y 2
N \<€,@2§>\2 < ) < §/gm>) (4.44)
> &l g3 ) f ,,a ( HE 07 )

The P"COQ Cs bascel on a doasceal rentdh due to kubd s Wtbwood,
Grd. Poljcu .
LEmma 4.9,
k- Xtmlzo and 4 Cmlzo be nudh bhat

XmJ = Xfm+11 Aol “j Tl = = Cm+4] Vmeleg, N  (4.42)
Cimi/sa-)oo?jw\:h. Z)(TZM]- Z*;]ij o Tt all M N bhese
Sequones paklofy e

Z Ximl = Z Y Cwm (4.43)
= mn=4
b{l ard ondy of  for all wniave %mT/\?Cov\o &)
N
J B(xmm1) £ D D(ycmi) (b.14)
=1 m=4

PROOF OF (4.44) = (4.43).
(4-14) to vulid for all woave F . In pasktudar, Lo valod for bhe

[ioﬂpwuwa‘ ¥meﬁj oﬁ loncave )QW\(JGCOM ' e
XEMI-M ALz XM ] n 4
%(M { obhen wise j I \

We have
N M "
2 &, (xom3) = D XM -xtml = M x IMd - D xtm1 (4
m=1 M=4 . Mn=1
The \“\jpok\\v.wf) (4. 14) mpxwa
Z @(xw\‘]) S Zilytm) Ve, (4.48)
Mn=4 m=a M

Moreover | §$M o and @;(u)éxlfm]~mjso%a,t



4.40

M G.16) ~ ;
MxTml - 2 XIml = zi (xem1) € 2 if,,\cwa) <
=1 m=4 ' Mm=4
M , "
¢ 7 B4ty % D XOm1-4Cml = MxTMl- Z Yomd |
=1 4 m=t m=4
T £XTMTw o -

hos Pen (4.43) .

PROOE OF THEOREM 4.7. ,
Fon Ay bam ﬁ SOJOt e Cnnec Prwdud—s |;<f/ gi’\n>‘ s

Ehak
| Hff%mﬁ‘} Kﬁf@"\?\i‘<£/§m3>\3-7-“
@nd demote |
)(aﬂk] - \421 @mk?\ > 1 <$, %’ka+¢> "Zz ‘ xq C+4]
| llﬁu I
By Pundhowel Z X el = 4, Gondeloon (L.10) hovos hot £

on bekern bham Br L?@\N:\.vaﬂﬂbf ﬁmaﬂl’\>i
. thk]il*j[kl'

' k=4
Lemra Lt?/)\\ows{:ha;t Wwegfuuwimd? to have

Z T (W Th) Zi(xrug:l)

b= k=4
forc 2l toncase fomcheons B . This wndCleon onweley wobh (y.14).
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SESSION 5: WAVELET COMPRESSION AND NON LINEAR APPROXIMATIONI

1.- Introduction

Fourier compression processes can be schematically described in 3 steps:

Basis
Image — —  Quantization —  Encoding
coefficients

e The main feature of wavelets for image compression applications is:

The largest wavelet coefficients are located precisely where the signal has sin-

gularities or sharp transitions (e.g. edges).

Thus, at least formally, quantization to 0 of many small wavelet coefficients should keep

the basic geometry of the image.

The purpose of the talk is to justify this fact mathematically, by studying the decay
of the approximation error

2
27

Ey(f) = Hf—ﬂ

when only M significant coefficients are retained. Using Harmonic Analysis, we will
describe the classes of signals for which the approximation errors decay like Ey; ~ M ™.
In practice, this can be translated into average rates of bits/pixel, once the distortion
error has been prescribed.

Example: For images f € BV, the error decays like M !, and good quality images
may be obtained with 0.2 bits/pixel.



Wavelet compression vs JPEG:

JPEG’2000 is the best known wavelet-based image compression format. In addition to
Discrete Wavelet Transforms, it incorporates new and more sophisticated entropy encod-

ing schemes (embedding coding, zero-tree algorithms,...).

Some of the claimed advantages with respect to standard JPEG are:

e Superior compression performance at high bit rates, with average savings of roughly
20%.

e Much better performance at low-bit rates: elimination of blocky artifacts of DCT; good
quality images at 0.2 bits/pixel and decent at 0.05 bits/pixel.

e Scalability: possibility of progressive encoding (and transmission) by successively refin-
ing the resolution accuracy (embedded codings).

e Possibility of performing lossless compression, by using integer-valued biorthogonal

wavelets, which avoid rounding and hence quantization noise.

Disadvantages
e At the moment, it is not yet widely supported in web browsers.

e [t is not completely license free: there exist legal issues with patents...



2.- An abstract setting for non-linear approximation

Let (S, | -]|) be a Banach space with a basis {e;}.

Note: Typically, vectors in S model a large class of signals, and || - ||s quantifies their
magnitude or “energy”. We may set S = L?, but models based on other Banach spaces
such as I” can be allowed.

DEF:

e The error of linear approximation with M basis coefficients is:
Ey(f) =inf {|If =) ciejlls : ¢ €C}.
J<M
e The error of non-linear approximation with M basis coefficients is:

By (f) = inf{”f - ZCM?AHS : Card A < M}
AEA

Three main questions in Approximation Theory are:

(i) Decide, depending on applications, what norms || - ||s and bases {e;} should be
used to approximate signals in S.

(ii) Find computable algorithms leading to minimizers of Ejy/(f).

(iii) Identify the approximation classes

A* ={feS : Ey(f)< CM™}, fora>0.

We will consider these questions for Fourier and wavelet bases.



3.- The Hilbert space setting

When S = L? and {e;} an ONB, the minimizers are explicitly given by:
(i) Orthogonal projection: Par(f) = 32 ;< clile; with c[j] = (f, e;).

(ii) Greedy algorithm: G (f) = >, <p<ps ¢*[Klej, With c*[k] = (f,e;,) and

The errors of approximation are explicitly given by
1 1
B = (X lelk?)” and Ei(h) = (D0 e wlP?) "
k>M k>M

Thus signals will have a prescribed error decay, say Ep(f) < M™%, at least when the

coefficients c[k] or ¢*[k] decay like ¢ k=2. This fact almost characterizes the classes A®...

Remark: When § is only a Banach space, finding minimizers is a more subtle ques-
tion, of current theoretical interest to mathematicians in approximation theory. In the
case S = L? and for Fourier and wavelet bases, the approximations P/ (f) and Gy (f)

are “almost minimizers”, that is

If =Pu(Hlls < cEN(f) and [[f =Gu(flls < ¢ Ex(f)

for some constant ¢ > 0.



4.- Linear approximation in Hilbert spaces

Set

5 = {c: (k) = llelZ =37 keelk]? < oo}.
k
Observe that sequences decaying like kemae belong to this class.

Proposition.
o If f € L? and c[k] € 5%, then Ey(f) < |[¢|lse M.
e Conversely, if Ep(f) < M™%, then c[k] € §*7¢, for all € > 0.

e Moreover, the following characterization holds:

1

M es® = Y [M&EM(f)rM < 0. (0.1)

M>1

Remark: As suggested by the proposition, a natural class of approximation spaces

in L? is defined by

As = {feL2 Y [M“EM(f)}Z% < oo}

M>1

Exercise: Show that A*™¢ C AS C A*.



Proof of the proposition.

The proof is based in the following elementary lemma:
Lemma. For any sequence s = {sy}32, we have
1
(1) (ZZOZM |sk|2>2 < c¢||8]lse M™%, whenever M > 1.

(ii) For all ¢ > 0, there exists c. > 0 so that

o0

Slleame < . sU MO‘< S 2>§.
|| ||5 =~ eszl Z| k|

k=M

Jun

(1ii) There exist constants c1,co > 0 so that

1

oo 1 1
allsle <[>0 M2 Y s ] < calslle

M=1 k>M



5.- Fourier Linear Approximation.

Consider the Fourier basis in L?[0,1], given by ey(t) = *™*' k € Z. Then the
minimizer with M-linear approximation is the partial sum
fu(®) = Y Flkles(t).
|k|<M
By the proposition, the approximation class is characterized by
Ag = {feL2 COY kIR < oo}.
|k[>1

Can we recognize this space of signals?

Theorem For every a > 0, the approximation space A$ is equal to the Sobolev space

He[o, 1.

Conclusion: Sobolev norms measure global smoothness of functions. Audio signals
have a reasonably high global smoothness, hence Fourier Linear Approximation works
reasonably well in this case. However, images have many local singularities, which turn
into low global smoothness. Thus Fourier Linear Approximation gives poor decays for

the error.

Exercise: Let R be a rectangle in R%. Show that f = yr € H*(R?) if and only
if a < % Conclude that the Fourier approximation error with frequencies < M cannot

decay faster than M ~/4,



6.- Wavelet Linear Approximation.
Consider a wavelet basis in L?([0, 1]?), given by
{@ioges Yine + 0 [kl <2, j>jo, £=1,2,3}

(or a variant version modified at the boundaries). Set

Pi(f)= D ([ 0nr)@ik + DD > (fwlvi

k| <270 £=1 j=jo |k|<2
which corresponds to linear approximation at scales of sidelength > 277, Strictly speak-
ing, this is the minimizer for linear approximation with M = 227 basis elements.
Reasoning as in the proposition above, one can establish that

A= {fer? i(QQ‘]‘“||f—IP>J(f)||>2<oo}

J=jo

- {fGLQ : Zi > 2P () < oo}.

=1 j=jo |k|<2J
Can we recognize this space of signals?

Theorem. For every a > 0, the wavelet approzimation space A§ is equal to the

Sobolev space H**([0,1]?).

Conclusion: Wavelet Linear Approximation performs similarly to Fourier Linear
Approximation. For images, singularities along edges force global Sobolev smoothness of

order H %, and hence poor decays for the approximation error: for f = g

Ey(f)~27? = M1,



7.- Abstract Non-Linear Approximation in Hilbert spaces.

For non-linear approximation, we must study the decay of the decreasingly arranged
coefficients ¢*[k]. Recall that an error decay Ej(f) < M~ can be obtained if ¢*[k] ~
koo

Set

= {c: (k) = S| elk]] <oo}.
k

Observe that {k~*"2}2° belongs to this class for all 7> (o + 7

Proposition. Let v > 0 and £ = o+ 3.
o If f € L? and c[k| € (7, then E5}(f) < |lc|ler M.
e Conversely, if E5}(f) < eM~*, then c[k] € £77¢, for all € > 0.

e Moreover, the following characterization holds:

K el — }:@Wﬁﬂﬂfﬁ<

M>1

00. (0.2)

Note: For non-linear approximation in L?, the natural approximation classes are

defined by
-1
Aﬁ:{feL2: E:MPEﬂUﬂjM<<m}
M>1

By the proposition these are characterized by c[k] € ¢7.
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8.- Wavelet Non-Linear Approximation.
Consider again a wavelet basis in L?([0, 1]?):
{@jo,k? w;,k : 0< |k| < 2j7 ] > jOa (= 17273}
The minimizer of E4j(f) with M-wavelet coefficients is
. M
fu Z foba)0
where the wavelet coefficients have been arranged by decreasing sizes
‘<f7¢>\1>| > ‘<f777b>\2>{ > }<f777b)\3>’ >
1
2

Af_‘:{ felr? ZZZ\f¢Jk|T<oo}.

=1 j=jo |k|<27

The last proposition shows that, for % =a+

Can we recognize this space of signals?

Theorem. Let a >0 and 7 = (a + 3)~*. Then the wavelet approzimation space A2
is equal to the Besov space B**([0,1]?).

Remark: Besov spaces measure global smoothness, except perhaps for local singu-
larities at isolated points or along rectifiable curves. One can show experimentally that
most images belong to B2* with «a € [0.2,0.6].

For example, f = yp with R a rectangle of R? belongs to B (with % = a+ %)

1/2

whenever a < . When d = 1, this improves dramatically the M~/ decay obtained

2(d 1)

with linear wavelet approximation. When d = 2 one can show that

N

Ey(f) = M~

which also improves considerably the M ~1 bound of linear approximation.
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9.- Functions of bounded variation.

DEF:
BV(R?*) = {f€L® : VfisaRadon measure }.

e This space is considered a good model for images (‘u + v’ models). It may be
equivalently defined as functions with “finite graph surfaces”, and in particular contains

characteristic functions of sets with finite perimeter. It can be shown that

Bi(R?) ¢ WHYR?*) c BV(R?).

Theorem (Cohen).

o If f has wavelet coefficients in £, then f € BV (R?).

o [f f € BV (R?), then the wavelet coefficients belong to the Lorentz space %>, meaning
that

‘(fadjx\))‘ /Sk_la k:172a"'7

where [(f, ¥x)] 2 [(fon)] = -
e All functions f € BV (R?) satisfy E3j(f) < M~

~Y

N
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10.- Final remarks: the L? theory.

Wavelet non-linear approximation for § = LP, 1 < p < oo, was first studied by DeVore-
Jawerth-Popov in 1992, and later by Lucier, Temlyakov, Cohen and others... Sometimes
this leads to interesting Harmonic Analysis problems. E.g., higher dimensional models

based on BV (RY) require p = d/(d—1). Some of the results can be summarized as follows:

e The greedy approximant Gy, (f) is an almost minimizer for E3;(f) (provided we

normalize ||ty |[zr = 1).

o A2(LP(RY)) = B (R?), when L = o +

1
>

o For f € BV(RY), then Ei(f) < M~Y|f|py.

o A2(WPs(RY)) = A2(B3(RY)) = Bf*™(R?), when L = a +

1

>

e The cases L' or L™ remain open.

e For other types of bases (such as the hyperbolic Haar basis) or other Banach spaces

(such as LP(LogL))), the greedy approximant Gy (f) minimizes E%}(f) with an (log M)7-

loss, and thus leads only to partial characterizations of the approximation spaces.



