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Abstract

We study the classical Yamabe problem from the point of view of the Riemannian
geometry and PDEs. We discuss the existence and uniqueness of positive solutions and
its relation with the sharp form of the Sobolev inequality. Next, we introduce the moving
plane method and its applications to obtain radial symmetry results for the solutions
of some elliptic equations related to the Yamabe problem and also to deduce a Harnack
type estimate for the parabolic case u; = Au%, which is associated to the Yamabe flow.
Finally, for this last equation, we describe the asymptotic behaviour near the vanishing
time for the positive solutions to a Cauchy problem with an initial condition verifying a

certain rate of decay at co.
Resumen

Estudiamos el problema clasico de Yamabe desde el punto de vista de la geometria
Riemaniana y de las ecuaciones en derivadas parciales. Discutimos la existencia y uni-
cidad de soluciones positivas y su relacién con la desigualdad 6ptima de Sobolev. A con-
tinuacion, introducimos el método del plano mévil y sus aplicaciones para obtener resul-
tados de simetria radial para las soluciones de algunas ecuaciones elipticas relacionadas
con el problema de Yamabe y también para deducir una estimacién tipo Harnack para
el caso parabdlico u; = Au%, que esta asociado al flujo de Yamabe. Finalmente, para
esta dltima ecuacion, describimos el comportamiento asintético cerca del tiempo de ex-
tincién para las soluciones positivas de un problema de Cauchy con una condicién inicial

verificando una cierta tasa de decaimiento en oco.
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Introduction

The main purpose of this Master’s thesis is the study of the Yamabe problem. This
problem was born while Yamabe was trying to solve the Poincaré conjecture:

A compact simply-connected Riemannian manifold (M,g) of dimension N = 3 is dif-
feomorphic to S°.

With this aim, he considered a metric with constant scalar curvature and the Yamabe
problem arose:

Let (MY, g) be a compact Riemannian manifold of dimension N = 3 and non-constant
scalar curvature. Is there a metric with constant scalar curvature conformal to g?

In 1960, Yamabe proved in [26] that his problem is equivalent to the so called Yamabe
equation:

N+2
-CnyAu+Rgu=RunN-2,

where C >0 and R are constants, R is the scalar curvature of M and A is the Laplacian
operator. Moreover, he proved the uniqueness of its solutions in the cases where the
curvature is equal to zero or negative, but when the curvature is positive, it we can
not be proven the uniqueness in general, as we will see later, being the sphere case an
exception ([16]).

On the same paper [26], Yamabe used the variational approach in order to prove
the existence of its solutions. When 2* = %, we have the critical case for which the
inclusion HX(M) < L% (M) is not compact and it is not possible to prove that a minimizing
sequence of a certain energy functional has a subsequence converging to an extremal
function. To overcame this situation, Yamabe took a collection of perturbed problems
under a subcritical case (s < 2*) in which this difficulty disappears, and then he solved
the problem taking s — 2*. However, in 1968 Trudinger [23] discovered that there was a
gap in Yamabe’s proof and he made a modification of Yamabe’s work in which he proved
that for dimension N = 6 whenever the so called Yamabe invariant A verifies A(M) <0,
showing also that there exists a constant a(M) such that the problem can be solved when
MM) < a(M). In 1976, Aubin [2] improves this result by demonstrating that if N = 6, we
have a(M) = A(SY), so when A(M) < A(SYN), the proof works on any compact Riemannian

manifold M. Finally, in 1981 Schéen and Yau [18] proved the positive mass theorem of
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general relativity for dimensions 3 and 4, which was used by Schoen [17] in 1984 to prove
the cases for dimensions N = 3,4,5, completing the demonstration of Yamabe problem.

As pointed by Lee and Parker ([16]), the solution of the Yamabe problem marked a
milestone in the development of the theory of nonlinear partial differential equations.
Semilinear equations of this form with critical exponent arise in many contexts and have
long been studied by analysts. This was the first time that such an equation has been
completely solved.

Next, we will present the moving plane method which consists on comparing values
of the solutions of a PDE at two different points, one point is the reflection of the other
over an hyperplane, and this hyperplane is moved until it arrives to a critical position,
where it stops. This method was introduced by Alexandrov [1] in 1958 and Serrin [21]
in 1971 and it has important applications in the theory of PDEs particularly in the proof
of qualitative properties of solutions, as monotonicity, radial symmetry or Harnack type
estimates ([6], [8], [11], [27]). Thanks to the use of the moving plane technique done by
[8], we will determine the precise form of radially symmetric solutions to the Yamabe
problem.

On the other hand, in 1988 Hamilton [12] introduced the Yamabe flow, a tool to gen-
erate metrics of constant scalar curvature in a given conformal class, with the aim to
solve the Yamabe problem. In 1994, Ye [27] used the referred moving plane technique to
get a Harnack inequality for the Yamabe flow. Later, in 2001 Del Pino and Saez [9] take
advantage of this Harnack estimation and applied it to study the asymptotic behaviour of
the Yamable flow in RY in the critical case, where they were able to do a transformation
into a fast diffusion problem posed on the sphere via the stereographic projection. The
organization is as follows:

In this Master’s thesis we are going to cover the study of all these topics from the
point of view of Riemannian geometry and its applications in PDEs.

In chapter 1, we will collect different notions of differential geometry, laplacian oper-
ator on manifolds, Sobolev spaces and from the theory of elliptic and non-linear parabolic
equations, that are needed for the subsequent analysis.

In chapter 2, first we formally state the Yamabe problem showing that under cer-

tain transformations, this is equivalent to the Yamabe equation. Secondly, we initiate
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the variational approach used to prove the existence of its solutions. Next, we focus on
the model case of the sphere which reveals as a benchmark in the study of the Yamabe
equation, stating the known Obata’s theorem. We will see its relation with the sharp
form of the Sobolev inequality on RY, and using this result we will obtain the inequality
AMM) < M(SY) on any compact Riemannian manifold M, where A is the Yamabe invariant.
We finish this chapter solving the Yamabe problem for any compact Riemannian manifold
provided that A(M) < A(SY), and discussing the uniqueness of solutions.

Chapter 3 is dedicated to the moving-plane method and its applications to obtain
some results of radial symmetry of solutions of elliptic equations related to the Yamabe
problem, and to obtain a Harnack type estimate for a parabolic equation associated to
the Yamabe flow.

In the final chapter, we will study the asymptotic behaviour of the solutions to a
Cauchy problem for the equation u; = AuN3. When the initial condition has a certain
decay rate at oo, it can be proven that the positive solutions to this problem has a finite
vanishing time, and we will describe the asymptotic behaviour of these solutions near its

vanishing time.



Chapter 1

Preliminaries

In this chapter we are going to see some results but we are not going into the proofs.

1.1 Notation

Einstein summation convention

In the study of smooth manifolds it is common to use the known Einstein summation
convention which consists in omitting the summation sign, that is to say that instead of
N .
write E(x) = 2 x*E;, we write

=1 )
E(x)=x'E;.

We are going to use this convention during the whole work.

Notation

We use the following notation:

o« SV = {xe RN+ x| = 1}, the unit sphere contained in RN+,

Bpr(x), the ball of radius R centered in x.

(.,-)g> the inner product with respect to the g metric.

Vf, the gradient of a scalar function.
(VF,Vh)g =V'fV;h.
IVFIg =V fVif.

A = A4, the Laplace-Beltrami operator with respect of the g metric.
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(.), the positive part, (x), = max{0,x}.

20, the Euclidean metric in RN,

Ze, the standard metric in SV.

g1, the cylindrical metric in R x SN,

* _ 2N
*2'=x55
4N-1
o CN: (Zv_z).

1.2 Some notions of Differential Geometry

The main references here are [4], [14] and [15].

1.2.1 Differentiable manifolds

Definition 1.2.1. A topological space M is a Hausdorff space if for every pair of distinct
points p,q € M, there are disjoint open subsets U,V € M such that pe U and q€V.

Definition 1.2.2. MY is a manifold of dimension N if it is a topological Hausdorff space
such that each point p € MY has a neighbourhood Q homeomorphic to RY or equivalently

to an open set of RY.

We are going to work here with connected manifolds of finite dimension.
Proposition 1.2.1. A manifold is locally compact and locally path connected.
Proof. See [4], Proposition 1.2, p. 20. O

Definition 1.2.3. Let MY be a manifold of dimension N.
e A local chart on MY is a pair (Q,¢), where Q c MY is open and ¢ : Q — U is an
homeomorphism, with U c RN an open set.
e A collection of (Qi,q)i) ;g Of local charts such that iLeJIQi =MN is called an atlas.
e An atlas of class C* is an atlas for which all changes of charts @, 0(,0;31 are diffeo-
morphisms of class C* if Qq N Qp # @. If all of them are C™, we say that the atlas is
smooth.

e Two atlases of class C* or C™ are said to be equivalent if their union is an atlas of

class C* or C™, respectively.



The coordinates of some point P € Q) related to the local chart (X2,) are the coordinates of

the point p(P) e RN,

Definition 1.2.4. A differentiable manifold of class C* (respectively, C® or smooth) is a

manifold together with an equivalence class of C* (or C°) atlases.

Proposition 1.2.2. Let S c RVY*! be the unit sphere. Then SY is a compact smooth

manifold.
Proof. See [4], Example 1.8, p.23. O

Definition 1.2.5. Let M be a smooth manifold, let Y be a smooth vector field on M and
let ¢ be the local group of local diffeomorphisms related to Y (also known as flow of Y).
For any smooth vector field X on M, we define the Lie derivative of X with respect to Y,
denoted £y X, as

d ((p_t)(pt(p) (X(Pt(P)) - Xp

d )
(K X)), = T lt=0 d ((p_t)tﬂz(p) (Xp,p) = 11_1,% - , PEM,

provided the derivative exists.

1.2.2 Riemannian manifolds

Definition 1.2.6. e A smooth Riemannian manifold of dimension N is a pair (MY, g)
where MY is a smooth manifold and g is a Riemannian metric.

e A Riemannian metric is a twice-covariant tensor field g, i.e. a section of T*(M)®
T*(M), such that at each point P € M, gp is a positive bilinear symmetric form, i.e.
it satisfies:

x gp(X,Y)=gp(Y,X), VX, YeT*" (M) T*(M).
* gp(X,X)>0, if X #0.

Riemannian metrics can be written in any smooth local coordinates {x;} as
— i i
g=g;jdx'dx’,

where g;; is a positive-definite symmetric matrix of smooth functions.
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Definition 1.2.7. The Riemannian or Levi-Civita connection is the unique connection
with vanishing torsion tensor for which the covariant derivative of the metric tensor is

zero, i.e. Vg =0.

From now we are going to consider (M N g) a connected smooth Riemannian manifold
endowed with the Riemannian connection.
For a Riemannian connection, the Christoffel symbols Ffj in a local coordinate system
are given by
T = % [0ignj+08ri —0rgij) 8",
where g*' are the components of the inverse matrix of the matrix (g; i)ij, i.e. it verifies
gi jgkj = 5?, with 5? the Kronecker symbol.

Example 1.2.1. Let us define the euclidean metric on RY as

go= 6ijdxidxj = (dxl)z +..+ (de)2 =§ (dxi)2 = |dx/?,
i=1

where §;; is the Kronecker delta. On R2, we have go = dx% +dy? and on R3, go = dx? +
dy?+dz>2.
Remark 1.2.1. One example is the Euclidean metric in Polar coordinates in dimension 2.
Let (x,y) be the euclidean coordinates and (r,0) be the polar coordinates such that

x =rcosb,

y =rsinf.
Then the Euclidean metric in polar coordinates can be rewritten as

go= Iclxl2 =dr?+r2do.

Another example is the Euclidean metric in cylindrical coordinates. Let (x,y,z) be the

Euclidean coordinates and (r,8, z) be the cylindrical coordinates defined as

x =rcosb,
\ y=rsinb,
z=z.

Then the euclidean metric in cylindrical coordinates is
go=dr’+r*de®+dz>.

10



Example 1.2.2. (Standard metric in S$V) SV c RV*! is an embedded submanifold of
dimension N. We denote by g. the standard metric defined on SV by the Euclidean

metric on RV*1,

Example 1.2.3. (Cylindrical metric in R x $V~1) We consider the product metric on
RxSNV1 g1 =dt®+d6? with t e R and 0 € S¥~!. Here d¢? is the Euclidean metric in R
and d6? is the standard metric in $V~!. Sometimes it is interesting to use the cylindrical
metric instead of the Euclidean metric in order to facilitate the calculations We are going
to see that the cylindrical metric and the Euclidean one are conformal.

If we use the Emden-Fowler coordinates r = e~t, then the euclidean metric in RY in

polar coordinates becomes:
go=dr’ +r?d0® =r?(dt* + d6*) = r’g.

Definition 1.2.8. Let (MY, g) be an oriented N—dimensional smooth Riemannian mani-
fold and (xl,...,xN ) @ smooth coordinates system, then the Riemannian volume form has

the local coordinates expression:

dV, = /det(g;;)) dx' A...ndx",

where g;; are the components of g in these coordinates. We define the volume of M by
Vol(M) :f dVyg.
M
Definition 1.2.9. X(M) is the space of smooth vector fields on M.

Definition 1.2.10. Let (MY ,g) be a N-dimensional Riemannian manifold, the (1,3)-

curvature tensor R is defined by
RX,Y)Z=DxDyZ—-DyDxZ -Dixy1Z, VX,Y,ZecX(M),
with D denoting the Riemannian connection.

Definition 1.2.11. Let (MY, g) be a N—dimensional smooth Riemannian manifold, its
Riemannian curvature tensor is defined as Riem(X,Y ,Z,T) = g[R(X,Y)T,Z], a 4-covariant
tensor whose components are Riem;j; = gim R?}k’ with R ;’J‘.k the components of the curva-

ture tensor R, which verify:

11



* Riem;;z; = — Riem, ;.
L4 Riemijkl = Riemklij.
Definition 1.2.12. Let (MY, g) be a N—dimensional smooth Riemannian manifold, the

Ricci tensor is a covariant 2-tensor field defined by contraction of the curvature or Rie-

mannian curvature tensors. Its components are
: _pk _ kI
Rlcij—Rkij—g Rlikj-

Remark 1.2.2. Using properties of metrics and of the Riemannian curvature tensor, we

obtain that the Ricci tensor is symmetric:
Ric: i = o* Riemy s - = * Riems .1 = o* Riemy 1: = Ric.:
1¢;; = 8 1€my;p, =g 1emp;i; = g 1€mp;i; = hiCjy; .

Definition 1.2.13. Let (MY, g) be a smooth Riemannian manifold with N =2, p € M,
X,Y € T, M linearly independent vectors. The sectional curvature of the plane spanned by

X and Y is defined by

Riem(X,Y,X,Y)
gX, X)g(Y,Y)-g(X,Y)*

0(X,Y)=

Example 1.2.4. (SV,g.), with N = 2, has a constant sectional curvature 1 (see [15], The-
orem 8.34, p. 254).

Definition 1.2.14. The scalar curvature is defined as the contraction of the Ricci tensor:
Rg :g”Ricij.

Remark 1.2.3. The scalar curvature at p € M is the sum of all sectional curvatures of the
planes spanned by ordered pairs of vectors from an orthonormal basis of T, M (see [15]),
Proposition 8.32, p. 253). Then for (RV, g¢), Rg, =0, and for SV, g.), Ry, = NN -1),

being constant both scalar curvatures.

Definition 1.2.15. Let (MY, g) be a smooth Riemannian manifold, the trace-free Ricci
tensor is defined as
E, = Ric— %
¢ = Ric N g.
Remark 1.2.4. The trace-free Ricci tensor verifies:
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. tr(Eg)=gYE,, =0.
o div(E,) = Z52d R, with div(E,) = tr(VE ).
(see [15], Proposition 7.18, p.209).

Definition 1.2.16. A Riemannian metric g is said an Einstein metric if there exists 1 € R

such that Ric=Ag.

Proposition 1.2.3. (Schur’s Lemma) Let (MY, g) be a smooth connected Riemannian
manifold with N = 3. If Ric = fg, for f € C*°(M), then f is constant and g is an Einstein

metric.
Proof. See [15], Proposition 7.19, p. 210. O

Proposition 1.2.4. Let (MY, g) be a connected smooth Riemannian manifold, with N > 3.

Then g is Einstein if and only if £, = 0.

Proof. See [15], Corollary 7.20, p. 210. O

1.2.3 Conformal geometry

Conformal geometry is the study of transformations preserving angles on surfaces
(see Figure 1.1). Some examples of these transformations are translations, orthogonal
maps or spherical isometries, and they are important in many areas such as physics

(heat diffusion, electric-magnetic fields), general relativity, cartography,...

Figure 1.1: Conformal transformation

Definition 1.2.17. A normal coordinate system at P € MY is a local coordinate system for
which the components of the metric tensor at P satisfy g;;(P) = 6{, and, 0,g;j(P)=0, or,
equivalently, I‘?j(P) =0, Vi, J,k.
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Definition 1.2.18. Two metrics g and g on a N—dimensional smooth Riemannian man-

ifold M are said conformal if there is a positive function f € C*°(M), such that g =fg.

Definition 1.2.19. A diffeomorphism ¢ between two smooth Riemannian manifolds (M, g)
and (M, ) is called a conformal diffeomorphism (or conformal transformation) if it pulls
g back to a metric conformal to g, i.e., if 9* 8 = f g, for some f € C°(M), f >0. Two smooth
Riemannian manifolds are said conformally equivalent if there is a conformal diffeomor-

phism between them.

Theorem 1.2.1. Let MY be a Riemannian manifold and P € M. For each N = 2, there

is a conformal metric g on MY such that
detg;; =1+0(r™),
where r = |x| in normal coordinates at P.
Proof. See [16], Theorem 5.1, p. 58. O

Definition 1.2.20. Let (MY, g) be a smooth Riemannian manifold, with N = 3, the Weyl

tensor is a 4 covariant tensor defined in a local chart by the components:

: 1. . : :
Wijk =Riem;jp -5 (Ricir g1 — Ricy g jx + Ricji gix — Ricjr gi1)
R

TN DWN -2 (g1 —gjrgit)-

Remark 1.2.5. The Weyl tensor is conformally invariant.

Definition 1.2.21. A smooth Riemannian manifold (MY, g) is locally conformally flat if

every P € M has a neighborhood that is conformally equivalent to (RN, g).

Proposition 1.2.5. Let (MY, g) be a smooth Riemannian manifold of dimension N > 3

and locally conformally flat, then the Weyl tensor vanishes identically: W = 0.
Proof. See [15], Corollary 7.3, p. 218. O

Example 1.2.5. (SV, g.) is locally conformally flat (see [15], Corollary 3.6, p. 61). In fact,
N-

go= (k) 7 I

2
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Let consider R, the scalar curvature of (MY, g), which we assume that is not con-
stant, and, R, the scalar curvature of (MN ,&"), that by hypothesis is constant with g’
conformal to g. If g’ = e/ g, we can compute the curvature tensor R g of g’ in terms of that
of g. In the next theorem we calculate their difference by the transformation laws of the
Ricci tensor ([20], p. 184) given by:

(N-2)

(1.1) RIC —RlC 7

1 N-2 N-2_.
VeVif =50 gjk+ — = VefVif —— =V fVif gjn,

Theorem 1.2.2. Under the above hypothesis, we have that:

(N -1)(N -2)

(1.2) Rgel —Rz=—~(N-1DAf - . V,fVif.

Proof. If we contract (1.1) by g%/, we get

N -2)
2

N-2_, ;
- = V'fVifgne"

. g ; } ; 1 . N-=-2 .
Rlcijng —Rlcfjgkj =-— Vijfng - EAfgjkng + kavjfgkf

ki = N because it is the trace of the identity matrix of order N,

(N-2) . N N-2 . NN -2)
5 ViVifgt = A+ = Vi fVf gt - ————V'fVif.

Knowing that V;fg"/ =Vt f:
i (N-2)
2

Ans using that g, g

. & ki _p: & kj_ _
RleJ.g RleJ.g =

N(N -2)

ViVEf - —Af ViV - ——

ViFVif.

. g kj i &
Rlckjg Rlckjg

Thus, because g*/ = ef g'*/ and using the fact that V; Vk f =Af, we get

N-2 N N-2_. NN -2
Rg/ef—Rg:—( )Af——Af+—VlfVif— ( )V‘fo
2 2 4 4
We arrive finally to
N-2)N-1)_.
Rgyel -R, = —(N—1)Af—$v‘fviﬁ

1.3 The Laplacian operator on manifolds

Definition 1.3.1. Let (MY, g) be a smooth Riemannian manifold. The gradient of a scalar

function f is the vector field, denoted Vf, defined as
(Vf(@),vx) g =dxf(vy), Vv €T M.
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So, in local coordinates, we denote 0' f = gijajf, and we have Vf = gijdjfaif, then the i-th
component of Vf is :

Vif(x)=0'f = g"0;f.

Definition 1.8.2. Let (MY, g) be a smooth Riemannian manifold. The divergence of a

vector field X on M, denoted divX, is defined as the scalar function verifying
(div(X))d Vg = LxdV,,

where Lx is the Lie derivative along the vector field X, and dVy is the Riemannian volume

form. So in local coordinates:

. 1 i
div(X) = ﬁai (\/@X )

Definition 1.3.3. Let N > 2, (MY, g) be a smooth Riemannian manifold , we define the

standard Laplace-Beltrami operator of a scalar smooth function f as
Agf =div(Vf).
Combining the above definitions, in local coordinates:

1 Y
Agf = \/ﬁai (\/@g Jajf)-

Definition 1.3.4. Let (MY, g) be a smooth Riemannian manifold. The conformal lapla-
cian operator is defined as

Proposition 1.3.1. Given g,g two conformal metrics on a smooth Riemannian mani-
fold MY, with g = u¥2 g, for u a smooth positive function, then the conformal laplacian

operator satisfies the following property:
_(N+2) 0o N
Lz(@)=u @2 Lg(up), VYoeCP(M™).
If ¢ = 1, we have the classical scalar curvature equation:

N+2

Lg(u)=Rzun-2.

Proof. See [15], Problem 7.11, p. 223. O
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1.4 Sobolev spaces

Definition 1.4.1. Let p € R, 1 < p <oco. The Lebesgue space LP(M) is the set of locally inte-

1
grable functions u on M for which the following norm is finite: ||ullror) = (fM |u|P dVg)l_’.

Definition 1.4.2. Let peR, 1 < p <oo, and k a non-negative integer.

e The Sobolev space W*P(M) is defined as
WP (M) = {u e LP(M) | D*u € LP(M), Ya eV |a| <k},

where D%u is the a weak derivative of u, Ya € NV. This is a Banach space equipped

with the norm:

k
_ 1P
||u||Wk»P(M) - (Z(’) ”vlu”Lp(M)) )
l:

with VO(u) = u. This space is reflexive for 1 < p < oo and it is separable for 1 < p < co.
o We set H*(M) = W*2(M), which is a separable Hilbert space. For example, H'(M) is

equipped with the scalar product:
(W, v) gran = W, VY2 + (Vu, Vod 2y :f (u-v+Vu-Vov)dVy,
M

and with the associated norm:

[l

el gpncany = (12212200, + V21220 )
Remark 1.4.1. We obviously have W*P(M) c LP(M). Also, for a =0, WO2(M) = L?(M).

Definition 1.4.3. Given 1 < p < oo, k a non-negative integer and N the dimension of
a smooth Riemannian manifold (MY ,g). We define the critical exponent p* as the real

number which satisfies
1 1 &k

p* p N’
In particular, for p =2, k =1 and assuming N = 3, we define

2N
9F=
N-2

Theorem 1.4.1. (Sobolev embedding for RN ) Let M =R" and let % - % > 0. Then
WEP(RN) — LP"(RY),
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with a continuous injection. In particular for p =2, k =1 and N = 3, we have the following

Sobolev inequality:

2

2 1N
LQ*(RN)SUNIIVuII Yue H (R™Y).

”u” LZ(RN) ’

We will call the smallest such constant oy, the N—dimensional Sobolev constant.
Proof. See [16], Theorem 2.1, p. 44. O

The following theorem shows us that the Sobolev inequality holds with the same con-

stant on any compact manifold M.

Theorem 1.4.2. (Sharp Sobolev inequality) Let (MY ,g) be a compact Riemannian
manifold, N = 3 and let oy be the best Sobolev constant defined in the theorem before.

Then Ve > 0, there exists a constant C, > 0 such that
lell? 5 3y = (1 +g)aNfM IVul?d Vg + CEfM u?dVy, VueC®M).
Proof. See [16], Theorem 2.3, p.45. O

Theorem 1.4.3. (Sobolev embedding for compact manifolds) Let MY be a N—dimensional

compact Riemannian manifold, then:

1 If 1% > 1—1) — %, then the embedding W5P(MN)— LP" (M) is continuous.

2. If0<a<1, and, kN;“ > }—1,, then the embedding WEP(MN) — CYMN) is continuous.
Proof. See [3], Theorem 2.20, p. 44. O

Theorem 1.4.4. (Rellich-Kondrachov) Let MY be a N—dimensional compact Rieman-
nian manifold (possibly with C' boundary), and, 1 = é > = — %, then the embedding,

WheP(MN)y— LIMN), is compact.

1
p
Proof. See [3], Theorem 2.34, p. 55. O

1.5 Fast diffusion equation
Following [24] and [25], the non-linear heat equation:

(1.3) u(x, )= Au™(x,t), VxeRY teR,meR,
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is called the porous medium equation for m > 1 and fast diffusion equation for m < 1.
The classical heat equation is the case m = 1. We can write it in the divergence form
as u; = div(D(u)Vu), where D(u) is the diffusion coefficient, D(x) = mu™"1, if u = 0, and
D(u) = m|u|™ L, for signed solutions. However, it is a parabolic equation only when u # 0,
while when u = 0, we say that the porous medium equation is a slow diffusion equation,
because: D(u) = m|u|™1 — 0. Instead, in the case of fast diffusion equations we have

u—

this name because: D(u) = m|u|™1 —(»)oo.
u—>

Note that when m < 0, the fast diffusion equation can be written in the following

modified form:

us=A (%) = div[um_IVu) ,

to keep the parabolic character of the equation. When m = 0, this modified form allows

us to write the equation as
uy = div (u"1Vu) = Alog(w),

and it is called logarithmic diffusion.

1.6 Uniformly elliptic equations

1.6.1 Uniformly elliptic equations

Using the Einstein summation convention, let consider the solutions u € C? of the

elliptic problems of the form
(1.4) Lu = —a" (@)U, + b (uy, +cl@)u=0, xeQ,

where Q c RY is an open smooth bounded set, a*/(x), b*(x), and c(x) are C (5) functions
called structural functions. Similarly, the equation can be posed on Riemannian mani-

folds.

Definition 1.6.1. We say that the operator L is uniformly elliptic if there exists a constant
0 > 0, such that for every vector & = (¢1,...,En) € RN and a.e. x € Q, the following inequality
holds:

(1.5) 01¢1% < aV(x)&;¢5,
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where o'/ are the structural functions in (1.4).

Now we are going to see the following theorems on an open set in RY and on a mani-

fold.

Theorem 1.6.1. (Local elliptic regularity) Let p =1, Q c RY an open set and u €
L}OC(Q) be a weak solution to Au =f.

1. If f €e WkP(Q), then u € WE2P(K) for any compact set K € Q, and there exists a

constant C > 0 such that
lullyr2px) < C (”Au”Wk,p(Q) +llu ||LP(Q)) .

2. If f € CH%(Q), then u € C**2%(K) for any compact set K € Q, and there exists a

constant C > 0 such that
” u ||Ck+2,a(K) <C (IIAu Ilck,a(Q) + ” u ”CII(Q)) .

Proof. See [16], Theorem 2.4, p. 46. O

Theorem 1.6.2. (Global elliptic regularity) Let p =1, M be a compact Riemannian

manifold and u € Llloc(M) be a weak solution to Au =f.

1. If f e WkP(M), then u € WE*2P(M), and there exists a constant C > 0 such that
lullyr+2ppn < C (”Au”Wk,p(M) + ||u||LP(M)) .

2. If f € C**(M), then u € C**%%(M), and there exists a constant C > 0 such that
lullgrrzaar < C (1AL crar + 1ulicaan) .-

Proof. See [16], Theorem 2.5, p. 46. O

Proposition 1.6.1. (Weak removable singularities) Let U € M an open set, P € U and

u be a weak solution to —Au = h(u) on U \ {P}, with h € L%(U) and u € LP(U) for some

p> % = Z% Then u satisfies —Au = h(u) weakly on all of U.

Proof. See [16], Proposition 2.7, p. 47. O
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1.6.2 Maximum principle

Theorem 1.6.3. (Weak maximum principle) Let QO c RN be an open bounded set, u €
C2(Q)NC(Q), L in (1.4) an uniformly elliptic operator with ¢ =0 in Q. We have:

e If Lu(x) <0, for x € Q, then maxu = maxu.

xeQ x€0Q)
e If Lu(x) =0, for x € Q, then minu = min u.
xeﬁ x€0Q)
Proof. See [10], Theorem 1, p. 344-345. O

We are going to present the well known Hopf Lemma in whose proof we use a suitable

comparison function which is the same tool that we will use in subsequent chapters.

Lemma 1.6.1. (Hopf) Let Q < RN be an open bounded set, u € C2(Q)nCYQ), L in (1.4)
an uniformly elliptic operator with ¢ =0in Q. If Lu(x) <0, Vx € Q, and there exists a point
P €0Q such that

o There exists an open ball Br(x) < Q, R >0, with p € 0Bg(x).

o u(x)<u(P), Vxe Q.
Then %u(P) =u,(P)>0, where % is the outward normal to Br(x) at p. The same conclu-

ston holds if ¢ = 0 in Q provided that u(P) = 0.

Proof. We can assume without loss of generality that Br(x) = Br(0). We give the proof
for ¢ = 0, and we refer to [10], p.348-349, for the case ¢ = 0. Let us define the function

v(x) = e~ Al _ e‘ARZ, then we have by (1.5):

Lo(x) = - @Y (@), + b (®)vy, = e M 0l () (~4A%x;x +246,5) - M b ()20

<e M (—4220]x12 + 21 tr(A) + 2A1b]|x]),

,,,,,

BR(O)—EI% (0), then
(1.6) Lo(x) < e M (—A20R% + 21tr(A) + 2AIbIR) <0, VxeW,

where A > 0 is fixed large enough.
By hypothesis, we have u(x) < u(p), Vx € Q, then there exists € > 0 sufficiently small
such that

a.7) u(x)+ev(x)<u(p), Vxe OB%»(O),
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and since v(x) =0, for x € 0Br(0):
(1.8) u(x)+ev(x) <u(p), VYxedBgr(0).
Now from (1.6) and that Lu <0 in Q:
L(u(x)+ev(x)—u(p) <0, VxeW.
Moreover, from (1.7) and (1.8):
u(x)+ev(x)—u(p)<0, xedW.

Then applying the weak maximum principle of Theorem 1.6.3, we get u(x)+¢ev(x)—u(p) <

0 for x e W. As we have u(p) + ev(p) — u(p) =0, then
u,(p)+evy(p)=0.
From where we obtain

_ __f e (8 (2 -AR?\ _ —AR2
uy(p) = —£vy(p) = Rw(p)p—( R)( 9ARe )—28/1e > 0.

O]

Theorem 1.6.4. (Strong maximum principle) Let Q c RN be an open bounded con-
nected set, L in (1.4) an uniformly elliptic operator with ¢ =0 in Q, and, u € C2(Q) N C(Q).
Then:
e If Lu(x) <0, Vx € Q, and u attains its maximum over Q at an interior point, then
u(x) is constant for x € Q.
e If Lu(x) =0, for x € Q, and u attains its minimum over Q at an interior point, then
u(x) is constant for x € Q.
The same conclusion holds for ¢ = 0 in Q if u attains respectively a non-negative maximum

or a non-positive minimum.

Proof. See [10], Theorem 3, p.349-351. O
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1.7 Non-linear parabolic equations

Following what we have done on the previous section of non-linear elliptic equations,

let us consider u € C? a solution of the quasi-linear parabolic equation

(1.9) ux,t)= (ai(x,t,u,Vu)) +b(x,t,u,Vu),

Xi
where a'(x,t,u,p1,...,pn), and, b(x,¢,u,p1,...,pn) are bounded and smooth functions,

called structural functions.

Definition 1.7.1. We say that the equation (1.9) is uniformly parabolic if there exist con-
stants 0 < C1 < Cq < 00, such that for every vector & = (é1,...,¢EN) € RN, the following in-

equality holds:
(1.10) Crlel = (a'Ce o)) 63ty < Calel,
where a; are the structural functions in (1.9).
Let see the following theorem of regularity of uniformly parabolic equations:

Theorem 1.7.1. Let uy(x) be bounded and continuous and (1.9) satisfying the uniformly
parabolic condition. Then the Cauchy problem associated to (1.9) with initial condition
u(x,0) = ug(x), can be solved and the solution verifies:

o u(x,t) e C®(RY x(0,00)).

* u is unique.

e u is continuous down to t =0, that is u € C*® ([R{N X [0,oo)), and, u(x,0) = ug(x).

Proof. See [25], (i) in p.31. O

1.7.1 A comparison principle

One important property of parabolic equations is the maximum principle, especially
in the form of comparison principle. We state here a comparison principle for the follow-

ing general non-linear Dirichlet problem for the so-called filtration equation ([25]):

ui(x,t) = Adp(ulx,t)) + f(x,t), inQx(0,T),

(1.11) L ulx,0) = uo(x), in Q,

P(u(x,t)) = h(x,t), in 0Q x[0,T),
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where Q c RY is a bounded open set with regular boundary dQ € C2*® (0 < a < 1), ug
is a measurable function in Q, h(x,?) is a measurable function on 0Q x [0,7), f(x,t) is a
measurable function in Q x (0,7, and, ¢ : R, — R, is continuous and strictly increasing
in u with ¢(04) = 0, ¢(+00) = +oo, and such that ¢(u) is smooth with ¢'(u) > 0, for u >
0. The filtration equation includes the particular case: wu;(x,t) = Au"(x,t), which the
porous medium equation explained in Section 1.5. In Chapter 5 of [25], it is proved
the existence of weak solutions to this problem and that these solutions also satisfy the
following comparison theorem.

Let denote y the primitive of ¢ with respect to u:

W(s)= fo po)do,

and define L (Q) c LY(Q) the space where u( is a measurable function such that y(ug) €

LY(Q).

Theorem 1.7.2. (Comparison Principle) Let H € L*((0,T); H{(Q)) with, h = Taqx(0,00)(H),
its trace, ug € Ly(Q), and, f € L2(Q x(0,T)) such that there exists u € L™ ((0,00);L1,,(Q)),
a weak solution for the problem (1.11). Then the comparison principle applies to these

solutions, i.e., taking u,u two weak solutions that satisfy

uo(x) <uolx), a.e inQ,
{ flax, )< fx,8), a.e.inQx(0,T),

h(x,t) <h(x,t), a.e.in dQ x(0,00).

Then u(x,t) <u(x,t), a.e. in Qx(0,T).

Proof. See Theorem 5.14, p. 105 in [25]. O

1.7.2 Asymptotic limit

To address the asymptotic limit of the solutions of non-linear parabolic equations we
have followed [22]. Let (M, g) be a compact smooth Riemannian manifold, we start by

defining the following energy functional:
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Definition 1.7.2. Let u(x,t) be a C* function on M with (x,t) e M x[0,T), T > 0. We define
the energy functional

é"(u):f E(x,u,Vu)dV,,
M

where E = E(x,z,p), with (x,z,p) e M xR x T, M, is a function which satisfies

e If p, depends smoothly on x, then E depends smoothly on (x,z,py) € M xR x T, M.

o Let x fixed, then E is uniformly convex in the p variable for p € T,M and |z| + |p|
sufficiently small, that is to say, there is a constant C > 0 (independent of x and p),
such that

d—2 E(x,0 sp)2C|p|2.
ds?ls=0 77
o E has an analytic dependence on (z,p) € RxT M uniformly in x for sufficiently small
|z],|pl, that is to say, there exists > 0 such that for |z|,|ul,|pl,|ql < B,
E(x,z+ AMu,p+A9q) = Z E (x,z,u,p,9)A*, z,u€eR,p,qeT.M,

|a|=0

where A = (11,19) € R? such that |A| < 1, and, sup
A<l

Y Eux,z,u,p,@A%| =1, for
lal=j

j=1
Let us denote the Euler-Lagrange operator for &(u) as W(u), i.e.
W(u)=-D&u),
with D the Frechet derivative, which it is uniquely characterized by
d 2
(1.12) (~W@W),0)o0n) = %’ E(u + sg), for u,p e C*(M).
S

We also require W(0) = 0. By the hypothesis on E(x,z,p), W(u) is a second order quasi-
linear operator as the one appearing in the right side of (1.9), being this a uniformly
parabolic equation for ||u| ¢1(yy sufficiently small.

Let consider the following equation:
(1.13) ui(x,t) =Wu(x,t)) + f(x,t), (x,t)eM x(0,00).

where f(x,t) is a smooth function with exponential decay with respect to ¢, that is for a

given € > 0 there exists a constant C > 0, such that

1 G, Ol e + 1 £, )l gt + 11 foee, Dl e < Ce ™, V2 >0,
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where [ is an integer.
The following theorem states that for initial data sufficiently small, there exists a
solution of (1.13) which either reaches a point where &(u) is negative, or else it is defined

for all time and converges asymptotically to a solution of the equation W(u(x,t)) =0.

Remark 1.7.1. Let [ be an integer sufficiently large such that C2(M) c H'"1(M), and

Yo eHl_l(M), we have |¢|c2p) < Cll@llgi-1, for certain C > 0.

Theorem 1.7.3. Given ¢ > 0, there are constants § =6(E,&) >0 and a = a(E) € (0, %) such
that for any given ug(x) € C°(M) with |ugllgi-2 < 6, and, f(x,t) € C°(M x [0,00) with
exponential decay with respect to M, there exist T, > 0 and a solution u € C*°(M x [0,00))
of the equation (1.13) on [0,T.) satisfying:

e u(x,0)=uo(x) on M.

o sup |[ulx,D)llge < 6%

[0,T)
e One of the following assertions:
x If Ty < o0,
thl’}l E(u(x,t)) <&0)-90.
x If Ty = o0,

}Hgo (lue(x, )l crq) + [wlx, £) — ulx, Bl c2qy) = 0,

where u(x,t) € C*°(M) is a solution of W(u(x,t)) =0.
Proof. See [22], Theorem 2, p. 535. O
To continue, consider the following Cauchy problem:

ur(x,t) = Wulx, 1)), (x,t)e M x(0,00),
(1.14)

u(x,0) = ug(x),

where the initial data fulfills the condition [u¢l gi+2 < co. From the theorem above, we
obtain the two following corollaries which are relevant to prove the uniqueness of the
asymptotic limit for the solution of quasilinear parabolic equations. The first one guar-
anties the existence and uniqueness of the solution of the parabolic problem and the

second one the existence of its asymptotic limit.
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Corollary 1.7.1. Let ¢(x) € C*°(M) such that for a given € >0, when ||p(x) — P(x)|lg <€,
we have

E(p(x)) = E(P(x)).

Then there exist constants 6 = 6(e,M,E,p), and, a = a(E,p) € (0,1), such that if |uo(x)—
@)l gg1+2 < O, then there is u(x,t) € C*°(M x[0,00)), a solution of the problem (1.14) such
that tlllglo u(x,t) = u(x), where:

e S(ux)=8& ((p(x)).

o W(ul(x))=0.

o [ T(x) - @)l <min{6%,5}.

Proof. See [22], Corollary 1, p.536. O

Corollary 1.7.2. Let u be a smooth solution of the equation (1.13), Vt € (0,00), and
f(x,t) € C®°(M x (0,00)) a function with exponential decay with respect to t. If there ex-

ists a sequence tj — oo, and u(x), with W(u(x)) =0, such that
;}Ef,lo””(x’ tr) —u(x)l g2 = 0.
Then we have }irglollu(x, ) —u(x) | g+2 = 0.
Proof. See [22], Corollary 2, p. 536. O
Let see the following estimate for W ()l L2

Theorem 1.7.4. Let > 0 be as in Definition 1.7.2, and u € (0,1) arbitrary. There are
constants 6 = 0 (E,f) € (0,%), Yy = y(E,B) =2, and, o = o(E,p) € (0,p), such that if u €

C2H(M) is an arbitrary function with |ulc2uqr) < 0, then
Y 1-6
W@l L2 = ((ig}'llu —C||L2(M)) , and, [[Wux,)lrean = 18w(x,)-E0) 7,
where Z ={{ € C3(M): 1{|c2r) < B, W) =0}

Proof. See [22], Theorem 3, p. 537. O
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Chapter 2

The Yamabe problem

2.1 An introduction to the Yamabe problem

As we exposed in the introduction, Yamabe originally formulated his problem in the
following terms:

Let (MN, g) be a compact Riemannian manifold of dimension N = 3 and non-constant
scalar curvature. Is there a metric with constant scalar curvature conformal to g?

Throughout this chapter, we are going to study in depth the resolution of this problem.
To simplify the equation (1.2), Yamabe proposed a conformal deformation in the form
g = uNs g, with u € C*°(M), u > 0. In the next theorem we use this transformation to

obtain this simpler equation, in the sense that changing f by u, instead of having the

gradients, we have the laplacian.

Theorem 2.1.1. Under the previous hypothesis, (1.2) is equivalent to

2.1) Rgru%:—CNAu+Rgu.
Proof. From (1.2) we have
N-2)N-1)_.
Ry=e' —(N—l)Af—({%V‘fVif+Rg .

We do the change of function e/ = uP~2 = uﬁ for u € C*°(M), u > 0. So we get f =
5 log(u) = —log(u?"P), and then

-2 -1,

R, =u®"P
g u 4

(N - DA (log (12°?)) (log (u277)) V; (log (u®"?)) + R,
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So,

(N-2)(N-1)

Ry =u'P
8 u 4

(N = 1)2 - p)A(log(w))u — (2-p)*V! (log(w))V; (log(w))u +Rgu | .

As we know, Vlog(u) = ¥, and, Alog(u) = V;Viu = ”'A”u;zwup. Then

u

2

Au-u—|Vul? N-2)(N-1 \Y
Rg,:ul—p (N—l)(2—p)( u-u 2| ul )u—( L( )(Z—p)2 vu w+Rgu|.
u
Then
1- (N-1)
Rg=u""? —4(N_2)Au+Rgu .
Asp—lz%,we finally get (2.1). O

Then we have obtained an elliptic semi-linear equation known as the Yamabe equa-
tion:

N+2

2.2) -CnyAu+Rgu=RgunN-2,

where Cny =C(N) = 4&:;; > 0 is a constant.

Definition 2.1.1. Let consider R4 the scalar curvature of (M N g)a N-dimensional smooth
Riemannian manifold.
e If Ry >0, we say that g is scalar positive. For example, the sphere case.
e If Ry <0, we say that g is scalar negative. The metric of an hyperbolic space is an
example of this.

e If R, =0, we say that g is scalar flat, as what happens in the plane.

2.2 The variational approach

As we have seen, the Yamabe problem is equivalent to obtaining a smooth and strictly
positive solution to (2.2) with R, constant. To achieve this goal, we follow the variational

method as stated in [4] or [16] proposed by Yamabe.

Definition 2.2.1. Let us define the Yamabe functional as
Jur (CN IVul? + Rgu?) dV,

2.3) TMul= =
ol dVg ]

2

where u € HY (M), with 2* = %
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Lemma 2.2.1. The functional I is invariant by rescaling.

Proof. Let A be a scalar, we have
Jur (Co VAW + Rz (Auw)?) dV, _ 22 [, (CrIVul? + R u?) dV,

I[/lu] = . 2 2
[ [y Al dV, T A2 [ [y lul? dVg]?

=I[u].

O]

Remark 2.2.1. If we take A = then by the last lemma we have I[Au] = I[ul, so

1
Julul?™ dvy’
we can assume without loss of generality that [, lu|? dVg=1.

Lemma 2.2.2. Let u be solution of (2.2), then I[|u|]l = Ilul.

Proof. Since u € HY(M), then |u| € H' (M), and, |Vu| = |V|u|| almost everywhere. From
this constraint we obtain that:
Ju (ColVIuI?+Rgu?)dVy  [3(CnIVul? + R u?) dV,

ITlull= - 5 3
[fa Il dV]” [fog Il dVe]

=Iu].

O
Remark 2.2.2. Lemma 2.2.2 allows us to assume u € H'(M), u = 0 without loss of gener-
ality.
Remark 2.2.3. We can define the functional I for conformal metrics, as follows:

R, dV,
I[ul = fz”g—i = I[g'], with g’ conformal to g.

[fMdVg’]z_*

Let g’ = uﬁg, with u € C*°(M), u > 0, by the Definition 1.2.8, we have

(2.4)

(2.5) dVg =/ Ig’ldx1 A nda = \/ u%lglalx1 A-ndxN =u? V1g1dVg = u? dVg.
So we have by the Green’s identity and (2.2),

St (CxnIVu+Rou?)dVy [y Rgu¥iudVy [y Rou® dV,
Z - v 1E &
[fyru? dVg]™ [fyru? dVg]? [fyru?® dVg]?

I[u]=

Using (2.5), we get (2.4).

Do note that I[u]is well defined because Theorem 1.4.3 ensures that HX(M) < L2 (M),

that is to say:
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Lemma 2.2.3. The functional I is bounded below in <.

Proof. On one hand, we have Cy [;;|Vu|? dV, >0, then for u € of:

(2.6)  Iul= f(cmvm +R,u?)dV, = ngu dV, = 1nf{Rg,0}f u?dvy.

On the other hand, applying Holder inequality for p = %, q= %’, we have

@.7) f u2dV, < ||u2||L2*( 1~ =lul2,.  Vol(M)¥ =Vol(M)¥ <oo.
M

LYo L2 (M)

From (2.6) and (2.7) we deduce the result. O

Remark 2.2.4. Lemma 2.2.3 allows us to define A(M) = ir}f {I[u]}. Since C*°(M) is
ueH(M)

dense in H(M), Lemma 2.2.3 guarantees that

AMM) = inf {Iul} = inf {Ilg']}.
ueC®(M),u>0 g’ conformal to g

Thus, the constant A(M) is a conformal invariant.

Definition 2.2.2. Let (M, g) be a Riemannian manifold, we define the Yamabe invariant

as the following constant:

AM) = inf {Iul} = inf {Ilg'].
ueC®(M),u>0 g’ conformal to g

We consider the solutions of (2.2) as critical points of the functional I, so now we are

going to calculate the first variation of this functional.

Lemma 2.2.4. The Euler-Lagrange equation for the functional I is (2.2).

1
Proof. Letuge HY(M), ug =0 fixed, e € R and v € C°(M). Let us denote ||ullp: = (Jur lul dVg)¥

then we have
Cn IV(ug +€v)2 + R (ug+ev)?) dV,
M g g
lwo + evll2.
Jor (Cn [Vugl? + Cne? Vul? + 2CNneVug - Vo + Rg(u + 2ugev + £2v%)) dV,

Ifug+ev] =

luo +evl3.

* 2% 2%
For the next step, we have: |ug+ev|? = [(ug+ev)uo+ev)]Z = (ul +2ugev +%v?) 2

then

* 2% *

d * 2 = *
—lug+evl? = 5 (2uov +2ev?) (up + 2upev + £%v?) 2 1o 5 (2uov +2ev?) lug +evl* 2

de
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So we can calculate the derivative of the functional:

d Ju (2Cne Vvl +2Cn Vo - Vo + Rg(2uov + 2ev%)) dVy lluo +evll3.
_I[u() +ev] =
e luo +evl3.
S (Cn IV(uo + ev)? + R (ug +€v)?) dV,

) luo +evll3.

= (f 2 (2uov +26v?) lug + ev|? 2 dVg) f o +ev|? v, 21

2 \Jy 2 N

Letting € = 0, we get
% N PRTA UM (CxVuo-Vu+ Rguov) dVe

—lluollz? fM (CnIVuol? + Rgud)u? ~tvdV,

By an integration by parts using the Green’s identities, we have

de

2
Ifug +ev] = [f —CnAug-v+R,ugv)dV,
=0 luoll2. (7O Auo-v+ Bouov) dVy

-2 2),,2"-1

If we denote E[uol = [j; (-CnAuo-ug +Rgu2) dVg, then we have

2
Iug +ev]=
=0 lwoli3.

de

fM [—CNAuo +Rguo— IIuOIIQE* E[uo]ug*_l] vdVy.

Thus, critical points of this functional must satisfy %‘ Iug+ev]=0 and
e=0

~CnAuo+Rguo—lluoly? ElugluZ 1 =o0.

Finally,
E N-2
—CNAu() +Rgu() = [—u(;]* év+2
luolls.
Let p be the Lagrange multiplier defined as
E
= [_u(;]* eR.
luolls.

Then we have that u is a critical point of the functional I if it verifies equation (2.2) with
1 as above, that is:

-CyAu+Rgu :uu%.

With this goal, we define:
A ={ucH M) uz0, lulgrq =1}
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2.3 The sphere case

As we will see, the Yamabe invariant for the sphere (A(S")) will play a critical role
in solving the Yamabe problem. In this section, we go deeper in the study of this model

case.

2.3.1 The stereographic projection

Definition 2.3.1. The stereographic projection o, a conformal diffeomorphism, is defined
by
o:SV\{qo} — RN
(2,6) =(21,--,2N,6) — (x1,..,xN),
where qo =(0,..,0,1) is the north pole on SN c RNt and,

x; = 12—_16 for jel,..N, and, (z,6) € S¥ \ {qo).

Remark 2.3.1. From the definition of the stereographic projection we also have:
o 1:RY — sV \ {qo}

(221,...,2ZN,|2|2—1)_( 2z |z12-1
1+ 2|2 141221+ 212)

(z1,...,2N)—

And denoting p = 07!, we can compute the pullback metric of g., the standard metric

on SV ([15], p. 61):
g, = 4(dz% +... +dzz2v) _ 4 20
¢ (122 +1)2 (z12+1)%°

with go the Euclidean metric on RY.

Since we are denoting conformal change by g = uﬁgo, we call
9 2-N
2.8) ui(z)= (Izl + 1) 2
N-2 s
So we have p* g, = [4Tu1(z)] N2 £o.
Now we are going to see that we can use the stereographic projection to write confor-
mal diffeomorphisms of the sphere generated by rotations and maps of the form o 17,0

and 0716 u0, where 7, is the translation by v € RY given by
7,:RY — RN

x — X—U,
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and 6, is the dilation by > 0:

By doing a change of variables z = u~'2/, with > 0, then under the dilation, the spherical

metric becomes

., 1 T
(2.9) 6up S :4(m) Ego.
Finally, if we call
N
(2.10) uu(z) = (ﬁ )
then we have
(2.11) 50" ge = 4uu(2) 2 go.

Remark 2.3.2. The family of radial functions (2.10) are solutions of the Yamabe problem
in RY and they are called "bubbles". They receive this name, because of their shape, as

we can see in Figure 2.1 and play an important role in what follows.
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u(2)

- nu=01
n=05
p=1

u=2

lIz11

Figure 2.1: Bubbles

2.3.2 Yamabe problem on the sphere

Theorem 2.3.1. (Obata) If g is a metric on SN conformal to the standard metric g. and
it has constant scalar curvature, then g is a conformal diffeomorphism of the canonical

metric given by g..

Proof. We follow [16].

o By hypothesis, g. = v2g, with v € C®°(SY), v > 0. Then the transformation laws of

the Ricci tensor (1.1), with e/ = v™2, becomes
Ric%, —Ricf; = v |(N =2)V, V0 - (N - Do 'VioViugp + Avgjn |,

with the right hand side computed with respect to g. Since g. is Einstein, its trace-

less Ricci tensor E&¢ = 0 (Proposition 1.2.4) and thus,

1
-1
0 :Egcjk :Engk + (N —-2)v VkVJU—NAUg]k .
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Now, because E is traceless, integration by parts gives:

LN vIElzdVy = LN vEg, B dVy=—(N - Q)LN E} (Vkvjv — 7 Avgk | dVe
= —(N—2)j EFV,V0dV, = (N - 2)[ (div(Eq), Vo), dVg =0,
SN sN

where we have used that div(E ) = %dR ¢ =0, because g has constant curvature
and then dR; = 0. So, IEgI2 =0, if and only if, E, = 0, i.e., Ric® = %g and this
means that g is Einstein by Proposition 1.2.4.

» Now we are going to prove that the sectional curvature of g is constant. For that,

we clear Riem; j;; from the Weyl tensor:
. e 1
Rlemijkl _Wijkl + m
Rg
(N -1)N -2)

(Riciz g1 — Rici; g i, + Ricji gir — Ricjr g11)
(gjlgik _gjkgil)-

Now, because the Weyl tensor is a conformal invariant and g. is locally flat, we

have that W& = 0 by Proposition 1.2.5, and using that Ric® = % g, we obtain:

. R;2 R,
Rlemijkl :m (gikgjl _gilgjk) - m (gikgjl —gilgjk)
- )
_N(N—l) 8ir8jl —8il8jk)-
Then we obtain
. Rg
Riem,p; = NN -1 (girgji—girgjr)-

Returning to the Definition 1.2.13 of sectional curvature, from this we get that is
constant. Then it is well known that (S, g) is isometric to a standard sphere, R or
the N—-dimensional hyperbolic space, depending on wether the sign of its constant
scalar curvature is positive, zero or negative, respectively. But R;, = N(N -1) >0,
and Proposition 2.5.1 allows us to deduce that Rz > 0. Therefore, (SV, g) is isometric
to the standard sphere. Then we conclude that g must be the standard metric on

the sphere.

O]

We can conclude that for the standard sphere (SV, g.), the minimizers of the Yamabe
functional (2.3) are unique in the sense that all of them can be obtained from g. through

conformal diffeomorphisms, as we had described in the previous section.
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2.3.3 Sobolev inequality on the sphere

We now turn to see the close relationship between the Yamabe’s constant and the

Sobolev inequality (see Theorem 1.4.1).

Theorem 2.3.2. (Sharp Sobolev inequality on the sphere) Let I be the functional
(2.3) defined on (SV, g.), and u a solution of (2.2). The N—dimensional Sobolev constant
is{ny= CTN where

A=21 (gN) = I[ul= N(N - DV ol(SM)¥ .

Furthermore, the sharp form of the Sobolev inequality on RN is

CN P)
= T ”VUHLQ(RN)'

Equality is attained only by constant multiples and translates of u, defined in (2.10).

Proof. We follow [16]. By means of the stereographic projection, the Yamabe problem
on SV becomes a problem on RY. Indeed, if we consider u € C°($") and denoting w =
uip*ue C(RY) the weighted push-forward function, with u; the conformal factor (2.8),
then by (2.11) we get, for u=1,
P ge= 4u1”+2go.

By the definition of u1,

p ¥ rg,) = 4w¥ g
By the conformal invariance of I and knowing that R,, =0, we get
Jav (Cn IVw? +Rgw?) dVy,  fan CnIVw|? dVy,

Iu] =Iw] = 3 2
[Jav W] d Vg, ]2 [Jav (W] d Vg, |

so we have

CyIVw|?dV,
ASN)= inf {Iult= inf {Iwl= inf {fRN N [Vw| go}.
ueCoo(sh) weC®(RN) weCoRN)

[Jay (Wl dVg,] =

Before we continue, let € > 0 and denoting B, = B(0,¢) c RN we define the smooth cutoff
function ¢, by:

O=<s¢p:.=1

A

supp(p,) < By,

@ =1, on Be.
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Now we can define w® = ¢.w and we can obtain an approximation of w such that when

Cn IIVw|?
ASN)=  inf { L*®Y) }

00 2
weCE®Y) | w7 o g,

e — 0, we have

Then, we can apply the Sobolev inequality of Theorem 1.4.1 and conclude that there

exists the N— dimensional Sobolev constant (> 0 such that

2
(2.12) AsY)=  inf o ”W;”LZ*"RN’ >N o
weCE®Y) | (N lwll?,. (RN) (N

And we have that A(SY) > 0. From (2.12), we can conclude that identifying A(SY) and
the related extremal functions is equivalent to identifying the N-dimensional Sobolev
constant and extremal functions for Sobolev inequality.

In [20] (appendix to chapter V, p. 224-230) it is proved the computation of A(SY) =
NN -1)Vol(SN )%/ and that the best constant in the Sobolev inequality in RY is achieved

by constant multiples and translations of the family of radial functions (2.10). O

In chapter 3, we will see the moving plane technique in order to obtain radially sym-
metric solutions in RY. The difference between this technique and the Obata’s theorem is
that the first one is on RY and the second one is on SV which is compact. For this reason,

in the moving plane method we will study the asymptotics at co.

2.3.4 Upper bound for the Yamabe invariant

The objective of this section is to show that we can compare the invariant of any
compact smooth Riemannian manifold with the invariant of the sphere. We will see at

the end of this section the proof of this result:

Proposition 2.3.1. Let M be a compact smooth Riemannian manifold of dimension n = 3,

then M(M) < A(SV).

N-2

Lemma 2.3.1. Let u, be the bubble in (2.10) and u,(r) = ( £ ) 2 ,reR, u>0. Let

r2+p?

k> —N, and € > 0 fixed, then when i — 0 we have that,
£
_ 2 k+N-1
Jlpl = fo uy,(r)r dr
is bounded above and below by:
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e positive multiples of u**2, if N >k + 4.
. uk”log(%), if N=Fk+4,
o« N2 if N<k+4.

Proof. To begin we do a change of variable y = ﬁ:

™

Jlul :uk+2f0“ PEN-1(2 32N Gy o2

2 (C+fﬁyk+3—Ndy)_
1

where we have applied that for y = 1, we have y% +1 < 2y2.

C+2N—2f”yk+N—1(y2)2—Ndy
1

o If N >k +4 we have that this integral is bounded, as u — 0.
o If N<k+4then
1 k+d-N

Tl < k+2(C+22—Nf7‘ k+3-N g ): k2[00 "
[ul<p LY yl=u Tia- N X

€ frd-N N-2 1 k+4—N Ek+4_N
= -1l l=u""?|C T —.
(,u) H H kE+4-N

1
e
So this is bounded by yV=2, as u— 0.
e If N=Fk+4, then
C+22_Nfﬁ 1aly)
1)
So this is bounded by p**2 log(%t) =pN-2 log(%).

Tip) < 200 2N g = 2 € 422 og ).

U

Proof of Proposition 2.3.1

Proof. We proceed as in [16]. By Theorem 2.3.2 the functions u, satisfy the equality

2 2
(2.13) A ”“u”Lz*(RN) =Cn ||Vuu||L2(RN)’

N-2

2

where u,(r) = (ﬁ) , and, 0,uy = 0,uy(r) |r=|x. Let now fix € >0 and denoting B, =

B(0,¢) c RN, we again define a smooth radial cutoff function Pe(x), Vx € RN, by:
O<sp(0)=<1

supp(@.(x)) c By,
1

pe(x)=1, xe B,

@e(x)=f(r), f € C*(R) non-negative, |x|=r.
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Now we can define u = ¢.u,, which is a radial function and,
2 _ 2
Cn IIVullLQ(RN) —fRN CnIV(peu)l“dx
:fB (CN @2Vl + 2CN Pty (Vpe, Vi) +ulVepe ) dix
2¢
:f cN<p§|vuu|2dx+f ZCN(pgu'u<V(p£,Vup>dx+f w2 Vel dx
B2£ BZE\Bg Bo:\

2e €

Because we know that ¢, =1 on B, and then V¢, =0 on B, so, we have
Cn IVl sf CN|VuM|2dx+Cf (0t +u2) da.
®D ™ Jry Bae\B,
From where we obtain the following:
2 2 2
(2.14) CN IVl 25 g, < fRN Cn10,uyl dx+CfBQ€\BE (2uldruyl +u2) dx

Then:

vl

Oruy(r) =

N—2( ~2ru )

po T p
2 |2+ 22 ) =@=Nru _1( )

r2 4 2 r2 4 2

So we get [0,u,(r)| < (N - 2)r1_Nu¥, and we also know that
(2.15) uy < rZ_Nu¥.

Then returning to the inequality (2.14), there exist constants C1,C9y > 0 such that

2 2 N-2 _ 3—-2N 4-2N
Cy ||Vu||L2(RN)SfRNCN|0ruHI dx+CfBze\B£u ((N 2)r32N 4 )dx
l

+ CLUN—Z

_ 2 N-2 _
_ANCNIOruNI dx+Ciu (2'—13)A(fRNquI dx

2
oF

:Af lu |2*dx+f |u| dx) +CquN2
(RN\BE H B, LK

By (2.15) and as p — 0,

2

dx—i-f Iuﬂl dx) +Cl,uN_2
BZE

2N
2-N  N-2|N-2
CN ”Vu”LQ([RN) A ‘[IVQN\B ‘r l’t
2

% 2
=A f 2N’dx+f lu|? dx) +C’1,uN_2
RN\B B2€

2
o7

:Af dx) +CopN +C1pN 2 < Aflull? N-2,
B2£

12 ®V) +Cu

Then we have

(2.16) CN IVulT o gy < MUl pe g, + Ci 2
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Now, on a compact manifold M, let u = ¢ u, in normal coordinates {x;} in a neigh-
borhood of P € M, extended by zero to a smooth function on M. Then we know that
dVgy=(1+ O(rV))dx in normal coordinates (Theorem 1.2.1), and the above estimate can

be corrected as follows:

CnIVul®> + R u?) dV, <
g g
M

(CnIVul?+ Rgu?) (1+CrY) da
B2E

2¢
<(1+Ce¢) (A”u”iz*(RN)+C/HN_2+C//L ui(r)rN_ldr),

with C,C’,C"” > 0 certain constants.
Finally, Lemma 2.3.1 allows to prove that the last term is O(u). Therefore, we can

select € and u small enough to write

Iul=(1+Ce)(A+Cu),
which prove that
AM) < A.
O
2.4 Existence of solutions
Notwithstanding, there remains a problem. Due to the fact that precisely 2* = % is

the critical exponent for which the inclusion H(M) c L% (M)isnot compact (see Theorem
1.4.4) it is not possible to straightly prove that a minimizing sequence of I[u] in (2.3) has
a subsequence converging to an actual extremal function. Yamabe [26] realized this and
his approach to overcome the issue was to address a collection of perturbed problems in
which this difficulty disappears. We follow [16] throughout this section. Based on the
previous sections, we are now in a position to prove that the Yamabe problem can be

solved on any compact smooth Riemannian manifold M provided that A(M) < A(SN).

Definition 2.4.1. Let define the subcritical Yamabe energy functional as
Jar (Cn IVul? + R u?) dV,

AL

where u € H (M), and, 2 < s < 2*. Also, we define the subcritical Yamabe invariant as

(2.17) Plul=

b

(2.18) As= _inf  {I°[ul}.
ueC®(M), u>0
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2.4.1 Subcritical equation

If u is such that |ullrsgr) = 1 and it is a critical point of the functional (2.4.1), it

satisfies the subcritical equation:
(2.19) ~CyAu+R u=Au’t,
Let us see the next theorem about regularity in the subcritical case:

Theorem 2.4.1. Let u € HY(M) be a non-negative weak solution of (2.19) with 2 <s < 2*
and K > 0 a constant, such that |As| < K. If there exists r > M, such that u € L™ (M),
then we have one of the following cases:

e u=0.

e u>0, smooth and |ul ¢z < C, where C=C (M, g,r,|ulr-an) and 0<a <1

Proof. Let u € L(M), with r > Y52 from (2.19), then ~CnAu = A;u! — Ryu € LY(M),

r

with g = =D Applying Theorem 1.6.2, we get u € W24(M). By the Sobolev embedding
Theorem 1.4.3, we have that W249(M) is continuously embedded in L" (M), where

1_1 2 Ns-N-2r
g N Nr '

_Nr
Ns-N-2r’

ment allows to conclude that u e W>9(M), Vg = 1.

Thus, taking r’ = then by hypothesis 7’ > r, and u € L™ (M). Iterating this argu-
Now, for 0 < @ < 1, there exists ¢ = 1 such that Q_T“ = %, so by the Holder continuity
case of Theorem 1.4.3, we get that W29(M) is continuously embedded on C%(M). Thus
u € C*(M), and then u®~! € C*(M). Applying Theorem 1.6.2, then u € C>*(M). By the
maximum principle (Theorem 1.6.4), we have two cases:
e If u =0 at some point, then u =0.

e Ifu#0,we have -CyAu+Rgu —A;u*"1>0, then
-CnyAu+Rgu —Aut = (-CNA+R, —/lsus_z) u>(-CnyA+K)u>0.

where K is a constant such that K > sup{R, — A;u*"2}. So we conclude u > 0.
Finally, let u #0, and, u € C>%(M), from (2.19), then u*~! € C>%(M). Applying The-
orem 1.6.2, we obtain u € C**(M). Repeating this process successively, we obtain

u € C®(M).
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O

We will see in the next proposition the existence of a minimizer sequence of the sub-
critical Yamabe functional and that the equation (2.19) always has a positive smooth and

minimizing solution for s < 2*.

Proposition 2.4.1. For 2 < s < 2%, there exists us; a smooth positive solution to (2.19),

such that I°[us] = Ag, and, luslzsar = 1.

Proof. Similarly to Section 2.2, it can be proved that there exists {u;}ieny € C°(M) be a
minimizing subsequence of the functional I°, for 2 < s <2* such that |u;llzsan = 1. If we
take |u;| instead of u;, then we have I°[|u;|] = I°[u;], so we may suppose that u; = 0.

As {u;}ien is a minimizing sequence of I°, then I°[u;] — As(M). Knowing that |lu;|lzsor) =

1, and by Holder’s inequality:

IPlu;] R,

2 i

2412140, = f(|Vu| cut)avy =1 - [ (1-2E)uzav,
s[u]
Oy

< 00.

Thus, {;};en is bounded in HY(M) and there is a subsequence, that we are going to denote
{ui}ien too, converging weakly to a function u, € H LM). As 2 < s < 2%, applying Theorem
1.4.4, we have that H'(M) is compactly embedded in L5(M), then u; — us weakly in

1—00

HY(M), and, u; — u, strongly in L*(M), for some ug e HY(M), satisfying ||usllzs = 1. By

1—00

weak convergence in H'(M) and by Schwarz’s inequality, we have

1 1
3 3
f IVus|?dV, = lim | (Vu;,Vug) dV, <limsup ([ IVui|2dVg) U IVuS|2dVg) :
M i—ooJM i—oo \JM M
From where we get I°[us] < limI°[u;]= As. However, by Definition 2.18, we deduce that
1—00

IS[us] = As, then ug is a weak solution of (2.19). By Theorem 2.4.1, as u, € H (M), we
have that u € C°(M), and it is positive. O

2.4.2 Limit when s goes to 2*

After we have seen the subcritical case, it is natural to ask about the critical case,

that is to say, what happens when s — 2*?
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As we pointed before, the first issue in the critical case is that with the exponent
2*, we have a minimizing sequence {u;};en, such that u; - u € HY(M), but we do not
have the compactness of HY(M) in Lz*(M), so we can not prove that if ||u;|; 2+ = 1, then
lull e =1,

Yamabe claimed that the collection of solutions {u}se[2 2+), verify that |lugll; 2+, is uni-
formly bounded as s — 2 in general. However, it is false and this was his gap in the proof.

The main result in this section is the following theorem in which we have a solution for

the Yamabe problem just supposing A(M) < A(SM):

Theorem 2.4.2. Let A(M) < A(SN), and {us} be the collection of function given by Propo-
sition 2.4.1. As s — 2%, there exists a subsequence which converges uniformly to a positive

function u € C*°(M), such that
Ilul=MM), and, —CnAu+Rgu=AMu? 1.
As a consequence, the metric g = uﬁg has constant scalar curvature A(M).

Before passing to the proof of this theorem, we study the behaviour of A5 in the fol-

lowing lemma. For this, we fix a metric g such that Vol(M)=1.

Lemma 2.4.1. Let (MY, g) be a smooth compact Riemannian manifold such that Sy dVe =
1. Then the function s — |Ag| is non-increasing for s € [2,2*]. Moreover, if A(M) =0, then

As IS continuous from the left.

Proof. Firstly, let see that s — |A| is non-increasing. For that, note that Vs,s’ € [2,2*]
and u € C°(M), such that u # 0, then

, lul?,
(2.20) ¥ [u] = LD psp

2
u
IR

By hypothesis, as [, dVy =1, then if s < s/, by Hélder’s inequality we have [lullzsar) <
”u”LS’(M)’ and by (2.4.1) and (2.20), |A¢| < |As]. So s — |A| is non-increasing.

Furthermore, if there exists some s such that A1; < 0, then there is a u € C®°(M),
which verifies I°[u] < 0. By (2.20), we have IF'[ul<0, Vs’ €[2,2*]. Then we have A, <0,
Vs €e[2,2*].
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To finish, supposing A(M) = 0, by the previous argument we obtain A3 =0, Vs €[2,2"].
Let us choose s € [2,2], then given € > 0, there exists u € C*°(M), such that by the defini-

tion of the subcritical Yamabe functional (2.17),
(2.21) Plul<Ag+e.

As s — |lullLear is continuous, then by (2.18) and (2.20),

I°[u]

! ! 2
b =l = I - ILul Tl = (10t = Nl )+ T s+ 2,

for Vs’ < s close enough. As we have seen that |A,| is non-increasing, we conclude that it

is continuous from the left. O

We turn now to see the following proposition due to Aubin [2] and Trudinger [23],
which shows that the hypothesis A(M) < A(SY) is enough to solve the problem.

Proposition 2.4.2. Let (MY, g) be a smooth compact Riemannian manifold with Sy dVg =
1 and A(M) < A(SY), and {ts}sero,2+) the collection of functions given by Proposition 2.4.1.

Then there exist constants sg < 2*, r > 2%, and, C >0, such that
lusllzran <C, Vs=sop.
Proof. Let & >0, if we multiply (2.19) by u1+2:
—CnAu,-u 1+25 +Rgu2+25 A us+25
Integrating over M:
—CNf Aug-ul*® dv, +f R u?*?0dv, = Asf ust? qv,.

M M M

Then:
Cw fM (Vug, (1+26)u2Vu, ) dVy + fMR L2204V, =1, fM w20 qv,.

And setting w = u}*?:

1+26
ili(S)Q)f Vw2dV, + ngw v, = ;Lf =22 4V,




which yields

2 (1+6)? 45202
(222) CN M|VLU| dVg:m /13 Ug dVg ng dVg

On the other hand, by the Sharp Sobolev embedding (Theorem 1.4.2), for € > 0, there

is a constant C > 0 such that
||w||22*(M) < (1+8)UNfM|Vw|2dVg+Cngw2dvg’

where oy is the N-dimensional Sobolev constant. Then, for A = A(SY), from Theorem
2.3.2 follows:

Cn 2 f 2
<=1 —_— \Y% .
lwil? <(l+¢) A fMI w|*dVg+C, Y dV,

L2 (M)

Applying (2.22) and Holder’s inequality:

(1+8)% As s—2. 2 / 2
IIwIILQ*(Z‘/D_(1+£)(1 26)X Mus w dVg+CE’5wa dVy
(1+6)* As s ,
=(1+e¢ )(1 25)X” sllL(S oy ||w||L2*(M)+C 5||w||L2(M)
As (3—22)N < s, we have ||us||3 . ||us||Ls(M) =1, so,
(1+6)? Mg

2
1012 4y = O+ g w1022 gy + Ces 012y

e Now, on the one hand, if we suppose 0 < A(M) < A, for some sy < 2*, we will have

As
by Lemma 2.4.1, % < AO < 1, for sg <s. On the other hand, we can choose §,¢ >0

sufficiently small to obtain (1 + 8)8:(23()5) X <1, then there is a constant C > 0 such
that:
(223) ”w ”L2*(M) - C”w ”LZ(M)

e Supposing A(M) <0, we obtain obviously the same result.

Applying again Hoélder’s inequality on (2.23), we obtain

”w”L2(M) = llu S||L2(1+6)(M) Ls(M) —

Then we conclude that from (2.23), [lw/| ;2 an = = |luglltt T2° (M) is bounded independently of

S. O
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Proof of Theorem 2.4.2

Proof. By Proposition 2.4.1, we have that {ug}sc[s,,2+) 1s uniformly bounded in L"(M) for
certain 2 < sg < 2%, r > 2*. Then applying Theorem 1.6.2, as we have done on the proof of
the Theorem 2.4.1, we obtain that {us}se[s,,2+) is uniformly bounded in C%%(M).

Now, by Arzela-Ascoli theorem, we know that there exists a subsequence which con-

verges to u € C?(M), such that u verifies
Ilu]=21, and, -CnyAu+Rgu= /1u2*_1,

where we define the limit A = sligl* As. Furthermore, we have
e If 0 < A(M), by Lemma 2.4.1, A, is non-increasing, then 1 = A(M).
o If A(M) <0, A is increasing, so we have that 1 < A(M). However, by (2.18), as it is
the infimum of the functional, then A = A(M), too.

Finally, by Theorem 2.4.1, we have that u € C*°(M), and u > 0, because

”u”L2* = 11151* lusllLs =1>0.
s—)

2.5 Uniqueness

To continue, we are going to study the uniqueness of the solutions of the semi-linear

PDE (2.2).

Proposition 2.5.1. If we have two strictly positive solutions of (2.2), then the constant

curvatures of both metrics have the same sign or both solutions are equal to zero.

Proof. Following [3], p. 171, we consider g’ = u¥=g, with u > 0, and & = v¥-2g, with
v > 0, two solutions of the problem, with R, and Rz are their respective constant scalar
curvatures.

Then we can compute g’ in terms of the metric g. For that, we know that as u,v >0

we can set u = wv, and we have



Then by (2.2):
-C,Au+Rgu= Rgru%.

Setting Aw = —g”"JVﬁjw, idem as (2.2), we get
~ N+2
(2.24) -CrAw+Rgw =Rgwn-2.
Now, integrating with respect to g and knowing that [ Aw dVz =0, we get
N+2
Rgfde§ :Rg,wa—z dVs.
So we obtain that Rz and Ry have the same sign or both are equal to zero. O

By the above proof, we can conclude:

o If the curvature is equal to zero, i.e. Ry = Rz =0, then by (2.24), Aw =0, so we
have w = constant and both solutions are proportional. Then, in this case there is
a unique solution up to rescaling.

o If the curvature is negative, i.e. Ry = Rz <0, (2.24) has the unique solution w = 1.

Indeed, if w has a maximum in p € M, then Aw(p) =0, and from (2.24):

N+2

CNAw(p) :ng(p)—Rg/wN—Q >0.

Then w(p)ﬁ < };—i =1. So, w(p) < 1. In the same way, if w has a minimum in
g € M, then Aw(q) <0, and analogously w(g) = 1. Therefore, w = 1, and there is a
unique solution.
o Ifthe curvature is positive, i.e. Ry = Rz > 0, we can not prove that there is a unique
solution.
In the next section, for the cases where g is scalar positive, we are going to see a
classical example where we do not have a unique solution. Therefore, if the curvature is
positive we can not guarantee uniqueness. In general, although we know that there are

few examples where uniqueness holds, as we have seen in a certain sense for the sphere.

2.5.1 Example of non uniqueness

As we have just seen, when the scalar curvature is positive we do not have uniqueness

generally. A classical example where there is more than one solution is due to Schoen [19],
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who found all solutions to the Yamabe problem in the Riemannian manifold S x SV-1
with the product metric, being S! = S(T") the 1-sphere of length 7' > 0 and SV ! the
N —sphere of radius 1, both considered with their standard metrics.

To address this example, we remember the relation between gg and g1 of the Example
1.2.3 and for convenience we normalize first solutions of the equation (2.2) so that their
scalar curvature is Ry = N(N - 1), i.e, equal to the scalar curvature of SN and we look
for solutions of the form g’ = u¥2 g1 on R x SV~1 with respect to the product metric
g1=dt2+d0?, (t,0) e Rx SN1 with scalar curvature Ry, = (N - 1)(N —2). In short, (2.2)

turns to

—9)2 —-92) N+
(2.25) —Ag1u+(N4 ) u:N(Ai ) 3.

When u just depends on ¢, writing Ag, =04 + Ag:

(N-22 N((NN-2) n«
u+ u

(2.26) = Z N2 =0, u=u(),teR.

and we are interested in finding positive solutions of (2.26) defined in R.

Explicit solutions

This ODE has two explicit non-zero solutions:
_4

N-2
M) * , where ug* g1 is the multiple of g; with

« One solution is the constant u = (%5

scalar curvature N(N —1).
Proof. This is an immediate calculation from (2.26). O

e The other is a solution of constant sectional curvature. Let us take the spherical

metric g. in RY given by g. =4 (1+ |x|2)_2 go (see (2.9)). Writing g, in the terms of

2 _
g1 8¢c= 4(11’&'2) g =4(lx|+x71) 2g. Then as |x| =r =e~ %, we have

cosh™2(t) =4 (ef + e_t)_2 =4 (|x| + le_l)_2 )
Thus,
gc= cosh_2(t)g1.

From where we have the solution:

u1() = cosh™ T (#).
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Proof. This is an immediate calculation.

System of first order
To continue, we are going to transform (2.26) into a first order system. For that, we
take v = u; and let define

(N-22 NWO-2) ne
u- unN-2|.
4 4

(2.27) X(u,v)=|v,

Then (2.26) become (u,v); = X(u,v) a non-linear autonomous system that we are going

to study.

Critical points

This system has two critical points: X(u,v) = 0 if and only if v =0 and u = 0, or,

(Nf)Q u+ N(I\iﬂ)ul% =0. That is, the critical points are (0,0) and (0, uq).

Linearization of the equation

First, we calculate the Jacobian matrix and then we study each critical point. The

Jacobian matrix denoted ¢/ is

J(u,v) =

0,0t |(u,v) 0,0tu |(u,v) _ 0 1
| -2
4

2) 4
0,010 lww) 0u0s () —N(J‘f)uzv_z 0

e For the critical point (u¢,0):

0 1
J(up,0) = )
( ~(N-2) 0 )

Then, its eigenvalues are given by
A2+N-2=0.

Then we have, A = +ivV N — 2. To conclude, as N =3 and we have two pure complex

eigenvalues, then the critical point (1, 0) is a (linear) center.

50



e For the critical point (0,0):

J 0 1
0,0)= w-2? o |

4

Then, its eigenvalues are
(N —2)?
4

A2 =0.

From where we have, 1 = i%. Finally, as N =3, A1 >0, and, 12 <0, we conclude
that the critical point (0,0) is a saddle point.
As the point (1(,0) is a center and the system is an ODE of first order we have the

next equations for the orbits:
u(t) = Asin(tVN —2) + Beos (tVN 2],

where A,B > 0 are constants.

We also know that these orbits are constants. Let u(¢+T) = u(¢) where T = % is

the fundamental period.

The orbits

Until now, we have transformed the equation of second order (2.26) into the first order
system (2.27). The study of linearization yields a critical point which is a (linear) center.
Now we study the phase diagram of the non-linear problem. However, in the non-linear
case, we will show that there exists a Hamiltonian in order to see in the phase diagram
that there are some orbits around this center. In this section we will study how to get the
exact equations of these orbits.

To continue, in order to calculate the exact trajectories of the orbits we are going to

compute the Hamiltonian. For this, we multiply (2.26) by u,:

(N —2)? N(N-2) w2
utt-ut—Tu-ut+TuN72 -us =0.

And knowing that
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o critical points

(O critical point (u0,)

8 cylinder
O orbits

% Delaunay’s solutjons

0,0

Figure 2.2: Diagram of phases

we have
1 o (N-22 o (N-2?( av
- Vo2, B ) o
Integrating with respect to ¢ we obtain

(N-2)? , (N-2)
u- +
8 8

2N
uv-z =4C,

1
Hzgw&—

where C > 0 is a constant. Therefore,

on2 o2
2—(N82) u2+(N82) u%iC:O.

1
—v
2

Finally we get the exact trajectories of these orbits

—9)2 —_9)2
v:+\/(N42) uz—(N42) u¥z +C.

Remark 2.5.1. The intermediate solutions have geometric interpretation, they are small
perturbations around the cylinder as we can see in Figure 2.2, and they are known as

Delaunay’s solutions.

The orbit corresponding to the solution u1(#) contains the point (1,0), is symmetric
under reflection in the u-axis, and when ¢ — oo it approaches (0,0). Therefore, this orbit

and (0,0) bound a region 2, which includes the center (u¢,0).
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Now taking «a € [ug,1]l,we parametrize the orbits in Q by y,(¢), with y,(0) = (,0)
where a € [ug,1]. So we have y,,(t) = (10,0), and y1(¢) = (©1(?),(w1(?));). For a € (uo,1),
there exists a first positive time %T(a), at which y( intersects the u— axis. Denoting

Ya(®) = (ua(t),v4(2), thus yo(—1) = (ug(t), —v4(2)). From where we get that y,(¢) is periodic

with period T'(a). Moreover, we have T'(«) — oo, and, T(a) — —2Z— where, as we have
a—>

a—ug VN-2’
seen before, this is the fundamental period.

To continue, we return to the manifold S(T")x SV ~1, provided with the product metric

2n

N such
that the manifold SY(T) x $™~1, for T' < T, has a unique solution of (2.26), which is a

g. Supposing that T'(a) is increasing for « € [ug, 1], then there exists a Ty =

constant times go. So we conclude that for T € (Ty,2Ty], (2.26) has two solutions: the
constant solution and the solution with fundamental period 7. However, these two solu-
tions have different periods so they are inequivalent. Furthermore, the same reasoning
leads to assure that for 7T € [2T,3T], there are three inequivalent solutions, and so on.
Then this example stress that we can not guarantee uniqueness of solutions in case of
positive scalar curvature.

Note that Rx SV~ is conformally equivalent to R \ {0}, and thus the solution of (2.25)
in R x S¥~1 is equivalent to the solution in RN \ {0}. Precisely, [11] proved that under
suitable conditions, any solution of (2.25) is a radial function. Furthermore, u(x) = y(r),
with r =|x|, w e C2(RN \ {0}) is a solution of (2.25) if and only if:

(N-22 NWON-2) ns2
+ 1 V= 2 wN—2.

N-1
(2-28) _Wrr_'(,”r( r )

As pointed by [8], p. 272, equation (2.28) can be simplified by considering u(t) = (r¥ w(r)) —,

in which case, such equation becomes (2.26).
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Chapter 3

Moving plane

The moving plane technique dates back to applications to geometry by Aleksandrov in
1958 ([1]) and Serrin ([21]) in 1971. After that, this method found important applications
in the theory of PDEs, beginning with the seminal papers by Gidas, Ni and Niremberg
([11]) followed by many researchers in the field ([6]), reveling itself as a fundamental tool
in the proof of qualitative properties of solutions of certain PDEs, as monotonicity, radial
symmetry or even Harnack type estimates. Do note that knowing that if a particular
PDE has only a radially symmetric solutions it allows to reduce it to an ODE, simplifying
the problem in some sense, as we did before. In this section we introduce this technique,
and at the end, we show its relation with the Yamabe problem. Even more, we will see in
the last chapter that it will play a main role in the study of parabolic PDEs, as it is the

case of Yamabe flow.

3.1 Main idea

The method of moving plane essentially consists on comparing values of the solution
to a PDE at two different points, one point is the reflection of the other over a hyperplane
x1 = A, and after that, the plane is moved until it reaches a critical position, then the
solution will be symmetric with respect to that plane.

From now on, as we are interested in radial symmetry, we select y = (1,0,...,0) and
we will study symmetry with respect to x;. After that, reordering variables leads to

desired result. In this section we follow [11] and consider the following semi-linear elliptic
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Figure 3.1: Moving plane method

equation:
(3.1) Au(x) +b1(x)uy, (x)+ f(u) =0,

where b1 € C(Q), f € Cl, and, x; is the first coordinate of x = (x1,...,x5). Our objective
will be to prove the symmetry of a solution u € C?(Q) with respect to the hyperplane x1,
with Q an arbitrary bounded domain with smooth boundary 0Q2, but first let see which is

what we call radial symmetry.

Definition 3.1.1. A measurable function u defined in RY is called radially symmetric if

u(r)=1da(r), for r =|x|.

Following [11], we present the main idea of the moving plane method. Let Q c RN be
bounded with smooth boundary, y € R¥ be a unit vector, and, T) = {x e R¥ | A =x -y} <RV
be an hyperplane orthogonal to y, for A € R. To start the method, let A € R be large enough
such that if A = A, we have that the hyperplane T'5 is disjoint with Q. Then if the plane
moves continuously in the y direction toward (2 while A decreases, then T will begin to
cut off from Q an open cap that we define as (1) = {x € Q| y-x > 1}. On the other side, let
denote X'(1) the reflection of (1) with respect to the plane T'). It will begin to be inside
Q, since 012 is smooth, until one of the following situations occurs:

e Let P ¢ T and X/(1) is tangent to Q2 at P.

e Let Qe T) and Z’A is orthogonal to 0Q2 at @.

To continue, we suppose that T') reaches one of the above positions in A = A1, then X'(1) c
Q, VA = A1, and, by definition X'(1) 51 Q, for A < 1;. For any unit vector y, the goal is to
prove the reflection symmetry of solutions to (3.1) with respect to the plane y-x =0. In

this step it will be crucial some form of the maximum principle.
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We are going to use the following notation:

o The maximum of the first coordinate for x € Q is 1¢ = maxxj.
xeQ
e The maximal hyperplane

Ty, :={x1= A1}, with 11 < Ap.

e The maximal cap

Z:ZA:Z(Al):{x€Q|x1>YL1}.

e The reflection of this maximal cap on the plane T',: Z'(1;).

Definition 3.1.2. We define ut(x) = u(xt), with x* = (2A—x1,%9,...,xN), to be the reflection

of x with respect to the hyperplane x1 = A, for A1 <1 < Ay.

3.2 Symmetry on an arbitrary bounded domain

Next we see the following symmetry theorem which allows us to obtain the radial

symmetry on any bounded domain with smooth boundary.

Theorem 3.2.1. Let u € C2(QNZX) be a solution of (3.1) and such that

u(x)>0, xeQ,
u(x)=0, xe€oQn.
Let b1(x) =0, for x e 2UZ. Then uy (x) <0in Z. Furthermore, if uy, =0 at some point in

Q on the plane T, then u is symmetric on the plane T, that is to say Q = Z(A1)UZ'(11)U
(Tr, nQ), and b1(x) =0.

To prove this theorem, we start the moving plane method in a point of the boundary

and while we have
Uy, (x)<0, and u(x)< u’l(x), for x € (1),

we can move the plane until we arrive to a critical value u, which is the higher value
that does not allow us to move the plane more. The main idea of the proof is that by
contradiction, if u > 11, we do not have reached the critical value and therefore we can

move the plane a little more.
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First, we are going to prove the following lemma which shows that the derivative of u

with respect to x1 has sign, so we can say that it is a kind of Hopf’s lemma:

Lemma 3.2.1. Let v(x) be the exterior unit vector of Q, and, x € 0Q with v1(x) > 0. For

some £>0, if u € C2 is a solution of (3.1) in Q. = Qn{lx —%| < &}, and it verifies

u(x)>0, xeQ,
(3.2)

u(x)=0, x€S=00Qn{lx—x|<e¢}.

Then there exists 6 > 0 such that u,,(x) <0, for x € QN {lx —x| < 6}.

Proof. Asu>01in Q, and, u =0 in S =0Q N {|x — x| < €}, necessarily u increases near the

boundary, so u, <0, on S. For such ¢, as v; >0 everywhere, then
Uy, <0, onS.

We are going to continue the proof by contradiction, so we suppose that the lemma is
false, then there would be a sequence of points {x;};en, such that x/ —x, and, Uy, (xj ) =>0.
For j large, the interval in the x; direction, going from x’ to 4Q), intersects S at a point
that we are going to call ¥, where u,,(¥) < 0. Then we have in the direction of x;, the

interval going from x/ to X such that
Uy ()20, and, u(%)<0.

By the mean value theorem, there exists a point &/ which is in the interval between

x/ and %, such that uxl(fcj) =0. As u € C2, we have

(3.3) 0= limuy, (&) = uy, (hm xi) = uy, (%),
J—00 J—00

and we also have

Uy, (R7) — Uy, (X) _

(3.4) Uyyx, (X) = }H?o % 0.
Suppose f(0) =0, then u satisfies
(3.5) Au(x) +b1(0)uy, () + f(u(x) - f(0)<0, x€Q,.

By the mean value theorem, for some function c(x) = 0, we have
Au(x) +b1(x0)uy, (x) + c(x)u(x) < 0.
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Taking the function —u, we have
Au(x) = b1(x)uy, (x) — c(x)ulx) < 0.

Applying the Hopf’s Lemma 1.6.1, we find (-u), (x) > 0, so u,(x) < 0. Moreover, as we
have u,(x) = uy, (x)v1(x) <0, then

1, (%) <0,

which is a contradiction with (3.3). So we have to suppose f(0) < 0. Knowing that as x € S
by (3.2), f(u(x)) = f(0), and, by (3.3), uy,(x) =0, we obtain that u is a solution of (3.5) at x:

Au(x) = —£(0).

But then if we had uxixj(i) = —f(0)vi(x)v;(x), then it contradicts (3.4), since uy 4, (x) =
—f(0)v1(x)% > 0.

So we need to prove that Uy, (%) = — f(0)vi(x)vj(x). For that, we follow the same
process as before but instead of taking the direction of x1, we do it in the direction of x;,
then u,,(x) =0, for 1 <i <N. Using this and the definition of the derivative with respect

to x;, we have, taking x = 0 to simplify without loss of generality:
uxi(O,...,h,...,O)—uxi(o,...,O) . uxi(o,...,h,...,o)

lim =lim
h—0 h h—0 h

uxixj(i) =

By (3.2), u = 0 in 0Q). As x € 0Q2, Vu(x) has the direction of v, then, ife; =(0,...1,...0):

@ =lim 2 Qoo O ui(he) L Vulhe s Che )
Ui \X T h=0 h "~ h—0 h ) IVu(hej)Ih

Vulhe,)| Vi (hep+-+u2 (he;)
v, Tim e
h—0 h h—0 h

Since we have

_ |Vu(he)l \/uil(hej)+ ot ugy(hey)
lim ————— =lim
h—0 h h—0 h

=lim
h=0 Vudhe )+ +u, (he))
~lim tathe)) ey, (he )+ ..
hﬁo\/u,%l(hej)+---+u%N(hej)
Uyy(he;)
ot W Uays;(he )

Vudihep) +o+ul, (he;)

N
=Y V@ Uyx, (%),
k=1
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Using this we get
N
uxixj(i) = Vi(f) Z Vk(f)uxkxj(i)
k=1

Then ﬁuxixj(i) 21 vk(x)uxkx (x), and we have - (x)ux1x,(x) =5 (x)uxij(x) Fur-
thermore, Vi,j,k=1,...,N, it holds
v Vivi v; ~
Uy x; = —Ug i, = — —Uyg;x, = ——Uy,x,, all evaluated at x.
Iy Y Vi Vi VLV
Thus, fixed i, %,
v2 ,: V2,
Au@ =Y tpe@=Y —thye @ = —— 4+ — |ty x, (%)
Z s Z vpvi Ok VEVi R
= Uy, (%).

VrVi
From this we have

uxixk (E) = 'Vk'ViAu(E) = —f(O)’Vk’Vi.

Finally, we conclude that there exists § > 0, such that u,, <0 in Qn{lx-x| <4}, and

this completes the proof. O

The substance of the following lemma is to show that when we are in the case 11, we

have u(x) < u*(x), so it is a Hopf’s lemma modified to apply it to our problem:

Lemma 3.2.2. If u € C? is a solution of (3.1). Assume that for some A with A1 < A < Ao, we
have b1(x) = 0 for x € Z(A) UZ'(A), uy,(x) <0, and, u(x) < ut(x), but u(x) # ut(x), in Z(A).
Then

(3.6) u(x) <ux), in =),
and,
3.7 Uy, (x)<0, onQnT).

Proof. As u is solution of (3.1), then in X'(1), u” verifies

—AuMx) - by (xMud () + FH@) = —Aulx) + by (M uy, (M) + Fuxh) =0,
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and by hypothesis, u;‘l(x) >0, for x € 2/(1). To continue, if we subtract (3.1), we find for
x € 2/(1) that

At~ u@) + 5160 (1@~ u@)) |+ @~ ) =1 @y~ breNwt @),
= — Aut(x) + Au(x) — b1 ()@ (x))e, — b1(®)uL, (x) + W) = F () — b1 (M u(x))y,

~b1@ @), = (b1(6M) + b1@)] @ @)y, <0,

where we have used (u'(x)),, = tx, (") @)y, = —tuy, (x1). Let us define a(x) = uM(x)-u(x) <

0, for x € '(1). Then using the mean value theorem, for some function c(x), ~ verifies
—AR(x)+ b1(x)hy, +c(x)h(x) <0, xe€Z'(A).

If x € TyNQ, x = x*, then A(x) = 0 on T, N Q. Since A(x) < 0 for x € '(1), but by hypothesis
we have ut(x) # u(x), so A(x) # 0 in Z'(1), then by the maximum principle (Theorem 1.6.4),
we have that

h(x)<0, forxeZX/().

Then we have u*(x) < u(x), for x € X'(1), and thus u(x) < u*(x), for x € Z(A).
Since A(x) =0 for x € T) N Q, by Hopf’s Lemma 1.6.1 we get h,(x) >0, and, A, (x) >0,

for x € Ty N Q2. Moreover,
hy (x)= ufﬁl(x)— Uy, = uxl(xl)— Uy, = —2uUy (x), x€THnQ.

Finally, we have

Uy, () <0, x€T)nQ.

Proof of Theorem 3.2.1

Proof. From Lemma 3.2.1, for A near Ay,A < Ay, we obtain
(3.8) Uy, (x)<0, and u(x)< uA(x), for x € (1)

Now, if we decrease A until a critical value u = A;. Then (3.6) holds for A > u, while for

A = u, we have by continuity:

Urp,(x)<0, and ulx)<u”(x), for x € XZ(p)
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We will show that = A1. By contradiction, we suppose p > A1. For a point x € 0Z(u)\T,,
then x* € Q. By (3.8), we have 0 = u (x) < u* (x), then we deduce that u(x) # u (x) in Z(u).
Thus, by Lemma 3.2.2, we get u(x) <u*(x) in Z(u), and, u,, <0 on QNT,, from where we
have (3.8) for 1 = p.

As we have u,, <0 on Qn Ty, by continuity, for some £ >0, we have:
(3.9) Uy, <0, in QN {xy >pu—e}.

From the definition of u, we can conclude that there exists an increasing sequence
(A7} jeN, such that 11 < A — W, and there exists a point x; € (A7) such that u(x;) =
j—oo

u’lj(x). Then there is a subsequence, which we still call x;, such that x; — x € Z(u), and
J—oo
xj;‘) — xM, with u(x) = u(x"). As we have (3.6) for 1 = y, then x € Z(u). Furthermore, if
Jo—o0

x ¢ Ty, then x* € Q and

0=u(x)<ut(x),

which is impossible. Therefore, we obtain x € T, and x* = x.
On the other hand, knowing that for j large enough, the segment joining x; to x?j is

in , by the mean value theorem, there exists a point y; in this segment, such that

Uy, (¥;) 20, with y; — x= limx;.
j—oo  j—oo

But this contradicts (3.9), then u=1; and (3.8) holds for 1 > 1;.

As u € C?, by continuity,
Uy (x)<0, and u(x)<u’(x), inZ=Z(Ay).

To finish the proof, let suppose u,, =0 at some point in QN 7T),,, by Lemma 3.2.2, we
have that u(x) = u™ (x) in (11). Since u(x) = 0, if x € 0Q, and, x; = Ay, then u (x) =

u(x) = 0 at the reflected point x = x*, then
Q=3(A)uX(A)uU (T)Ll N Q) .

Suppose further that b; > 0 at some point x € 2, and, x ¢ T),, then from (3.1) and the

symmetry of the solution in the plane Ty, that we have just proved, we obtain

b1(0)ug, () = br(e™ull (x).
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If x € (A7), then u,, (x) <0, and left-hand side is negative, while the right-hand side is

non negative, which is impossible. Similarly for x € ¥'(1;), thus

b1=0.

3.3 Symmetry in RY

From now on, in (3.1) we take the particular case f(u) = u™, where m = %, N >2,

and b7 =0. Therefore, we consider here the non-linear elliptic equation:
(3.10) —Au(x)=u™(x), inRY,

Essentially, we use the method developed by [11] and [27] to prove the main result of
this section, which is the following theorem justifies that a C2 solution of (3.9) is radially

symmetric with respect to a plane:

Theorem 3.3.1. Let w € C2(RY) be a positive solution of (3.10) on RY fulfilling expansions

(3.13) and (3.14) as x — oo, and define x = (x1,...,Xn) to be the center of w, with x; =

_(N1—2) Z_é, where ag and a;, for i =1,...,N. Then w is symmetric with respect to the plane
__1.a N-Das
X1 = ~N=2) ap» W, W, <0, for x1> — /0.

The main idea of the proof of this theorem is to start the technique of moving plane

by comparing w with its reflection, i.e.
w(x) > wt(x), forx; <A, VA= 1y,

and we will prove that it is true in an open set, which is, we can move the plane a little
more.

With the invaluable help of the moving plane method just explained, [8] goes further
to generalize Theorem 3.3.1 to equations under the form of (3.1) with 51 = 0 and removing
the implicit growth assumption w = O(|x|2~N).

To adapt the method of moving plane to RY, we need to know what happens to the

equation (3.1) far from the origin and then some expansion of u in oo is required. For
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that, we exchange 0 by infinity using the Kelvin transform:
1
(3.11) w(x)—lxlw P |2 , for x #0.

Doing the change of variable y = |2 ,

1 y
(3.12) u(y):W (| |2) fOI‘y;éO

The equation (3.1) is invariant by the Kelvin transform, so we can study it in the same

way for u and for w. This allows us to deduce the following Taylor expansions:

Proposition 3.3.1. If w € C2(RY) is a positive solution of the equation (3.10), verifying
w(x) = O(|x|2N ), when |x| — oo, then the following expansions when |x| — oo hold:

Xi

XiX -3
WE 1 L roxx)],

(3.13) w(x) = ™

IxIN_2 agta;—5+a;;—

(8.14) wa,(x) = d x) a; 2x;
dx;

— Nt el et P -(N+1)
-2 oorau ) i e+ O ot ),

for certain unique ag, a;,a;; €R, i,j=1,...,N.

Proof. Consider the Kelvin transform of w given by (3.11). Since w € C2(RY), u € C2(R\
{0}) and has a removable singularity at zero. Indeed, u(y) verifies also (3.10) for y # 0,
and is bounded near y = 0, because u(y) = |y|2™N (I |2) <Cly*>™N (Iyl) - = C, for certain
C > 0 when y — 0 by hypothesis. Then it can be proved that u(y) is a weak solution of
(3.10) in RN (Proposition 1.6.1), and by regularity theory for this equation guarantees
that u € C2 near y = 0 (Theorem 1.6.1).

Then we can write a Taylor expansion for u(y) at y =0 as u(y) =ao+a;y; +a;;y;y; +
O(|x|®), by using Einstein’s notation and being a¢ = u(0) >0, a; = uy,(0)anda;; = %uyiyj(O).

Putting this expansion in (3.11) proves (3.13). Analogously one can prove (3.14). O

Now, to simplify the Taylor expansions (3.13) and (3.14) we shift the origin by doing
a change of variables replacing x by x —x¢, with xg = (x91,...,%0 ), being x¢ ; = _(Nil—é)ao’
Jj=1,...,N, and taking into account that for ¢ > 0: Pt xolq = leq (1 + szjxoj ) then
we have that the expansions (3.13) and (3.14) turn into:

xjon'+m)(a0+ai(xi—x0i)+aik(xk—xok)+O(L))

1
w(x 1+
(0= x ( || l2c — 20 |2 l2c — 204 |x|3
1 QijXix; ( 1 ))
= lao+ - o —||,
|x|N-2( O 3

63

(3.15)



(N —2)(x; —x0 ) )( ar(xr —xor)

(x)=— + XXt + ="

s () /N 2 0 O T e T2
2(x; —x0;) AT
(3.16) —Waj(xj—xojnoum N-1)
— X0
(N -2) N
:—Waoxi+0(|x| N 1).

With respect to these new coordinates, we will show that any positive solution w(x)
of (3.10) and satisfying expansions (3.13) and (3.14) as x — oo, is rotationally symmet-
ric about the origin, i.e. w(x) = w(r), with r = |x|, and that @/ < 0 for r > 0. Do note
that as (3.10) is rotationally invariant, it is enough to prove Theorem 3.3.1 to reach this
conclusion.

With this goal, first observe that from (3.16), there exist constants Cy,Ry > 0 such
that:

c
(3.17) wy, (x) <0, forx1= |—‘|’ and |x| = Ry.
X

To continue, following [11], we are going to prove some results before obtaining the

radial symmetry.

Lemma 3.3.1. Let w € C2(RYN) a positive solution of (3.10) in RN fulfilling expansions
(3.13) and (3.14) for x — oco. For any A > 0, there exists R = R(A) depending only on
min{1,A} and also on w, such that, for x = (x1,x"), y =(y1,y") € RN satisfying:

e x1 <Y1

o x1+y1=2A

e |x|=R.
Then w(x) > w(y).

Proof. We prove this result by contradiction. So fixing A > 0, we consider two points
x = (x1,%), ¥y = (y1,y") € RN, satisfying x1 < y1, 1+ y1 = 21, |x| = R for some R > 0, and

such that:
(3.18) w(x) <w(y).

Then we are going to see that there exists R1 > 0 depending only on min{1, A}, such

that |x|,|y| < R1. First, do note that under a rotation or a translation we can assume that
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x and y are both in the x; axis with 0 < x1 < y;. Thus, we have |x| < |y| and from (3.16) for

large R,
XiXj -3 YiYj -3
wx)-w(y)=—x—= |ao+a;j—= +O0(x| ") | - ao+a;j—+0(y|™)
||V -2 4 |ly|N-2 Yyt
1 1 X;X; Yiyj _N-1 -N-1
_ao(lxlN‘z — |y|N—2) +aij(|x|N+2 — |y|N+2 + O(|x| )+O(ly| )<0.

From where we get that there exist constants C1,C > 0 such that:

1 1 Yiyj XiXj _N-1 N1
(3.19)
N Yiyj XiX; _N-1 N
=aij (|y|N+2 - |x|N+2) +Cqlx| <Clx|™".

Now, because |x| < |y|, for p =1 we have

1 11 1 1 1_ 11 11_1(11)
[P Iy1P kP~ el Iyl iyl P el xPT iyl P ] ()

then (3.19) implies that

1 (1 1 1 1
(3.20) —(———) < - < Clx|™, for a certain C > 0.
V=3 x| Iyl)  xIV-2 |y N2

Then:
1 1 1 |xN3
<

< - <Clx| 3.
lx| Iyl T x|y N2 -

From where we have:

- 1
lyl—lx|<C 1yl _C(M+ )

|| lxI2  |x|)

If we suppose that Clx| ™2 < %, then:

2C
(3.21) Iyl—lxlsm, and, |yl=2x.

Indeed, we may assume from now on that Clx|™2 < 1, because if Cx™2 < 1, i.e., if «® <

2C, then as w(y) — 0 when y — oo, and w(x) < w(y), we have that |y| < R for some R
independent of A and the result will be proved. Therefore, returning to (3.19),

1 1 )<b ) 1 )ieys ( H
ao - =011 - 1;%;5 -
|x|N—2 |y|N—2 |y|N+2 |x|N+2 = JT |y|N+2 |x|N+2

1 1 _N-
+ Z bijjxk( oo N+2)+C|x| N-1
jE>1 54 ||
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By following the same arguments as before, we obtain:

1

1 (1 1 y3—a2 (yl (
——-—|=C +C +C
IxIN‘3(IxI Iyl) (IxIN+2 ||V .

2 .2
Y1~ (yl_xl) 1 (1
=C +C +C —
(|x|N+2) 1) T T

Then we have:

Multiplying by |x| and |y|, and by (3.21):

2 2
y —x
lyl - x| <Cly| [ 2
|4

C 9 C(lyl—1lx])

C
<— (y?-a)+ —(y1—x)+ ——— —,
PE (y{—x7) e (y1—x1) e

We multiply by |y| + |x|, and take into account that |y|? — |x|% = yf —x%:

2

C C C
|y|2—|x|2=y%—x1s—(y%—x%)(|y|+|x|>+| 7 Iyl + a1 —x)+ 5 (v} +x3)

||
C
| e (yl+lx]).
Remembering that we assume -& and by (3.21):

||2—2>

Cly1—-x1) C
2 2

y;—xX{] S ——m+ —.
1 1 || ||

As we have that |y|2 —|x|% = y% —x% = 2A(y1 — x1), we deduce:

C(y1 - C
2/1(3/1—901)<y1 _M+—.
|oc] |ac]
Then:
C C
( A——)(yl—xl)_
|x| x|
On one side, if we suppose 21 — ﬁ > A, that is to say:
C
(3.22) 1 < |xl,
we have y; — AL So, by hypothesis, as 21 —x; < y;, we have 21 —2x; <
C
A— BRI <Xi.
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1
) +Cly™N L,

1 1 -C ¥i—x] +C(y1—x1)+c 1 (1
lx| |yl |c|® |c|4 lc|2 \ || IyI

1
) +Cly |( ||31) C g (9= 1xD + Clel 1y

)+C|x|_N_1

M |’
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On the other side, there exists a constant Cy > 0 which verifies (3.17), then we have

that £ <1 - ;£ if and only if:
C

3.23
(3.23) 522

0
+— <|x|.
A

Therefore, if (3.22) and (3.23) take place, then necessarily (3.17) happens and it implies

that w is decreasing on the segment joining x and y, but this contradicts (3.20). O

Remembering the Definition 3.1.2, we define the function wt(x) = w(x?), with x* =
(21 — x1,x9,...,xn) the reflection of x to the hyperplane x = A. Let us see the following
result in which we can compare w with its reflection, that it is to say that the moving

plane method begins.

Lemma 3.3.2. Let w(x) be in the hypotheses of Theorem 3.3.1. There exists A1 =1, such
that, VA= A1 :

(3.24) w(x)>w(x), forx1<A.

Proof. Let R1=R(1) be defined as in Lemma 3.3.1, we define R; =max{1,R1}.
On one hand, by Definition 3.1.2 and by Lemma 3.3.1. If A > 1, and x; < A, then:

(3.25) w(x) > w’l(x), for |x| = I_?l.

On the other hand, for |x| < R1, we have that there exists a constant cg > 0 which
verifies:

w(x) = cy.
But if we take 1 < Ry sufficiently large, we can get:
w(y)<co, VyeRY with |y =Rs.

From where we deduce that (3.24) occurs if Ry < A, and, |x| < R;. Finally, by (3.25), it is
enough to take 11 = R to conclude (3.24). d

Lemma 3.3.3. Let w(x) be in the hypotheses of Theorem 3.3.1. If for some A >0, we have

w(x) <w(x), and w(x) # w(x), for x1 < A. Then:

(3.26) wh(x) <w(x), for x1 <A, and, wy, (x)<O0, for the hyperplane x1 = .
1
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Proof. Firstly, the function w? is also a solution of (3.10) for x1 < A, and we know that for
x1 < A, we have:

w’l(x) <w(x).

Secondly, we set the function f(x) = wt(x) — w(x), and so, for x; < A:

f(x)<0,
fx)#£0.
Thus f(x) satisfies that —Af = (wa)m —w* <0, for x; < A, and it achieves its maximum
(zero) at every point on the hyperplane x; = 1. We can apply the maximum principle and
the Hopf’s Lemma 1.6.1 to f to deduce that:
f(x) <0, for x1 <A,
0 < fx; () = 2wy, (x), onx;=A.
[l

Lemma 3.3.4. In the hypotheses of Theorem 3.3.1, the set of positive A for which (3.24)
holds is open.

Proof. Let us consider the set I = {A >0 | w(x) > wMx), for x = (x1,...,xn5) with x1 < A}. Then,
for A €I, (3.24) holds. Now, we take R =R (g) of Lemma 3.3.1, then it follows that for
A= % and |x| > }_E, (3.24) holds. But, if we instead consider |x| < R and (3.24) does not hold,
VA in a neighborhood of A, then there exists a sequence {x’} j=(1,2,...}, such that lx/| <R,

for a certain R > 0, and a sequence A/ — A which satisfies A = ’%, with, le <A, and:
J—00

(3.27) wid) <w' (),

Then there exists a subsequence which we denote again {x/} j=(1,2,...}, such that x/ —
Jj—oo

x, where |x| <= R, and:

w(x) < wl(x).
From (3.24), we have necessarily that x1 = 2. But from (3.27), we have:
0 < wy, (%),

which contradicts Lemma 3.3.3. Then we have that VA € I, there exists a neighbourhood

of A included in I, so I is open. O
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Proof of Theorem 3.3.1

Proof. Lemma 3.3.2, Lemma 3.3.3 and Lemma 3.3.4 guarantee that (3.24) and (3.26) hold

in some open maximal interval (11,00) € (0,00). Also, we have
(3.28) Wy, (x) <0, forxg>A4,

and by continuity, we have:

(3.29) w(x)=w(x), forxy <Ap.

If we now suppose that 11 > 0, then from Lemma 3.3.3, we deduce that we have one

of the following cases:
1. w(x) = wM(x), for x1 < A1.
2. wx)>wM(x), for x1 < 1.

However, 1 contradicts Lemma 3.3.1 and 2 is impossible while I is open as we have seen
in Lemma 3.3.4. Hence, 1; =0, and from (3.29), w(x) = w%x), for x1 < 0, proving this
a

way the symmetry of w with respect to the plane x; =0 or x1 = ~N-2ag in the original

coordinates. The remainder of the theorem can be deduced from (3.28). O

Theorem 3.3.1 allows us to prove that for all unitary vectors y in RY, every positive
solution w(x) of (3.10) fulfilling the hypothesis of this theorem is symmetric to the plane
Y(x—x) =0, where x € RY is the center defined in Theorem 3.3.1, and that y-gradw < 0, for
yY(x—x) > 0. Therefore, we can finally conclude that w(x) must be radially symmetric about
some point, i.e. w(x) = w(r), with w,(r) > 0, for r > 0, where r is the radial coordinate from
that point.

Next, we include this result and refer to [8] for the details of the proof.

Theorem 3.3.2. Let N = 3, and w € C2(RN \ {0}) a solution of:
(3.30) ~Au=f(w), xeRY,
with an isolated singularity at the origin, and [ a locally Lipschitz function verifying:

1. f(u) is non-decreasing and f(0) = 0.
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_(N+2) . . .
2. u W-2 f(u) is non-increasing .

3. f(u)=Cu?, for some p = %, when u — oo.
Then,

1. If the origin is a non-removable singularity, then u is radially symmetric about the

origin, i.e. u = u(r), with r = x|, and @, <0, for r > 0.

2. If the origin is a removable singularity, then u is radially symmetric about some

point x € RN, ie u=u(r), withr=|x—Xx|, and @, <0, for r > 0.

Proof. See [8], Theorem 8.1, p. 294. O

3.4 Relation with the Yamabe problem

As we had illustrated on Chapter 2, equation (3.10) is a Yamabe equation in RY,
where u is defining a conformally flat metric g = uﬁgo, with g a metric with a constant
positive scalar curvature. The previous section shows that all solutions must be radially
symmetric. The next corollary due to [8] determines the precise form of these radially
symmetric solutions in this particular case, but first let us see the following identity that

we will use later:

Proposition 3.4.1. Let u € C2(RN) be a non-negative solution of the problem, we define

the Pohozaev identity as follows:

06+1(R) N-=2
+

N N-2
RYW'®R)?+RVE
WY+ R =T TN

R
RN_lu(R)u'(R) = (m - T)](; rN_lu““Ll(r)dr.

Corollary 3.4.1. Let u € C2(RY), be a non-negative solution of the problem:

N+2
31 —Au(x) =u® RN, wi <
(3.31) ulx)=u"(x), =xe€ ,wzthN_2 a< N9’ , N =3.
Then we have:
1. Isz_a<N+2 then u=0.
2. Ifa=12,
N-2
uvN(N -2)) 2
U(QC) —_— , >O,
p2 +x —x|2

for X some point in RY.
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Proof.

1. By Theorem 3.3.2, we know that u is radially symmetric about the origin.
So, if r = |x|, denoting u(x) = u(r), by (3.31), u verifies:

(3.32) VY =N, ) = PN ).
Integrating from O to r:
r
Ly (r) = —f sN1u%s)ds.
0
Then, as u(r) is decreasing (z' < 0 by Theorem 3.3.2), we have
r I"N
Nl () = —f sV % (s)ds < ——u(r).
0 N
Then "a((’"r )) < —x. Integrating from 0 to r:
j‘r u/(s) f s d
0 u“(S) N 2N

Now by an integration by parts we solve the left side:

fr u'(s) 1 ( 1 1 ) r2
ds = - S
0 u%(s) a—-1\ul~%(r) u*1(0) 2N

Then we get:

1 - 1 +(05—1)2>a—12

> r<= re.
u(r) " uwe1(0) 2N 2N
This implies that:
2
u(ry<sCr a1,

(3.33)

a+l

lu'(r)| < Cr o1,

To finish the proof we are going to use the Pohozaev identity of Proposition 3.4.1:

a*l(R) N-2 N N-2)(E

RVN@ ®2+rV B, RV uR)/(R) = (———)[ N1y dr
a+1 N a+1 N 0

By (3.33), we obtain that the left side of the Pohozaev identity tends to 0, when

N N+2 N N-
R — oco. By hypothesis ;75 < a < N+2, and therefore -5 — T > 0, then we have

fo rN-1u2* 1) dr = 0, and this implies that u = 0.

. Again, by Theorem 3.3.2, we know that u is radially symmetric about some point

N-2
u\/_N(N—2)) Tz

ey is solution of the problem

x € RY. We are going to prove that u(x) = (

_ N+2
(3.31) for a = N—J_r2
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The derivative of u with respect to x;:

(@) = ~(N = 2) (/NN - 2))

N2 _N
(L2 +1x—%1%) 2 (x; — ;).

The second derivative of u with respect to x;:

_(N+2)

N-2
e () == (N =2) (/NN -2)) 7 (2 +1x-F) 7 [-N(x;—%)?

+u2 + Ix—flz] )

The Laplacian of u:

(W42

N N-2
~Au(@) == ) Uy (@) = (N =2) (pV/ NN =2)p) * (4 e =52) 2
i=1 %

[~-Nlx-%>+ Nu? + Njx-x%] = (—”N(N_2)“)

p2 + x —x|2

o (\/N(N—2)u)¥
u ) =|—————osi .

u2 +|x —x|2
From where we get —Au = u%, so we have that u is a solution to the Yamabe problem
in RY. The result required is finally deduced from the uniqueness of solutions to

the ODE (3.32).

3.5 A Harnack estimate for a parabolic equation re-
lated to the Yamabe problem

Now, to illustrate the versatility of the moving plane technique, we put the focus on
how this usefull tool allows to obtain a Harnack type estimate for a parabolic equation
closely related to the Yamabe problem which we are going to study in some aspects in
greater depth in the final chapter of this Master’s thesis.

From a geometrical point of view, let us consider first the well known Yamabe flow
([24], [27]). Originally conceived by Hamilton as a device to solve the Yamabe problem,
the Yamabe flow is defined by an evolution equation for a family of conformal metrics on

a given Riemannian manifold (MY, g) that seeks to decrease the total scalar curvature.
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In particular, the objective is to find a family of conformal metrics g(x,¢) solution of the
evolution problem

8t=(sg—Rg)g,

g(0,x) =g, for x e MV,

when MY is compact, being R ¢ the scalar curvature and s, = W JyyRgdVg. If the
Yamabe flow exists for all £ > 0 and converges smoothly as ¢t — oo, then the limit metric
has constant scalar curvature ([27]).

For MY =RV, with the Euclidean metric g0, the Yamabe flow can be defined by the

evolution equation
8t= _Rgg:

2(0,x)=go, for xeRV.

If we write, as usual, g = vﬁgo, with v > 0, then this equation turns to (v™(x,?)); =

CnAv(x,t), where Cy = 4(]{,\,__21). Putting vV = u and rescaling the time variable, we obtain

ug(x,t) = Au(x,t), for m = %, which is the fast diffusion equation that we are going to

study now on following the paper of Del Pino and Saez [9].
Therefore, for N = 3, let consider the Cauchy problem:

uy(x,t) = Au(x,8), in RY x(0,00)
(3.34)

u(x,0) = up(x),

with m = %, 0 <m <1, and uo(x) non-negative, continuous, not identically zero and

satisfying the fast decay condition:
(3.35) luoll = sup (1+ ¥ *)ug(x) < +oo.
xeRN

As we will see in the next chapter, the decay rate condition (3.35) implies that there
exists a finite time 7' > 0 such that the solution of (3.34) vanishes when ¢ > T, Vx € RV.
Do note that some decay of the initial condition is needed to assure the existence of a
vanishing time, because for example, u = 1 is a solution of (3.34) with uo = 1 and it does
not vanish anywhere.

The objective of this section is the study of the behaviour of any positive solution u

to (3.34) when ¢ is near its vanishing time. For this, we are going to define the following
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transformation:

(3.36) w(x,s)=(T — )" Tm u(x,t) li=T(1-e-s), *€RN,s>0.
Then, for p = % = %, w satisfies the problem

WP)s = Aw+ 2-wP,  (x,5) €RY x(0,00),

(3.37)
w(x,0) =T~ Tm ulM(x).

Furthermore, the steady state of this equation are the positive solutions w of the elliptic

equation analogous to the case studied in the previous section:

AW + wP=0, xeRY.

-m
So, Theorem 3.3.2 guarantees that w is radially symmetric around some point of RV, and

as in Corollary 3.4.1, necessarily:
k =
(3.38) W) = (L_) :
)

1
for by = [4N(%)]2 and some p >0, x e RV,

In order to pass from RY to SV to obtain advantages from the compactness of the
sphere, we are going to define another transformation via the stereographic projection

(see Remark 2.3.1). We define the function v from w as:

N-2
(3.39) w(x,s) = (L) i v(F(x),s), (x,8)€RN x(0,00),
1+ |x2
or,
¥
(3.40) v(y,s)= (—) wF Y(y),s), (v,5)e SN \{go} x(0,00),
1-yn+1

where F := o~ 1: RN — SN \ {qo}, with g¢ =(0,...,0,1) the north pole of SV, is the stereo-

graphic projection and, v satisfies the equation:

vP, (y,8) €SN x(0,00),

(3.41) (vP)s = Agnv —C(N)v + ] !

for some constant C(N) > 0.
In the same way as in the elliptic case, some Taylor expansions are required, so we

establish first:
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Proposition 3.5.1. Let sg > 0 be such that v(y,s), defined by (3.39), is positive and
smooth in SV x (0, sg), with w(x, s) a positive solution of (3.37). The following expansions

hold when |x| — oo:

-2

_ 27 ()2 | 1 -3
(3.42) w(x’s)_lxlN‘2 0to(s)+al(8)|x|2 2(al,(8) (N - 2)ao(s)5l]) o 4Ol )]
(3.43)
Wy, (x,8) = d = —(N-2)2'7" L (a (s)+aj(s) )+ai(s) 24 ai(s)x; +O(|x|_(N+1))
X\ _dxi ’ |.7C|N 0 J | |N IxIN | |N+2 J J .

for certain a(s), a;(s), a;j(s) € R, with ao(s) >0, Vs € (0,s¢), i,/ =1,...,N.

Proof. Using again the Kelvin transform (3.11)-(3.12) to exchange oo by 0, we define:

1 X
w(x,s) = Wh (W,s) , x#0,s€(0,s0).

Thus, calling y = #, and by (3.39):

N

1 y
el =2 e

Now, we can write

Y

h(y,s) = (F(W),s), y#0, s€(0,sp).

H(x)= F(l |2) RN — SV \ {po}

(2x1,...,. 208, 1—[x?) [ 2x 1—|x|2)
1+|x2 1+ 1+ 22

i.e. H(x) is the stereographic projection from the south pole pg =(0,...,0,—1), and then

(X150 XN) —

h(y,s) = P (1 +1y1?) = v(H(y),s), and therefore A(y,s) is smooth in RN x (0,so) and we

only have to calculate its Taylor expansion at y = 0.
1. Calling ao(s) =v(H(0),s) =v(qg,s) >0, Vs €(0,s(), then:

h(0,5)=2"7 ag(s), se(0,s0).
2. Vi=1,...,N, knowing that %(IMZ) = 2|y||3;—i| =2y;, and by the chain rule, we have:

0
@h(y,S) =2"7 @2~ N)X1+ 1y 2y F(),s)

N+1

+2 (14 D) Y vp, (F(3),8) Fry, ().
k=1

Then for y =0, and denoting a;(s) = aiyiv(H(y),s) ly=0:

0 5 N+1 )
—h(0,s)=2"2" e Z vp, (F(0),8) - Fp, (0)=2"2" 5 —v(H(y) 8)ly=0=2 2 5 al(s)
0y =1 0yi
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3. Vi,j=1,...,N,

(a) If i # 5
2

0y;j0y;

h(y,s)=2"7 (2= N) (—%V) 1+ 1y 212y, 3;0 (F(y), 5)
o2 (2-N)
2

_N 0
(1+1y1%) " 22y,
0y;

n-2(2-N)
7 — 7

2\-% 0
+2 d+1y1?) 22yia—y(v(H(y),s))

2
0y;0y;

v(H(y),s) |y=o:

N-2 2, 2=N
+2°2 (1+]y%) 2

(v(H(y),s)).

Then for y =0, and denoting a;;(s) = 6y 6y
" h0.5=2% 2
»S) =
0y;0y; 0y;0yi

v(H(Y),8) |y=0=2"T a;(s).

(b) Ifi=:
2

0y;0y;

h(y,8)=2"7 (2-N) (—%v) 1+ 1y T 12y y,0(F (), 5)

2 T2 - N)1+1y®) 2o (#(y),s)

+2'P E D) Ty,

y2(2—-N)
2

+22

2y-% 4
A+y1")" 22y, — (v(H(y),s))
0y;
2

0yi0yi

N-2 2\2N
+277 (1+]y) 72 (W(H(y),s)).

Then for y =0 and denoting a;;(s) = #zyiv(H(y),s) ly=0:
2

02y;

= 2" [(2= N)ao(s)+a;i(s)] = 277 [a;i(s) — (N — 2)ao(s)].

So, finally the Taylor expansion of w(y,s) in y =0:

N

N 1
ag()+ ) aiyi+= Y. aij9)yiy;

N-2 _
w(y,s)=22 [yN2
=1 2 i4iT=1

1 N
5 X (@;i(s) — (N = 2)ag(s)) y? + O(lyl*) | -

Undoing the change y =

N-2

272
|x|N 2

w(x,s) =

ao(s)+ Z a; (s)| |2

i=1

DN =

42 % ( )ﬁﬁ.k % (a;i(s)—(N -2) ()) +0(lx|™®)| .
G B T i o e | Ol

i#j5iy=1 i=j.i=1
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By Einstein notation we arrive to (3.42). Analogously, we obtain the Taylor expan-

sion in oo for its partial derivatives.
O

Theorem 3.5.1. Let sg > 0 be such that v(y,s), defined in (3.39), is positive and smooth in

SN % (0, s0), with w(x,s) a positive solution of (3.37). Let us define x(s) = (x1(s),...,xn(s)),

with x;(s) = (N—l—z)ggiz))’ to be the center of w(x,s), for s €(0,s¢). Then given 0 < s, < sq, there

exists C > 0 constant such that:
lx(s)| =C, Vse(s«,S0).

Proceeding as in the elliptic case, we obtain under the hypotheses of Proposition 3.5.1

that for every 0 < s < s, there exist constants Co, Ry > 0 such that:
Co

(3.44) Wy, (x,8) <0, forx;= ﬁ and |x| = Ry.
x

And to prove Theorem 3.5.1, next we establish several intermediate results being

analogous their proofs to their respective ones in the elliptic case.

Lemma 3.5.1. Under the hypotheses of Theorem 3.5.1, for any A > 0, there exists R = R(A)
depending only on min{1, A}, such that, for x = (x1,x'),y = (y1,y") € RN satisfying:

e x1 <Y1

o x1+y1=2A

e |x|=R.

Then w(x,s) > w(y,s), for 0 <s < sy.
Proof. See Lemma 3.3.1. O

Definition 3.5.1. Under the hypotheses of Theorem 3.5.1, we define w(x,s) = w(xt,s),
Vs € (0,s0), and, x* = (21 —x1,xa,...,xn), the reflection around the hyperplane x1 = A, for

A>0.

Lemma 3.5.2. Under the hypotheses of Theorem 3.5.1, there exists A1 = 1, such that,

VA=A1and 0<s<sg:

(3.45) w(x,s) = w’l(x,s), for x1 < A.
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Proof. See Lemma 3.3.2. O

Lemma 3.5.3. Under the hypotheses of Theorem 3.5.1, if for some A > 0, we have w(x,s) <

w(x,s), and, w(x,s) # w(x,s), for, x1 < A, and 0 <s <sq. Then:
w/l(x,s) <w(x,s), for x1 <A, and, wy,(x1,s)<0, for the hyperplane x1 = A.

Proof. See Lemma 3.3.3. O

Proof of Theorem 3.5.1

Proof. Given any 0 < s, < sq, let us take s € [s.,s(), we can assume under a rotation/reflection
if necessary that x1(s) = max|x;(s)|, and let x} = (21 —x1,%9,...,xn) be the reflection in the

13
hyperplane x1 = A, for A > 0. From Taylor expansions of w and its derivatives in infinity

for s =s, and by Lemma 3.5.2, we obtain that there exists 1; > 0 such that VA = 15:
wix,s)>wh(x,ss), x1<A.

So we have:
o wix,sy)>wMex,s,), for x; < A.
e w™ is solution of (3.37), for x; < A.
o w(x,s)=wh(x,s), for x1 = A.

Then applying the Comparison Principle (Theorem 1.7.2), we get:
(3.46) w(x,s) > w’l(x,s), Vse€[ss,s], x1 <A, for A1 < A.

Now, let consider the set I = {/1 >A|A> n[lax_] x1(s), and (3.46) is Veriﬁed}, which satis-
s€[s«,s
fies:

e [ is open: the proof is analogous to the elliptic case (Lemma 3.3.4).

o [ is relatively close on (11,00): let 1 be on the closure of I relative to (11,00), from

(3.46), we have that w* < w, for A = 11, but we also have 1 = max x1(s) and we

s€ls«,s]
want to prove that 1 > n[la)g]fl(s), so let search it by contradiction.
s€ls«,s
Let A = max x1(s) = x1(sp), with sp € [s4,s]. By (3.39), we can define v and v from w

s€lsy,s]

and w?, respectively, and both verify the equation (3.41). Then by the stereographic

projection, the region {x € RN | x; < A} becomes Q, € SV, such that g € 0Q,. Then

78



we have:

vt < v, 1n )y,

vt = v, 1n 0y, Vse(sg,Sol

Then by the parabolic version of Hopf’s lemma, we get that

d o
a—vv(y,s) l(y,5)=(q0,50) < FTV (5,8 l(y,5)=(q0,50)»

where 5% is the derivative along the outer normal to 0Q2). However, as 1 = x1(sp),
we also have %v(y,s) l(y,9)=(q0,50)= %v’l(y,s) l(y,)=(q0,50)> from where we obtain a con-
tradiction.

We conclude that I = (A1,00) and then, x1(s) < A1, which yields the result. O

We conclude with the desired Harnack type estimate. We know that the standard
Harnack estimate is defined locally on a ball, but here we are going to prove a stronger

estimate in the whole sphere SY.

Proposition 3.5.2. Let 0 < s, < sg, and v(y,s) positive and smooth in SN x (0,s0). Then

there exists a constant C > 0 such that:

(3.47) minv(y,s) = Cmaxv(y,s), Vse(s«,So).
yeSN yeSN
Proof. e STEP 1. Given 0 < s, < sq, let us prove that there exists a constant C > 0
such that:
Vgnu(y,s)
(3.48) [Veroly,o) _ C, Vse(s.,s0).

yesv  U(¥,8)

With this aim, let g9 € SV which we assume is the north pole of SV without loss

of generality. By Theorem 3.5.1, we have that there exists a constant C > 0 such

that |2(s)| < C, Vs € (s«,80), where z;(s) = (N —2)"14%) ; — 1 ... N, is the center

ao(s)’
of w(x,s). From that and expansions (3.42) and (3.43), we get that there exists a
constant C > 0 such that:

[Vw(x,s)|

<C, se€(s4,sg), for |x| sufficiently large.
w(x,s)
By (3.40), we obtain that there is a constant C > 0 such that:

IVenv(y,s)l

<C, se€(s4,sg), for yin a neighbourhood of qg.
v(y,s)
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As go € SV is arbitrary, by the compactness of the sphere, we have:

[Venv(y,s)l

<C, s€(s4,50).
yestv  U(y,9)

STEP 2. Let y1,y2 € SV and Y be the geodesic joining y; and y2. Then integrating
for each s (3.48) along y:

\%
Yyesy  U(,8) Y

If and only if:
log(v(y2,s)) —log(v(y1,s)) < C L(y),

where L(y) is the length of y.
To finish, if we take yo and y; to be the maximum and minimum of v on SV, respec-

tively, then we obtain (3.47).
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Chapter 4

Extinction profile for solutions of

N+2
u; = A\un-2

As we saw in the last section of the previous chapter, the Yamabe flow in RY with
standard metric gives rise in a natural way to the fast diffusion Cauchy problem (3.34),
ie.:

uix,t) = Au™(x,t), in RN x (0,00)
(4.1)

u(x,0) = uo(x),

with N =3, m = %, 0<m <1, and uy(x) non-negative, continuous, not identically zero

and satisfying the fast decay condition:
(4.2) luoll. = sup (1 + |21V *?)ug(x) < +oo.

xeRN
As pointed by [9] or [24], it can be proved that solutions of (4.1) are smooth and positive
for m > %, while this is not the case for m < % Indeed, for m < %, it can be easily
proved that the functions

u(e,t) = [Clal T — 1), ] 77

are non-smooth distributional solutions of (4.1), for a certain C > 0. Do note that these
functions vanish after time T > 0. Moreover, by the comparison principle, these solutions

can be used as upper barriers to establish that if m < 1%, 0 <ugeL®°RY), and

uo(x) = O(lx| F7), as |x| — oo,
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then there is a time 7" > 0 such that
4.3) u(x,t)=0, for (x,t)€ RY x (T,0).

We call the vanishing time of the solution u to the infimum of such numbers 7. Let
remark that assumption (4.2) implies the decay rate (4.3), and therefore, for any positive
solution u(x,¢) of the problem (4.1), there is a vanishing time T' > 0.

The rest of the chapter is dedicated to analyzing the asymptotic behaviour of the
positive solutions to (4.1) near their vanishing time. Following the pioneering paper of

Del Pino and Saez [9],

Theorem 4.0.1. Let uy(x) as in (3.34) which satisfies (3.35). Then there exists o > 0, and,

a point x € RN such that:

N+2

_1 kN o 2

(4.4) (T—-t) Tmu(x,t)= 5 — +9(x, t),

g+ lx — x|
with |19C, )|« > 0, and where T = T (ug) is the vanishing time of the solution u to problem
(3.34).
Remark 4.0.1. We talk about vanishing profile of u, because as ﬁ > 0, then, (T -
t)ﬁ — 0, and we obtain:

t—T
%
k
u(e,t)=(T-0)0n ||| 19,0 — 0,
g + lx — x| t—T

from where we get how u vanishes when it is near its vanishing time 7' = T'(uo). Fur-

thermore, the vanishing profile of u is determined by (uo,x) = (p(w0),%(wo)), such that

N+2
= kvwo | % — _mN
u@,t)=(T-)tn || 35— —=3 + I(x,t) |, where pp >0, and, x e R™.
,uO+|x—x|
Moreover, if we do not take into account the part of the equation which depends on ¢,
we have the known "bubbles" as in (2.10), that we remember that are the solutions of the

Yamabe equation, that is to say that the vanishing profile is a "bubble".

4.1 Short time positivity

The aim of this section is to first prove that every solution u of the problem (4.1) is

positive and smooth for every short time.
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4.1.1 Tools for the proof

Lemma 4.1.1. Let u be the solution of (4.1). There exist to, 1, Ro > 0 and a point xg € RN

such that:
4.5) u(x,t)>n, Vte(0,tp), x € Br,(xo).

Proof. Suppose that vy =0 non negative and continuous then by (4.2), there exists p,6 >0

and x1 € RY such that for x € oy ={x| g <|x—x1] < p}, we have:
(4.6) 0 <ug(x).

Now let suppose that g(x) is a solution of the problem:

Ag™x)+ —=g(x)=0, in of, withg>0

gx)=0, in 0.,

that we know that it has a positive radially symmetric solution (see [5]).

If we define y(x,t) = (1 — t)ﬁg(x), for A >0 and V¢t €(0,tp), we get:

1 m
Vil O =AY e, ) =~ (A T Lg(x) — (A — ) Tom Ag™(x)

A-Tmgx)=0, Vxes,, Vie(0,N),

1 m
=———(A-¢t)Tnm +
1—m( g 1+m

sup g
gesdlp

1-m
where we have used (4.7). Taking A = ( o ) >0, we have:

1 o :
W(x,0)=ATmg(x) = ?pgg(x) <6 (456) uo(x), in o),
(48) gedd,
t) = 0< t), 1in 04f,.
’l//(x, )(4'7) u(x7 )’ m o

Then by the Comparison Principle (Theorem 1.7.2), we get w(x,t) < u(x,?), Vx € of,, Vt €
0,1).
Finally, choosing t¢ = %, 0<Ro<?Z xp€ of, with |x1 —xo| = %p, and taking n =

inf w(x,t), we obtain (4.5). O
(x,0)eBR ) (x0)x[0,t0]

Now let see this lemma in which we are going to define a function which bounds u

below and which we will use later for comparison purposes.
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Lemma 4.1.2. Let xo, to and R be as in Lemma 4.1.1 and consider the function ¢(x):

1 N 1
lx —20IN=2 " | —2x0|*’

(4.9) P (x) =

where a = (N —2)p —2 = N. Then there is a constant n1 > 0 such that:
(4.10) u(x, ) =Nt TR dx), Ve (0,t), lx—xol > Ro.

Proof. Firstly we define y(x,t) = nltﬁ ¢(x). Then, using the definition of ¢ on the hy-

pothesis, we obtain:

1 m
nitTrLp(x) — Pt Tm Ag™ (x)
1 1

Wi, ) — Ay™(x, ) =

1-m

nlt%dﬁ(x) —n?tﬁA

_|._
1-m lx —x0lN=2 | —xolV
= 1_mnlt%gb(x)—n'{’t%mx—xoﬁ—f"—n'ft%mx—xorN.
Knowing that for > 0:
g p p-2
Elx—xol = Blx —x0l™ " (x; —x0;).
l
and,
2
a1 =0l = BB = 2)lx — ol (i — x0.).
l
Then:

Alx—x9l2 N =0,
Alx —x0™ = 2N|x — x| V2.

If we return to the calculation and by the definition of ¢ in (4.9): Finally we have:

nim ( 1 =

1 m
) 9N
1-m

|l — x

Wi, ) — Ay™(x, ) =" Tm

|N+2 |x_x0|2

So there exists 111 =n1(¢9,n0,R0) small, such that:
W(x,0)=0<up(x), by hypothesis.
w(x,t)— Ay™(x,t) <0, for |x—x9| =R, and, V¢ € (0,2o).

w(x,t)<ng, for|x—x9l=Ryp,and, Vie(0,tq).

Then by the Comparison Principle 1.7.2, we have w(x,t) < u(x,t), Vx € RN with |x — x| =
Ry, and Vt € (0,t(), so finally we get the inequality (4.10). O
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4.1.2 Short time positivity

Now remembering from Section 3.5, how we pass from the problem (4.1) in RN to a
problem in S by means of the transformations (3.36), which define the function w(x, s)
for (x,s) € RN x (0,00), and (3.39), which define v(y,s) for (y,s) € SV x (0,00). The principal

result of this section is the following proposition:
Proposition 4.1.1. There exists s, >0 such that:

v(y,s)>0, Vse(0,s.],Vye sN.
Moreover, v € C® (SV x (0,s.)).

Proof. 1. v(y,s)>0, Vs€(0,s,], VyeSY.

By Lemma 4.1.1 and Lemma 4.1.2, we have that the solution u(x,#) >0, V¢t €(0,%¢].
If we take s, = log(%), Vs€(0,s.]:

e For |x—xp| = Ro, by Lemma 4.1.2,
u(x,t) = nltﬁ(pm(x).
If and only if, using (4.9):
m 1 1
S )
A LA T

Taking ¢t = T(1—-e7%), from (3.36) we have u™(x,s) =(T-T(1 —e ) Tom w(x,s) =

(e=5)Tom w(x,s), then:

m (5 - . LY s (L 1
W(X,S)E'I]l (e )1 (T(l—e ))1 (|x|N_2 +W) —'I]l (T(e —1))1 (W‘Fw)
N-2
From (3.39) we have w(x,s) = (ﬁ) 2 0(F(x),s), so:
1 1 \(1+]|x|? 2
m s _m_ + |x
v(F(x),s) =n7 (T(e —1)) 1-m (IxIN_z + |x|“)( 2 :=P(s)>0,

where P(s) is an increasing function.

e For |x —x9| <R, by Lemma 4.1.1, we have:

u™(x,t)>n™.
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By the definition of w in (3.36):
w(x,s)=n"(e%)Tn.

By the definition of v in (3.39):

N-2
1+]x]?) 2

2

v(F(x),s) =" (e*)Tm (

If and only if by the definition of the stereographic projection F, we get:
v(F~H(x),8) 2™ () Tm = 77> 0.

Finally, we have:

(4.11) v(y,s) = min{f, P(s)} >0, Vse(0,s.], VyeSV.

. veC®(SN x(0,s.]).

As (4.2) holds for ug, we have sup (1 + |x|V*2)ug(x) < +oo, then exists M > 0 suffi-
xeRN

ciently large such that:
sup (1 + |x|N+2) uolx) <M.

xeRN

If and only if for a certain &y, we have:

kn

1
<MvTn | N _
uo(x) (1 T

), Vte(0,T).

Knowing by (3.38) that the right side of the inequality is also solution of (4.1) for

@ =1, then by the Comparison Principle (Theorem 1.7.2) we get:

u(x,t)s(M—t)ﬁ(k—N), Vie(0,T).
1+ %2
Then:
m P By R
u(x,t) <(M —-1¢t)1 (1+|x|2)
From (3.36):;
w(x s)<(e3)ﬁ(M—T(1—e—S))ﬁ( ky )m:(MeS—T(eS—D)%(k—N)m
20= 1+ |x[2 1+x2)
From (3.39):
k m 1 2 ]%
U(F(x),s)S(MeS—T(es—l))%( N ) +|x|) = A(s),
1+ |x|2 2
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where A(s) is a continuous function. So we have obtained:
(4.12) v(y,s) < A(s), Vs>0,Vy€§N.
Finally, we can write (4.1) as:
(4.13) uyx,t) = mu™ Au+m(m + Du™ 2 |Vul® = div(mu™ Vu)

This equation satisfies (1.9) with a;;(x,t) = mum_luxi and b;(x,t) =0, with i,j=1,...,N.
Furthermore, this equation will be uniformly parabolic if it verifies (1.10), that is C1|¢|? <

mu™1¢€12 < Cy1¢12 on RY x (0,00) x (0,00) x RN . Now, by (4.11) and (4.12), we have:
0 <min{7,P(s)} <v(y,s) < A(s), Vse(0,s.], yeS",

where xg € RN is arbitrary. By (3.37):

2

0 <min{n,P(s)} < v(F(x),s) = (L)m w(x,s) <A(s).
1+ |x|2

From where we obtain:
N-2

) ’ min{n, P(s)}

0<B*(s) =Cmin{n,P(s)} < (1 AP

N-2

2

<w(x,8)=(T - t)_% u(x,t) lj=T—e-s < A(S) ( < A(s)ZZ% =A*(s),

1+ |x|2)
where x € B(xg,R), t €[0,7*], T* < T. We know that s = —In(1- %) > 0 and it increases

for t € [0,T1], then doing this change of variable we get:
t m t m
0<B* (—ln (1 - ?)) (T-t)1-m < um(x,t) lt=T—o-s< A* (—ln(l - ?)) (T —-t)T-m

for x € B(xg,R), and ¢ € [0,T*]. This implies that there exist constants 0 < a, f < co, such
that:
a<u(x,t)<pf, VxeB(xg,R),R>0,telto,t1],0<to<t;1=T.

As mu™1, it decreases for u > 0, because m < 1, we have that mp” ' < mu™ ! <ma™ 1.

Then we obtain:

—1,¢2 -1,¢2 -1,¢2
mpB™ e = mu™ T EF < ma™ e,

from where we have that (4.13) is uniformly parabolic in B(xg,R) x [tg,%1] % (0,00) x RN,
xRN, 0<tog<t;<T*<T, and, R < 0. By Theorem 1.7.1, we have that u(x,?) €
C* (B(xo,R) x [t0,¢1]), Vx € B(x,R), R > 0,and, 0 < tg <1 < T*. Then v(y,s) € C*® (SN x(0,5%)),

so v is positive and smooth for s € (0,s.). O
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4.2 Some estimates

4.2.1 Uniform estimates

Let see the following proposition which bounds v below and above in order to discard

the cases when v(y,s) T uniformly and v(y,s) = 0 uniformly.
—00 —00

Proposition 4.2.1. Let s, > 0, then there exist constants a, 8 > 0 such that:
a<v(y,s)<p, Vye §N, s€[sy,00).

Proof. We divide the proof into three steps:

e STEP 1. We are going to prove that if v(y, s) is positive and smooth Vs € (0, sg), then
there exists constant 27 > 0 such that:
4.14) ;}Ielgl)vi v(y,s)= k1.
We are going to prove it by contradiction, so let suppose that for each € > 0, there
is a s; > s, such that, v(y,s.) <€, Vy € SV. Now let define for a given £ >0, and, a
constant K > 0:

U(s)=K(1+s,—s); ™.

Then, if we remember that p = +:

1
(Up(s))s+C(N)U(s)— UP(s)
1-m
1 1
Km _m_ m_ Km 1
= ——1_m(1+s,g—s)}r‘m +CIN)K(1+s.—s); ™ — 1_m(1+sg—s)}r""

1
Km _m_
= = (+se=9)] " -1+ mCOIK "7 = (145, 5)]
1-m
1

:m(lﬁ's{;—S)jj

05

K5 (- m)C@) - K77 = (L4 50— 9)|

p m_
= 1Km(1+s£—s)}rm [Kl_p ((1—m)C(N)—Kp_1)—(1+s,€—s)].

This expression is non-negative if K < [(1— m)C(N)I'™P, and, s > s,. Then U(s) is a
solution of (3.41) for s > s.. Moreover,
% Choosing € > 0 small, we can get ¢ < U(s,).

+ By hypothesis we have that v(y,s;) <¢, Vye SV,
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So we get that v(y,s) < U(s), for s > s,.. Therefore, when U(s) vanishes for s > s, + 1,
then v vanishes, but by the definition of v in (3.39) this means that u vanishes

before ¢t = T, that is a contradiction. So (4.14) holds.

o STEP 2. We are going to prove that v(y,s) is strictly positive and smooth Vs € (0,00).
We begin by defining:

(4.15) sozsup{ infv(y,r)>0|‘v’0<r<s}.
s>0 lyeSV

Then we have that v(y,s) is positive and smooth Vs € (0,sg). Secondly, by (4.12):
v(y,s)<A(s), Vse(0,00).

where A(s) is a continuous function. Moreover, as v satisfies a parabolic semi linear
equation, then we have that v(y,s) is smooth Vs € (0,sg). Our objective is to prove
that sg = co by contradiction.

To start, we suppose that there exists a constant 2 > 0 such that v(y,s) =k > 0,
Vs € (0,s9). By the Harnack estimate (3.47), we have that there exists a sequence
s, > 0 such that:

0<vu(y,s,), Vse(sy,so).

On the other hand, by Proposition 4.1.1:
v(y,s)>0, Vse(0,sol

So we obtain v(y,s) =0, for s sufficient large.
By (4.12):
v(y,s)<A(s), Vse(0,sp).

By the definition of sg (4.15) we have that v(y,s) is positive and applying Theorem
1.7.1 as we did in the proof of Proposition 4.1.1, we have that v(y,s) is smooth for
some time interval further than sg, which contradicts (4.15), the definition of sy. So

we conclude that sy = oco.

e STEP 3. There exists a constant k9 > 0 such that:

(4.16) minv(y,s)<kg, Vse(0,00).
yeSN
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Let s > 0, we define the function:
(4.17) f)= (e +C@1-m)) 7",

First, we are going to prove that f satisfies the equation:

1
1-m

(4.18) (fP(s))s = —C(N)f(s) + fP(s).

We know that:
" (PP, = hper [T+ CNL—m)] 77,
& —CINF(s) = —C(N) [e5F + CN (1 —m)] 77 .
* e fP() = s [T 4 CANA-m)] T

Then (4.18) becomes:

1
1-m

(fP(s)s + C(N)f (s) -
1

P(s)

1-m :
- ﬁ [es—g +C(N)(1 - m)] =

1
1-m

- (es—g +C(N)(1 - m))

(es—g +C(N)(1 - m))_l ( - 1

_ (es—§ +C(N)(1 - m)) = (es—§ + C(N)1 - m))_l

( eSS +C(N) -
1-m 1-m

eSS - C(N))] .

If and only if:
1

1-

(FP(s)), +CUN)f(s)— — fP(s)=0.

Then f is a solution for the equation (3.41).

To continue, we suppose that there exists s such that:
minuv(y,s) > £(5) = (1+ C(N)(1 - m)) T,
yeSN

so by the Comparison principle 1.7.2, we have:

v(y,s)>f(s), Vye §N,VS € (s,00).
_WN=2)
By (3.39) we know that v(F(x),s) = (L) 2 w(x,s), so:

1+|x|2

N-2

2 2 N _
w(x,s) > (m) f(s), VxeR",Vse(s,o00).
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By (3.36), w(x,s) = (Te_s)'%u’”(x, T(1—-e7%), and by (4.17) we have:

m -s % —sy-Lm (o3 Tm
u™ (x, T(1—e ))>(1+|x|2) (Te™)™ 3 (&7 + Ca(1=m)) ™",
If and only:
-2
m —s+s 2 oz -3 —-s %
" (x,T(l—e ))>(T|x|2 [T(e p C(N)(l—m))] .

Taking the everything to the power of %:

N-2

T(1—e= 2 )~
w(e T-e)> )

1

[T (e—§ +e SC(N)(1 - m))] s

3=

If and only if:
9 N2+2 1
-3 -8 _ 1-m
1+|x|2) |T(e™ +e*c@i)1-m))]

u(x,T(1—e™®))> . VxeRN Vse(s,00).

Then when ¢t — T, there exists a constant 2 > 0 such that:

N+2

2 N _
) k, VxeR", 6 Vse(s,o00).

t)>
u(x,t) (1+le2

But this contradicts the fact that u(x,¢) = 0 after time T'.
In conclusion, by the Harnack estimate (3.47), for a given s, > 0 and sy = co (we can
choose it by STEP 2), we have that there exists a constant C > 0 such that:
;23 v(y,s)=C ?gg?\r( v(y,s), Vse€(sy,00).
By STEP 1, we have that there exists a constant 21 > 0 such that £; < maxv(y,s), and

yeSN

by STEP 3, we have that there exists k9 > 0 such that mir]\lr v(y,s) < ko. To finish, taking
yeES

a= % and B = Ckg, we obtain the result. O
Remark 4.2.1. As we have said at the beginning of this section, we have discarded the
cases when v(y,s) oo uniformly and v(y,s) e 0 uniformly. On STEP 1, we defined a
large function such that it bounds the solution of the equation and we did a comparison
to get that the solution v vanishes before its vanish time. On STEP 3, we have used
the same tool, that is to say that we defined another function which bounds the solution
and which allows us to use the Comparison Principle to obtain that the solution vanishes

after its vanish time.
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4.2.2 Lyapunov estimate

Definition 4.2.1. We define the Lyapunov functional for a function z(-,s), depending only

on s:

C(N) zd _ 1 p+1

A-mpaDJen® @

1 2
It holds:

Lemma 4.2.1. Let v be the solution of (3.41), then we have:
Jy(8)=0, Vs>0.

Proof. We are going to prove this by contradiction, so let suppose that there is one sg €
(0,00) such that:
Jy(sg) <0, Vye sN.

To start, let define:
(4.19) F(s)szvarl(y,s)dyZO, s €(0,00).
S

Differentiating over s and by an integration by parts:

1
p+1d

F(s) = f 0P (y,8)(w(y,9)), dy

- —LN (v?(y,9)),v(y,8)dy

(321)_f§1v (Agzvv(y,s)—C(N)v(y,s)+

= [, Wavets o v sdy+ 0@ [ oy 9dy-1—

1
vp(y,s)) v(y,s)dy
-m

p+1
Tom JonV 84y

If and only if, from Definition 4.2.1:

ﬁdiF(S) = —2J,(s)+ _1m (1 - pi I)LN v?* N (y,s)dy
ooy "2 u—l,:nﬁm) > #@F(s), Vs > so.
So we get:
%%F(s) >F(s), Vs> so.
As T =1

iF(s) >F(s), Vs>sy.
ds

92



If there exists one s such that F(s) =0, then v(y,s) =0 and J,(s)(s) =0, which is a contra-
diction with respect to the hypothesis J,(s) < J,(sg) < 0. So we have F(s) #0, Vs = sg, and

F(sg) > 0. Integrating between s and s:
F(s)>F(sg)e® %, Vs>so.

From where we have that F(s) — oo. However, by Proposition 4.2.1, we have that v(y,s)
S—00
is bounded Vs > sy which implies that F(s) is also bounded Vs > sg, thus we have a

contradiction. 0

The following lemma shows that the Lyapunov functional is decreasing over the tra-

jectories:

Lemma 4.2.2. Let v be the solution of (3.41), and let J, be the Lyapunov functional, then

we have:

(4.20) %JU(S) = _(pip1)2 ng ‘(vaﬂ(y,S))s)2 dy.

Proof. On one side, we know that:

d[1 9 d
— |z \V, -
- [2f§N| svu(y,9)| dy] P

1 N 6v3(y,s) N Gv(y,s) d (dv
- = % avl = RS b
2 gNZ O0x; Y ngi:Zi O0x; ds (axi) Y

- ./gN Venv(y,s)-Ven (v(y,s))sdy.

As SY c RN+ is compact, we can apply the Dominated convergence theorem, so we can

differentiate J in the Definition 4.2.1 with respect to s:

d
—Jv(s):f Vng(y,s)-VSN(v(y,s))sdy+C(N)f V(u(y,s)s dy
ds SN sN

1

(1-m)

f 0P(3,8)(w(y, ), dy.
SN

Integrating by parts:

d

4 )= f (Ang(y,s)— C(NYo(y, )+
ds SN

p
= m)v (y,S)) (v(y,s))sdy

@41 _fgzv (v(3,9)); (0(y, ) dy = -p ng 0Py, 9) (W, 9),)" d.
Then:

d

o - p-1 2
(4.21) dsz(s) D fg WU (,8) ((W(y,9)),)" dy.

93



On the other side, we have:

4p ptl 2 4p p+1 pi1 g 2
o172 LN [(v 2 (y,S))s] dy——(p+1)2 LN g U’ (7,8)(v(y,8))s| dy
_ 2
= —png [val(y,S)(v(y,S))s] dy.
By (4.21), we obtain (4.20). O

4.3 Main results

4.3.1 The vanishing profile of u

Instead of proving Theorem 4.0.1, we know that by (3.39) this theorem can be written

in terms of v as the following theorem that we are going to prove:

Theorem 4.3.1. Let v as in (3.39). Then there exists a unique solution v non-trivial and

positive of the equation:

(4.22) Asnv(y) — C(N)Yo(y) + P(y)=0, VyeS,

1-m

and that verifies:

(4.23) sup [v(y,t) —v(y)| — 0.
yeSN t—=T

Proof. o« STEP 1. We are going to prove the existence of v such that it verifies (4.23).
By Proposition 4.2.1, we have that there exist constants a, > 0 such that a <
v(y,s) < B, away from s = 0, then by the Definition 1.7.1 of quasi-linear equation
that are uniformly parabolic, v(y,s) is uniformly parabolic away from s = 0. By the
Theorem 1.7.1, we have uniform estimates for C*(SV), Vk > 0, then Vs € [s.,00)

with s, >0, y — v(y, s) is compact in C*(SV), V& > 0, and we can define:
o(y) = limu(y,s) in C%(SY).
S—00

But this limit is not unique. In STEP 3 we will prove uniqueness.

It follows from Proposition 4.2.1 that v verifies (4.23).
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o STEP 2. We are going to show that v is a solution of the equation (4.22).
Firstly, we can apply Lemma 4.2.2, which implies :

p+1

pil 2
v 2 (y,s)’ dy.

__4p
(4.24) o) =~ L N

Then let {s,,},,en be a sequence such that lim v(y,s,) =0(y), in C2(SY), integrating
Sp—00

this with respect to s from s, to s, + 7, with 7 > 0, we get:

SptT p+l 2 p+l p+l 2
f f ‘(v 2 (y,s)) ‘ dyds:f ‘v 2 (y,sp+1)—v 2 (y,8,)| dy
Sn SN S SN

9 2
S—&[JU(Sn'FT)_JU(Sn)]:w[Jv(sn)_Jv(sn-i_T)]’
4p 4p

where we have used Cauchy-Schwarz’s inequality and (4.24) again. By Lemma
4.2.1, J,(s) is decreasing and bounded from below, then it has a limit when s — co.
This implies that for each 7 > 0, we have signwv(y,sn +7) =0(y) in C3(SYN), and we
also have Signmv( ¥,S8p + T) = v(y) uniformly, for 7 in bounded intervals.

To continue, if we take ¢ € C°°(SY) and by (3.41):

f§ (P sn + D=0P(,50) 9y

sp+1l
:f fN(Agzvv(y,sn+T)—C(N)v(y,sn+r)+ vp(y,sn+r)) o(y)dydr.
Sn S

1-m

From the above, when n — oo, we obtain:

OZLN (Ep(y)_ip(y))w(y)dy:LN (A§N5(y)—C(N)E(y)+ Ep(y))(p(y)dy

1-m

Then v verifies (4.22).

o STEP 3. v is unique.
By Corollary 1.7.1 and Corollary 1.7.2, we have that the limit point v of this parabolic

equation is unique.

4.3.2 Continuity of vanishing time and vanishing profile

Theorem 4.3.2. T'(u(), po and x are continuous functions of uq for the norm | -| . in (4.2).
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Proof. Firstly, let us take ug(x), Vx € RN, a sequence which satisfies (4.2) and lug —
uoll — 0. Secondly, let denote u"(x,%) the solution of (4.1) but with the initial con-
dition u,(x,0) = ug(x), Vx € RY, with vanishing time T, and, w(x,t) the solution of (4.1),
with vanishing time 7.
o STEP 1. We are going to prove that r}Lrgo T,="To.
Let define the limit point of T',:

(4.25) T, = 1lim T,,

n—oo

Secondly, let us define w,, as:
(4.26) wy(x,8) = (T —t) Tm up (,8) =T, (1-e-5)

which satisfies (3.37). In the last place, let us define v, as:

_-2
2

2
4.27) v, (F(x),s)= (Tlxlz) wp(x,s),

which satisfies (3.41). Now we can apply the Proposition 4.2.1 to v,, so there exist

constants a, f > 0 such that can be chosen uniform in n:

a<v,(F(x),s)< B, VxeRY,se[s,,o0).

By (4.27),
_(N-2)
as(—1+|x|2 wn(x,s) < B, ‘v’xE[R%N,se[s*,oo).
If and only if
2 ¥ 2\
N
(m) aSwn(x,s)s(TW) ,6, VxeR ,SE[S*,OO).
By (4.26):
N-2 N-2
( 2 )T < (T, —t) Tmu™( t)<( )Tﬁ VxeRY, te(t,,Ty)
a< - —mut(x,t) < X wr T'n).
1+ |x[2 " n 1+ |x[2 ’ ’ "
. . 1.
Taking everything to the power of --:
N+2 N+2
( 2 )T < (T, — ) B ( t)<( )T,B VaeRY, te(t,, T,)
PR = - MU\ S | T ’ X ’ * .
Tr) 50 " 1+ a2 "
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Considering that
(4.28) un(x,t) — u(x,t), uniformly V¢e€ (0,T),
n—oo

we can pass the inequality to the limit, by (4.25), to obtain:

N+2

2
) B, VxeRN te(t,,T,).

a<(T, —t)—ﬁu(x,t)s(

( 2
1+ x|? 1+ |x|2

Then by (4.28) we have that Ty = T, so we have proved that lim T, = T, from
n—.-oo

where we get the stability of the vanishing time.

STEP 2. Defining lim v(y,s) = v(y) uniformly, and, Slim vn(y,8) =U,(y) uniformly, we
S—00 —00

are going to see that lim 7,,(y) = 0(y) uniformly, Vy e SV.
n—.oo

1. By STEP 2 in the proof of Theorem 4.0.1, v verifies (4.22), then when s — co
in (4.24), we have that J3;, = J7, that is to say that the energy does not change
for different steady states of (3.41).

2. As we have seen in the STEP 1 of the proof of Theorem 4.0.1, v,, is compact in
Ck(SN), VE > 0.

3. Knowing that for a large s, v gets close to the set of steady states, then by
steps 1 and 2, we have that this energy functional for the steady states have
the same energy and it is uniformly bounded away from zero, so we can take
M(®(y,s)) = (VP(y,s))s as in (1.12). By Theorem 1.7.4, there exists 0 € (O,%)
such that:

(4.29) M@y, s)lze = |J,(s)—J5117%, yeSY, for s sufficiently large.

Then by Lemma 4.2.2:

_%Jv(s) = (p4+p1)2 ng ‘(”pTﬂ(y’s))s‘z dy

4p
= (p + 1)2 LN (M(U(yys)),(vp)s)Lz = ClIM(v(y,s))IILz||(vp)3||L2.

Then we obtain by multiplying on both sides by [J,(s) — J51°:
L T8) = o1 = CLTy ()~ 1 1My, D, WP
ds Y vl = v v Y, Lo slip2.
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By (4.29)
d 0
(4.30) ~ s [Ju(s) = J5]” = Cll(vP)s I 2.

Let 0 < s, <si < sg, taking v, instead of v and integrating (4.30) from s9 to s,

we obtain

(4.31) 10(3,82) = va(y,8Dl 2 < C |y, (s~ 5, ", n=1,yesY,
and

(4.32) lv(y,s2) = v(y,sDlL2 < Cldp(s1) = J5l%, yesSV.

Then by the definitions at the beginning of this step, we have:

102(y) = v(Wz2 <llv(y,s2) —vnly,s2)llr2
=lv(y,s2) —v(y,81) + v(¥,81) —Vn(y,81) + U (¥,81) —Un(y,s2)ll 2
<llv(y,s2)—v(y,s)l2 + lv(y,s1) —vn(y,sDl 12
+llvn(y,81) — va(y,s2)l 2.
By (4.31) and (4.32) we obtain:
1529 =32 < C1dy(s1) = 5% + 1003, 81) = v (y,8Dl 2 + C | o, (1) = T, |
= 10(y,51) = va(y,5Dlz2 + C 1051 =I5l + |y, (1) I, |°).

As lim v,(y,s) = v(y,s) uniformly on compact subsets of s € (0,00), then
nh—00

lim supl[(y) ~ Tn ()2 < 2C (1, (s1) - J517).

n—oo

As s1 is arbitrary, we can choose s; = co and we have the continuity of the vanishing

profile.
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