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1 Introduction

In this work we continue the study, initiated in [C.C], about the geometry
of the transition layers for minimizers of the functionals

T.(u) = /9{62|\Vu||2 + Pz, u)}da.

Here € > 0 is a (small) parameter, say 0 < € < 1, and 2 C R" is an open
bounded domain.

The nonnegative function F' is a double well potential vanishing only
for two values of u, say v = —1 and v = +1, and the minimizers « under
consideration will take values precissely at that interval (—=1 < u < +1).

A description of the physical model can be found in [C.H], [W]. The
main idea is that u represents the state of a parameter (for instance a con-
centration of one component of a binary alloy), and the function F(x,u) the
energy density of the configuration u(x).

In general, this density is indexed by another parameter, say the tem-
perature 71"

F = Fp(z,u).

For large values of T, Fr is convex and we are then in the classical theory
of minimizers of convex functionals in the calculus of variations. However,
when T becomes small, the free energy density ceases to be convex and it
has a local minimum at two states (say u = —1, and v = +1). In this last
case, any configuration that only takes the states u = —1 and u = +1, would
be an energy minimizer.



The term €2||Vu||?> was then added by many authors (Van der Waals,
Cahn-Hilliard and Ginzburg-Landau) to take into account the “surface en-
ergy” separating both phases.

As € goes to zero, it is well known that sequences of minimizers converg-

ing in L}, () have limits which are configurations

u(z) = xa(T) = Xac ()
where 0A N is a minimal surface.

More precissely, we have the following result:

Theorem (Modica[M]) Fix M € R so that | M |< vol(€2) and suppose
that ue, for every e > 0, is a solution of the variational problem:

Je(u) = min {Je(v) lve LY(Q),-1<v < —|—1,/ v(z)dz = M}
Q
If {en} is a sequence such that e, — 0 and ue, converges in Lj,.(2) to a
function ug, then we have:
i) F(z,up(x)) =0, a.e. inQ, i.e. up(z) =—1 or up(x) = +1 a.e. in Q.

i1) the set A = {z € Q | ug(z) = —1} is a solution of the variational
problem
Pq(A) = (Perimeter of A in ) =

_ min{PQ(B) | B C Q,vol(B) = “Olm;_M}

i)
lim €, 'J,, (ue,) = 200 Pa(A).

€p—00

+1
here C :/ \/ F(s)ds.
where Cy 2 (s)ds

Let us mention that in our previous work [C.C| we proved the following:

Theorem [C.C] If the minimizers of u. converge in Llloc, when € goes
to zero, and the limit is given by —Xq, + Xa-o,, then the level surfaces
Sy = {ue = t}, =1 < t < +1, converge uniformly to 901 N on any
compact subset K C €.

This theorem was obtained as a consequence of the following density
result, also proved in [C.C] and that will be used in this paper.



Theorem [C.C] Let u, —1 < u < +1, be a local minimizer of Ji in
the ball BR(0). Asume that p{B1(0) N {u > t}} > Ao (for a certain positive
constant Ao independent of R and t, —1 < t < +1). Then there exists a
positive constant C such that:

M{Bp(o) N{u> t}} > Cp"

for any p, 1 <p <R.
As in our paper [C.C] we shall consider here a family of potentials F
representing different types of regularity. Namely:

Fo(u) = Xqui<ry, Fs(u) = (1—u?)5, 0<6<2.

While the cases 0 < 6 < 2 generate free-boundary problems (transition
strips), the solution to the last one has exponential convergence to the states
+1. Now we can present our main result.

Theorem 1 If u is a solution to the J. problem in the ball Br(0), for
which the level set {u = 0} is a Lipschitz graph, =, = f(x1, -, 2pn-1),
then for every tg, 0 < tg < 1, there exist positive numbers ey, a, 0 < 7 < 1,
(depending only upon the Lipschitz norm of f and ty), such that, for e < €,
all level surfaces u = t,|t| < to, are uniformly C1 inside the ball B;g(0).
Furthermore, for § < 2 one can take tyg = 1.

This result is closely related to a conjecture of de Giorgi [G]. It concerns
a Liouville type theorem: when are global minimizers one-dimensional?

E. de Giorgi conjectured that if lim,, _+oou = £1, then the solution
must be one-dimensional. The theorems of Modica [M] and [C.C] imply that
the transition regions (say —1/2 < u < +1/2) look at infinity like a minimal
surface, therefore the conjecture is very plausible when such a surface is
a hyperplane, for instance in dimension smaller than eigth. But, since in
higher dimensions there are global minimal graphs which are not planes,
the conjecture becomes more difficult. In any case, it has received a lot of
attention recently (see references [B.C.N], [B.B.G], [A.Cb]). A corollary of
our theorem is:

Corollary 1 Let u be a local minimizer of the functional Jy in the whole
space R . Assume that O{u > 0} is a Lipschitz graph. Then wu is one-
dimensional i.e. there ezists v € R" such that u(z) = ¢(x-v), for a suitable

p: R — RN



In the proof of our main Theorem 1 we shall consider first the case where
all level sets {u = t}, |t| < 1, are uniformly Lipschitz surfaces inside a ball.
But, at the end of the paper, we shall present an argument to conclude that
if {u = 0} is a Lipschitz surface inside B, then, in a smaller ball, say B, o,
all the other level sets are also uniformly Lipschitz surfaces.

Theorem 2 Let u be a minimizer of Je(u) = [, o) {|Vu|? + (1 — u?)}dx
such that all level sets {u = t},|t| < 1, are uniformly Lipschitz graphs
xn = fH(1,- - wno1),5uppy <1 | fllLip = K < 0o. Then there exists positive
€0,t0,7(0 < 7 < 1) and a > 0 (depending only upon the Lipschitz norm K),
such that, for € < g, the level surfaces {u = t}, |t| < to, are uniformly C**
inside the ball B:g(0). Moreover, in the case § < 2 one can take tg = 1.

Remark. Our Theorem implies, in particular, the regularity of the free
boundary under the Lipschitz assumption about the level surfaces. There-
fore one obtains an alternative “penalization method approach” to the re-
sults presented in [C], [C’], [A.C] and [P], corresponding to the cases § =
0, =1and 1 < é < 2. However our method covers also the cases 0 < § < 1.

2 Description of the potentials. One dimensional
behavior, optimal regularity and decay

In our previous work [C.C] we did consider a class S, ¢(d) of admissible
potentials F', for which we required several properties making precisse the
statement that they behave assymptotically, when u goes to £1, like one of
the models F(u) = (1—u?)%, 0 < § < 2. These properties are the following:

Ho<F<1
ii) F(z,—1) = F(x,+1) =0, for every z € Q.

iii) infj<xzeq F(7,t) > v(A), where 7 is a decreasing and strictly positive
function in the interval (0, 1).

iv) F(z,u) > C(1—|u|)’, if 1 >|u|>) 0<6 <2

v) in the case 0 < § < 2, we assume also that F,(z,u) is continuous in
2 x (—1,+1) and satisfies the estimate

Fy(z,—14s) > Cs" L Fy(2,1—5) < Cs*L if 0<s<A



vi) In the case § = 2 we will assume the continuity of F,,,, and the existence
of a region of positivity: if u is near 1, then F,,, = a — b(z)(1 — u) +
o(1 — u), for some positive a > 0, where b(z) is bounded below from
zero. Similarly Fy,, = a —b(z)(1 +u) + o(1 + u), near u = —1.

However, some of the previous results that are needed in the proof of our
main theorem, althought true for the general class S, (), are only stated
in the literature for F((u) = (1 — u?)%, 0 < § < 2. Following that tradition,
and in order to limit the length of this paper, we shall restrict our attention
mainly to these model cases. Taking variations we obtain the following local
problems:

Case(a): 6 =0 .
In the unit ball By we are given a bounded Lipschitz function u, such
that

Aue =0  in the region | ue [< 1
| Vue |= 1 on (0{ue = +1} Ud{uc = —1}) N By

u(0) =0, |uc|<1.

Case(b): 0 << 2.
in B; we are given a C1#~1 function u,, 8 = 2%5, such that
Aue = —}22(5%(1 —u2) i < 1

| Vue |=0 on (O{ue = +1} Ud{ue = —1}) N By
uG(O) = 07 | Ue ‘S ]-

When n =1, § = 1 we get the following solution:

ue(z) =sin %, if |z |< Fe
ue(r) =+1, ifx > Je
ue(z) = —1 if r < —Fe

Case(c): 0=2 .

Here we have a C'*° solution of the equation

Aue = —%ug(l —u?)
ue(0) =0, |ue <1

The one-dimensional solutions are given by

Ue(x) = e(V2/20)z ) _ exp ((v2e)x) — 1
e( )—th( 5/2 ) o




It is interesting also to consider the following variation of this case (d):

{ Auc = 5F'(u), in |ul<1

ue(0) =0, |ue <1
Where
s(1+w)?,  if —1<u<—3
F(u) = %_%2, if |ul|<3
(-1+uw)? iff<u<l

Then we obtain the one-dimensional solution:

—1+iexp(—2—-12), if < —Te
ue(z) = %sin%, if [z]< Te
1—texp(—2+7%), if 2> 7%

We are interested in the transition layers. That is the reason to impose
the condition u(0) = 0 in the statement of our local problems. The regularity

assumption u € ClTT is optimal as it was shown in references [C], [A.P],
[A.C] and [P]. Observe also that in the last two examples, we do not obtain a
strip connecting both states 1, but an exponential decay outside a narrow
transition layer. As we have mentioned before, our previous publication
[C.C] contains estimates about the size of the transition layers (relatively
to €), and the uniform convergence of the level sets, uc = A, to the limiting
minimal surface.

There exists a natural scaling which plays an important role in the forth-
coming analysis. A local minimizer of J, in the ball B,, produces a local
minimizer of J; in the ball B, . by means of the change @(z) = u(ex).

In the task of analyzing the level surfaces of u., let us point that their
smoothness, up to size €, is a consequence of free boundary regularity in
the cases § < 2. If § = 2 the regularity follows easily, for each e, from the
standard elliptic theory. Our Lipschitz assumption gives us regularity up to
the scale 1. In this setting, the uniform C1® character of the level sets is a
question about all the intermediate scales, i.e., those between € and 1.

Ezponential decay in the case § = 2

Suppose the w satisfies the equation Aw = w inside Q D Bgr(x). Then
we have the representation:
1

“le) = 5 /S w(z+ Rp)do(y)

6



where ¢(r) = [gn-1 €"1do(t), and do denotes uniform measure in S™~ 1.
The proof is an inmediate consequence of the uniqueness theorem for
0.D.E.’s. Observe that the following two functions of the variables r given
by
u(r) = w(@)olr) and vo(r) = [ wle+ri)do(m)
satisfy the following problem:

n—1,

ol (1) + i) = ilr)

v;(0) = wp—1w(z)
vi(0) =0

where w,,_; = area of S"~ L.

The representation formula yields the exponential decay of w when | w |
is bounded. This happens in our second example (d) taking w = 1 —u in
the region % < u < 1 (respectively to w = 14 u, when —1 < u < —%)

A similar result holds if the bounded function w satisfies Aw > w > 0 in
Q). This is because we can compare w with the solution of the problem:

Au = u in
u/0) = w
In the first example (¢) Au = —u(1 — u?), we obtain for w = 1 + u the
inequality Aw = w(2—ew+w?) > wif -1 <u < —%. Similarly forw =1—u
inside % <u<l.

Gradient estimates

In this section we consider the case where all level sets {u =t},| ¢t |< 1,
are uniformly Lipschitz surfaces inside a ball. At the end of the paper we
present an argument to deduce that assumption from the Lipschitz character
of a single level, namely {u = 0}.

These problems are on the borderline where the implicit function theo-
rem applies. Therefore it is very important to have a precise control of Vu
where | u | is close to the value 1. The uniform Lipschitz assumption allows
us (renormalizing by a convenient change of scale, if necessary), to consider
the following scenario.



We have a function u defined inside a cylinder B x [T, T| = {(2/, zy,) |
' € Br,—T < x, < T} with T a large multiple of R. Furthermore we will
assume that | u |< 1 is monotonic in the z,, direction and satisfies

IVul < Kug,, u(0)=0.

Therefore, the level sets given by the implicit functions x,, = ¢ (2’; ), u(2’, p(z'; ) =
A, —1 < XA < +1, are Lipschitz surfaces with constant K < oc.
Proposition 1 Under the hypothesis stated above and under the asumption
)
that u has optimal regularity, u € CV2=5 , we have ||Vul| ~ u, ~ /F(u),

uniformly inside the region | u |< 1.

In the following we shall use the standard notation f < ¢ if there exists a
final constant C' so that f(z) < Cg(z) for every x. In case that we have
both f <« g and g < f we shall write f ~ g.

The proof of Proposition 1 will be based on the following lemmas.

Lemma 2 Suppose that the non-negative function w satisfies Aw = w in a
domain Q containing the ball Byg(xo). Then we have:

sup w(z) <C(R) inf w(y)
JSEBR(:E()) yeBR/Q(mO)

Proof. It follows from the representation formula

1
¢(r)

o) = [ explria)do(t).

Then if By(z) C Q we get for each A < \:

w(x) =

/ (e +rp)do(y)
STL 1

1 w(z +v)
A=Ay oy l) [y "

Let us observe that if d =| x1 — x2 | then

Bad(x1) = Bsg(1) C Baa(ra) — Biy(a2),

w(z) dy, By = B\(0).

which yields our result with the estimate
C(R) < exp(3R).

With the help of the maximum principle we can extend lemma 2 to the
case of non-negative functions u satisfying \?u < Au < 4A\2u.



Lemma 3 Suppose that w > 0 satisfies N2w < Aw < 4X%w in a domain
Q € R containig the ball Bo(x). Then we have ||Vw(z)| < Cw(z), for
some finite constant C' = C(A;n).

Proof. It follows from the well-known estimate
sup {d(y)[Vu@)l} < Cu{supul +sup &*(y) [F )]}

for solutions of the equation Au = f in €2, where d(y) denotes distance to
the boundary 0f).
In our case

|Vw(z)|| < Cp sup w < Cp inf w < Crw(z).
Ba(x) Bi(z)

Let us consider in R” the following domain
Qt) = {(z,2n) €V |zj| < t,j =1, ,n—1, p(x) < 2 < Mt}

where ¢ : R — R is a Lipschitz function with Lipschitz constant less
than M and such that ¢(0) = 0.

Define S = {(z, ¢(z))]| |z;| < t} and suppose that wy,ws are two func-
tions satisfying Aw; < Awi, Aws > Awp, 0 < w; < 1, in Q(t) for some
positive number A.

Assume furthermore that there exists a positive number 6 > 0 such that

w1 >donS.

Lemma 4 Under the assumptions stated above, there exists a positive con-
stant 0 < ¢ = ¢(M,n) < 1 and a positive number N = N(M,n) so that

6 Nwy (x) > wo(x), for every = € Q(ct).

Proof. We shall use the following fact of elementary geometry: if z € Q(ct),
for a small positive number ¢, then there exist a finite number of rotations
centered at x and such that the corresponding images of the surface .S limit
a bounded Lipschitz domain  containing the point x in its interior. (In
fact it is enough to show it for S a cone z,, = M|z|.)

Denote by pog = id, p1,---,pn—1 the inverses of those rotations. Then
the function

w(y) = wi(poy) + - +wi(pn-1Y)



satisfies Aw < Aw in Q, taking boundary values w/92 > § > 0. Since
we /0N < 1, we can apply the maximum principle to conclude that

N-1
571 Y wilpry) = waly) in Q
=0

In particular, if we take y = x we get
571]\7&)1(%) > LQQ(J,‘).

Proof of Proposition 1. The part of this proposition correponding to the
cases 0 < 2 are already known (see [A.C], [C], [C’], [P]). Therefore, in the
following we will present the proof when 6 = 2 (Examples (c) and (d)).

The main idea is to apply the lemmas to the functions w; = uz;, and
w2 = 1 —u when u is close to +1 (resp. to wy = 1+« when u is near —1).
An important ingredient will be the band and density estimates obtained in
[C.C].

First, let us observe that an straightforward application of Lemma 3
yields the estimate

W1 = Uy, < ||VU” <K wa.

To get the reversed inequality we observe that u,, is bounded below away
from zero inside the region |u| < A\g < 1 ,i.e., there exists a constant § > 0
such that u,, > 6 if Ju] < Ag < 1.

This is true because the density estimate (Theorem 1 of [C.C]) implies
that

|

0sCp, (z)(u) >

for some large r and x inside the region |u(\)| < \p < 1.
Therefore, there exists 6 = d(r, A\g) > 0 such that

d <sup ||Vu|| < sup ug,,.
B, B,

Then by Harnack’s inequality we may conclude that u,, > & > 0 for another
constant §. To finish the proof in our second example of case § = 2, we apply
Lemma 4 to w; = ug,, wa =1 —u.
In general, we have:
Aug, = fu - Uy,

Al—u)==f(u) = [ fu(s)ds = fu(l—u)



Taking into account the structural hypothesis made about f(= F,), in
the region where 1 — u is small we have the following expansion:

fu=a—>bx)(1—u)+o(l —u)

() = [~ gh(E) (1~ w) + o1 )] (1~ w)

where a > 0 and b(z) is a strictly positive bounded function.
Therefore the function wy = (1 —u) + C(1 —u)?, C > 0, satisfies

Aws > af(1—u) + C(1 —u)?} — %b(l — w2 4 aC(1 —u)? > aw

So long as aC' > $supb(z) and 1 — u is small enough.

Therefore the two functions wy = wu,, and wy = (1 —u) + C(1 — u)?
satisfy Awy < awr, Aws > aws, 0 <wj; < 1.

We are then in conditions to apply Lemma 4 to conclude that we < wy,
which implies the desired estimate 1 —u < uy,, .

The case when w is close to the value —1 can be treated with the same
method.

3 Energy Estimates

We have normalized local problems Au = E%F "(u) (= 6% (u)) in the unit

ball By or, equivalently, Au = f inside the ball B;,.. We will assume that
y = xp is a direction of monotonicity and that ||Vu|| < Ku, for some finite
constant K, uniformly on € > 0.

Therefore one may consider the level surfaces y = p(z, A), (z = (21, ..., Tp—1),
0<A<1),u(x,p(x,\)) =\ which are graphs of Lipschitz functions.

Let u, be a derivate of u in the “horizontal” x-plane. It is easy to check
that the function 1 = u,/u, satisfies the (non-uniformly) elliptic equation

div(usz) = 0.

Again, since we are mainly interested in the analysis of the transition layer,
for € small, we may assume that «(0) = 0. In the following we shall consider
separately the cases 0 < § < 2 and § = 2.

Case 0 <4 < 2. In this case u(= u.) must reach both extreme values —1,
+1 inside the cylinder By x [-K,+K] (or By x [-K/e, +K/¢]). We
will consider truncations

JJ:(:Z_C)Jr <or?ﬁ=(—::j—c>+>, c >0,



and cut-off functions n(z) depending only upon the horizontal variables
T.

We have
/7] (z,y)div(u 2V1/1)dxdy =0.

Integration by parts yields
JIv @) Puidedy < [ 10RIVanlPuidedy. ()
In the following, it will be important to write (*) in (x, A)-coordinates:
Ug; + Uypz; =0

Uy -y =1
dxdy = pydzdA

Define ¢ (z, A) = 9 (z, p(x, 1)).
We have:

Proposition 2 Under the assumptions stated above the following estimate
holds

+1 1 _ 2
[1 /BUE%{IW(W)\ (mb }da:d)\ <</ / \¢| IVon[2dad) .

Proof. Consider

o(z.y) = n(@)dlx,y),
B, N) = (@b N),
Blo,y) = o9 (2, ) = Bz u(z,y)).

Therefore ~ -
Ved = Vaid+ BV,u
96 9
dy = Uy
If we substitute these formulas in the left hand side of the energy in-
equality (x) we get:

[
+<gf) y} 2dxdy—//Qxyu dx dy

12

~12
gf‘ ]qu|2+28—¢v ¢ Vout




The Lipschitz hypothesis yields |Vu|? < K 2u§ and, therefore, the term
Q(x,y) in the integrand must be greater than

2 {lva (g‘f)Q}

for some strictly positive constant C. This proves our inequality.

Remark. We have used the fact that 1; vanishes when v = +1, —1,
allowing us to take cut-off n(z) depending only upon the horizontal variables
x. If we re-scale back to the unit ball, then we get:

1 5/2

= Uy~ g(l — A
i.e.,

+ 5/2 2, L S5 TN2

[ a0V )+ 5= N | de dx
- 1

+1
< [ ] Q- PR e da

Case § = 2.

The main difference with respect to the previous case lies in the fact that
now both states +1 are not reached inside the ball, instead we only have an

exponential decay.
On the other hand, if we take cut-off n = n(z, \), depending upon A,
then the energy estimate becomes:

| / (1= ) IValrd)P + 51~ NP} | do da
<[ / (1—[A) |w|2{|vxn|2 S= g} do iy

and the term 6%(1 — |A)?n3 gives us problems.
To avoid that term, we shall consider now truncations of the following

Tl s, 2 )

13



Let us recall that in this case we have u, ~ (1 —|X|), ox ~ = % >
Em+1

= which will be greater than K so long as [A| > 1 — Ce™*! for a conve-
niently fixed constant C' > 0.
Therefore 1) has compact support on A and satisfies the equation
m

div(uZV@ZJ) = —"Auy - Xjs0 = —€ 2 f(x, u)uyxzbo :

If we use 7727; as test function then, after integration by parts, we obtain
the inequality

//]V(mﬁ)ﬁuz dr dy < //\1;|2]Vz77|2 dx dy—i—f;‘m*Q//7721;%)%>0 dx dy .
That is
| [ Vo) dwdy < [ 1P do dy+ O

where m > 3 will be fixed later.
Writing this inequality in the (z, A) coordinates, we obtain

Proposition 3 Under the assumptions stated above, the following estimate
holds:

/"/1w{wmw2 S(= PP} do iy
< [ ] 0 DRIVl do ax+ O
-1 JB;

Our next step will be to use these energy estimates to produce (L2, LP)
embeddings for those truncations. As before, we shall consider separately
the cases 0 < § < 2 and 6 = 2.

Proposition 4 For each 6,0 < § < 2, there exists p = p(d) > 2 such that if
o(x, \) has compact support we have

[T Lo it ap
< /:1 /B(l — DY {IVael? + (1 = A (#2)2} do dX .

]Q/P

14



Proof. a) The case 6 = 0 is just a consequence of the standard Sobolev’s
embedding and we can take p < % .

b) Let us assume now that 0 < § < 2. We shall consider separately the
domain 0 < wu < 1 (resp. —1 < u <0).

In the region 0 < A < 1 we make a change of variables

(1-=XN2dx=dtie., t=

2+6
1—-A
+ 5( )
Therefore if (z,t) = ¢(z, \) we have
- oo 5 D¢
T = z , o — C t2 5 ——
Vet =Va 5y = Cl™ %
and our proposition asks for the estimation of
+1 N 2/p
[ i
~1
in terms of the energy
+1 - ~
[ [{iveor + 5560} doat
~1
Let us recall that since ¢(z, 0) = 0 we have
x t | <<// |v$¢ Z S ’+ |¢t(2,83| dZ dS
ey (2 =2+t —s)"

where I'y ; = {(2, s)||x — 2| <t — s}. Therefore we get

7 25~
|¢3(x )| < // |Vaod(z — 2z, t — 8)| + |t — 8|23 |pe(x — 2, —
’ 25
= 2o |t — slt] %5 2] + |s[]?

s)| dz ds

where a, b are positive numbers to be chosen later under the condition
a+b=1.

Let us denote

Flog) - [0 0] + 15510

lofet#)745

Since convolution with the kernel W maps L" to LP if l "T_l +
~—1 and we want to have p > 2, weneed F' € L" for <3 + Furthermore
Holder s inequality yields

15



\|F||r<<(// Vo (B)[2 + 1255 ()2 dxdt)l/Q[//|x|atb wzr} =

Therefore our proposition follows because if 0 < § < 2 we can always
choose r so that

and then take b= 1 a

3=

Case § = 2.

Recall that in the (x,\) coordinate system the energy inequality reads

// 1—[A) {‘V () + (17|)\‘) ()2 }dx I\
<[ [a-pe Tl do a0

where § = [(4) = 2 — 4, 2 0, (or § = [(~% — &%) ~ 1) and &
vanishes when |\| 3> 1 —¢&™*! | Therefore we used the following embedding:

Proposition 5 If ¢(x, \) has compact support inside the region |z| < 1,|A| <
1 — ™t then it satisfies

/ /(1—|)\|)\¢>(x,>\)|pdxd/\r/p<< /(1—|A|>{\vx¢|2 s %}dm

for a certain p > 2.

Proof. Let us work first inside the region 0 < A < 1 —&™*!. The change
of variables

=(1-X)?% dt=-2(1-\d\

leads us to estimate [[ [ |¢(x,t)|P dz dt]*/? in terms of the energy

I/ {lva + §(¢t)2} da dt .

16



For functions ¢ compactly supported in = and vanishing at t < e™, M =
2(m+1).

We hayve:

|Vedp(z — 2,6 — s)| + |pe(z — 2, — 5))|
ool < [ [ EEIE &= ds

where T' = {|(z, 5)| |2| < 5,5 > eM}. That is

Vet —5)|
lp(z,t)] < // |z|—|—| |)n T dzds +

+ // T | IR dz d
zZ as
aM+|z z\ [EMHt—SI]b (2] + [s)*1
€

= ¢1+¢2

where, as before, we have taken positive numbers a, b to be fixed later
satisfying the condition a + b = 1.

Clearly for ¢; we have the inequality

U/'ﬁbl(:c’t)’“ dx dtr/p1 <<//\Vx¢(:z‘,t)|2 da dt

o1 1 1, 2n
if —>-——ie,2<p1 <
P12 n n—2

To estimate ¢o we consider the convolution

1
P2 =F % 7o
(=] + [t

Therefore we have

1 1 1
dall, < ||F|]g if -——.
d2llp < [IF]lq p ¢

Since Myl
= gy
t
F(z,t) = £
( ) |:5M+|:E‘i|a |:5M<Ht|:|b
€ €
we want

17



—b

—a

eM 4 ||
€

eM 1 1|
€

M
et 4|t
1F]l, < || Sy,

2 T

Let us take 4 + % = 1,7 = 2L and observe that

2—q
/IJ:SI

We want:

2q

M —a3—4 o) n—2
e” + t dt 1) (M—1) 222
|z| da;<</ L Mn=1)—(M-1)3%
0

2aq
9

(1+t)2=a

M(n—1)=(M—-1)34

af—_qq >n—1

M=(M-1)
2

byl > 1

That is, we need to choose

1 1 1
> J—
p g

and also a + b = 1 in such a way that af—fq >n—1,b22qu > 1.

If go is given by 22:120 = n then we have t2-n > 22:120,
the solution ¢ to the equation 22%1(1 = —MA{ ;1 must satisfy the inequality

go < q < 2. To finish we choose p by the formula
1 1 1 1

Therefore,

p q n 2

and take a =1 — %, b= %, which satisfy all the requirements.

4 Proof of Theorem 2

Our proof of the uniform smoothness of the level sets, follows closely the

technique introduced by E. de Giorgi to study the regularity of solutions of

uniformly elliptic, second order equations, given in divergence form. We shall

apply it to the functions ¢ = @, (z; \) i.e., to first derivatives of ¢ on any

horizontal direction. Here we will also assume that y = z,, is a direction of

monotonicity and that the level surfaces y = ¢(z; A) are uniformly Lipschitz.
The argument consists mainly in two steps:

18



Step 1. An L? — L™ inequality, i.e., a control in measure which produces
a uniform estimate.

Step 2. An oscillation decrease: There exist constants > 0,p < 1, 7(8) >
0 such that if ¢ (a truncation of v) is smaller than 1 in the ball B,,
and if the following quotient of Lebesgue measures is bounded below

by G:

p{(=0)N B}/ (Br) = 3.
Then, in the smaller ball B,,, we have the estimate

supy < 1—7(8) .

Bor

This second step when applied conveniently either to the positive or the
negative part of 1) produces the oscillation decrease

oscp,, (¥) < (1—7(B)) oscp, (¥)

whose iteration yields the desired Holder continuity of ¢ = ¢, .

To simplify the notation, in the following we will assume, without any
loss of generality, that the Lipschitz constant is K = 1. Also with a conve-
nient change of scale we can renormalize always to the unit ball B .

We will consider functions ¢ € H}(Q x (—1,1)) whose truncations ¢ =
(¢ — ¢)4 or (= — )4, satisfy the energy estimate as well as the (L2, LP)
embedding, given by propositions 2,3,4 and 5. And we shall assume also
that Bl(O) c Q.

Proposition 6 For a given a truncation ¢ let us consider the integral

+1
b= [ [ (=N d iy
—1 B1
then we have:

a) Case 0 < 0 < 2: There exists a positive number by > 0 such that if b < by
then

sup ¢(x, A) <1

IGBI/2
[A]<1

19



b) Case § = 2: For each v < 1 there exists bo(y) > 0 such that b < by(7)
implies

sup ¢(z, A) <1

©€By /o
A<y

Proof. Let ny, for each kK =1,2,..., be a cut-off satisfying:
i) nx = 1 inside B1_~_2 1 (0) = By
ii) nx = 0 outside B%H_(k_l)(O) = Bp_1
iii) |V,,| < C2k, for some fixed constant C.

a) For 0 < § < 2 we define the family of truncations

dr(z, A) = {‘Zﬁ(x’ A) — (; B 2k>L

Let p = ps > 2 be given by Proposition 5 and take r : % +
obtain:

1/r
I <1—w>5/2nz_1<:c>dm] ~
Nk Pk

1 Ja- oy do ]

// — A2 [k () r(, M) de dh <

Observe that ¢ > 0 < ¢r_1 > 27 which produces,
[ a2 @dedx < 2% [ Q-2 (@)ger (@A) da da.
{nkdr>0}
On the other hand, we have:
1/p
[// — A2 (i )P da: dA} <
1/2
< U/ — D2 (6)? |V |? da: d)\]

1/2
< 2F U/ — A2 (p—1dp—1)? da d)\] .

20



Therefore, if we define the sequence
b, = // — AN 2 (npor)? dx dA

we have obtained the following recursion

by < Czk(1+o¢) b1+a

Witha:%>0.

It is well known that such a recurrence produces
lim b =0
k—o0

so long as by is small enough.

b) In the case § = 2 we to take the following truncations

) Gl 2) o)

Similarly to the preceeding case we get recurrence for the sequence

+

= [ [ = D)@t Ndrdr
Namely,
bp < C2%by_1[2%Fbj_q + 2"

which leads to

lim sup by, < em~2(1+a)

if by is small enough (but independently of €).

More precisely, if by is small enough, then there exists kg such that
for k > ko we have by < e(m=20+2) Gince |V¢| = O(1/€) uniformily
inside the region |A\| <7 < 1, the estimate above implies

sup @(z, A) <1

©€By /3
[Al<n

if m is big enough, q.e.d.
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Next, given 0 < ¢ < 1 being one of the truncations considered in Propo-
sition 6, let us define the sets:

N(A) = {|z] < r[o(x, A) = 0}

Proposition 7 For each v,0 < v < 1, there exists a strictly positive con-
stant C(y) such that if

+
/ NN > u(By)
then

sup ¢(x,\) <1—C(v).

xeBT‘/2
A<y

Corollary 8. Applying Proposition 7 either to ¢4 or ¢_, as many times
as necessary, we obtain

(¢) < (1 - CO".

0SC B,
(A<~

Therefore
[6(2, A) — 92, )| < |z — 2[*

with « = —log(1 — C(v))/ log 2.

Proof of Proposition 7. We shall work in the normalized case r = 1. The
proof for a general radius will then follows by a change of scale. Obviously,
if

+

p(V) = [ (N O)ax

-y
is big enough, then we can apply Proposition 6 to finish the proof.
Let us take the following family of scaled truncations:

(bk(xv )‘) = 2k[¢(x7 )‘) - (1 - 2_k)]+77(x)
with a cut-off n =1 in Bs/y,n = 0 outside B;. We have the sets:

Ni(A) = {z € By y|dp(z,A) = 0}

Gi(A) = Bzjy — Ng(A) = {fC € By y|dp-1(z,A) > ;}

22



and the inclusions:
Nk()‘) C Nk-i—l()\)? k=1,2,...

Gr(A) D Gr1(N).

Our goal is to show that limy_,o u(Gr(N)) = 0, i.e., after a finite number of
steps we will be in position to apply Proposition 6 to the function ¢; and
finish the proof.

First, let us show that

(*) Sup 1(Gr(A)) < IAh|n§f7 1(Gr-1(N)) + O(e).

This is true because given A, A in [—7, +7] we have:

/Nk(/\l) oz, Xo)dar = / [fr(x, A2) — bn(x, A\1)]dx

Ni(A1)

— 1/2
[ [ ks
Ni(A1) /=y

<

<|[ Ja- ¥ @udear] -
< € by the energy inequality.
Therefore, since Ni_1(A1) = Gf_;(A1) we get
1
GO < [ (e s
Gr(A2)
:/ b1 (2, M) dm+/ bp1 (2, o) da

Gk,l()\l)ﬂGk()\Q) Gk )\2 ﬂNk 1 )\1)

(Gr—1(A1)) + O(e).

This proves (x).
Next, let us define the maximal functions

() = sup ¢p(x, \)
A<y

we choose A1 (|A1] < 7) satisfying

H(Ba/4)~

N

p(Ni(A1)) =

23



Then
(@) — dp(w, A1) <

+y 1/2
[, st
-y JNg(A1)

1/2

that is,

op(x)dr <
Ny

<a-¥[f + 0= )% u3dear

+
= O(e), again by the energy inequality.

Therefore p{z € Ny(A1)|op(z) > 3} = O(e), i.e., for each [A| < v we
have

p{alon(e,N) < 5} = WD) = Ce = Ju(Bya) - Ce

Since ¢y (z,\) < & <= @41 = 0 we obtain

1
pANE+1(A)} 2 Su(Bsja) - Ce.
Given x € Gi(\) we have the estimate

]_ o2 (m7A’£)

</ V-1 (x — 1, ) - Edt
27 Jor(ee)

where £ € ¥, = {£ € S" 2|3t > 0,2—t€ € Ni_1(\)} and o1 (7, \; €), o2, A; €)
are chosen in such a way that

z—o1(z,\6) - £ € Gr(N)

x — o2, A €) - § € Ni(N)
{z —t&lo1(z, \;€) <t < oa(x, \;€)} C Gr—1(A) — Gi(N).

The lower bound estimate for the measures of the sets Ni(\) yields a lower
bound for the area of the spherical caps:

o(Xz) >C>0.

Therefore, we obtain:

C 02(x7)‘;6)
o<g<[ ] V1 (a —t- & N)|dtd
2 Sn=2 Joy (z,M€)
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</ Vol 23,
Gro1(N=Gr(V) 2"~
Next, we integrate over the set Gi(\):
Voip_1(x —z,\)|*
*u (Gr(A //XG* D2 Spi |1Z(|n_2 Laza:

where Dy(A) = Gr_1(\) — Gk(\) and *-denotes non increasing rearrange-
ment.
We get

p(GN) < [ [ 196N do]sup | [ xagon(a - y)xD;@)(y)wi_Zdy} <

1

n—1

< [mc:k_lm) - u(Gm»]

which implies that limg_,~(Gk(N)) = 0.
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5 Proof of Theorem 1

To finish the reduction of Theorem 1 to Theorem 2 we have to show that if
one level set, says u=0, is Lipschitz then all the others above it (respectively
below it) are also Lipschitz. From now on we will separate both cases: Above
the level u=0 it is convenient to change u to 1-u (respect. to 1+u below).
The transformed functionals are now

T = [{I9ulP + Fyw)}de, Fy(u) ~ o

with 0 < § <2 and 0 < u < 1. Here we have a Lipschitz level set, says at
u=1. In our discussion we will use the following series of papers: [B.C.N],

[C], [A.C], [P], [A.P].

Theorem 3 Given 0 < tg <1 and K < oo there exists a finite R(ty, K) so
that a non-negative minimizer of

= [ (Il + Fyu)de
NBr(0)

where R > R(to, K), Q = {zn > f(x)'}, || fllzip < K, uloq = 1, must satisfy:

a) Iftg > 0, then u is monotone respect to the direction x,, in the domain
{u>to} and, for anyt > to, all level surfaces {u =t} = {x, = fi(a’)}
are Lipschitz graphs with norm || || L, < 2K.

b) In the case § < 2, ty can be taken equal to 0.

Corollary 9 wu is monotonic in any direction going “inwards” of Q) and all
level surfaces of u are Lipschitz uniformly.

Proof.

a) Here t is strictly bigger than zero. This part follows by compactness,
suppose that the statement is false: Then there is, for Ry T 0o, a sequence of
non-negative solutions uj, and a sequence of points Py, inside the ball Br, (0)

2
so that
ugp(Pg) > to > to
and
I Verug (Pl
(uk )z, (Pr)

We can translate each solution uj in such a way that P, becomes the
new origin. Taking a subsequence, if necessary, we can assume that those

> 2K
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translates, which we shall denote also wug, will converge uniformly on com-
pact sets to a global solution u°, inside a limiting domain belonging also
to the same Lipschitz class. Since ty > 0 we have from the gradient esti-
mate that (u>°);, # 0 and Vuy converges to Vu®>. But this contradicts
the fact that for global solutions in a K-Lipschitz domain, we must have
—[[Vou®||/(u®)s, < 2K (see ref [B.C.N]).

b) In the case 0 < 2 we can apply the free boundary regularity theory.
For different values of § there are different results (see previous quoted ref-
erences) but a common one says that flatness implies C1®. That is, if the
free boundary is trapped between two closed enough hyperplanes, inside the
ball of radius r, then it is C1®, for some a > 0, in the ball of radius 5

Now, again by compactness, we can show that for R large enough every
point in the free boundary becomes sufficently flat.

Let 6 be the necessary flatness for the free boundary to be regular. That
is 0 is a universal constant such that, if the free boundary inside a ball of
radius r is contained between two hyperplanes at distance 6r, then all level
surfaces of u in the ball of radius & are uniformly che,

Let us recall that solutions about a Lipschitz graph having all level sur-
faces Lipschitz, are uniformly C*® from our previous theorem 2. Therefore
we can choose pg small enough so that the free boundary of any global
solution is g flat in B, () for any free boundary point x.

Fix now ¢y > 0 so that, from non-degeneracy, the set {u < to} is con-
tained in a 22 neighborhood of the free boundary.

Claim: For ¢ < 2 there exits Ry = Ro(6, K) such that if u is defined in
Bpg, for R > Ry, then all conclusions a) holds for any ¢ > 0.

To prove the claim it is sufficient to show that for R large enough the
free boundary of u becomes 6-flat.

If not, as before one can find a sequence of minimizers u; and points
xy, in the free boundary of u; which are not -flat inside the ball B,,. But
uy, converge uniformly to 4, and the non-degeneracy property implies that
the free boundary of ug also converge uniformly to the free of 4. But this
is a contradiction because the last free boundary has to be g—ﬂat in B,.

Appendix 1

In this appendix we show how to extend the results on [B.C.N] to so-
lutions of free boundary problems. That is, we prove that global solutions
of the free boundary problem above a Lipschitz graph have Lipschitz level
sets.

More precisely we prove.
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Theorem 4 Let Q) be a domaion of the form Q = {x : x, > f(2'), f Lipschitz}.
Let u be a Non-negative solution in 0 of the §-problem with 0 < § < 2 and
ulgg = 1.

Then u is unique and monotone decreasing in the x,-direction.

Corollary u is monotone in any direction going “inwards” of €1, and
all level surfaces of u are uniformly Lipschitz with the same norm than f.

In order to prove the theorem we shall need some properties of u and
some comparison techniques. Namely, a comparison argument with the
first non-negative eigenfunction of the Laplacian in a ball, as was done in
reference [B.C.N]. Using the fact that u is weakly superharmonic we obtain:

1) Near the fixed boundary u is a C* superharmonic function satisfying:
u<1—d(z,00)°
for some 0 < 0 = 0(0, || f|Lip), 0 < < 2.

2) The free boundary F' = 9{u > 0} is at a finite positive distance from
o082
0< Cy Sd(F,@Q) <(Ci <o

where Cj, C7 depend only on § and the Lipschitz norm of f.

3) Let v (respectively vy) be a non-negative subsolution (respectively
supersolution) in the upper half-plane of Au = u®, 0 < o < 1. Then we
have the exact growth:

i) If v1 is not identically equal to zero near the origin and v1| {on=0} =0
then:

v = sup vy > Cla)\?
{zn=0}
where 48 = 2/(1 — a), C(a) = [(1 — @)?/(2(1 + a)]/(1=),
ii) If vo vanishes at the origin then:

vy = inf vy < C’(oc))\ﬁ.

{zn=0}

The proof follows from the observations

(,UA)// > (U)\)a, (’U)\)” < (’U)\)a
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v (0)=0, (@)(0)20, w(0)=0, (1) (0)=0

Theorem 4 will be a consequence of the following;:

Let ui, ug be two (possibly different) solutions of our problem (0 <
0 < 2) in the same Lipschitz domain Q. Given A > 0 let us consider
ut(x) = ui(z + Ney), en = (0,...,0,1). Then we have ug < us.

The proof relies on the translation comparison method:
Let us consider

wi(z) = inf wq, wa(z) = sup ug.
Ba(m) Bg(l')

Then wq is a supersolution of the d-problem and ws a subsolution. Further-
more, the level surfaces of wi: 05; = 0{w > t} have a tangent ball from
”inside”, while those of wo a tangent ball from ”outside”.

For large value of A\, wi(z + Xe,) < wa(x) and all the level surfaces up
to the free boundary are at positive distance from each other. Let Ay be
the smallest A for which the free boundary remains at positive distance, and
assume that \g > o.

After a sequence of translations we suppose that the free boundaries of
wi(x + Aoen) and wg "touch” at a point, say 0, placed at finite distance
from 0f2, and with a well defined normal. Since (Ao > o) wi(z + Xoen)|sq
is strictly less than one, while wo|yq = 1.

Therefore one can multiply our original u; by 1+¢, for certain e > 0, and
construct the corresponding w; for the new supersolution. Observe that

A((L+ur) = (L4 (L +Ju)® = (14 Qur)*.

But then if wi,we ”touch” at the free boundary it cannot happens that
wy > w1 at the fixed boundary 0f).

Appendix 11

We shall consider here a special case of de Giorgi’s conjecture, namely
the following: Let —1 < u < 1 be a local minimizer of J(u) = [p.(|Vul? +
X|u|<1)dz in the whole space it". Let us also assume that limg, 40 u = *+1
and that n < 7.

Theorem 5 Under the hypothesis stated above u is one-dimensional (i.e.
its level sets are hyperplanes).

Sketch of the proof
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It is well known that in this case we have the equivalent free boundary
problem:

Au =0 inside [|u] <1
Vu| =1lonXiUX_, (By={u==1})
We will show that flatness implies Lipschitz and therefore one reaches
the position to apply theorem 2.
Since u is a local minimizer on Bg(0), for each R T oo, we can scale
everything to the unit ball B;(0), obtaining local minimizer of

Je(ve) = ~/B (EZ‘VUE‘Q +X|v€|<1)dx

1

ve(z) = u(%), e = .

By our main theorem in [C.C| we know that the level sets of v, converge
uniformly to a limiting minimal surface S in B1(0). Since we are in dimen-
sion n < 7, S is a smooth surface and, thereforz, the level sets v, will be as
flat as needed for € small enough (R big enough).

Inside the region |u| < 1 we have A(|Vul?) =23 (ujx)? > 0. Therefore
|Vu|? — 1 is subharmonic and vanishes on the boundary of the strip |u| < 1
in Br(0). By the maximum principle we get that

Vu(z)] <14 0(e” ),
inside Bz (0) for some absolute constant ¢ > 0.
2

Claim: In the viscosity sense ), has positive mean curvature (respect.
>~_ has negative mean curvature) from the point of view of the domain
lu] < 1.

Suppose not: Mean curvature (3.,) < —f < 0 in the viscosity sense at
some point, that we can take to be the origin. Then one can find a quadratic
comparison surface A : z, = P(x), AP = —(3, so that A and ), are tangent
at the origin and A is above ), there.

With the help of a small translation down in the vertical direction, we
will get a domain D C {|u| < 1} such that 0D consists of two parts, one
of them will be contained in ), while the other will be in the translated
surface A* = A — 7e,,, 7 > 0 small. Let us denote by 0D = (0D)4 U (9D).
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such decomposition and let d(x) be the distance function to the surface A*.

We have: .
Ad(z) == —L——>— > 0
(.’I}) Zl—ﬁjd(m)_ ZK]—/B> )

where ; denotes the corresponding curvature of A* at the point where x
realizes its distance. Therefore

O:/ Au:/ u,dH, 1 :/ dHn_l—/ u,dH,_1
D oD (0D)+ (0D)«

which implies:
area((0D)4) < (1 + O(e™*®))area((dD),)

On the other hand we have:

Buol(D) < / Ad< [ dydH,_ i = / dydH,_ — / dHp1
D oD (0D)+ (6D)«
Thus:
Bvol(D) + area((0D)) < area((0D)4+)

And:
Buol(D) + area((dD),) < (1 + O(e~M)area((D),)

which will yield a contradiction if R is big enough. This proves the claim.

Given 6 > 0 we know from our quoted result [C.C] that {|u| < 1} is d-flat
for R big enough. That is: {|u| < 1} N Br(0) C {|z’'| < R} x [-R,IR].

Let S, denotes the envelope of paraboloids, x, = ﬁ\xl —al®> + b,
tangent to >, from above (respect. S_ is the envelope of paraboloids,
Ty = —ﬁml —al? + b, tangent to Y__ from below). Then > are, respec-
tively, the graphs of two continuous Lipschitz function fi, with Lipschitz
constant ~ 1. Also in the viscosity sense we have Af, > 0, Af_ <0, see
reference [C.C*].

Let us recall that the band estimate of reference [C.C] yields vol({|u| <
1} N Br) < cR™ L. Since the distance function to Y is superharmonic in
the viscosity sense, an energy comparison with the natural test functions
associated to the enveloping surfaces, allows us to conclude that the set of
contact points is big enough. Therefore, the two surfaces St are, for R big
enough, at distance < JR¢, for every € > 0, except for a set of small measure,

O(éianilie), in Bpg.
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Scaling to the unit ball B;(0) we get two continuous Lipschitz function
¢+(x) = fe(Rx), satisfying Ag, > 0, Ag_ < 0,0 < ¢_ < ¢y < 0,
i{d4(2) —¢—(x) 2 R} = O(6~'R™'7).

Then, again for R big enough, one can apply lemma 7 of reference [C.C*]
to conclude a flatness improvement. Rescaling back to Br we obtain that
inside a smaller ball, say B%’ our set ({|u] < 1} N Bg) is 76-flat for some

universal 7 < 1. And this finishes the proof.
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