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Abstract

We prove several weighted inequalities involving the Hilbert transform of a function f(x) and its derivative. One of those
inequalities,

(f(x) = £(0))? W

|x|1+0t

_/ fx(X)[Hf|(X|()X— HfO1 .. > ¢,
X

is used to show finite time blow-up for a transport equation with nonlocal velocity.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Dans cet article nous présentons la démonstration de plusieurs inegalités satisfaites par la transformation de Hilbert d’une
fonction f(x) et sa derivée f/(x). Nous avons 1’estimation suivante :
[ OMHSf(x) — Hf (0)] dx (f (x) = £(0))?

>
x| 2 Cu |x|l+a

ou la constante Cy, est strictement positive. Nous avons aussi utilisé cette inegalité pour démontrer I’explosion en un temps fini des
solutions d’une équation de transport avec une vitesse nonlocale.
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1. Introduction

In this paper we show the existence of finite-time singularities for a Burgers type equation with nonlocal velocity
in one space variable,

Ji —(Hf) fx =0, 6]
where H (-) denotes the Hilbert transform (see (2) below), improving the results of our previous paper [4] in the sense
that we can obtain here blow-up for a much wider class of initial data. One motivation for the study of that equation
is its analogy with both, the 2D quasi-geostrophic equation and the 3D Euler in vorticity form (see [2,3,5,6,8—10]
and [11] for a variety of 1D models involving nonlocal operators, the majority of them have their origin in the seminal
paper of Constantin, Lax and Majda [3]). For instance the 2D quasi-geostrophic equation belongs to the class of
transport equations with nonlocal velocities:

a0 a0
0 — Ro(0) — + R1(6) — =0,
0x1 0x2

where the velocity is u = (—R2(0), R1(0)) and R(6) = (R1(0), R2(0)) are the Riesz transforms of 6. This is a well-
known model for the dynamic of mixtures of cold and hot air.

Another motivation for (1) is its similarity in structure with the Birkhoff—Rott equation for the evolution of vortex
sheets (see [1,4] and [7]).

In this paper we present examples showing the existence of such singularities, our proofs below will take advantage
of certain weighted norm inequalities satisfied by the Hilbert transform. There is a vast literature about such topic, but,
in our case, we need very precise estimates, separately for both even and odd functions, which do not follow directly
from the general theorems. Since the weights involved are powers of the independent variable, the Mellin transform
is a very adequate instrument to produce those sharp estimates.

In the following we shall consider the Hilbert transform defined by the formulas:

1
Hf(x)=—=PV Mdy, (2)
b4 xX—=y
or H f(£) = —isign(&) f(£), where f(&) = [ €727 £ (x) dx denotes the Fourier transform.
We shall make use also of the identity,
[ d
t
/ P P =m cot(np), 3)
0

valid for 0 < Re(B) < 1 and the explicit formula:
1 or
H(|x|*) = ——tan{ — | si o,
(%) - an( 5 ) sign(x)|x|
with =3 <« < 1 and & 5% 0, —1, —2. The distribution 1/|x|ﬁ is defined by,
1 — (0
—(¢):PV/de ifl<pB<2
x| x|

and by,

L(@:PV/‘”(X)_‘”(O)_WX(O) dv if2<f <3

|x|# |x|?

To present our results we find it convenient to introduce the following functional spaces: For 0 < o < 2, Ho} R) is
the closure of C(l) (R) under the norm:

— 0 2 . 2
AP =1 £ 13 + / de OG0

x|l+a |x|(x—1

and for o < 0 we define H(j (R) as before taking out the correction term f(0).
We will prove the following inequalities involving Hilbert transforms:
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Theorem 1.1. (I) For every o, 0 < a < 2, there exists a strictly positive constant Cy, so that the inequality,

>
|x | x 2 Co |x|1+a

H — £(0))?
/ Jx(x) f(X) (f(x) — f(0) d, @
holds for every even function in C'(R) N HOE (R).

(I) Let f €C '(R)N HOE (R) be a nonnegative (or nonpositive) function. Then for every a, 1 < a < 2, there exists

a strictly positive constant Cy, so that

— _ 2
_/ Sx(O[H f (x) Hf(o”dx)Ca (f&) = fO)” , 5)
|x|* || 1
(IIT) The inequality,
—/fx(x)Hf(x)|x|°‘dx>Ca/f2(x)|x|°‘*1dx, (6)

with Cy > 0, is satisfied when 0 <o <2 and f € Cl®) N Hla (R) is an even function or when 1 < o < 2 and
feC'@®nNHL «(R) is either nonnegative or nonpositive.

As it was mentioned before, we will use these inequalities to prove the formation of finite time singularities for the
Burgers-type equation (1) with nonlocal velocity field.

The Cauchy problem is well posed for Eq. (1) giving us classical solutions f(x, ) for a short period of time
0 <t < T, for smooth enough initial data. Concerning blow-up solutions of Eq. (1) we have the following theorem:

Theorem 1.2. Let f(x,0) € C I+ (R) be positive and compactly supported. Then there is no global in time, locally
bounded (in space) solution to Eq. (1).

The analysis involved in Theorem 1.1 leads to other interesting inequalities about the Hilbert transform, namely:

Theorem 1.3. Let f € H) (R). Then

(I) For 0 < a <2 we have:

[ee) B ) e . 2
/I(Hf)(x) (HF)(0)] dx2min{tanZ(j—‘nOt),COtz(%ﬂa)} / IG® = FOII" )

|x|a+1 |x|°‘+1

(D) For =2 < a < 0 we have:

x 2 ® 2
w dx > min tan> lna ,cot2 lna RACYI dx
rfet | 1 e

Theorem 1.4. (I) Let f be an even function. Then for every «, 0 < a < 2, we have:

N / [f(x) |;{|fx(l)]Hf(X) dx <0 for f € H(R), ®)
(B) / f(IX)f{ 9 4e>0 for f € H ,(R). )
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(Il) Let f be an odd function. Then for every o, 0 < a < 2, we have:

[ FOLHf () — HF(0)]

(A) dx >0 for fe HI(R), (10)
|x|*x
(B) % dx <0 for fe H! (R). (11)

In Section 2 we present the proof of Theorem 1.1. Section 3 will be devoted to prove blow-up for Eq. (1) (Theo-
rem 1.2). Finally Section 4 contains the proof of the inequalities for the Hilbert transform presented in Theorems 1.3
and 1.4.

2. Proof of Theorem 1.1

An important ingredient in the proofs of the above inequalities will be the use of Mellin transforms of functions
f(x) in R™. Such a transform is defined by the formula:
i d
Mroy = [ 3500
X
0

It will be crucial in our analysis the fact that the restrictions of Hilbert transforms to the positive and negative real
axis are Mellin multipliers as we will explicitly show below. A useful property of Mellin transforms is the following
Plancherel’s identity for functions supported in R*:

R S

/f(x)g(x)—z— [ Mf(A)Mg(A)da.
X 27

0 —00

We can consider two different cases of f(x), even and odd, and then discuss the general case.

Notice that fx (x)Hf(x) = (f(x) — f(0)x H(f(x) — f(0)) = gx(x)Hg(x) for g(x) = f(x) — f(0) so we may,
without loss of generality, assume that f(0) =0 for f(x) even. Then,

o0
/ fx(x)Hf(x)d :2/ Sx()Hf(x) dx. (12)
|x|(¥ x¥
and using Plancherel’s identity it can be written in the form:
o o
_/de:i / F(M)mg(L)F (L) dx, (13)
—0o0
where
0o
F(A):M( ) /xl)‘ @/2=1 £ (x) dx,
0
and

mg(A) = —AR) B,

with A(A) and B(A) being Mellin multipliers that can be deduced from the Mellin transform of fy(x) and Hf (x)
respectively. In order to find them, let us compute:

[ i ar=—(in- 2 ) ro = a0 r 00,
0
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/xik—a/Z—le(x)dxz %fxik—a/2—1|: o dy:| d
0

Then we evaluate the last integral in x performing the change of variables x = yz:

0o . 0o 0o
xlk—a/2 xlk—a/2 ) tlk—a/2
/—2 2dx:v/—2 2dx:ym_o‘/z_lf 1 dr,

J xXs—y J xX‘—y te —

0

and the change > = s together with (3) to evaluate:

T W e A S S|
——dt==- | —————ds=—cot| ———— 1 |.
121 2 s—1 2 2

0 0
Hence
o0
xir—e/2 1A+a2+1 e —ir4a/2
—/ |:/ :|f(y)dy—cot< / )/y‘)‘ /2 1f(y)dy=—tan<f/n>F(k).
0
Therefore
—iA 2
B(\) = —tan(ﬂn),
2
and

mg(A) = (ik + %) tan(%n),

R [ (A)] Asinh ) + 5 sin %na (14)
elm = .
: coshm A + cos %n(x

If 2<a<2,a+#0,then

Asinhz ) + 5 sin %na

1 > Cy >0,
coshmA +cos 5
and we may conclude that

o o 2

H

[ LWHI® [P
a |x|a+l
—00

or in general, if f(0) # 0, we obtain inequality (4).
In the case of f being odd, we evaluate:

[ L@@ = HFO)

xC(

_Lﬂ f dA FGoma () F (),

—00

where

ma(A) = —AL)BQ),
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with A(X) and B(A) being the Mellin multipliers coming from the Mellin transform of f(x) and Hf (x) — Hf(0)
respectively. To find them, let us compute:

[e¢]

/xix—a/zfx (x)dx = —(iA —a/2)F(A\) = AW F(),

0

/xik—a/Z—l((Hf)(x) — (Hf)(O)) dx
0

xu_a/z_l[ O 4o [0 ay - [ o i [0 dy} 0
x—y 0 y xX+y y

yih—a/2-15,2 /Oof()’)/y dy |dx = 3]0 7x"‘ a/2+1 £(y) ay
x2 b4 x2 y
0 0

0

=cot<_“\+“/2 )/yl)‘ a/2- lf(y)dy—cot<Mn)F(x).
0

2

v

0\8 0\8

2
Hence
—iA 2
mg(A) = —(ik + %) cot(%a/n)
so that
—iA 2 —Lasinlra + Asinhwa
Re(—(ik + g) cot(La/n>> =2 2 i ,
2 2 coshmm A — cos 3ma
and

o0 o0
H —Hf (@O 1 Asinhm A — % sin lmx
[ ) HS ) f@0) e — [ a 3 |F(/\)|
x¢ 2 coshmA — cos 2710{
—0Q

If f is an arbitrary function (without loss of generality we can again assume that f(0) = 0), then we can write:

F) = Jf @) +2f(—X) n J(x) —Zf(—X)

where f;(x) and f,(x) are even and odd respectively.
Notice that

= fi(x) + fa(x),

_ f F@WHS@ = HFO) [ Loa®) + faxOUHE ) + Hf () = HEO)

|x|* |x|*

]ofsx(x)er(X)d _ / Jax(X)(Hfa) = Hfa©)

x| |x|*

-2

[ Fa@HA® | [ fax O (HLa () — Hfa(0))
0

Therefore:
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o0

) Hfx) = HfO)

B /°° fe
J xI®

—00

/dkRe[ms(k)]|Fs(k)|2+%/dkRe[ma(A)]|F(A)|

8=

e ¢]

: / dkilklf(Re[ms(k)])’Fs()\)F+% / d)\ir}}f(Re[ma()»)])|F(k)|

> —
T
_ % / di lnf}»(Re[mS()‘)]) ";lnfk(Re[ma()\)]) (|Fs()\)|2 + |Fa()n)|2)
n % / i inf; (Re[m;()]) ;ian(Re[ma(?»)]) (|FS(A)|2 _ |Fa(k)|2)

. . [ AP+ a2
= 11)3f(Re[ms()»)]) + 11)3f(Re[ma (L) / e dx
0
. . SO = | fa@))?
+1&1f(Re[ms(k)]) —uklf(Re[ma()\)]) / PG dx,
0

where we have used the notation,
fa fv
Fa(k)z (W ) FS()\')ZM xa/z .

It can be verified (see the lemma at the end of this section) that in the range 1 < o < 2, inf) (Re[m;(A)]) > 0
inf) (Re[m,(1)]) < 0 and inf) (Re[m;(1)]) +infy (Re[m,(A)]) > 0. If f(x) is everywhere nonnegative, then | f; ()2 -

| f2(x)|? > 0, and therefore:

/ fx(x)(Hf(x) —HfO)

dx

2(X)
dx _C /| |a+l

inf; (Re[mg (A)]) + infy (Re[m4 (1)]) cml.}‘s(ﬁc)|2+ | fa (x)[?
2 |x|°‘+1

inf, (Re[ms (V1) + infy Relma (D) [ £200) + f2(—x)
4 |x|a+l

Lemma 2.1. For 1 < a <2, we have
inf(Re[mS (A)]) + ialf(Re[ma (A)]) >

The proof of the lemma is based in two facts
—s

mkin(n Re(mq (1)) = e

Fact 1:

Fact 2: For every A
AsinhA + s s
> >
coshA —1¢ 1+t
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where s = 2 sin ”2"‘ and t = —cos ”T‘" (1 < o <2). The first fact is trivial and the second is a consequence of the

following observations:
s 4

Asinh A > 2(cosh A — 1), T+ :2t — <2
an 22X
)

3. Applications to a nonlocal transport equation

This section contains the proof of the application described in the introduction dealing with a nonlocal partial
differential equation, where the inequalities obtained in the previous section will be crucial in proving the formation
of finite time singularities.

The equation is:

fi = (Hf) fx =0.

In order to prove Theorem 1.2 we shall consider a general smooth initial data fo(x) = f(x, 0), positive and com-
pactly supported, and we will show that f (x, ) blows up in finite time.
It is a straightforward exercise to obtain a priori inequality:

d
G et fut 0l < e ol + 1 fac lR)"

which implies local (in time) existence for the Cauchy problem with initial data in Sobolev’s space H?(R). We
may thus assume a C' solution f(x, ). We have a particle dynamics given by the ordinary differential equation
X'(t) = —Hf(X (1), t) and the equation implies that f is constant along trajectories. Let supp(fo) C [ag, bo] then the
positivity of f implies that Hf (ap) <0, Hf (by) > 0 which yields supp(f(x,t)) C [ao, bo] for t > 0.

If we change coordinates to a system of reference in which the maximum is stationary, i.e. we define x;(¢) to be
the trajectory where f reaches its maximum, and

xX'=x—xy@), t'=t,
we obtain from (1) the equation:

fr—xy () fo —Hf(X' . 1) fo =0, (15)

where f(x',t') = f(x' 4+ xp(t), t). In order to simplify notation let us omit from now on the explicit dependence of
the function on the second variable t = ¢’.

But
dxp (1)
fft = —Hf(xu(®)),
1 ) / f» =
Hf(x)=—PV —d _—PV dy = Hf(x),
fw=2 G ®) = =y P = HICD
and

Hf(x=xu(®)=Hf(x =0),
so that (15) becomes
fr = (Hf(&") = Hf(©0) fo =0,

also we have suppx/(f(~ ,1)) C[—L, L] for a suitable finite constant L.
Hence, denoting g = fmax — f,

g =—(Hgx') — Hg(0)) gy (16)

Dividing (16) by |x|*, 1 < & < 2, and using Theorem 1.1 we get:
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g(x) / (Hg(x") — Hg(0)) gy (x) &
ar’ ] ¥ I“ | /|
—L

00 00
n_ (! 20,/
=_/ (Hg(x') — Hg(0))gx (x)dx’ZCa/ 87 4
B /[T
—00

o0
L L 2
20 /
g ., gx") .,
>Co | e 2%(/ e )

—L —L

g(x")

where Cy, 4 is a positive constant. Therefore f_LL TG dx’ blows up in finite time and consequently fy also blows up

in finite time since

g(x/) & g(x/) / ) R sup |
x| P |x|a1\ T CiPEsl

—L
4. Proof of Theorems 1.3 and 1.4

In the proof of Theorem 1.3 we will consider two different cases of f(x), even and odd, and then discuss the
general case.
If f(x)iseven,i.e. f(x) = f(—x), then

I(Hf)(X)I2 [ HL () — (0>]|2 I(Hf)(X)|2
- (17)

el a+1 T gjatl
x| x| x|

since H f is an odd function. In order to simplify the notation we can assume, without loss of generality, that f(0) =
To estimate the right-hand side of (17) we make use of the Mellin transform and write,

[IHHOP 1 7’
IHH@E 1
JT

|x|a+1 (18)
where
o0
F) = / X2 f () d,
0

and m (1) = |G (A)|*> with G () being the Mellin multiplier for H f with f an even function, that is:
o0
/fkwkﬁﬁuuu=cawuy
0
where
G = —tan(Mn)
2
Then

2 2.1 s 1201 2201 2,1
cos“(zma) sinh” (5w L) + sin“(57wa) cosh“ (5w A 1
oo _ cos? (§ma) sinh?(372) + sin’ () cosh®GA) n2< m)ﬁ

4

(—M+aﬂ )
tan fﬂ'

as one can easily verify.
Therefore, inequality (7) follows immediately for the even case since

cosz(%na) coshz(%nk) + sinz(%na) sinhz(%nk)
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LN T 2 (1N [ f@P
— / d,\m(x)|F(x)| tan <4na>/dA|F(A)| =tan <er(x) et dx,

—00 —0o0

in the range 0 < o < 2. In fact, one can show

< 2 x 2
w dx > min{tan2 <%na>, 1} f Ol dx

|x|o¢+1 |x|°‘+1
—0o0 —00

for -2 <a <2, #0.
Next we consider f(x) to be an odd function and —2 < o < 0. Then (17) and (18) still hold, and we have to
compute:

00 o0
. ir+a/2 —idA+a/2
/xl)‘—“ﬂ_le(x)dx =cot< i +af >/ylk_aﬂ_lf(y)dy=C0t<%a/7f)F()\)-
0 0
Therefore,

2 cosz(ina) coshz(%n)») + sin? (7o) sinh? (372)

m(A) =

(—ik +a/2 )
cot| ————m

which yields the inequality

N cosz(%rm) sinhz(%rr)») + Sin2(%ﬂ0t) COShZ(%ﬂ)\)

. 2f 1
> minj cot Zna , 1

< 2 x 2
4|(Hf)(x)| dx > min cot2(%na>,l RACY) dx,

|x|a+l |x|”‘+]
—00 —00

for =2 < a < 0. When 0 < o < 2, we estimate:

[ HH@) — (HO)

|x|oz+l dx.
—00
As before let us now evaluate:
00 a ” 00
/) A+ o —a/2—
/ xih—el2 1((Hf)(x)—(Hf)(O))dx=cot( ) / yr P F () dy,
0 0

so that

I(Hf)(x)—(Hf)(O)Izd { 2(1 ) } T IfoPR
>minqcot“| - ), 1
|x|ot! |x|ot!

Finally, given an arbitrary function f, we write:

F) = f®) +2f(—X) " J(x) —2f(—X) = )+ ful),

where f;(x) and f,(x) are even and odd respectively. Therefore we have:

I(Hf)(x)I2 f |H[ fs(x) — f:(O)]] ot [ IHH @) &
|x|a+1 |x|°‘+1 |x|°‘+1

—00 —00

+2 f HLA ) = S ONHSD ) |

|x|°‘+1
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|x|a+l dx + |x|"‘+1

2 o0 2
Zmin{tan< ) }/ |fv(x|)x|a{:(0)l dx+min{cot2(‘1—lmx>,l} ||{?|S?J dx

—0oQ
1 1 — £(0)|?
> min tan?( ~7wa ,cot2 7 / de’
4 4 |x|a+1
—00
for -2 < a < 0.
Analogously, for 0 < o < 2 we get the estimate:

® 2 ® 2
[(Hf)(x) — (Hf)(0)] dx2min{tan2<ina),cot2(lmx>} [f ()l dx

|x|a+1 4 |x|°‘+1
—0Q0 —0Q

_ /°° \HLf, () — £, ()] [ L)) .
= — dX

This completes the proof of Theorem 1.3.
Next, in order to prove Theorem 1.4 we will consider two different cases of f(x), even and odd.
If f(x)isevenand 0 <« <2, then

7 f () = fOIHS ) :z]o[f(” SO

19
|x|*x xotl (19)
and again we can assume, without loss of generality, that f(0) = 0. As in the previous section we write:
H 1 T
M / dr F(Mm(A)F (L), (20)
yot+l 27[
0 —00
where m (L) F (1) is the Mellin transform of H f(x), that is,
—iA 2
m(A) = —tan(in>
2
and therefore,
Hf (x) 1T in 5
sin > T
M - / dx 2 |Fo[” @)
xot 27 coshmA + cos 3ma
0 —0o0
This last identity implies:
f Hf (X) 0
yot+l X <Y
0
if0 <a <2, and
f (x)Hf (X)
———dx >0,
yotl
0
if -2 <a <0.
If f(x) is odd then Hf (x) is even and by the properties of the Hilbert transform we can write:
r r H(H H
H
S Hf(x) dr = — (Hf(x)Hf (x) d, 22)

|x|ox B |x|ox
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and applying previous inequalities to the even function H f (x) yields

o
S)Hf (x) dx > 0,
xa—H
0
if0 <a <2, and
N H
FOHF@ (o
on—I
0
if 2<a<0.
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