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Abstract

In this paper we prove that any finite group of rank r, with an au-
tomorphism whose centralizer has m points, has a characteristic soluble
subgroup of (m, r)-bounded index and r-bounded derived length. This
result gives a positive answer to a problem raised by E. I. Khukhro and
A. Shalev (see also Problem 13.56 from the “Kourovka Notebook” [5]).

1 Introduction.

There has been certain interest on the study of finite groups with an automor-
phism of some fixed type over the last years. The classical restrictions on an
automorphism consist in fixing the order of the automorphism and the order
of the centralizer. We refer the interested reader to [4] for background on this
subject.

In [8] A. Shalev began a new approach in this area. The rank of a group G
(denoted by rkG) is the minimal integer r such that every subgroup of G is r-
generated, and the rank of a Zp-Lie ring L is the minimal number of generators
of L as Zp-module. In his work Shalev proved that if a finite group of rank r
has an automorphism whose centralizer has m elements, then it has a soluble
subgroup of (m, r)-bounded index. (In this paper we say that a certain invariant
is (a, b, . . .)-bounded if it is bounded above by some function of (a, b, . . .).) If,
in addition, the orders of the automorphism and the group are coprime then
the derived length of the subgroup can also be bounded by some function of
(m, r). The key to Shalev’s proof is the reduction of the problem to the analog
for uniform Zp-Lie rings of bounded rank, which is valid without any hypotheses
on the orders. In [3] E.I. Khukhro, assuming also that the order of group and the
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order of automorphism are coprime, improved Shalev’s result, showing that the
derived length of some soluble subgroup of (m, r)-bounded index is r-bounded.

In this paper we consider the general case and we prove the following result.

Theorem 1.1. Let G be a finite group of rank r admitting an automorphism
with m fixed points. Then G has a characteristic soluble subgroup H, whose
index is (m, r)-bounded and whose derived length is r-bounded.

We will call a Lie ring L a uniform Lie ring if it is a finitely generated free
Z/piZ-module for some i and some prime p. In order to prove Theorem 1.1 we
use the reduction from [9] to uniform Lie rings. In Section 2 we consider the
Lie ring case and in Section 3 we give the proof of Theorem 1.1 in the case of
p-groups. In Section 4 we finish the proof of Theorem 1.1, following the lines
of [8, 3] and also put some conjectures. The notation is standard. The derived
series of a group is denoted by {G(k)} and a similar notation will be used for
Lie rings. We will denote by Gn the subgroup of a group G generated by all nth
powers of elements in G. [r] denotes the upper integral part of a real number r.

2 Lie ring case

Let Zp be the ring of p-adic integers and Qp its field of quotients. Set S =
Zp[x, x−1]. For every finitely generated S-module M such that M/(x − 1)M
is finite, define the x-rank of M , rxM = logp(|M : (x − 1)M |). Note that if
M is finite then |CM (x)| = prx M . Throughout this paper we shall call Lie Zp-
(sub)algebras simply Lie (sub)rings for brevity and then Lie automorphism
will mean Lie Zp-algebra automorphism. The following theorem is the main
result of this section.

Theorem 2.1. There is a function f = f(pm, r) such that if G is a Lie ring of
rank r and also a finitely generated S-module of x-rank m with x operating on
it as a Lie automorphism, then G has a soluble subring H of index less than f
and derived length at most 1 if r = 1 and 2r − 2 if r > 1. Moreover, if G is a
uniform Lie ring then the derived length of H is at most 2r−1.

In order to prove this theorem we need some preliminary work. In this paper
all the tensor and exterior products are taken over Zp. Let L be an S-module.
Then we can define in L ∧ L an S-module structure by setting

x(a ∧ b) = (xa) ∧ (xb), x−1(a ∧ b) = (x−1a) ∧ (x−1b) where a ∧ b ∈ L ∧ L.

We define the category K, whose objects are the triples (L,+, ·) where

(i) (L,+) is an S-module.

(ii) · is a Zp-bilinear and alternating composition in L (i.e · defines an element
of HomZp(L ∧ L,L)).
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The morphisms of K are the S-homomorphisms preserving the multiplication.
In the sequel the elements of K will be called rings and we shall write (L,α)
instead of L when we want to emphasize that the multiplication · in a ring L is
given by α ∈ HomZp

(L∧L,L). For any L1, L2 ∈ K we shall write L1 < L2 if L1

is a proper subring of L2, i.e. L1 is a proper subset of L2 and the inclusion of
L1 into L2 is a morphism in K. We shall use ∼= for isomorphism of Zp-modules
and ∼=K for isomorphism in the category K.

If L ∈ K and A,B ⊆ L let A · B be the S-submodule generated by a · b,
where a ∈ A and b ∈ B. Let Γ1(L) be the S-submodule of L generated by the
elements

a · (b · c) + c · (a · b) + b · (c · a), x(a · b)− (xa) · (xb), a, b, c ∈ L,

and, for i > 1, let Γi(L) = Γi−1(L) · L. Set Γ(L) =
∑

i Γi(L) (so Γ(L) is the
ideal of L generated by Γ1(L)). It is clear that L̄ = L/Γ(L) becomes a Lie ring
if for ā, b̄ ∈ L̄ we define its Lie bracket by [ā, b̄] = (a · b) + Γ(L), and x acts on L̄
as a Lie automorphism. We call L ∈ K a lattice if L ∼= (Zp)s for some s. The
key to the proof of Theorem 2.1 is to prove it for the Lie rings L/Γ(L) when L
is lattice (see Theorem 2.4). Recall the following lemma proved in [2].

Lemma 2.2. Let L be an S-module and finitely generated as Zp-module. If the
x-rank of L/pm+1L is ≤ m then the x-rank of L is also at most m.

Lemma 2.3. Let A be an S-module of x-rank m, finitely generated as a Zp-
module, and let B be an S-submodule of A. Then rxB ≤ m.

Proof. Remember that the case when B is of finite index in A was proved in
[2, Lemma 3.6]. Let B̄ = {a ∈ A | pka ∈ B for some k ≥ 0}. Then, by [2,
Lemma 3.6], rxB ≤ rx B̄ and rx(B̄ + pm+1A)/pm+1A ≤ rxA/pm+1A ≤ m. It
directly follows from the definition of B̄ that B̄ ∩ pm+1A = pm+1B̄. Hence
rx B̄/pm+1B̄ ≤ m, and, by Lemma 2.2, rx B̄ ≤ m.

Theorem 2.4. Let G be a Lie ring of rank r and also a finitely generated S-
module of x-rank m with x operating on it as a Lie automorphism. Suppose that
rk pmG = r. Then there exists a lattice L ∈ K of rank r and x-rank m, such
that G is an epimorphic image (as an element of K) of L̄ = L/Γ(L).

Proof. Let L = (Zp)r and let β be a surjective morphism from L onto G. Using
that L is a free Zp-module, we obtain that there exists φ ∈ EndZp

(L) such that
xβ(l) = β(φ(l)) for every l ∈ L. Since x induces a bijection on G/pG, φ induces
a bijection on L/pL and so φ is a bijection. Define on L a structure of S-module
by way of xl = φ(l), x−1l = φ−1(l) for every l ∈ L. The condition rk pmG = r
implies that Kerβ ⊆ pm+1L and so |L : ((x− 1)L+ pm+1L)| ≤ pm. According
to Lemma 2.2, the x-rank of L is at most m.

Since L ∧ L is Zp-free, there exists α ∈ HomZp
(L ∧ L,L) such that β(α(l ∧

m)) = [β(l), β(m)] for every l,m ∈ L. It is clear now that β(Γ(L,α)) = 0, and
so G is an epimorphic image of L̄ = L/Γ(L,α).
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Thus, we see that in order to prove Theorem 2.1 there is no loss of generality
if we take G to be a Lie ring of the type L̄ = L/Γ(L) where L is a lattice.

Define E = {L ∈ K | L ∼= (Zp)r, rxL = m}. If L ∈ E, the tensor product
L = Qp ⊗ L belongs to the category K. We call L simple if L2 6= 0 and there
is no proper Qp[x, x−1]-submodule A of L such that L · A ⊆ A. Also a lattice
M is called maximal if there are no lattice N ∈ E and injective morphism
φ : M → N in K such that φ(M) < N . The proof of the following result is the
same as the one of [2, Corollary 4.6]. We include the main steps of it for the
sake of completeness.

Lemma 2.5. Let L ∈ E and let L be simple. Then there exists a maximal
lattice M ∈ E, such that L ≤M < L.

Proof. We split the proof in a number of steps.
Step 1. Let N be a lattice and L < N < L. Define t(L) = min{t | ptL ⊆ L2}

and k = max{l | L ⊆ plN}. Then t(L) and k are finite and k ≤ t(L).
Since L is simple, L2 = L and QpL

2 = L2 = L. Hence |L : L2| is finite and
so t(L) is also finite. Using that N/L is a torsion finitely generated Zp-module,
we also obtain that k is finite. By the definitions of t(L) and k, we have

pt(L)L ⊆ L2 ⊆ p2kN2 ⊆ p2kN.

Therefore by the maximality of k it follows that 2k−t(L) ≤ k, whence k ≤ t(L).
Step 2. There is no proper ascending series of lattices L < L1 < L2 . . . < L.
Otherwise, putN = ∪i≥1Li and defineA = {a ∈ N | p−ka ∈ N for every k ∈

N}. Then A is a Qp[x, x−1]-submodule of L. For any l ∈ N , a ∈ A and k ∈ N
we have

p−k(l · a) = l · (p−ka) ∈ N.
Hence N ·A ⊆ A. Since L = QpN , L ·A ⊆ A and either A = 0 or L.

In the former case, by [2, Lemma 4.3], N is a finitely generated Zp-module
and so, |N : L| is finite, which is a contradiction.

If A = L fix a1, . . . , am an Zp-system of generators of L. Since p−t(L)−1ai ∈
N , there exists k ≥ 1 such that p−t(L)−1ai ∈ Lk for all i. Hence L ⊆ p(t(L)+1)Lk,
which contradicts Step 1.

Step 3. There exists a maximal lattice M such that L ≤M < L.
By the previous step, there exists a lattice M such that L ≤ M < L and

M is maximal with this property. We shall prove that M is a maximal lattice.
Suppose by way of contradiction that there exist a lattice N and an injective
morphism φ such that φ(M) < N and M ∼= N . Since N and φ(M) have
the same rank, N/φ(M) is finite and so for every n ∈ N there exists k ∈ N
such that pkn = φ(m) for some m ∈ M . We define ψ : N → L by means of
ψ(n) = p−km ∈ L. This map is well defined and it is a morphism in the category
K. Hence L ≤M < ψ(N) < L, against the choice of M .

We shall need the following result on finite dimensional Lie algebras from
[6].
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Proposition 2.6. Let F be a field, L a finite dimensional F-Lie algebra and φ
an automorphism of L. If the centralizer CL(φ) is trivial, then L is soluble of
derived length at most dimF L.

Let L ∈ E. Define γ(L) = sup{k | Γ1(L) ⊆ pkL}. Put L(0) = L and for
i > 0, L(i) = L(i−1) · L(i−1).

Lemma 2.7. There exists a = a(p,m, r) ≥ 0 such that for every maximal lattice
L ∈ E and for every s ≥ 0, γ(psL) ≤ 2s+ a.

Proof. Suppose that for every j there exists a maximal lattice M ∈ E such
that γ(M) > j. Then the set of Lie rings T0 = {M/pγ(M)M | M ∈ E is
maximal} is infinite. Now, suppose that we construct a Lie ring Nk ∈ K, such
that Nk

∼= (Cpk)r and the subset Tk = {N ∈ T0 | N/pkN ∼=K Nk} of T0 is
infinite. Then there is a Lie ring Nk+1 ∈ K such that Nk+1

∼= (Cpk+1)r and the
subset Tk+1 = {N ∈ Tk | N/pk+1N ∼=K Nk+1} of T0 is infinite. Following these
constructions we obtain a series {Ni} of Lie rings, such thatNi

∼=K Ni+1/p
iNi+1.

Let L be an inverse limit of {Ni}. Then L is a Lie ring and is also an S-
module, where x acts as a Lie automorphism. Since rxL/pm+1L = rxNm+1 =
rxN/pm+1N for any N ∈ Tm+1, by Lemma 2.2, rxL = m and so x acts without
fixed points on L. By Proposition 2.6, Qp ⊗ L is soluble, whence there is an
abelian ideal A 6= 0 of Qp ⊗ L which is also a Qp[x, x−1]-submodule. Put
B = A∩L. It is clear that B is an abelian ideal of L, an S-submodule of L and
that p−1B * L. Take any maximal lattice M such that M/pγ(L)M belongs to
T2. Hence M/p2M ∼=K N2. Let C be the image of B in N2

∼= L/p2L and let D
be the preimage of C under the natural projection from M to N2

∼= M/p2M .
By the construction, D is an S-submodule of M , D ·D ⊆ p2M , M ·D ⊆ D+p2M
and p−1D * M . Put P = M + p−1D. Consequently, P · P ⊆ P and M < P , a
contradiction with the maximality of M .

Hence there exists a = a(p,m, r) such that γ(M) ≤ a for every maximal
lattice M ∈ E. Since p3sΓ1(M) ⊆ Γ1(psM), we obtain that γ(psM) ≤ 2s +
a.

Now we complete the proof of Theorem 2.1.

Proof of Theorem 2.1. We shall prove Theorem 2.1 by induction on r. It is
obvious that Theorem 2.1 is true for r = 1 and r = 2. Suppose now that r > 2.

Consider the case m = 0. We can suppose that G is finite because it is
approximated by G/psG, s ≥ 1. Let n = n1p

k where n1 and p are coprime and
xn acts trivially on G. Note that the condition m = 0 implies CG(x) = 0. Now,
(G,+) is a finite p-group and CG(x) = CCG(xpk )(x), therefore CG(xpk

) = 0.
Accordingly, in this case Theorem 2.1 follows from [10, Proposition 6.8].

Now suppose that m > 0. Using Theorem 2.4, we may assume that G ∼=K
L/Γ(L), where L ∼= Zr

p is a lattice of x-rank m. Moreover, if G is uniform then
G ∼=K L/pγ(L)L. First, suppose that L = Qp ⊗ L is simple. By Lemma 2.5,
there exists a maximal lattice M such that L ≤M < L. We define s = min{k |
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pkM ⊆ L}. Hence the rank of L/((ps−1M ∩ L) + Γ(L)) is less than r and so,
by the induction hypothesis, we obtain that there is a function h = h(p,m, r)
such that (phL)(2

r−1−2) ⊆ psM + Γ(L).
If Γ1(L) ⊆ pγ(psM)+s+1L, then

Γ1(psM) ⊆ Γ1(L) ⊆ pγ(psM)+s+1L ⊆ pγ(psM)+1psM.

It is impossible, whence γ(L) ≤ γ(psM) + s. Applying Lemma 2.7, we ob-
tain γ(L) ≤ 3s + a. In particular, pa(psM)(2) ⊆ pγ(L)L and, consequently,
(pgL)(2

r−1) ⊆ pγ(L)L for some g = g(p,m, r). If G is uniform then we are done.
The general case follows from the inductive hypothesis.

Suppose now that L is not simple. Then there exists a Qp[x, x−1]-submodule
0 6= A 6= L such that A · L ⊆ A. Let B = A ∩ L. Note that B̄ = (B +
Γ(L))/Γ(L) is an ideal of L/Γ(L) and also an S-submodule. Hence we can
apply the inductive hypothesis. Indeed, from the construction of B we see that
the ranks of B and L/B are less than r and the x-ranks of B (by Lemma 2.3)
and L/B (as a quotient of L) are at most m.

3 p-Groups case

We will begin this section by constructing of certain Lie rings associated with
uniform powerful groups. The idea of this construction is taking from [8], but
in the present form it is suggested by E. Khukhro. Recall that a finite p-group
Q is called powerful if Q/Qp is abelian, where p = 4 if p = 2 and p = p if p is
odd, and that a powerful p-group P is called uniform if the rank of P pi

does
not depend on i, as long as P pi 6= 1. We suggest to the reader the books [1, 4]
for detailed properties of these groups.

In this section we will use the following notation. Let G be a uniform pow-
erful p-group and pn the exponent of G. Define Gi = Gpi

. We write n in
the form n = 4e + f , where f ∈ [0, 3]. Put L = Ge/G2e and for each integer
k ∈ [0, 2] let πk : Gke/G(k+1)e → G(k+1)e/G(k+2)e be the application defined in
the following way: if t ∈ Gke then πk(tG(k+1)e) = tp

e

G(k+2)e. It is known that
these application is well defined and, moreover, for k ≥ 1 the application πk is
an isomorphism of groups.

The group L is abelian and we will write the group operation of L in additive
form. If a, b ∈ Ge define

[aG2e, bG2e]L = π−1
1 ([a, b]G3e).

Lemma 3.1. With this definition of brackets, (L, [ , ]L,+) is a Lie ring.

Proof. We will prove that the Jacobi condition holds. The rest of axioms of Lie
ring can be proved by the same way. Let a, b, c ∈ Ge. Bearing in mind that
[Ge, G3e] ≤ G4e and using the Hall-Witt identity, we obtain that

[a, b, c][b, c, a][c, a, b] ∈ G4e.
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Note that if d ∈ G2e and c ∈ Ge, then

π2([π−1
1 (dG3e), c]G3e) = [d, c]G4e.

Hence

[π−1
1 ([a, b]G3e), c][π−1

1 ([b, c]G3e), a][π−1
1 ([c, a]G3e), b] ⊆ G3e.

Applying π−1
1 to the last equality, we obtain the Jacobi identity.

If φ is an automorphism of G then φ acts in the natural way on L and from
the definition of the Lie brackets of L follows that φ is a Lie ring automorphism
of L.

We will say that a subgroup N of a finite p-group Q is powerfully em-
bedded in Q if Np ≤ [N,Q]. It is known that if M and N are powerfully
embedded in Q, then so are MN , Mp and [M,N ]. The next lemma which was
proved in [9] is very important for future application of our construction.

Lemma 3.2. If M and N are powerfully embedded subgroups in a finite p-group
Q, then [Mpi

, Npj

] = [M,N ]p
i+j

.

Lemma 3.3. If T is powerfully embedded subgroup in G, then T̄ = π1(TGe) is
an ideal of L and [T̄ , T̄ ]L = π1([T, T ]Ge).

Proof. Since TGe is powerful, T̄ = (TGe)pe

/G2e and so it is a subgroup of L.
Let us prove that it is also an ideal of L. Using that (TGe)pe

is powerfully
embedded in G, we obtain that [(TGe)pe

, Ge] = [TGe, G]p
2e

. Hence [T̄ , L]L =
[TGe, G]p

e

G2e/G2e ⊆ T̄ .
Now, we will prove the second part of the lemma. We have that

[(TGe)pe

, (TGe)pe

]G3e = [(TGe), (TGe)]p
2e

G3e = ([T, T ]Ge)p2e

.

Therefore [T̄ , T̄ ]L = π1([T, T ]Ge).

Corollary 3.4. Let T be a powerfully embedded subgroup in G and consider
T̄ = π1(TGe) as an ideal of L. Then T̄ (d) = π1(T (d)Ge).

For each integer nonnegative i, we define Li = Gi+eG2e/G2e. Then by
Lemma 3.3 we know that Li is an ideal of L.

Lemma 3.5. Let d be the derived length of Li (as a Lie ring). Then the derived
length of Gi is ≤ d+ 2.

Proof. By the previous corollary, G(d)
i ≤ Ge. Now, it is easy to see thatG(d+2)

i =
{1}.
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Proof of Theorem 1.1 for finite p-groups. Let G be a finite p-group of rank r ad-
mitting an automorphism φ withm fixed points. The casem = 1 was considered
in [8, ch.4], so we may assume that m 6= 1. By [7] there exists a characteristic
powerful subgroup Q such that |G : Q| ≤ pr[log2 r]. Hence we can suppose that
G is powerful. Since the rank of G is r, there exist k ≤ r and characteristic sub-
groups {1} = G0 ⊂ G1 ⊂ . . . ⊂ Gk = G such that Hi = Gi/Gi−1, i = 1, . . . , k,
are uniform powerful p-groups. Note that CHi(φ) ≤ m. By the above construc-
tion we can associate with each group Hi a Lie ring L = L(i). Moreover, φ
can be considered as a Lie automorphism of L and we have that CL(φ) ≤ m.
By Theorem 2.1 there are functions ti = ti(r,m) and si = si(r) such that
L

(s)
f = {0}. Hence by Lemma 3.5, we obtain that (Hpti

i )(si+2) = {1} and so

(Gpti

i )(si+2) ⊆ Gi−1. Hence by Lemma 3.2 we can find f = f(m, r) and g = g(r)
such that (Gpf

)(g) = {1}. Since G is powerful, the index of Gpf

in G is at most
pfr.

4 Final remarks

Proof of Theorem 1.1. First suppose that G is a nilpotent group. Then G is the
direct product of its Sylow pi-subgroups Gi. Decompose m as m =

∏
pmi

i . If
mi = 0 then by [8], the derived length of Gi is bounded by a some function which
depends only on r. In this case we put Hi = Gi. If mi 6= 0, then by the previous
section, there exist a characteristic subgroup Hi of Gi of (mi, r)-bounded index
and r-bounded derived length. Then H =

∏
Hi is a characteristic subgroup of

G of (m, r)-bounded index and r-bounded derived length.
Suppose now that G is a soluble group. We follow the argument from [3].

Let q ∈ π(G) be a prime divisor of |G|. Define by Oq′(G) the maximal nor-
mal q′-subgroup of G and by Oqq′(G) the inverse image of the maximal normal
q-subgroup Q of the quotient G/Oq′(G). It is well-known that the action of
G/Oqq′(G) by conjugation on Q/Φ(Q) is faithful. Then the group G/Oqq′(G) is
isomorphic to a soluble subgroup of GLd(q), where d is the number of genera-
tors of Q. Since d ≤ r, using the Kolchin-Malcev theorem [11, Theorem 3.6], we
obtain that the derived length of G/Oqq′(G) is r-bounded. Hence G/F , where
F = ∩q∈π(G)G/Oqq′(G) is the Fitting subgroup of G, is soluble of r-bounded
derived length. Since F is nilpotent, there exists a characteristic subgroup N of
F of (m, r)-bounded index and r-bounded derived length. Put H = CG(F/N).
The index of H is (m, r)-bounded, because G/H acts as a group of automor-
phisms of F/N and the order of F/N is (r,m)-bounded. Also the derived length
ofH is r-bounded, because the derived lengths ofH/(H∩F ) ∼= HF/F andH∩N
are r-bounded and [H ∩ F,H ∩ F ] ≤ (H ∩N). Then H satisfies the necessary
conditions.

Now, if G is an arbitrary finite group of rank r admitting an automorphism
with m fixed points, then using the classification of the finite simple groups, it
was proved in [8, Proposition 3.2] that G has a characteristic soluble subgroup of
(r,m)-bounded index. Therefore this case follows from the previous paragraph.
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From [8, Ch.5] we can deduce that if G is a finite p-group of rank r admitting
a p′-automorphism φ with pm fixed points then the derived length of G is (m, r)-
bounded. This result suggests to us the following conjecture.

Conjecture 1. Let G be a finite p-group of rank r admitting an automorphism
φ with pm fixed points. Then the derived length of G is (m, r)-bounded. More-
over there are functions f = f(m, r) and d = d(r) such that G has a subgroup
of index at most pf and derived length at most d.

In [2] it was proved that there are functions f(p,m, n) and h(m) such that
any finite p-group G with an automorphism of order pn, whose centralizer has
pm points, has a subgroup of derived length ≤ h(m) and index ≤ f(p,m, n).
Note that in this situation the rank of G is also (p,m, n)-bounded. Therefore,
we pose the following problem.

Conjecture 2. Let G be a finite p-group of rank r admitting a p-automorphism
φ with pm fixed points. Then there are f = f(p,m, r) and d = d(m) such that
G has a subgroup of index at most f and derived length at most d.
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