On two conditions on characters and conjugacy classes in finite soluble groups

A. Jaikin-Zapirain^∗

Departamento de Matemáticas, Facultad de Ciencias, Universidad Autónoma de Madrid e-mail: ajaikin@uam.es

Running title: Characters and conjugacy classes.

∗This work has been partially supported by the MCYT Grants BFM2001-0201, BFM2001- 0180, FEDER and the Ramón y Cajal Program.

1 Introduction

Let k(G) denote the number of conjugacy classes of a finite group G. In 1903 Landau [4] proved that for a given k there are only finitely many groups having k conjugacy classes. In [2] two new conditions were proposed:

Condition 1: A finite group G satisfies |{χ ∈ Irr(G) | χ(1) = n}| ≤ r for every n. Condition 2: A finite group G has at most r conjugacy classes of size k for any k.

It was proved in [2] that for a given r there are only finitely many nilpotent finite groups satisfying Condition 1 or Condition 2. In this work we extend those two results on soluble groups.

Theorem 1. There exists a function f(r) such that if a finite soluble group G satisfies Condition 2, then |G| ≤ f(r).

This theorem was already known in the case r = 1. It was shown in [8, 3] that if all conjugacy classes of a finite soluble group G have different size, then G is trivial or isomorphic to S_3. Using the same ideas as in the proof of Theorem 1, we obtain

Theorem 2. There exists a function f(r) such that if a finite soluble group G satisfies Condition 1, then |G| ≤ f(r).

We note that this result was previously proved by Alex Moretó in [6]. In [5] the same conclusion is obtained when G is a finite simple group of Lie type.

The layout of the paper is as follows. In Section 2 we prove an auxiliary result from number theory and in Section 3 we prove Theorem 1 and Theorem 2. The notation is standard. If n ∈ Z, then d(n) denotes the number of divisors of n and π(n) the set of prime divisors of n. If r ∈ R, [r] is the greatest integer less than or equal to r. log is the logarithmic function in base 2.

Acknowledgments. I would like to thank L. Pyber for simplifying my original proof of Theorem 3 and F. Chamizo for helpful discussions.

2 Some number theory fact

Let c be a positive number and P_0 = P_0(c) the set of prime numbers less than or equal to c. Define by P_1 = P_1(c) the set of primes p such that π(p − 1) ⊆ P_0. The main result of this section is as follows.

Theorem 3. There exist constants c_1 and ϵ_1 > 0 depending on c such that |{m ≤ n | π(m) ⊆ P_1}| ≤ 2^{c1(log n)1−ϵ1} .

Proof. First, note that |{m ≤ n | π(m) ⊆ P_0}| ≤ (log n)^c + 1. This implies that |{p ≤ n | p ∈ P_1}| ≤ (log n)^c. Put ϵ =^1_{c+1} . We call a prime p large if p > 2^{(log n)ϵ} . Otherwise we call a prime p small. Define Q_1 = {m ≤ n | π(m) ⊆ P_1 and consists from large primes } and Q_2 = {m ≤ n | π(m) ⊆ P_1 and consists from small primes }. It is clear that |{m ≤ n | π(m) ⊆ P_1}| ≤ |Q_1||Q_2|. Clearly the number of primes dividing m ∈ Q_1 counting with multiplicities is at most (log n)^{1−ϵ}. Since the number of large primes in P_1 is at most (log n)^c, the number of elements in Q_1 is less than (log n)^{c(log n)1−ϵ} .

The total number of small primes in P_1 is at most (log(2^{(log n)ϵ} ))^c = (log n)^{cϵ} and each such prime occurs in the prime decomposition of an element from Q_2 with exponent ≤ log n. Hence the cardinal of Q_2 is at most (log n)^{(log n)cϵ} = (log n)^{(log n)1−ϵ} .

Thus we obtain that

|{m ≤ n | π(m) ⊆ P_1}| ≤ (log n)^{c(log n)1−ϵ +(log n)1−ϵ} ≤ 2^{c1(log n)1−ϵ1} for some constants c_1 and ϵ_1 > 0.

We will also need the following corollary:

Corollary 1. There are constants c_1, c_2 and ϵ_1 > 0 depending on c such that ∑ k≥n,π(k)⊆P_1 1 k ≤ c_2 2^{c1(log n)1−ϵ1} n .

Proof. Let i ≥ 0. By the previous theorem,

|{n2^i ≤ m < n2^{i+1} | π(m) ⊆ P_1}| ≤ 2^{c1(log(n2i+1 ))1−ϵ1}

≤ 2^{c1((log n)1−ϵ1 +(log(2i+1))1−ϵ1 )}

≤ 2^{c1((log n)1−ϵ1 +(i+1)1−ϵ1 )}.

Hence ∑ k≥n,π(k)⊆P_1 1 k ≤ ∞∑ i=0 n2^{i+1}−1 ∑ π(k)⊆P_1 ,k=n2^i 1 k

≤ ∞∑ i=0 2^{c1((log n)1−ϵ1 +(i+1)1−ϵ1 )} n2^i

≤^{2c1(log n)1−ϵ1}_n ∞∑ i=0 2^{c1(i+1)1−ϵ1} 2^i

≤ c_2^{2c1 (log n)1−ϵ1}_n ,

for some c_2 which depends on c.

3 The proofs of Theorems 1 and 2

We begin this section recalling two basic results which we will use in the proof of Theorems 1 and 2. The first one is a theorem given by Pyber [7, Theorem B]: Theorem 4. Let G be a finite soluble group of order n ≥ 4 with trivial Frattini subgroup. Then k(G) ≥ 2^{β log n/(log log n)2}

for some fixed β > 0.

The second result is a theorem proved by Farias e Soares [1, Theorem A(a)]:

Theorem 5. Let G be a finite soluble group which has all character values in a field K with |K : Q| = n. Let p ∈ π(|G|) and suppose q > 3 and q ∈ π(p − 1). Then either q ∈ π(n) or K contains a primitive qth root of unity.

This result gives us the following corollary:

Corollary 2. Suppose G satisfies the hypothesis of Theorem 1 or Theorem 2. Then π(|G|) ⊆ P_1(c), where c = [r]! + 2.

Proof. Without loss of generality we can suppose that r = [r]. Let K be the field generated by all character values of G over Q. Since K is a subfield of Q(ξ), where ξ is a |G|th root of unity, K/Q is normal with abelian Galois group H = Gal(K/Q).

Suppose, first, that the hypothesis of Theorem 2 holds. If λ ∈ Irr(G), define by K_λ the field generated by all character values of λ over Q. The group H acts on Irr(G) by means of λ^h(g) = (λ(g))^h for g ∈ G, h ∈ H and λ ∈ Irr(G). The number of characters which are Galois conjugate to λ over Q is |K_λ : Q|. Since all such characters have the same degree and there exist at most r characters of degree λ(1), we obtain that | Gal(K_λ/Q)| = |K_λ : Q| ≤ r. Put H_λ = Gal(K/K_λ) ≤ H. Thus, |H/H_λ| ≤ r. Since ∩_{λ∈Irr(G)}H_λ fixes K, we have that ∩_{λ∈Irr(G)}H_λ = 1. Hence the exponent of H divides r!.

Suppose, now, that the hypothesis of Theorem 1 holds. If x ∈ G, define by K(x) the field generated by all character values {λ(x) |λ ∈ Irr(G)} over Q. Let A = Gal(Q(ξ)/Q ). If i is coprime with |G| define by a_i an element of A which sends ξ to ξ^i . Then we can define an action of A on the set of conjugacy classes of G by means of g^{ai} = g^i. Clearly, we have λ^a(g) = (λ(g))^a = λ(g^a) for all λ ∈ Irr(G), g ∈ G and a ∈ A. Let N_x = Gal(Q(ξ)/K(x)) and {b_i} a transversal of A over N_x. We will see that all x^{bi} lie in different conjugacy classes.

Suppose x^{bi} and x^{bj} (i ≠ j) lie in the same conjugacy class. Then λ(x^{bi} ) = λ(x^{bj} ) for all λ ∈ Irr(G). Hence (λ(x))^{bi} = (λ(x))^{bj} for all λ ∈ Irr(G). This means that b_ib^{−1}_j fixes K(x). This contradicts to b_ib^{−1}_j ∉ N_x.

Note that conjugacy classes of x^a (a ∈ A) have the same size. Hence |A/N_x| ≤ r. Since H ∼= A/(∩_xN_x), the exponent of H is also a divisor of r!. Thus, in both cases we have that if q ∈ π(|K : Q|), then q ≤ r. Now, let p be a divisor of |G| and suppose q > 3 and q ∈ π(p − 1). Then, by Theorem 5, we have that either q ∈ π(|K : Q|) or q − 1 ≤ exp H. In both cases q ≤ r! + 1. Thus we obtain that p ∈ P_1(max{r! + 1, 3}).

Proof of Theorem 2. Let Ḡ = G/Φ(G). Of course, Ḡ satisfies Condition 1: |{χ ∈ Irr(Ḡ)|χ(1) = n}| ≤ r for every n. By the previous corollary, π(|G|) ⊆ P_1(c), where c depends on r. Hence, by Theorem 3, k(Ḡ) ≤ d(|Ḡ|)r ≤ 2^{c1(log |Ḡ|)1−ϵ1 )}r, where ϵ_1 > 0 and c_1 depend on r. On the other hand, by Theorem 4,

k(Ḡ) ≥ 2^{β log |Ḡ|/(log log |Ḡ|)2} .

Comparing this two inequalities, we see that |Ḡ| is bounded by a function depending on r. Now, Φ(G) does not have more than |Ḡ|r characters of any given degree. Hence, the theorem follows from [2, Corollary 1.12].

Proof of Theorem 1. Let Ḡ = G/Φ(G). By Corollary 2, π(|G|) ⊆ P_1(c), where c depends on r. By Theorem 4,

k(Ḡ) ≥ 2^{β log |Ḡ|/(log log |Ḡ|)2} .

Let a_i be the number of conjugacy classes in Ḡ of size |Ḡ|/i. Note that if a_i ≠ 0, then i is a divisor of |Ḡ|. Hence, by Theorem 3, there exists i such that a_i ≥ k(Ḡ) d(|Ḡ|) ≥ 2^{β log |Ḡ|/(log log |Ḡ|)2} 2^{c1(log |Ḡ|)1−ϵ1}

. (3.1)

Let S be the subset of G such that if x ∈ S, |C¯_G(xΦ(G))| = i. We have that |S| = a_i|G|/i. Let b_k be the number of conjugacy classes in S of size |G|/k. Note that b_k ≤ r and b_k = 0 if k < i. We have that |S| = ∑ k b_k|G| k ≤ |G|r ∑ k≥i,π(k)⊆P_1 (c) 1 k . Applying, Corollary 1, we obtain that there exists c_2 depending on r, such that a_i|G| i = |S| ≤ |G|rc_2 2^{c1(log i)1−ϵ1} i . Thus we have a_i ≤ rc_22^{c1(log i)1−ϵ1} .

Since i ≤ |Ḡ|, using (3.1), we conclude that

2^{β log |Ḡ|/(log log |Ḡ|)2)} 2^{c1(log |Ḡ|)1−ϵ1}

≤ rc_22^{c1(log |Ḡ|)1−ϵ1} .

Thus, |Ḡ| is bounded by a function depending on r. Now, Φ(G) does not have more than |Ḡ|r conjugacy classes of any given size. Hence, the theorem follows from [2, Theorem 1.13].

References

[1] E. Farias e Soares. Big Primes and Character Values for Solvable Groups.

J. Algebra 100 (1986) 305–324.

[2] A. Jaikin-Zapirain. On the number of conjugacy classes in finite p-groups.

J. London Math. Soc. 68 (2003), 699–711.

[3] R. Knorr, W. Lempken, B. Thielcke. The S_3-conjecture for solvable groups.

Israel J. Math 91 (1995), 61–76.

[4] E. Landau. Uber die Klassenzahl der binaren quadratischen Formen von negativer Diskriminant. Math. Ann 56 (1903), 671–676.

[5] M. Liebeck, A. Shalev. Character degrees and random walks in finite Chevalley groups. preprint (2003).

[6] A. Moretó. Multiplicities of character degrees of finite groups. preprint (2003).

[7] L. Pyber. Finite groups have many conjugacy classes. J. London. Math.

Soc.(2) 46 (1992), 239–249.

[8] J. P. Zhang. Finite groups with many conjugate elements. J. Algebra 170 (1994), 608–624.