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Resumen:

Given a measure space (X,µ) and a measurable function p(·) : X → [1,∞], the varia-
ble Lebesgue space Lp(·)(X) consists of all measurable functions f such that for some
λ > 0,

ρ(f/λ) =

∫
X∗

(
|f(x)|
λ

)p(x)

dµ+ λ−1‖f‖L∞(X∞),

where X∗ = {x ∈ X : p(x) < ∞} and X∞ = {x ∈ X : p(x) = ∞}. This space is a Banach
function space with the norm

‖f‖Lp(·)(X) = ı́nf{λ > 0 : ρ(f/λ) ≤ 1}.

These spaces, particularly when X = Rn and µ is Lebesgue measure, have been ex-
tensively studied for the past 20 years. It is well-known that if

p+ = ess sup
x∈X

p(x) <∞,

then these spaces have many properties analogous to the classical Lebesgue spaces.
In particular, the dual space Lp(·)(X)∗ is isomorphic to Lp′(·)(X), where the exponent is
defined pointwise by

1

p(x)
+

1

p′(x)
= 1.

This is no longer true if p+ = ∞, even if p(x) < ∞ everywhere, and it has been a long
standing problem to characterize the dual space in this case. I will discuss recent pro-
gress on this problem, both for general measure spaces and for the special case of
the discrete sequence spaces `p(·), where X = N and µ is the discrete counting mea-
sure. We give a direct sum decomposition of the dual space as Lp′(·)(X) ⊕ Lp(·)

germ(X),
where L

p(·)
germ(X), the germ space, intuitively consists of functions that “live” where the

exponent function is unbounded. We give a number of properties of the germ space,
particularly in the case of sequence spaces.
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