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Context : smooth homogeneous convolution C-Z operators

ri@) =pv. [ fa-pT s aew

Q0 homogeneous of degree 0 and Q€ C>®(S"1)

Cancellation:

| o =0

Joan Verdera Estimating the maximal singular integral. ..



The maximal singular integral:

T* f(x) = sup |T° f(z)]
e>0

. _ Q) n
rH@= [ fepidn aeR
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The maximal singular integral:

T* f(x) = sup |T° f(z)]
e>0

. _ Q) n
rH@= [ fepidn aeR

Cotlar’s inequality:
T"f(x) S M(Tf)(x) + Mf(z), =eR"

1T fll2 S WTfll2 + W fll2 < 1112
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The Hilbert transform

Hf(z) = p.v. l/ f(:ny)idy, z e R.

T J—c0

The Beurling transform

Bf(z) =p.v. %4f(zw)$d/l(w), z € C.

12 71
IRERNERE

22 ‘2’4
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The Riesz transforms

V. /f(x— ’nﬂdy, x e R".

Second order Riesz transforms

YiYk n .
]Icf /f.%'— "]n+2dy7 $€R7 ]#k
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The Riesz transforms

V. /f(x— ’any, x e R".

Second order Riesz transforms

YiYk n .
]Icf /f.%'— "]n+2dy7 $€R7 ]#k

Higher order Riesz transforms

Ref@) =pv. [ fa-p ey vk,

P harmonic homogeneous polynomial of degree d.
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The problem for Hilbert and Beurling transforms

/_(H* x<c/ 2(x) x—c/ Hf%(x)
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The problem for Hilbert and Beurling transforms

/:(H*f)2(x) do < c/_: F(a) do = c/_i HF2(2) da.

€f(z :71 w w
B = 5] fop., B 4AM)

B*f(z) < M(Bf)(z), z¢€C.

{zeC: B f(z) >t} < %min{\\f\h, IBfll1}, ¢ >0.
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First problematic case is R; in n > 2.
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First problematic case is R; in n > 2.
Mateu-Verdera (2006): It works.
But the inequality

R f(x) < CM(R;f)(x), «€R"

is false, even for n = 1.
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First problematic case is R; in n > 2.
Mateu-Verdera (2006): It works.
But the inequality

R f(x) < CM(R;f)(x), = €R"
is false, even for n = 1.
Indeed, it is false that

n * C
{z e R : Rif(z) > t}| < SR fll, t>0.
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An operator for which the L? control of T* by T fails is

T=B+AB>=B(I+AB), |\=1,

122 27

Kernel of B + B2 7_Z_4+_z_

W‘Z’ W’z‘6
£ & 2R

Multiplier of B + B2 §+§_2:5 5265
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An operator for which the L? control of T* by T fails is
T=B+AB>=B(I+AB), |\=1,

122 27

Kernel of B + B2 7
Tzt o[z

Multiplier of B + B2 §+§:52?5

How to describe those 1" for which 1™ can be estimated by 7" in
L?7?
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A positive result: If T"is an even higher Riesz transform then
T f(z) <CM(Tf)(x), =eR"

If T"is an odd higher Riesz transform then
T*f(z) < CM*(Tf)(z), =x€R",

where M2(Tf) = M(M(TFf)).
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A positive result: If T"is an even higher Riesz transform then
T f(z) <CM(Tf)(x), =eR"

If T"is an odd higher Riesz transform then
T*f(x) <CM*(Tf)(x), =cR"

where M2(Tf) = M(M(TFf)).

The Calderén-Zygmund algebra A:

AM+T, MeR, T asmooth homogeneous C-Z operator.
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Theorem (Mateu-Orobitg-V (2011))

TFAE for T even

() T"f(x) < C M(Tf)(x), @ € R™.
G [irse<c [

(iii) /fQ(m) = PQ(Q’:) + P4(3:) TFoeo ’

x| =1.

Then there exist an even harmonic homogeneous polynomial P,
such that P/Ps; for all j and T = Rp o U, U invertible in the
CZ algebra A.
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Theorem (Mateu-Orobitg-Pérez-V (2010))

TFAE for T odd
(i) T*f(x) < C M*(Tf)(z), z € R®
M? = Mo M.

G [iriP<c / TR

(iii) IfQz) = Pi(x) + P3(z) + -,

x| =1.

Then there exist an odd harmonic homogeneous polynomial P,
such that P/Py; 11 and T = Rp o U, U invertible in the
CZ algebra A.
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Pointwise estimate for even higher Riesz Transforms

T is an even higher Riesz transform and we want to prove

T f(x) <CM(Tf)(x), x=ecR"

which is equivalent to

/Bc |§|Ei)df(x) dw‘ — |T1f(0)| < CM(Tf)(0).

B={zeR":|z| <1}
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Lemma

P(z)
o

(z) = Tb(x),

where b is a bounded function supported on B.

T £(0)] = \ [ 1o do

_ ‘ / b(@)Tf(2) da

1
< !B\HbHOOE/Bny(x)ydm
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Proof of the Lemma for P(x) = x1x5.

where b is a bounded function supported on B.
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Proof of the Lemma for P(x) = x1x5.

where b is a bounded function supported on B.

Z122

E(.T) 3132E = Cp, va

= g2

E(x) on B¢
p(z) = )
AO + A1|IE| on B

Ap and A; chosen so that ¢ and Vi are continuous on 0B.
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Oip = —cp(n — 2)‘i on B¢, 2A,x; on B

x|"
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T

on B¢, 2A1z; on B

12X
01020 = ¢1 on B¢ 0 onB
7 !

p=FExAp=FExcoxB

19 12
c1 WXBC(QU) = 01020 = pv. 2 ¥ CaXB = T(b).

Joan Verdera

Estimating the maximal singular integral. ..



Remarks

For a second order Riesz transform S we have shown

S°(f)(x) = m [ Sy

A weighted variant works for a general even higher Riesz transform.
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For a second order Riesz transform S we have shown

S°(f)(x) = m [ Sy

A weighted variant works for a general even higher Riesz transform.

1
5X(—1,1)C($) = H(b).

Since H(—H) =1

b(z) = —H(éx(_l,nc@))(m)

1/ 1 1
TJy>1Yy—2Y

1 |1+ z|

T 11—z
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Difference between even and odd cases

Second order Riesz Transforms : differential operator A
Even Riesz transform of order d: differential operator (/)42
Riesz Transform : pseudo differential operator (—A)!/2

Odd Riesz Transform of order d : pseudo differential operator
(o)

Pseudo differential operators are non local : one looses the support
and the boundedness of b. We have b € BMO(R")
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Necessary conditions for ||77 f|lo < C'||Tf]|2

Loy | 2Py(2)
KO =i * 7 e
ﬁ?{(@:% Pé('f) 0£¢&=u+iveC

B) = o |+ loglsl  B() = Jel

(D10:2 + Py(01,32)) (E) = pv.K
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() E(z) onC\ B
z =
4 Ao+ Ai|2? + Asl2|* + A3]2/°  on B

p=E+«ANp=FExb b=Ap=xp(2)(a+ bz}

L = 0102\ + Py(01,02) L(p)=L(E)*xb=puv.K*b="T(b)

L(p) = xe\B(2)K (2) + x5(2) L(Ao + A1]2]* + Azl2|" + As[2[%).
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L(Ag + Ai|z” + Aglz|* + A3)2[°) = cay.

T(b) = xc\p(2) K (2) + cxyxs(2)

cryxp(z) * f =T(f) xb—T"(f),

lezyxs(2) * fll2 < CIT(f)ll2,  f € L*(C),
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|uvl€]* + Py(€)]

lcayxs(2)(€)] < C €240,

€[* ’

xB(&) = Ji(&)/[¢] J1 the Bessel function

ldGm
r dr

Gm (&) = Jm(€)/1€]™ (r) = =Gmya(r)

—

zyxs(2)(§) = —0102(G1([¢])) = —uv Gs(|¢])

Estimating the maximal singular integra



|uv|€]* + Py(€))

luvGs([¢])] < C e

v Ga(1)] < Cluv + Pa(€)]  Je] =1

Py(¢) = ()\5 )= (u v — v u) + But +0* 6u2v2)
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uvlg]? + Pi(6)]
€[*

luvGs([¢])] < C

v Ga(1)] < Cluv + Pa(€)]  Je] =1

Py(€) = Re(A¢") = a(u’v = vu) + Bu’ +v* — 6u®v?)

Py(u,v) = a(udv — vdu) so that wuwv divides Py(§)
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0<[Gs(N)] <CA+a -v?) [f=1 so |af<1
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Sufficient conditions for ||T7 f|lo < C || T f]|2

1 2 3, 3
__w_y4 + 22T <
(L N ET

K(z)=

T(b)(2) = x\(2) K (2) + cayxp(z) b= xp(2)(a+ flz)

C

wxp(z) =T(H)(), 6 bounded and [3(2)| < 5
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Step 1: ryxs(z) = R(So)

1
where R is the Riesz transform with kernel — —%
T |z
Bo isin L>™(B) satisfies a Lipschitz condition on B

and /Bo
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Step 1: ryxs(z) = R(So)

1
where R is the Riesz transform with kernel — —%
T |z
Bo isin L>™(B) satisfies a Lipschitz condition on B

and /Bo

R(Bo) = RU(U'Bo) = T(U ' By) = T(B)

B=U""Bo= A +V)By= Ao+ V()

Step 2 :
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Lemma

If V is an even C-Z operator then V (xp) € L>®(R™).
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The Euler equation in the plane

v(z,t) velocity field of an ideal incompressible fluid

Ow(z,t) + (v-V)u(z,t) = =Vp(z,t)
(E) V-v=0

v(z,0) = vo(2)

v-V =v101 + 1209
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Acceleration and force

Particle trajectory :  dz(t)/dt = v(z(t),t)

22
d—2 = Ow(z(t),t) + 01 v(z(t),t) v1(2(t),t) + ...

dt
= 0w(z,t) + (v- V)u(z,t)
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Acceleration and force

Particle trajectory :  dz(t)/dt = v(z(t),t)

% = atU(Z(t),t) + o U(Z(t),t) Ul(Z(t),t) 4.

= d(z,t) + (v- V)v(z,1)

Pressure and force

force on blobV = /

—pﬁdSz/ —Vp dx
oV 14
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Incompressibility : the velocity field is divergence free

O:/ v-fidS:/div(v)d:U
ov \%
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w = curl(v) = d1vy — davy

200 = 2gv=divv+icurlv=7jw

0z
1 . ) 0
— is the fundamental solution of 0= —
Tz 0z
71 7 w((,t)
= —-— =— | —=%dA
v(z1) 27z e s z—C (©)
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How do you compute Vv ?

8v:§w and oV =——Dpu.— *xw

If w=xp with D abounded domain with smooth boundary,

then v is a Lipschitz field
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The vorticity equation

Particle trajectory : dz(t)/dt = v(z(t),t)

dw(z(t),t)

o = Oww(z(t),t) + Ow(z(t), t)v1(2(t),t) + ...
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Equation of trajectories

dz(a,t)
dt

=v(z(a, t),t) 2(a,0) = «

dz(a,t) z/ w(¢,t)

or | Z(a,t) —

- AAQ), C=2(8.1)

N

_ L wo(B)
=5 | a2 A0
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L R ——
Yudovich’'s Theorem

If wo € LF(C) there is a unique solution to the vorticity equation.

Vortex patches

wo = xq, §2adomain w(z,t) = xa@(2)
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Rotating vortex patches or V-states

A V-state is a vortex patch that rotates with constant angular
velocity. If the initial domain Dy has the origin as center of mass
D, = e Dy for a certain angular velocity €

A disc rotates with any angular velocity

Kirchhoff : ellipses are V-states
ab

~ (a+b)?

Deem—Zabuski (1978) : numerical discovery of existence of
V-states with m-fold symmetry
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Burbea (1982) : analytical proof, by bifurcation

1
0(eut) = (5 Yoelel <30, ) ()
Q 2
P(z,t) = §|z| +c¢, z€0Dy

1
)\|z|2+2Re— Clog(l—) d¢=c, z€0Dy
2mi Jop, ¢
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Conformal mapping

a a
®(2)=z+a,+—+ 5+ =2+f(2)
z z
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F\f)=0 feC'™™T)

1 D) =24+ T+ =2+ f(2)
. A
1 1] A=1-20
3 2
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Hmidi—Mateu-V : If the V—state is closed enough to the
circle of bifurcation then the boundary is of class C°

Vo) L0 -NB@ - hlw) 1
o' (w) 1= N®(w) — (W) m
_ 1 (I)(T) B (I)(w) !

L(w) = 2—7”/1r (r) @(w)q) (T)dr
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If 02y is smooth, it is true that 9€2; remains smooth for all ¢ > 0 7

Majda's Conjecture (1986)

There exists an initial smooth vortex patch which becomes of
infinite length in finite time.
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If 02y is smooth, it is true that 9€2; remains smooth for all ¢ > 0 7

Majda's Conjecture (1986)

There exists an initial smooth vortex patch which becomes of
infinite length in finite time.

Chemin’s Theorem (1993)

If 9Qg € C1F¢ then 982 € C1*¢ for all t > 0.

Joan Verdera Estimating the maximal singular integral. ..



Thank you for your attention
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