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Perturbation operators - Main tool

o Let L1, Ly be divergence form elliptic operators, the deviation
function of Ly from Lg is

a(X) = sup{lAx(Y) = Ao(Y)| : Y € B(X,8(X)/2)}

@ Let Q be a CAD, there is g > 0 so that if

1/2
1 2 Go(X) .
up (wo(A) oy 505 dX) <0

then wy € By(wp).
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Why is this the main tool?

o Let Q be a CAD and that assume wg € Bp(o) for some p > 1. Given
€ > 0 there exists ¢ > 0 such that if

1 / a2(X) }1/2
sup dX <4,
ACOQ { a(A) Jray 6(X)

then

1 25y G0 (X) 112
e {WO(A) /T(A) X) 5%(X) dX} =

Thus wy € By(wp) and w1 € Ax(0).
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The main tool implies the perturbation result

1 a2(X) }1/ 2
@ Assume  su / daX < (G
Aggn { a() Jray 6(X) °

o Consider Ly = (1 — t)Ap + tA; for 0 < t < 0 and a partition of [0, 1]
{ti}™ such that 0 < ti;1 — t; < dg/Co. Let a; be the deviation
function of Ly, from Ly, a;(X) = (tiy1 — ti)a(X).

@ Then if §g corresponds to g in the main tool we have

1 a2(X) }1/2
su _— L dX <dp & wit1 € Br(w;
Agé’n{am) /m) 5(X) <t & wiva € Bolwi)

o lIteration ensures that for i € {0,..., m}
> wi € AOO(O’) and Wiyl € 32([,;},').

@ Hence w; € Ax(0).
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Sketch of the proof of the main tool

e Given f € C(0R) consider for i = 0,1

L,‘U,‘ = div (A,‘(X)VU,‘) = 0inQ
up = fondf2

@ To show that w; € By(wp) we need to show that

IN(u)ll2(wp) < ClIflli2(p) where N(ui) = sup [ur (X))
Xer(Q)

and
NMQR)={XeQ:|X-Q|<2)X)} and §(X) = dist (X, 00)

@ Strategy: Since L; is a perturbation of Ly we view uj as a
perturbation of wug.
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uy as a perturbation of wug

Note that
ur(X) = wo(X) + /Q Go(X, Y)Lou1(Y)dY = up(X) + F(X),
where Go(X, ) is the Green function of Lg in €.
Integration by parts shows that
F(X) = /Q Go(X, ¥)(Lo—L1)ur(Y)dY = /vaco(x, Y)e(Y)Vun(Y)dY

where (YY) = A1(Y) — Ao(Y).
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Lemma 1. Let Q be a CAD and assume

1/2
1 2/ vy G0(X)
" (wo(A) e w0 "X) e

then

INF Z2(ugy + INOIV D2y S €8 15 (un)llZ2(e)

wo

where S(u) denotes the square function of u given by

S2(u)(Q) = / IV u(X)2 6(X)2"dX.
re)
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Lemma 2. Let Q2 be a CAD and assume
1 Gox) )\
sup | —— 2X)2D2 x| <«
A (wo(A) /T(A) ( )52(X) °

1SF B2y S (INGIVED oy + INFIZ2y + 1F ooy

then
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Proof of the theorem
Since S(u1) < S(F) + S(uwo)

INF 122y + INOIVFD 2y S 23 1S (un) 2oy

1A

€6 1SF 1 Fa(uwo) + €6 15 (0) 1 F2 ()

AN

& | INF 22y + NGV )22

(wo)

2 2
+23 112

because
HS(UO)HLz(UJo) ”fHL2(wo)

Thus for g small enough

INF 22y S 23112
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Recall our goal is to show

IV E2u) S 1112

Since N(u1) < N(F) + N(up),
IN(w0) 1200y S N1 7200
and

INFIIZ2 ) < 28 11F1122

(wo) (wo)

then we have
IN(u) 1200y < 2 [INF1Z2(0) + IN(u0) 12000y | S 11 T2(00)

which implies that wy € Ba(wp).
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Escauriaza’s result

@ Let Q be a Lipschitz domain assume that

lim sup h(Q,r)=0.
r—0 Qeon

where

If log ko € VMO(q) then log ki € VMO(c) where kj = 2.

o Let Q be a C! domain, Lo = A and assume that

lim sup h(Q,r)=0.
r—0 QeoQ

then log k; € VMO(0).
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Motivating question

o Let Q be a CAD with vanishing constant, Ly = A and assume that

lim sup h(Q,r)=0.
r—0 QeoQ

does log k1 € VMO(o) ?

@ How does this relate to the previous results?
» logk € VMO(o) if and only if w € By4(o) for ¢ > 1 and

1 -1

q
lim sup ][ k9do ][ kdo =1
=0 geo0 \ JB(Q.r) B(Q,r)
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Lipschitz vs chord arc domains

@ On a Lipschitz domain if log ko € VMO(c) and
lim, 0 supgeaqn h(Q, r) = 0 then Dahlberg'’s result ensure that
w1 € By(0). Escauriaza showed that and optimal By inequality holds.

@ What did we know?

@ On a CAD if log ko € VMO(o) and lim,_gsupgegq h(Q, r) = 0 then
w1 € As(0), i.e. 3¢ > 1 such that wy € By(o) (Milakis-Toro).

@ Was this enough? NO
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Lipschitz vs chord arc domains

@ On a Lipschitz domain if log ko € VMO(c) and
lim, 0 supgeaqn h(Q, r) = 0 then Dahlberg'’s result ensure that
w1 € By(o). Escauriaza showed that and optimal By inequality holds.

@ On a CAD if log ko € VMO(0o) and lim,_gsupgegn h(Q, r) = 0 then
w1 € Ax(0), i.e. 3g > 1 such that wy € By(o) (Milakis-Toro).

@ Results in [MPT] ensure that on a CAD if log ko € VMO(o) and
lim, 0 supgean h(Q, r) = 0 then wy € By(0).
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Regularity results for small perturbation operators - MPT

o Let Q2 be a CAD if lim sup h(Q,r) =0 and log ko € VMO(o) then
r—0 Qeon

1 -1
2
][ k2 do ][ kido| < Cr'+ Ch(Q,r)
B(Q,r) B(Q,r)
: -1
- f k3 do ][ ko do
B(Q,r) B(Q,r)

In particular lim sup h(Q,r) =0 and log ko € VMO(0o) then
r—0 Qeon

log k1 € VMO(o).
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Sketch of the proof: Dahlberg's idea

For t € [0, 1] consider the operators

Lew = div(AVu)
AX) = (1= 1)Ae(X) + tA1(X).

Let w; be the elliptic measure of L; and k; = %. For Q € 9Q and r > 0
let A, = B(Q,r)UdQ. For f € L%(c) let

W(t) = wt(lA,)/ f ke do.

Then W(t) is Lipschitz and

W(t) = wt(lAr)/rkt(f—][rfdeda

where k; is the weak L2 limit of (kern — ke)/h as h tends to zero.
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Idea behind the proof
For t € [0, 1] consider

Ltut == diV(AtVut) in Q
up = fin0Q

For t,s € [0,1] and e(Y) = A1(Y) — Ao(Y)

us(X) — ue(X) = (s — t)/Qs(Y)VGt(X, Y)Vus(Y)dY.

/QE(Y)!VGt(X, Y)[Vus(Y)|dY S [Ifll12(0)

and

|us(X) = ue(X) S M1l 12yl — tl-
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Technical lemma

@ There exist 7, 3 € (0,1) such that if f € L?(c), f >0
and HfHLQ(do/U(A,)) <1forte [0, 1]
\\if(t)\ < C[ﬂ + sup sup h(Q,s)}
s<rf Qe
o Integration guarantees that
V(1) <Vv(0)+C {rv + sup sup h(Q,s)]
s<rf Qe

o By duality

S8 () < (o)

+C[r7 + sup sup h(Q,s)}
s<rb Qe
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Open problems |

@ Can a chord arc domain Q2 be approximated by smooth interior chord
arc domains £, C € in such a way that xq,, — xq in BV,.?

» A Lipschitz domain Q can be approximated by smooth interior domains
whose Lipschitz character is controlled by that Q . Moreover the unit
normal vector and the surface measure of the approximating domain
converge to those of Q.
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Open problems Il

@ Hofmann-Mitrea-Taylor have studied the Neumann problem on chord
arc domains with small and vanishing constant. Study the Neumann
problem on general CADs.

» [HMT] study the Neumann problem via layer potentials, using Semmes
decomposition. This formulation of the Neumann problem is
unavailable for general CADs.

@ Study the regularity problem on CADs.
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