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El Escorial: from

@ Alternative title: “semigroup methods for elliptic systems”
(Evolution parameter t = variable transversal to the boundary.)

@ A survey of the understanding 2008 of these techniques and
applications to equations with t-independent coefficients:
P. Auscher, A. Axelsson, A. Mclntosh: On a quadratic estimate
related to the Kato conjecture and boundary value problems.
Contemporary Mathematics.

@ Our method for solving the PDEs uses operator theory for
non-selfadjoint differential operators with non-smooth coefficients.
The techniques from the solution of the Kato square root problem
yield the crucial estimates for these operators.

@ A strength of these techniques is that they apply to quite general

elliptic systems.
In this talk: divergence form equations.
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Problem formulation

Space R'*" where n > 1
Upper half space: Rff” ={(t,x) ; t>0,x € R"}
Boundary: R" := {(0,x) ; x € R"}

Question (Generalized Cauchy formulas)

For solutions to a given divergence form equation divA(t, x)Vu(t,x) =0
in RI™, is there Cauchy type formula

VU|RH — VU|R_1F+n

for the gradient vector field? We ask this for the trace spaces
@ Vulrn € L(R") < 0y,u € Lr(R™) and Vu € L»(R")
Q@ Vulgr» € H1(R") & u € Ly(R") and conjugates &1 € Lo(R™).

V.

Such Cauchy formulas will provide a way to construct solutions to
divA(t,x)Vu(t,x) =0 in Rf" and to prove estimates of such.
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A trivial example: n=1, A=

@ For any harmonic function u, we have the Cauchy formula
i Vu(y) 5
\Y =— [ —=dy, € RY,
u(2) 27r/R y—z 0t

since Vu is an anti-analytic function in the half plane.

@ Given ¢ : R — R? = C, we can construct a vector field in Ri

i 9y) dy

= 271' Ry—?

2
f(z) z € R,

which is the gradient f = Vu of a harmonic function u.
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Assumptions on coefficients

@ We consider general bounded coefficients A € Loo(Rf”; L(CHm)
which are accretive in the sense that for all v € C!*" and almost all
(t,x) € R

Re(A(t,x)v,v) >k > 0.

(For general systems, a weaker Garding type inequality suffices.)

@ Besides t-independent coefficients A(t, x) = A(0, x), we allow
coefficents with boundary continuity lim;—,o A(t,x) = A(0, x) in a
certain Dahlberg/Carleson sense (to be specified later).
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Assumptions on coefficients

@ We consider general bounded coefficients A € Loo(Rf”; L(CHm)
which are accretive in the sense that for all v € C!*" and almost all
(t,x) € R

Re(A(t,x)v,v) >k > 0.

(For general systems, a weaker Garding type inequality suffices.)

@ Besides t-independent coefficients A(t, x) = A(0, x), we allow
coefficents with boundary continuity lim;—,o A(t,x) = A(0, x) in a
certain Dahlberg/Carleson sense (to be specified later).

@ This covers domains D, including non-graph domains, which can be
bilipschitz parametrized by the half space, with appropriate Carleson
control of the second derivatives: divAVu = 0 in D is equivalent to
divA,Vu, in REF™ under pullback v+ u,,.
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Papers that this talk is based on

@ P. Auscher, A. Axelsson:
Weighted maximal regularity estimates and solvability of non-smooth
elliptic systems |. Inventiones Mathematicae.
(Cauchy formulas on domains bilipschitz equivalent to the half space
and applications to BVPs.)

@ P. Auscher, A. Rosén:
Weighted maximal regularity estimates and solvability of non-smooth
elliptic systems Il. Analysis & PDE.
(Cauchy formulas on domains bilipschitz equivalent to the unit ball
and applications to BVPs.)

© T. Hytonen, A. Rosén:
On the Carleson duality. Arkiv for Matematik.
(Duality results for a new scale of tent-type space.)

Q@ A. Rosén:
Layer potentials beyond singular integral operators. Preprint.
(Functional calculus vs. layer potentials.)
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Generalized CR-systems for conormal gradients

@ For solutions divAVu = 0 the natural transversal derivative is the
conormal derivative

Oyt = (AVu), = adiu + bV u, if A= [a b] .
. A i __|Ovau
@ The conormal gradient of u is f = [fl] =Vau:= [VU}
o View f(t,x) as (0,00) 3 t = f, = f(t,-) € Lp(R™; C1*").
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Generalized CR-systems for conormal gradients

@ For solutions divAVu = 0 the natural transversal derivative is the
conormal derivative

Oyt = (AVu), = adiu + bV u, if A= [i 2] .

. R A __|Ovau
@ The conormal gradient of u is f = [ﬂ] =Vau:= [VU}

o View f(t,x) as (0,00) 3 t = f, = f(t,-) € Lp(R™; C1*").

Proposition (div-form elliptic = vector valued ODE)

divAVy — 0 < 4 O0tf T DB =0, -
CurleH =0& Vt: ft € (D),

L 0 leH L 3_1 —a_lb
D= [—V“ 0 ] ’ B = La_l d—calb
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The infinitesimal generator DB,

B=|? . accretive < A = |? accretive. In particular
cal d—calb c d '

(Bv,v) € S, :={ e C; |arg\| <w}, forsomew < m/2.

D= [_0 di"“] and By : f(x) — B(0,x)f(x).
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The infinitesimal generator DB,

-1 _ 1 b
B=|? . accretive < A = |? accretive. In particular
cal d—calb c d '

(Bv,v) € S, :={ e C; |arg\| <w}, forsomew < m/2.

Definition (tangential operators in the boundary space L,(R™; C1*"))

D— [_OV diov“} il Ehe ) B

@ The operator DBy is closed, densely defined (with infinite-dimensional

nullspace if n > 2) and spectrum contained in the bisector
(—=S.,) U S,.

e DBy induces a topological (but in general non-orthogonal) splitting of
Ly into spectral subspaces

Lo =Ey Lo® ELy ® Ef Ly (= N(DBp) ® R(DBy))
associated with —S,, \ {0}, {0} and S, \ {0}.
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> functional calculus for DB,

e If b is a bounded holomorphic function on (an open sector slightly
larger than) S,,, then b(DBy) is bounded on Ej L, with

(DB 1, 51, < Csup (M),
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H> functional calculus for DB,

If bis a bounded holomorphic function on (an open sector slightly
larger than) S,,, then b(DBy) is bounded on Ej L, with

(DB 1, 51, < Csup (M),

If b(0) € C is defined, then define the operator b(DByp) := b(0)/ on
EdLs.

e If b is a bounded holomorphic function on (an open sector slightly
larger than) —S,,, then b(DBy) is bounded on Ej Ly with

H[J(DBO)”E(;LQ—>E(;L2 < CSL/’\P |b(A)].
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Operators for the ODE 0;f + DByf =0

Efly, t>0,

o e tPBo — ¢~t()(DBy) is bounded on .
EO L2, t <0.
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Operators for the ODE 0;f + DByf =0

E(;FLz, t >0,
Ey L, t<O.
1, Re)l >0,
0, Rex<O.
0, ReX>0,
1, ReA<O.

@ e tDBo — e*t(')(DBo) is bounded on {
o Ef = x"(DBy) is obtained from x*(\) = {

e E; = x (DBy) is obtained from x~(\) = {

Andreas Rosén (Linkoping University) Cauchy non-integral formulas June 2012



Operators for the ODE 0;f + DByf =0

E(;FLz, t >0,
Ey L, t<O.
1, Re)l >0,
0, Rex<O.
0, ReX>0,
1, ReA<O.

@ e tDBo — e*t(')(DBo) is bounded on {
o Ef = x"(DBy) is obtained from x*(\) = {

e E; = x (DBy) is obtained from x~(\) = {

Hardy type subspaces:

fo € EJLg S fo= tlim+ f; for some solution O:f + DByf =0,t > 0.

—0

fo€ Ey Ly & fy = lim i for some solution O:f + DByf = 0,t < 0.

t—0—
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1/2 Cauchy integral = layer potential operators

In case of t-independent coefficients A(t,x) = A(0, x), the Cauchy
formula for f(t,x) = Vau(t,x) is

f(t,x) = e PRE f(x), t>0.

The following new result shows that at least 1/2 of this operator is a
classical singular integral.
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1/2 Cauchy integral = layer potential operators

In case of t-independent coefficients A(t,x) = A(0, x), the Cauchy
formula for f(t,x) = Vau(t,x) is

f(t,x) = e PRE f(x), t>0.

The following new result shows that at least 1/2 of this operator is a
classical singular integral.

Theorem (Rosén)

Consider divAVu = 0, where A are scalar real t-independent coefficients.
Then for scalar functions h € Ly(R"), we have

h Oy, Sth
—tDBy =+ \v4 VAt
€ EO |:O:| a ASth - |:V| 5th:| ’

where S; denotes the classical single layer potential operator

Sth(X) = / F(OJ)(t,x)h(y)dy, with divAVF(s,y) = (5(5’),).
R

T —
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L, results for layer potentials

@ Previously known: Ly-boundedness for small complex L
perturbations of real equations.
(Alfonseca-Auscher-Axelsson-Hofmann-Kim '08 +
Hofmann-Kenig-Mayboroda-Pipher '12)

@ Our result: Lr-boundedness for any divergence form system.
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L, results for layer potentials

@ Previously known: Ly-boundedness for small complex L
perturbations of real equations.
(Alfonseca-Auscher-Axelsson-Hofmann-Kim '08 +
Hofmann-Kenig-Mayboroda-Pipher '12)

@ Our result: Lr-boundedness for any divergence form system.
@ When it does not exist as a singular integral operator, functional

calculus defines the double layer potential operator, and gives the
unique analytic continuation of the operator to general coefficients.

@ This answers open problem 4 posed by Steve Hofmann in his short
course “Local Tb Theorems and Applications in PDE" in El Escorial
2008.
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Integration of the ODE with t-dependent coefficients

o 8tft + DBtft = 0, for f = VAU
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Integration of the ODE with t-dependent coefficients

o 8tft + DBtft = 0, for f = VAU
o O:f, + DByf, = DByE:f, where
E(t,x) =1—B(0,x)"1B(t,x). Note |E(t,x)| =~ |A(t, x) — A0, x)|.
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Integration of the ODE with t-dependent coefficients

o 8tft + DBtft = 0, for f = VAU
o O:f, + DByf, = DByE:f, where
E(t,x) =1—B(0,x)"1B(t,x). Note |E(t,x)| =~ |A(t, x) — A0, x)|.

o (0¢ + DBo)ES fr = Eff DBoEsfy  and  (9r + DBo)Ey fr = Ey DBoEife
>0 <0
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Integration of the ODE with t-dependent coefficients

o 8tft + DBtft = 0, for f = VAU
o O:f, + DByf, = DByE:f, where
E(t,x) =1—B(0,x)"1B(t,x). Note |E(t,x)| =~ |A(t, x) — A0, x)|.

o (0r + DBy)ES fr = Ef DBo&sfy and  (0y + DBy)Ey fy = Ey DBo&:fy

>0 <0
o limyofr=fh= Efi=e PREf+ [le *(t*S)DBOEJFDBOE f.ds
limi oo i =0= Ejfr=0 — [ elsDBE " DBy £t ds
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Integration of the ODE with t-dependent coefficients

o 8tft + DBtft = 0, for f = VAU
o O:f, + DByf, = DByE:f, where
E(t,x) =1—B(0,x)"1B(t,x). Note |E(t,x)| =~ |A(t, x) — A0, x)|.

o (0¢ + DBo)ES fr = Eff DBoEsfy  and  (9r + DBo)Ey fr = Ey DBoEife
>0 <0

o limyofr=fh= Efi=e PREf+ [le *(t*S)DBOEJFDBOE f.ds

limiseo fr=0= Eyf;=0 — [ elsDBE " DBy £t ds

o fo= e PPBESfy + Salif,

Definition

Define the maximal regularity operator Sa on functions g : Rff” — Cltn
by
(548)t := [y DBoe™(t=5)PBoE g ds — [° DByels=PBoE g ds.

Andreas Rosén (Linkoping University) Cauchy non-integral formulas June 2012 13 / 22



@ S, is a “singular integral with operator valued kernel” since
—t)DBy £+
| DBoe*IPBOESF 1, 1, < €/t — ]

e & is essentially multiplication by A(t, x) — A(0, x).
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The operator SpE€

@ S, is a “singular integral with operator valued kernel” since

1DBoe*= PR EF||1, 1, < €/t — .

e & is essentially multiplication by A(t,x) — A(0, x).
@ Formally we have for the conormal gradient f of a weak solution u to
divAVu = 0 that
Otfe + DBify = 0 & (I — SpE)fy = e PPBOESf.
@ We are looking for a space Z of functions Rff” — C*7 such that

5A5:Z—>Z

is bounded. If ||Sa€|lz—z < 1, then we can invert | — Sx€.
@ For each of the considered boundary function spaces

L>(R™) and H™1(R™) for f|rs, we need an associated interior space
Z C LS(RL™) for f\R1++n.
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Classical estimates on R}™"

Theorem (Carleson)

//1+ ]h(t,X)Hg(t,x)\dtdfo/ Nh(x)Cg(x)dx
RL*" R

NT maximal functional: (Nh)(x) := sup|,_y<s [h(s, y)|-
Carleson functional: (Cg)(x) := sup,~q & ff\yfx|<rfs lg (s, y)|dsdy.
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Classical estimates on R}™"

Theorem (Carleson)

//1+ ]h(t,X)Hg(t,x)\dtdfo/ Nh(x)Cg(x)dx
RL*" R

NT maximal functional: (Nh)(x) := sup|,_y<s [h(s, y)|-
Carleson functional: (Cg)(x) := sup,~q & ff\yfx|<rfs lg (s, y)|dsdy.

NT maximal- and square function estimates for harmonic functions:
@ Neumann:

/lﬁyu\zdx%/ \N(vu)\2dm// V2u[tdtds.
RN Rn R£r+n

@ Dirichlet:
/ lu|?dx m/ |Nul?dx ~ // |V ul?tdtdx.
R" Rn R}r-%—n
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Interior function spaces for f = Vu

A natural space Z for f corresponding to fy € L(R"):

Definition

X* = {f : RI" = CH" ; N(Waf) € L(R")},
where W5 f denotes the Whitney Ly averaged function

1/2

(W )(e.x):= (s [ sPasay)

with W(t, x) being a Whitney region around (t, x).
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Interior function spaces for f = Vu

A natural space Z for f corresponding to fy € L(R"):

X* = {f : RI" = CH" ; N(Waf) € L(R")},
where W5 f denotes the Whitney Ly averaged function

(war)(e.x) = (s F(s,y)Pdsdy) "
W(t,x)

with W(t, x) being a Whitney region around (t, x).

A natural space Z for f corresponding to fy € H~1(R"):

Definition

Y = {f : RIP" — flein |F(t, x)|?tdtdx < oo}
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(Pre) dual spaces relative to Lo(R:™)

Carleson’s theorem yields:
J g l&(t, X)[IF (8, x)]dtdx S [qn C(8)N(F)dx < [|C(g) ]2 N(F)ll2-
With Whitney averages, we find the following duality.

Theorem (Hytonen, Rosén)

The NT space X* is (non-reflexively) the dual space of
X = {g :RI" - C*" ; C(Wag) € L»(R")}.
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(Pre) dual spaces relative to Lo(R:™)

Carleson’s theorem yields:
J g l&(t, X)[IF (8, x)]dtdx S [qn C(8)N(F)dx < [|C(g) ]2 N(F)ll2-
With Whitney averages, we find the following duality.

Theorem (Hytonen, Rosén)

The NT space X* is (non-reflexively) the dual space of
X = {g :RI" - C*" ; C(Wag) € L»(R")}.

o At the level fy € L(R"), we have

{r: //,w FPE dtdx < o0} = V" € X7 = {F N(Waf) € Lo(R") }.

o At the level f € H"1(R"), we have

{f ; //R1+n |F|2t dtdx < oo} =YVDX= {f: C(Waf) € Lz(R")}‘
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Boundedness of the singular integrals Sa

The maximal regularity operator
t oo
Sage = / DBye~(t=)PBo g dfs — / DByes~PBo - g ds
0 t

is bounded on Lp(R.t"; t*dtdx) for |a| < 1 (corresponding to boundary
Sobolev space H*(R"), —1 < s < 0), but not on Y, V*, X’ or X™*.

Theorem (Auscher, Rosén)

The operator Sp has estimates

dtdx
INWa(Sag)3 // PEE [ ISasieatae < [ CWagl
+

Tt
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Boundedness of the singular integrals Sa

The maximal regularity operator

t o0
Sage = / DBye(t=9)PBoEfF g ds — / DByes~PBo - g ds
0 t
is bounded on Lp(R.t"; t*dtdx) for |a| < 1 (corresponding to boundary
Sobolev space H*(R"), —1 < s < 0), but not on Y, V*, X’ or X™*.

Theorem (Auscher, Rosén)

The operator Sp has estimates

dtdx
INWa(Sag)3 // PEE [ ISasieatae < [ CWagl
+

The operators Sp+ - V* — X* and Sp : X — Y are adjoint relative to

f> = // (_gJ. +g||, Bof)dtdx.
R}:rn
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Sketch of proof

Consider the Hilbert space H := L2(Rfr+”; t“dtdx) and DBy as a
bisectorial operator in H.

Define an H operator-valued holomorphic function A — F(\) on
(=Su) U S,:

t o]
F(\):g— / Ae (=M () gods — / AelTDA T () gods.
0 t

e For |af < 1: supy [|[F(A)||n—n < 00 = Sa = F(DByp) bounded.
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Sketch of proof

Consider the Hilbert space H := L2(Rfr+”; t“dtdx) and DBy as a
bisectorial operator in H.

Define an H operator-valued holomorphic function A — F(\) on
(=Su) U S,:

t o]
F(\):g— / Ae (=M () gods — / AelTDA T () gods.
0 t

e For |af < 1: supy [|[F(A)||n—n < 00 = Sa = F(DByp) bounded.
e For a = —1: write F(\) = Fo(\) + F1(\) with

00
F1(DBy) = e ( / DByeP® Ey gsds> :
0

Maximal- and square function estimates give bounds

Fl(DBo) . y* — Lz(Rn) — X*
Bound for Fo(DBy) as before.
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Multipliers vanishing on the boundary in a Carleson sense

If Sy : X* — X* had been bounded, it would have sufficed with
1€l = [JA(t, x) — A(0, X)|loc < 00. Now we need & : X* — V*.

Carleson's theorem vyields

// £ FEPEE < [ cEN)a < C(E

Rn

SIMLIGIE
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Multipliers vanishing on the boundary in a Carleson sense

If Sy : X* — X* had been bounded, it would have sufficed with
1€l = [JA(t, x) — A(0, X)|loc < 00. Now we need & : X* — V*.

Carleson's theorem vyields

e 0r S s [ e < 106 1 InolB

With Whitney averages, we find the following multiplier norm.

Theorem (Hytonen, Rosén)

The multiplier f(t,x) — E(t,x)f(t,x) has norms X* — Y* and Y — X
equivalent to

1€l = | CWao(E)Y2 = ( / / |sr2d5dy>
r>0x€R" r’ ly—x|<r— sW ,y
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Main result 1: Cauchy formula for Vau|g» € Ly(R")

Interior function space: X* = {f ; N(Waf) € Lo(R")}.
Singular integral estimate: ||Sa&||x+—a+ S [JA(E, x) — A0, x)||

@ The Cauchy type formula
Vau:= (I — SAg)_le_tDBOEJfO

constructs a function u with ||N(WaV au)ll2 S ||foll2, which is a weak
solution to divAVu = 0, provided ||A; — Ao||« is sufficiently small.
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Main result 1: Cauchy formula for Vau|g» € Ly(R")

Interior function space: X* = {f ; N(Waf) € Lo(R")}.
Singular integral estimate: ||Sa&||x+—a+ S [JA(E, x) — A0, x)||

@ The Cauchy type formula
Vau:= (/ — SAg)_le_tDBOEJfO

constructs a function u with ||N(WaV au)ll2 S ||foll2, which is a weak
solution to divAVu = 0, provided ||A; — Ao||« is sufficiently small.

@ Any weak solution u with bound [|[N(W2V 4u)||l2 < oo satisfies
Vau= eftDBOES_fo + SAEV pu,

for some fy with ||fy]|2 S [[N(WaV au)||2, whenever ||As — Aol < oo.
From this one deduce limits

. - , 12

lime_ot L ft t [V aus — foll3ds =0 = lim;_yoo t 1 ft t |V aus|3ds.
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Main result 2: Cauchy formula for Vqulg. € H71(R")

Interior function space: YV = {f ; [[gun |f[*tdtdx < oo}.
+
Singular integral estimate: ||Sa€lly—y < ||A(t, x) — A0, x) ||«
@ The Cauchy type formula

Vau:= (I — SAE)*le*tDBOEJDVO

constructs a function u with [[qiin [V aul?tdtdx < ||vol|3, which is a
T

weak solution to divAVu = 0, provided ||A: — Ao||« is sufficiently
small.
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Main result 2: Cauchy formula for Vqulg. € H71(R")

Interior function space: YV = {f ; [[gun |f[*tdtdx < oo}.
+
Singular integral estimate: ||Sa€lly—y < ||A(t, x) — A0, x) ||«
@ The Cauchy type formula

Vau:= (I — SAE)*le*tDBOEJDVO

constructs a function u with [[qiin [V aul?tdtdx < ||vol|3, which is a
T

weak solution to divAVu = 0, provided ||A: — Ao||« is sufficiently
small.
o Any weak solution u with bound [ [piin |V aul?tdtdx < oo satisfies
+

Vau=e PBOEFDvy + SAEV pu.

for some vo with ||vo||3 S [[rin |V aul?tdtdx, whenever
+
|A: — Aol < 0.
From this one deduce, modulo constants, that we have v € C(Ry; L)
with limits lime_o [[ur — (—v0) L]l2 = 0 = limeyoo || e ]|2-
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