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EXAMPLE

Let (@), be a family of disjoint cubes of R" and if ¢; is a smooth
function with $, supported and adapted to Q; then for which p € [0, 1]

N
> gt S NOfllpy 7
/=1 LP(w)

e If the collection (Qj')j is dyadic : it exists a point &g,
d(Qy, &o) = rq; = 2/ then p = 0 works with Littlewood-Paley theory.

o If the cubes (Q;) have only the dyadic scale : rg ~ 2/ (but no
assumptions on the centers of the balls) then Littlewood-Paley
theory cannot be used.
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Such inequalities have already been used :
e Multi-frequency analysis as variation norm variant of Carleson
operator ...
e by Oberlin-Thiele : uniform bounds for a Walsh model of bilinear
Hilbert transform
e by Nazarov-Oberlin-Thiele : variation norm variant of
multi-frequency maximal inequality due to Bourgain.
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GENERALIZED BOCHNER-RIESZ MULTIPLIERS

Let Q be a bounded and closed subset of R” (n > 2) such that its
boundary I is an hyper-manifold of Hausdorff dimension n — 1. For

0 > 0, we then define the generalized Bochner-Riesz multiplier, given
by

Ras(N(x) = [ @< T(emy(e)de,

Q
where mj; is a smooth symbol supported in Q and satisfying in Q \ I

0°ms(€)] < d(€, ) 1o

Idea : Add smoothness to the symbol to get integrability.

Question : Boundedness in LP of such multipliers ? Weighted
boundedness ?
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THE CASE OF THE UNIT BALL

The extensively studied case is Q := B(0, 1) with ms(¢) := (1 — [£]2)°.
Then RQ75 = R(;.

THEOREM (HERZ AND FEFFERMAN - 1971)

Forp € (1,00) \ {2}, Rs is bounded on LP(R") implies

Bochner-Riesz conjecture : This condition is necessary and sufficient
for the boundedness on LP.
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THEOREM (CARLESON AND SJOLIN - 1972)
For n = 2, the Bochner-Riesz conjecture is true.

For n > 3, the Bochner-Riesz conjecture is true for p > (”+2) or

(n+2)

p <

e Tomas-Stein restriction theorem proves the conjecture for

p > (n+1) orp < 2(:_:?)_

° Improvements by Tao using a bilinear restriction inequality.
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About weighted estimates :
o Vargas (1996) : the end-point p = 1 and § = 25" with
Muckenhoupt weights w € Aq.
e Carbery-Seeger (2000) : polynomial weights.

e Carro-Duoandikoetxea-Lorente (2012) : “limited range weighted
estimates” with powers of Muckenhoupt weights.
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Much of (sub-)linear operators satisfies weighted boundedness with
weights in Muckenhoupt classes, or Reverse Hdélder classes :
Calderdn-Zygmund operators, Maximal functions, non-integral
operators as Riesz transforms ....

Question : Are Bochner-Riesz multipliers bounded on LP(w) for some
weights w belonging to Muckenhoupt classes Ag, or RHg, ?
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DECOMPOSITION OF GENERALIZED BOCHNER-RIESZ

MULTIPLIERS

Use a spherical decomposition of the domain .
o Ij:={¢ d(¢,T) ~ 2/} can be covered with N = 2/("~1) balls of
radius 2/

e The restricted symbol to I'; can be split into the sum of N
elementary Fourier multipliers (as in the first example).

@ Then sum over the scales j < 0.

These operators fit into the larger notion of multi-frequency
Calderén-Zygmund operators.
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DEFINITION
A [2-bounded linear operator T is said to be a Calderén-Zygmund
operator relatively to a collection © = (©4, ..., ©y) if there exists
operators (T;);=1 .. n and kernels (K;)j=1,.n verifying
e Orthogonal decomposition : for j # j/, T Ty =0and T =3} | T;.
o Integral representation of T : for f € L2 locally supported and
x € supp(f)°,

(00 = [ Kyt
e Regularity of K : Forevery j € {1,...,N}, and every x # y

N
Z ‘V(x,y) eigj.(x_y)Kj(X’y)‘ S |X _y|—n—1'
j=1

Question : boundedness of such operators and how the bounds
depend on N ?
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The multi-frequency analysis is based on the following Lemma
(Borwein and Erdélyi) :
LEMMA

Let®© := (64, ...,0n) a collection of N points (frequencies) of R" and Q
a ball of R". Then for every function ¢ belonging to the subspace of
L2(3Q), span by (€'%");_1 .. n, we have forp € [1,2]

1
1 P
[Pl Lo (@) S NP (][ \¢|pdx> :
3Q

e This result relies on the Euclidean structure and some invariance
by translation of the space, span by exponential functions.

e The question for p € (2, c0) is still open ?
e Even in the case of Bochner-Riesz situation ?
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Such an operator can be pointwisely bounded by a sum of N
modulated (classical) Calderén-Zygmund operators and have the
same boundedness properties with an implicit constant of order N. The
aim is to study how this order can be improved using sharp estimates.

THEOREM

Let © as above and T be a Calderén-Zygmund operator relatively to
©. Then T is of weak type (1,1) with

1
1Tl S N2

~

By interpolation and duality,

1 1
T i S N2 721,

Proof : Use the classical proof with the multi-frequency
Calderén-Zygmund decomposition of Nazarov, Oberlin and Thiele
(based on the previous Lemma).
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Multi-frequency Calderén-Zygmund decomposition : Consider f a
function in L' and A > 0, then the function f can be decomposed
f=9+ > ey by with supp(by) C 3J

e J is a disjoint collection of cubes

e we have

D> IS VN[l AT (1)

Jed
e the good part g satisfies

1911Z2 < (1]l VNA (@)
e the intervals J satisfy
1
1l S WIANT2, ([ = byll2g) S VIJIA 3)

o we haveAcanceIIation for all the frequencies of © : foralli=1,..,N
and J, bJ(??,') =0.
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Be careful : we have not a good control in L2 of the b,’s |
How to get sharp weighted estimates : usually via a Fefferman-Stein
inequality.

Aim : Adapt this approach and consider a new kind of maximal sharp
function (taking into account cancellations with respect to a collection
of frequencies) and prove a Fefferman-Stein inequality.
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NEW MAXIMAL SHARP FUNCTIONS

DEFINITION

Let © be a collection of N frequencies of R” and s € [1, oc]. To a ball
Q, we set Eq C L5(3Q) the subset span by (€' )gco and then Pg g @
projector map in L®-sense on Eq, : for every f € L3(/)

f—P llyscan = inf ||[f — s(3)).
| o,a(NllLsan ¢|€nEQ|| llLs(ar

We then define the associated maximal sharp function :

M; o(f)(Xo) := sup <]{\f —Po(f1))|° dx> °

Xo€!
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FEFFERMAN-STEIN INEQUALITY

PROPOSITION

Lets e (1,00), t € [1,00) and p € (s, o) be fixed. Then for every
function f € LS and every weight w € RHy, we have

H|M o ()

© max{3,1}
1fllipy S N's Mz

LP(w)

e Use of the abstract theory, developed by Auscher and Martell for
such inequalities.

e The projector map gains integrability :

sup [Po,o(f10)(x)[° < NS™{Z:3) inf M| f]°.
xeQ Q
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Indeed (using the main Lemma),
sup |Po,a(f1a)(X)[° = IPe.a(f1a)i=(q)
xeQ
e ([ rg arto)ok)
S Nsmax{% < ‘f|SdX>

< NSMax{z. 5} inf M|f]S.
Q
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Let us come back to our multi-frequency Calderdn-Zygmund operators

PROPOSITION

Let T be a Calderdn-Zygmund operator relatively to © and s € (1, c0).
Then

ME o(T(F)) S Nls—2lM(f).

e For the local part f1,, we only use the unweighted boundedness of
U.

e For the off-diagonal part, the new maximal sharp function takes
into account the N cancellations of the operator and so spatial
decays are coming from the smoothness of the kernel.
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Forp e (2,0),s€[2,p) andt € (1,00), the operator T is bounded on
LP(w) for every weightw € RHy N Ap with

o1 1
1Tl po) o) S Nz F275.

Trivial estimate : N. Here the exponent can be lower than 1 and we get
a sharp estimate for such weighted estimates.
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Using the notation : W,,(po, Qo) = {p € (pPo, ), we Ap N RH(q
Po

oS

)
COROLLARY

Let T be a Calderdn-Zygmund operator relatively to ©, w be a weight
and consider s > 2 and 6 > 0 such that

<6 1 1)
Qo :=2s +§—f > S.

Then T is bounded on LP(w) for every p € W,,(s, Qo) with

I Tl o () to(w) S N°.
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APPLICATIONS

e Sharp bounds for the multi-frequency Hilbert transform

e For Bochner-Riesz multipliers, the situation is particular and
allows us to use simpler arguments for the unweighted estimates.
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