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The classical Fourier restriction conjecture

Let S be a smooth compact (d — 1)-dimensional submanifold of R?, such as the unit sphere S9—1,
section of paraboloid
{x = xa) : xa = |X'|?}

or hyperplane.
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HRSfHLOO(dU) < Hf”LOO(]Rd) < ||f||L1(Rd)-
[Here do is surface measure on S.]

Fundamental observation of Stein (1960s): If S has nonvanishing gaussian curvature then there exist
further (i.e. nontrivial) LP(RY) — L9(do) bounds for Rs.

In order to understand better the role of curvature it is helpful to instead consider bounds on the adjoint
restriction operator (or extension operator) R’g given by

Rsg = gdo,

where

9do(c) = / e Eg(x)do(x); €€ R

S
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Letting § — O forces % < =11

o'
o Necessity of g > 22,
This will become apparent in a moment.
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@ d = 2: Stein, Fefferman—Stein, Zygmund (settled 1974).
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The exponent ﬂ may be improved to (the Stein—Tomas exponent).
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Defining f by f(x) = f(—x) we have

RS2 gy = 7] 1220y = /S Fido = /R T txdo < [fllollf * dolly < [I3l1do ], e
Now, as is well-known, since S has nonvanishing gaussian curvature then

do(e) S (1+1e) "7,

and so do € L"(RY) provided r > 2d
Combining these observations gives

IRslli2(d0) S N1l o (e

provided p < or equivalently,

3d+1’
||@||La(md) S lglliz(aoy

whenever g > 7%
2(d+1)

The exponent ﬂ may be improved to (the Stein—Tomas exponent).
p y

In the 1990s a new perspective was introduced which aimed to exploit curvature in a more geometric
way: this is the so-called bilinear approach...
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A more geometric approach to exploiting curvature: the emergence of

transversality considerations

Let {S.} be a partition of S by “caps" (or “patches") and write

g=> ga, Where go =gxs,.
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Let {S.} be a partition of S by “caps" (or “patches") and write

g=> ga, Where go =gxs,.

By linearity
gdo = Z gado.
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A more geometric approach to exploiting curvature: the emergence of

transversality considerations

Let {S.} be a partition of S by “caps" (or “patches") and write

g=> ga, Where go =gxs,.

By linearity
gdo = Z gado.

Clearly,

990 = | 3 ga;doga, o]

Qq,02
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A more geometric approach to exploiting curvature: the emergence of

transversality considerations

Let {S.} be a partition of S by “caps" (or “patches") and write

g=> ga, Where go =gxs,.

By linearity
gdo = Z gado.

Clearly,

990 = | 3 ga;doga, o]

o0z
—
< Z |gay doga,do|.
aq,an
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A more geometric approach to exploiting curvature: the emergence of

transversality considerations

Let {S.} be a partition of S by “caps" (or “patches") and write

g=> ga, Where go =gxs,.

By linearity
gdo = Z gado.

Clearly,

990 = | 3 ga;doga, o]

Qaq,02
-
< > |gaydoga,do].
aq,02

Now, since S is curved, a generic pair Sq,, Sa, Will be transversal in the sense that if v, , va, are unit
normal vectors to Sy, , Sa, respectively, then |va, A va,| is bounded below.
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A more geometric approach to exploiting curvature: the emergence of

transversality considerations

Let {S.} be a partition of S by “caps" (or “patches") and write
g=> ga, Where go =gxs,.

By linearity
gdo = Z gado.

Clearly,

990 = | 3 ga;doga, o]

Qaq,02
-
< > |gaydoga,do].
aq,02

Now, since S is curved, a generic pair Sq,, Sa, Will be transversal in the sense that if v, , va, are unit
normal vectors to Sy, , Sa, respectively, then |va, A va,| is bounded below.

In order to understand || @Hq it would thus seem appropriate to study ||g1/d?1 g?d\ag llg/2 where do,
do, are smooth densities on transversal submanifolds Sy, Sy respectively.
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The bilinear restriction conjecture

Bilinear restriction Conjecture (Tao—Vargas—Vega 1998)

If Sy, 82 are transversa/ and have nonvanishing gaussian curvature, % < %,

1 d—
q — d+2 p’ + d+2’

IN

1 L
g — d+

then there exists a constant C < oo such that

l91do192d02 | a/2gay < Clig1lleo(s))ll2llie(sy)
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The bilinear restriction conjecture

Bilinear restriction Conjecture (Tao—Vargas—Vega 1998)

If Sy, Ss are transversa/ and have nonvanishing gaussian curvature, % < %,

27 < Z = p, I = +2, then there exists a constant C < oo such that

IN

1 L
q — d+

l91do192d02 | a/2gay < Clig1lleo(s))ll2llie(sy)

Progress:
@ d = 2is elementary, as we’'ll see in a moment...
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The bilinear restriction conjecture

Bilinear restriction Conjecture (Tao—Vargas—Vega 1998)

If Sy, Ss are transversa/ and have nonvanishing gaussian curvature, % < %,

27 < Z = p, I = +2, then there exists a constant C < oo such that

IN

1 L
q — d+

l91do192d02 | a/2gay < Clig1lleo(s))ll2llie(sy)

Progress:
@ d = 2is elementary, as we’'ll see in a moment...
@ d > 2: Bourgain, Tao—Vargas—Vega (1998), Tao (2003).
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The bilinear restriction conjecture

Bilinear restriction Conjecture (Tao—Vargas—Vega 1998)

If Sy, S, are transversa/ and have nonvanishing gaussian curvature, % < %,

27 < Z = p, I = +2, then there exists a constant C < oo such that

IN

1 L
q — d+

l91do192d02 | a/2gay < Clig1lleo(s))ll2llie(sy)

Progress:
@ d = 2is elementary, as we’'ll see in a moment...
@ d > 2: Bourgain, Tao—Vargas—Vega (1998), Tao (2003).

@ This progress should not be viewed in isolation - interlaced with progress in closely related
settings, such as that of the cone: Wolff (2001), Tao (2001).
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(g1dot) * (g2do2) | 2(me)
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(grda1) * (gedo2)ll 22y S 1911l12(g0y) 19211 2(derp)-
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to
l(grda1) * (gedo2)ll 22y S 1911l12(g0y) 19211 2(derp)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that
l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(grda1) * (gedo2)ll 22y S 1911l12(g0y) 19211 2(derp)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that
l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -

However, [|(g1do1) (9202|100 r2) < [191]ec |92 lloo[|dot * Aozl oo (m2)-
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(grda1) * (gedo2)ll 22y S 1911l12(g0y) 19211 2(derp)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that
l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -

However, ||(g1do1) * (92d02)|| 100 (r2y < 191 [loollG2]loc|ldot * dor2|| oo (m2).-

Exercise: doy x dop € L*°(R?) if and only if Sy and S, are transversal.
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(g1do1) * (gedo2)ll 2m2) < 1191 1l:2(00,) 119211 2(d0p)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that
l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -

However, ||(g1do1) * (92d02)|| 100 (r2y < 191 [loollG2]loc|ldot * dor2|| oo (m2).-
Exercise: doy x dop € L*°(R?) if and only if Sy and S, are transversal.

Observations:
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(g1do1) * (gedo2)ll 2m2) < 1191 1l:2(00,) 119211 2(d0p)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that
l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -

However, ||(g1do1) * (92d02)|| 100 (r2y < 191 [loollG2]loc|ldot * dor2|| oo (m2).-
Exercise: doy x dop € L*°(R?) if and only if Sy and S, are transversal.

Observations:
@ The corresponding linear estimate ||&177||L4(R2) S gl 2 (goy is false.
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(g1do1) * (gedo2)ll 2m2) < 1191 1l:2(00,) 119211 2(d0p)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that
l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -

However, ||(g1do1) * (92d02)|| 100 (r2y < 191 [loollG2]loc|ldot * dor2|| oo (m2).-
Exercise: doy x dop € L*°(R?) if and only if Sy and S, are transversal.

Observations:
@ The corresponding linear estimate ||&177||L4(R2) S gl 2 (goy is false.
@ This bilinear estimate is the endpoint in the d = 2 bilinear restriction problem;
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(g1do1) * (gedo2)ll 2m2) < 1191 1l:2(00,) 119211 2(d0p)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that
l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -

However, ||(g1do1) * (92d02)|| 100 (r2y < 191 [loollG2]loc|ldot * dor2|| oo (m2).-
Exercise: doy x dop € L*°(R?) if and only if Sy and S, are transversal.

Observations:
@ The corresponding linear estimate ||&177||L4(R2) S gl 2 (goy is false.

@ This bilinear estimate is the endpoint in the d = 2 bilinear restriction problem; there is a missing
endpoint for d > 2.
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A simple yet revealing example: the bilinear problem for d = 2

Proposition

If Sy and S, are transversal curves in R? then

lg1do1g2d02| 22y S 1191 1l12(d0y) 192]] 12(dery)-

By Plancherel’s theorem the proposition is equivalent to

l(g1do1) * (gedo2)ll 2m2) < 1191 1l:2(00,) 119211 2(d0p)-

By interpolation with the trivial [|(g1do1) * (g2d02)ll 1 (rey S 191111 (gory) 1921111 (g0ry) it SUFficES to prove
that

l(g1do1) * (g2do2)l 0e m2) < 1191|100 (doy) 1921l 00 (dory) -
However, ||(g1do1) * (92d02)|| 100 (r2y < 191 [loollG2]loc|ldot * dor2|| oo (m2).-

Exercise: doy x dop € L*°(R?) if and only if Sy and S, are transversal.

Observations:
@ The corresponding linear estimate ||&177||L4(R2) S gl 2 (goy is false.
@ This bilinear estimate is the endpoint in the d = 2 bilinear restriction problem; there is a missing
endpoint for d > 2.
@ For this estimate (and hence the whole d = 2 bilinear restriction problem), the curvature
hypothesis is redundant!
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Why care about such bilinear estimates?
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Why care about such bilinear estimates?

Theorem (Tao—Vargas—Vega 1998)

The bilinear restriction conjecture implies? the linear restriction conjecture.
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Why care about such bilinear estimates?

Theorem (Tao—Vargas—Vega 1998)

The bilinear restriction conjecture implies? the linear restriction conjecture. More specifically, if

d—11
g < W' 5 S T and the conjectured bilinear inequality

llgn d‘71g2d‘72HL5/2(Rd) < Cllgr ||Lﬁ(s1)||92HL5(32)~
holds for all (p, q) in a neighbourhood of (p, q) then the conjectured linear inequality
ll9do |l ey < Cligllie(do)-

holds for (p, q).

4Strictly speaking this implication requires a certain uniform version of the bilinear restriction conjecture which interacts
well with scaling.
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Why care about such bilinear estimates?

Theorem (Tao—Vargas—Vega 1998)

The bilinear restriction conjecture implies? the linear restriction conjecture. More specifically, if

d—11
g < W' 5 S T and the conjectured bilinear inequality

llgn d‘71g2d‘72HL5/2(Rd) < Cllgr ||Lﬁ(s1)||g2HL5(sz)~
holds for all (p, q) in a neighbourhood of (p, q) then the conjectured linear inequality
ll9da |l ey < Cligllir(do)-

holds for (p, q).

4Strictly speaking this implication requires a certain uniform version of the bilinear restriction conjecture which interacts
well with scaling.

Indeed the best restriction estimates prior to the work of Bourgain—Guth (2010) relied on this bilinear
passage.
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Why care about such bilinear estimates?

Theorem (Tao—Vargas—Vega 1998)

The bilinear restriction conjecture implies? the linear restriction conjecture. More specifically, if

d—1 1
g < W' E S T and the conjectured bilinear inequality

llg1do192do2ll g/2ray < Cllgtll5(s,) 1921 5s,)-
holds for all (p, q) in a neighbourhood of (p, q) then the conjectured linear inequality

1997 | agrey < Cllgllp(do)-
holds for (p, q).

4Strictly speaking this implication requires a certain uniform version of the bilinear restriction conjecture which interacts
well with scaling.

Indeed the best restriction estimates prior to the work of Bourgain—Guth (2010) relied on this bilinear
passage.

Despite this great advantage, the bilinear formulation has one main drawback: for d > 2 the roles of
curvature and transversality are mixed up and difficult to distinguish...
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Beyond bilinear estimates

Let’s reflect further on our partition of S into “caps” (or “patches") {Sa }.

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 13/62



Beyond bilinear estimates

Let’s reflect further on our partition of S into “caps” (or “patches") {Sa }.

We have already observed that since S is curved, a generic pair S, , Sa, will be transversal.
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Beyond bilinear estimates

Let’s reflect further on our partition of S into “caps” (or “patches") {Sa }.
We have already observed that since S is curved, a generic pair S, , Sa, will be transversal.

Of course more is true: If k < d, and S'is curved then a generic k-tuple Sa,, - . . , Sa, Will be
transversal in the sense that if v, ..., Vo, are unit normal vectors to Sa,, ..., Sq, respectively, then
[Vay A+ A Vq,| is bounded below.
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Beyond bilinear estimates

Let’s reflect further on our partition of S into “caps” (or “patches") {Sa }.
We have already observed that since S is curved, a generic pair S, , Sa, will be transversal.

Of course more is true: If k < d, and S'is curved then a generic k-tuple Sa,, - . . , Sa, Will be
transversal in the sense that if v, ..., Vo, are unit normal vectors to Sa,, ..., Sq, respectively, then
[Vay A -+ A Va,| is bounded below.

Definition (Multilinear transversality)

Let2 < k < d. A k-tuple Sy, .. ., Sk is transversal if there is a constant ¢ > 0 such that

viA---Aw| >c

for all choices vy, . . ., vk of unit normal vectors to Sy, . . ., Sk respectively.
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Beyond bilinear estimates

Let’s reflect further on our partition of S into “caps” (or “patches") {Sa }.
We have already observed that since S is curved, a generic pair S, , Sa, will be transversal.

Of course more is true: If k < d, and S'is curved then a generic k-tuple Sa,, - . . , Sa, Will be
transversal in the sense that if v, ..., Vo, are unit normal vectors to Sa,, ..., Sq, respectively, then
[Vay A -+ A Va,| is bounded below.

Definition (Multilinear transversality)
Let2 < k < d. A k-tuple Sy, .. ., Sk is transversal if there is a constant ¢ > 0 such that

Vi A~ Aw| >c¢

for all choices vy, . . ., vk of unit normal vectors to Sy, . . ., Sk respectively.

As may be expected, the case k = d is rather special...
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The d-linear restriction conjecture

d-linear Restriction Conjecture

IfSy,...,Sy are transversal, % < &=t and % <t %, then there exists a constant C < oo such that
llgrdos - - gadogll a/aay < ClIgtllio(sy) - - 19alle(sy)-
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The d-linear restriction conjecture

d-linear Restriction Conjecture

IfSy,...,Sy are transversal, % < &=t and % <t %, then there exists a constant C < oo such that
llgrdos - - gadogll a/aay < ClIgtllio(sy) - - 19alle(sy)-

Key features:
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The d-linear restriction conjecture

d-linear Restriction Conjecture

If Sy, ..., Sy are transversal, . < %! and I < 951

z , then there exists a constant C < oo such that

llgrdos - - gadogll a/aay < ClIgtllio(sy) - - 19alle(sy)-

Key features:

@ The d-linear conjecture includes (and is equivalent to) the endpoint estimate
llg1dos "'gddUdHL%(Rd) < Cligillizs,) -~ 190l iz(s,)-

(An estimate on L2.)
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The d-linear restriction conjecture

d-linear Restriction Conjecture

If Sy, ..., Sy are transversal, . < %! and I < 951

z , then there exists a constant C < oo such that

llgrdos - - gadogll a/aay < ClIgtllio(sy) - - 19alle(sy)-

Key features:
@ The d-linear conjecture includes (and is equivalent to) the endpoint estimate

llg1do "'gddUdHL%(Rd) < Cligillizgs,y - - 119dll 2 (s,)-

(An estimate on L2.)
@ Curvature plays no role!
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The d-linear restriction conjecture

d-linear Restriction Conjecture

d— d—1

IfSy,...,Sy are transversal, 1 2—‘11 and 15 < =5 o7, then there exists a constant C < oo such that

llgidoy - - gddﬂdlqu/d(Rd) Cligillzecsy) - - - 1 gallip(sy)-

Key features:
@ The d-linear conjecture includes (and is equivalent to) the endpoint estimate

llgido - - - ggdoyl| . < Cllgillzesyy -~ lgall s,
Ld—1 1 d

(An estimate on L2.)
@ Curvature plays no role!

Theorem (B—Carbery—Tao 2006)

Under the above conditions, given any e > 0 there exists a constant C. < oo such that

llg1dos - - - gadoall a/a(g0,my) < CeR NGt llo(sy) - - 19allie(sy)

for all R.
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Main questions about the d-linear conjecture/theorem
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Main questions about the d-linear conjecture/theorem

@ To what extent, if any, does the d-linear conjecture/theorem imply the linear conjecture?
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Main questions about the d-linear conjecture/theorem

@ To what extent, if any, does the d-linear conjecture/theorem imply the linear conjecture?

— We’'ll address this in a moment;
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Main questions about the d-linear conjecture/theorem

@ To what extent, if any, does the d-linear conjecture/theorem imply the linear conjecture?

— We’'ll address this in a moment;

@ Why do the d-linear estimates appear to be more tractable?
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Main questions about the d-linear conjecture/theorem

@ To what extent, if any, does the d-linear conjecture/theorem imply the linear conjecture?

— We’'ll address this in a moment;

@ Why do the d-linear estimates appear to be more tractable?

—We’ll address this in Part 2 (see the next lecture).
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From multilinear to linear: the Bourgain—Guth method
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From multilinear to linear: the Bourgain—Guth method

Let us begin by trying to deduce a linear restriction estimate from a bilinear one in as naive a way as
possible...
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From multilinear to linear: the Bourgain—Guth method

Let us begin by trying to deduce a linear restriction estimate from a bilinear one in as naive a way as

possible...
Let S be a smooth compact codimension-1 submanifold of R? (think of S*~1) and K be a large

parameter.
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From multilinear to linear: the Bourgain—Guth method

Let us begin by trying to deduce a linear restriction estimate from a bilinear one in as naive a way as

possible...
Let S be a smooth compact codimension-1 submanifold of R? (think of S*~1) and K be a large

parameter.
Let {Sa } be a partition of S by “caps” of diameter approximately 1/K and write

g=> ga, Where go =gxs,-
[e%
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From multilinear to linear: the Bourgain—Guth method

Let us begin by trying to deduce a linear restriction estimate from a bilinear one in as naive a way as

possible...
Let S be a smooth compact codimension-1 submanifold of R? (think of S*~1) and K be a large

parameter.
Let {Sa } be a partition of S by “caps” of diameter approximately 1/K and write

g=> ga, Where go =gxs,-
[e%

By linearity
gdo = Z gado.
[e3
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From multilinear to linear: the Bourgain—Guth method

Let us begin by trying to deduce a linear restriction estimate from a bilinear one in as naive a way as
possible...

Let S be a smooth compact codimension-1 submanifold of R? (think of S*~1) and K be a large
parameter.

Let {Sa } be a partition of S by “caps” of diameter approximately 1/K and write

g=> ga, Where go =gxs,-
[e%

By linearity
gdo = Z gado.
[e3
Now,
lgdo|? = ‘ > oy dogazda‘
aq,002
< > |gaydoga,do]
Qaiq,o
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From multilinear to linear: the Bourgain—Guth method

Let us begin by trying to deduce a linear restriction estimate from a bilinear one in as naive a way as
possible...

Let S be a smooth compact codimension-1 submanifold of R? (think of S*~1) and K be a large
parameter.

Let {Sa } be a partition of S by “caps” of diameter approximately 1/K and write

g=> ga, Where go =gxs,-
[e%

By linearity
gdo = Z gado.
[e3
Now,
lgdo|? = ‘ Z Goy dogazda‘
aq,002
< > |gaydoga,do]
af,ap
< Z |9a; doga, do| + Z |9er; o Garp do].
dist(Say »Sap)21/K dist(Say S0y )S1/K
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By Hélder’s inequality,

gdol< 3" |gadogaydol+ D |ga,doga,do|
dist(Sary 1Sap)21/K dist(Sary ,Sap)S1/K
2 o 2 -~ 2 . 2
SKODD( S gadoga,dalf )+ KT (3 gedo ) ©.

dist(Sa ;Sap)21/K
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By Hélder’s inequality,

gdoP < >0 16adogaydol+ D |ga;dodeydo]
dist(Sary 1Sap)21/K dist(Sary ,Sap)S1/K
2 o 2 -~ 2 . 2
SKODD( S gadoga,dalf )+ KT (3 gedo ) ©.

dist(Sa ;Sap)21/K

Thus for every & € R,

— _ q_ — — 9
lgdo(€)|9 < KHI=DE =1 > |Gey A0 (€)Gap dor(€)] 2
dist(Sevy »Sap)21/K

+ K@D Z |gada(€)[,
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By Hélder’s inequality,

gdol< 3" |gadogaydol+ D |ga,doga,do|
dist(Sary 1Sap)21/K dist(Sary ,Sap)S1/K
2 o 2 -~ 2 . 2
SKODD( S gadoga,dalf )+ KT (3 gedo ) ©.

dist(Sa ;Sap)21/K

Thus for every & € R,

— _ q_ — — 9
lgdo(€)|9 < KHI=DE =1 > |Gey A0 (€)Gap dor(€)] 2
dist(Sevy »Sap)21/K

+ K@D Z |gada(€)[,

and so on integrating in ¢ € RY we have

— g YL —
lgdo||g < K2@-DE- > a1 doga,dal|t + KOG D3 " gadolld.
dist(Say »Sap)21/K 2 o

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 17/62



By Hélder’s inequality,

gdol< 3" |gadogaydol+ D |ga,doga,do|
dist(Sary 1Sap)21/K dist(Sary ,Sap)S1/K
2 o 2 -~ 2 . 2
SKODD( S gadoga,dalf )+ KT (3 gedo ) ©.

dist(Sa ;Sap)21/K

Thus for every & € R,

— _ q_ — — 9
lgdo(€)|9 < KHI=DE =1 > |Gy 0 (€) gy dor(€) |2 + K@—DE Z|gada(£)\q
dist(Sevy »Sap)21/K

and so on integrating in ¢ € RY we have

— g YL —
lgdo||g < K2@-DE- > a1 doga,dal|t + KOG D3 " gadolld.
dist(Say »Sap)21/K 2 o

This suggests a bootstrapping argument....
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Setting up the bootstrapping
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function (that is,
“close to the base of the paraboloid").
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)
over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function (that is,

“close to the base of the paraboloid").
(Here we truncate the integral with a ball of large radius R to ensure that C < oo.)
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function (that is,

“close to the base of the paraboloid").
(Here we truncate the integral with a ball of large radius R to ensure that C < oo.)

Our goal here is to use the conjectured bilinear estimates to show that C(R) = O(1) for some
admissible p, g.
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llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function (that is,

“close to the base of the paraboloid").
(Here we truncate the integral with a ball of large radius R to ensure that C < oo.)

Our goal here is to use the conjectured bilinear estimates to show that C(R) = O(1) for some
admissible p, g.

We need to know how this inequality scales...
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function (that is,

“close to the base of the paraboloid").
(Here we truncate the integral with a ball of large radius R to ensure that C < oo.)

Our goal here is to use the conjectured bilinear estimates to show that C(R) = O(1) for some
admissible p, g.

We need to know how this inequality scales...

Lemma (Linear scaling)

dit_d—1
q o’

llgado|laga(o,r)) S CK lgalip(do)-
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function (that is,
“close to the base of the paraboloid").
(Here we truncate the integral with a ball of large radius R to ensure that C < oo.)

Our goal here is to use the conjectured bilinear estimates to show that C(R) = O(1) for some
admissible p, g.

We need to know how this inequality scales...

Lemma (Linear scaling)

— d+1 L—/‘
lgadalliao,r)y) SCK 7 P llgallip(do)-

Similarly, we appear to need to know how the conjectured bilinear inequality scales...
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Setting up the bootstrapping

Fix R > 1. Let C = C(R) denote the best constant in the inequality
llgdallLas0,/)) < Cllgllo(de)

over all surfaces S which are of diameter at most 1 and the graph of an elliptic phase function (that is,

“close to the base of the paraboloid").
(Here we truncate the integral with a ball of large radius R to ensure that C < oo.)

Our goal here is to use the conjectured bilinear estimates to show that C(R) = O(1) for some
admissible p, g.

We need to know how this inequality scales...

Lemma (Linear scaling)

. ai1_d—1
lgadalliao,r)y) SCK 7 P llgallip(do)-

Similarly, we appear to need to know how the conjectured bilinear inequality scales...

Lemma (Bilinear scaling)

Suppose that the conjectured bilinear restriction inequality holds with exponents p, g. If
dist(Sa,, Sap) 2 % then

||ga1 dO'gade'”g SK” ||gO<1 ”Lp(da)”gaz HL"(da)'
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Returning to

— — - - T do
lgdo||g < K2@-DE- > I gas doga, dol|z + KO=DED S |gadol|d,
dist(Sary ,Sap)21/K 2 o
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Returning to

— 9
lgdo||g < K2@-DE- > gy G0 Gag o § + PG

dist(Sary ,Sap)21/K

using the bilinear restriction conjecture and the scaling estimates we obtain

— q q
lgdolld S K > l1garlIZ 19aslIf +

Q1,02

> " lgadallg,
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Returning to

— — - - T do
lgdo||g < K2@-DE- > I gas doga, dol|z + KO=DED S |gadol|d,
dist(Sary ,Sap)21/K 2 o

using the bilinear restriction conjecture and the scaling estimates we obtain

— 2 2 d—1)(—1)+d+1—(d—1)
190olld S K™ 37 1Igay 12 llgayllZ + K™Dz HeT Zcqngaup

Q1,02
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Returning to

lgdor||§ < K2E-DE-D > |ga do dagazdﬂllq +KNED Z | gada|d,
dist(Sary ;Sap )21/ K
using the bilinear restriction conjecture and the scaling estimates we obtain

— 2 2 d—1)(—1)+d+1—(d—1)
190olld S K™ 37 1Igay 12 llgayllZ + K™Dz HeT Zcqngaup

Q1,02

< KW(”"”HQHZ 4 cqqu(P,q)”g”g < (K92(P.9) 4 caKIM p,q))”g”g7
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Returning to

lgdor||§ < K2E-DE-D > |ga do dogazdﬂllq +KNED Z | gada|d,
dist(Sary ;Sap )21/ K
using the bilinear restriction conjecture and the scaling estimates we obtain

— 2 2 d—1)(—1)+d+1—(d—1)
190olld S K™ 37 1Igay 12 llgayllZ + K™Dz HeT Zcqngaup

Q1,02

< KW(”’”HQHZ 4 cqqu(P,q)”g”g < (K92(P.9) 4 caKIM p,q))”g”g7

where d+1 d—1
d+1 _ d—1 if p>q
_ q 2 .
71(p; Q) {(d1)(;;)+d;1dp,1 it p<gqg
and
72(p7 )_
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Returning to

lgda|§ < KNG > ||ga1daga2dn||q+Kd NE-1 Zugadguq,
dist(Sary ;Sap )21/ K

using the bilinear restriction conjecture and the scaling estimates we obtain

— 2 2 d—1)(—1)+d+1—(d—1)
190olld S K™ 37 1Igay 12 llgayllZ + K™Dz HeT Zcqngaup

Q1,02

< KW(”’”HQHZ 4 cqqu(P,q)”g”g < (K92(P.9) 4 caKIM p,q))”g”g7

where d+1 d—1
d+1 _ d—1 if p>q
_ q 2 .
71(p; Q) {(d1)(;;)+d;1dp,1 it p<gqg
and
72(p7 )_

Thus we have
C < cpK2(P:A) 4 ¢,cK1(P:9)

for some constants ¢y, co.
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Returning to

— 9 YL —
lgdall§ < KAHEDED > 190 doga, dol| g + K@=DE"DS Tgada]lg,
dist(Sary ,Sap)21/K 2 o
using the bilinear restriction conjecture and the scaling estimates we obtain

— 2 2 d—1)(—1)+d+1—(d—1)
19dolld S K™ 37 lgay 12 llgay ||z + K172 Zcqngaup

Q1,02

< KW(”’”HQHZ 4 cqqu(P,q)”g”g < (vaz(P,q) 4 CIKIM P,q))”g”p7

where a1 d—1
d+t _ d—1 if p>q
— q 2 o
71(p; Q) { @-NG-H+e - ip<g
and
72(p7 )_

Thus we have
C < cpK2(P:A) 4 ¢,cK1(P:9)

for some constants ¢y, co.
If p, g are such that v1(p, g) < 0 then by taking K sufficiently large, we obtain C(R) < oo uniformly in
R>1.
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Returning to

”gdo'”q < KO NE-1 Z llGas dUgaszHz + K@= -1 Z Hgado'”qy
dist(Sa; )2 1/K

using the bilinear restriction conjecture and the scaling estimates we obtain

— g 4 d—1)(2 —1)+d+1—(d—1)
19dolld S K™ 37 lgay 12 llgay ||z + K172 Zcqngaup

Q1,02

< KW(”’”HQHZ 4 cqqu(P,q)”g”g < (K92(P.9) 4 caKIM P,q))”g”g7

where

d+t _ d—1 if p>q
= a 2 _
71(P, Q) { (d- 1@ )+%*d,§1 if p<gq

and

Thus we have
C < cpK2(P:A) 4 ¢,cK1(P:9)

for some constants ¢y, c;.

If p, g are such that v1(p, g) < 0 then by taking K sufficiently large, we obtain C(R) < oo uniformly in
R>1.

In particular, if p > gand g > % (the Stein—-Tomas exponent) we obtain the desired linear
restriction estimate.
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Bilinear to linear: improving the passage
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Bilinear to linear: improving the passage

Simple (yet key) observations:
@ The range of exponents p, g for which a linear estimate followed was that for which ¢ (p, g) < 0.
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Bilinear to linear: improving the passage

Simple (yet key) observations:
@ The range of exponents p, g for which a linear estimate followed was that for which ¢ (p, g) < 0.
@ The power of K arising in the transversal term (i.e. v2(p, q)) was inconsequential.
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Bilinear to linear: improving the passage

Simple (yet key) observations:
@ The range of exponents p, g for which a linear estimate followed was that for which ¢ (p, g) < 0.

@ The power of K arising in the transversal term (i.e. v2(p, q)) was inconsequential.

Returning to the elementary pointwise bound

|gdo(€)|7 < KX@NE-D S |go, do(€)gaydo(€)|2 + KOG Z|gado(a

dist(Sa; ,Sap)21/K

the natural question is:
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Bilinear to linear: improving the passage

Simple (yet key) observations:
@ The range of exponents p, g for which a linear estimate followed was that for which ¢ (p, g) < 0.
@ The power of K arising in the transversal term (i.e. v2(p, q)) was inconsequential.

Returning to the elementary pointwise bound

|gdo(€)|9 < KXI-DGE -1 3 |Gy 00 (€) gy dor ()| + KO Z|gado(a
dist(Sa; ,Sap)21/K

the natural question is:
Can we reduce the power of K in the second term at the expense of raising the power in the first

term?
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Bilinear to linear: improving the passage

Simple (yet key) observations:
@ The range of exponents p, g for which a linear estimate followed was that for which ¢ (p, g) < 0.
@ The power of K arising in the transversal term (i.e. v2(p, q)) was inconsequential.

Returning to the elementary pointwise bound

|gdo(€)|7 < KX@NE-D S |go, do(€)gaydo(€)|2 + KOG Z|gado(a

dist(Sa; ,Sap)21/K

the natural question is:
Can we reduce the power of K in the second term at the expense of raising the power in the first

term?

Proposition (“Bourgain—Guth" 2010)

|gdo(€)|9 < K219 3 |Gy G0 (€) 9oy 0o(€) 2 + S |gedr(£)]9.

dist(Sary ,Sap)21/K
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Bilinear to linear: improving the passage

Simple (yet key) observations:
@ The range of exponents p, g for which a linear estimate followed was that for which ¢ (p, g) < 0.
@ The power of K arising in the transversal term (i.e. v2(p, q)) was inconsequential.

Returning to the elementary pointwise bound

|gdo(€)|7 < KX@NE-D S |go, do(€)gaydo(€)|2 + KOG Z|gado(a

dist(Sa; ,Sap)21/K

the natural question is:
Can we reduce the power of K in the second term at the expense of raising the power in the first
term?

Proposition (“Bourgain—Guth" 2010)

|gdo(€)|9 < K219 3 |Gy G0 (€) 9oy 0o(€) 2 + S |gedr(£)]9.

dist(Sary ,Sap)21/K

Observation: Integrating this in £ € R? gives

C < cKPO%er | gcK @1

whenever p > q, yielding C < oo uniformly in R > 1 when q > dz—d1
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Bilinear to linear: improving the passage

Simple (yet key) observations:
@ The range of exponents p, g for which a linear estimate followed was that for which ¢ (p, g) < 0.
@ The power of K arising in the transversal term (i.e. v2(p, q)) was inconsequential.

Returning to the elementary pointwise bound

|gdo(€)|9 < KXI-DGE -1 3 |Gy 00 (€) gy dor ()| + KO me(s
dist(Say ;Sap)21/K

the natural question is:
Can we reduce the power of K in the second term at the expense of raising the power in the first
term?

Proposition (“Bourgain—Guth" 2010)

|gdo(€)|9 < K219 3 |Gy G0 (€) 9oy 0o(€) 2 + S |gedr(£)]9.

dist(Sary ,Sap)21/K

Observation: Integrating this in £ € R? gives

C < cKPO%er | gcK @1

whenever p > q, yielding C < oo uniformly in R > 1 when q > d 1
This generates (the interior of) the full conjectured range of exponents for the linear conjecture.
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Proposition (“Bourgain—Guth" 2010)

|gdo(€)|9 < K2d=Na > |Gy 80 (€) g 00 (€) |2 + > |gadar (€)]°.
dist(Say »Sap )21/ K a
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Proposition (“Bourgain—Guth" 2010)

|gdo(€)|9 < K2d=Na > |Gy 80 (€) g 00 (€) |2 + > |gadar (€)]°.
dist(Say »Sap )21/ K a

Proof. For a given ¢ € RY either
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Proposition (“Bourgain—Guth" 2010)

|gdo(€)|9 < K2d=Na > |Gy 80 (€) g 00 (€) |2 + > |gadar (€)]°.
dist(Say »Sap )21/ K a

Proof. For a given ¢ € RY either

(I) there exist ay, ap With dist(Sa, , Say) 2 % such that

1
K
190100 (€)1, 10,00 (€)] > K=~ max|gado ()],

or
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Proposition (“Bourgain—Guth" 2010)
|lgdo(£)|? < K2@=Na 3

|Gy 80 (€) g 00 (€) |2 + > |gadar (€)]°.

dist(Sary ,Sap)21/K

Proof. For a given ¢ € RY either
(I) there exist ovy, oz with dist(Say , Say) 2 &

190100 (€)1, 10,00 (€)] > K=~ max|gado ()],

such that

> 1

or
~ K

(I) there exists ag such that whenever dist(Sq,, Sa)

192da ()] < K~1~1) max|gada(s)|.
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Proposition (“Bourgain—Guth" 2010)
|lgdo(£)|? < K2@=Na 3

|Gy 80 (€) g 00 (€) |2 + > |gadar (€)]°.

dist(Sary ,Sap)21/K

Proof. For a given ¢ € RY either
(I) there exist ovy, oz with dist(Say , Say) 2 &

190100 (€)1, 10,00 (€)] > K=~ max|gado ()],

such that

> 1

or
~ K

(I) there exists ag such that whenever dist(Sq,, Sa)

192da ()] < K~1~1) max|gada(s)|.

If (1) then
gdo(€)] < > 1gada(€)|
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Proposition (“Bourgain—Guth" 2010)
Y 1901d0(8)9ar 0o (€)]F + D [gada(€)l9.

dist(Sary ,Sap)21/K

lgdo(€)|9 < K¥@—Na

Proof. For a given ¢ € RY either
(I) there exist ovy, oz with dist(Say , Say) 2 &

|Gay Ao (€)], |gaz o (€)] > K~

such that

" max |gado (€)1,

1

or
K’

(I) there exists ag such that whenever dist(Sq,, Sa) 2

192da ()] < K~1~1) max|gada(s)|.

If (1) then

1900 (€)| < Z\gada )| < K9~ max|gado(©)|
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Proposition (“Bourgain—Guth" 2010)
Y 1901d0(8)9ar 0o (€)]F + D [gada(€)l9.

dist(Sary ,Sap)21/K

lgdo(€)|9 < K¥@—Na

Proof. For a given ¢ € RY either
(I) there exist ovy, oz with dist(Say , Say) 2 &

|Gay Ao (€)], |gaz o (€)] > K~

such that

" max |gado (€)1,

1

or
K’

(I) there exists ag such that whenever dist(Sq,, Sa) 2

192da ()] < K~1~1) max|gada(s)|.

If (1) then

1900 (€)| < Z\gada )| < K9~ max|gado(©)|

— 1 1
< KO g, (600 ()12 |gay(e)do(€)]2
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Proposition (“Bourgain—Guth" 2010)
Y 1901d0(8)9ar 0o (€)]F + D [gada(€)l9.

dist(Sary ,Sap)21/K

lgdo(€)|9 < K¥@—Na

Proof. For a given ¢ € RY either
(I) there exist ovy, oz with dist(Say , Say) 2 &

|Gay Ao (€)], |gaz o (€)] > K~

such that

" max |gado (€)1,

1

or
K’

(I) there exists ag such that whenever dist(Sq,, Sa) 2

192da ()] < K~1~1) max|gada(s)|.

If (1) then

1900 (€)| < Z\gada )| < K9~ max|gado(©)|

—_— 1 —_— 1
< K2 g 5 d0(€)|} gy do ()]
1
<SKED( S g, do(€)dede(©)]E ) .

dist(Ser; ,Sap )21/ K
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Recall: (Il) There exists cvg such that whenever dist(Sayg, Sa) 2 %

10000 (©)] < K=~ max|gada ().
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Recall: (Il) There exists cvg such that whenever dist(Sayg, Sa) 2 %

10000 (©)] < K=~ max|gada ().

If (Il) then

lgdo (&) < > |gada(£)|
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Recall: (Il) There exists cvg such that whenever dist(Sayg, Sa) 2 %

10000 (©)] < K=~ max|gada ().

If (Il) then

lgdo (&) < > |gada(£)|

< S lgado®l+ D> [gado(©)]

aidist(SasSag)S & cudist(Sa ,Sag )2 &
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Recall: (Il) There exists cvg such that whenever dist(Sayg, Sa) 2 %

|gado(€)] < K~4=1) mgX\@(é)L
If (1l) then

lgdo (&) < > |gada(£)|

< S lgado®l+ D> [gado(©)]

aidist(SasSag)S & cudist(Sa ,Sag )2 &

< max |gado ()] + K9 TK =~ max |ga do (€)|
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Recall: (Il) There exists cvg such that whenever dist(Sayg, Sa) 2 %

|gado(€)] < K~4=1) mgX\@(é)L
If (1l) then

lgdo (&) < > |gada(£)|

< S lgado®l+ D> [gado(©)]

aidist(SasSag)S & cudist(Sa ,Sag )2 &

< max |gado ()] + K9 TK =~ max |ga do (€)|

< (X 1gada(e)?)

Ql=
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Recall: (Il) There exists cvg such that whenever dist(Sayg, Sa) 2 %

|gado(€)] < K~4=1) mgX\ga/d\a(é)L
If (1l) then

lgdo (&) < > |gada(£)|

< S lgado®l+ D> [gado(©)]

aidist(SasSag)S & cudist(Sa ,Sag )2 &

< max |ga dor(€)| + K9~ 'K ~(*~") max |ga dor(€)|
1
< (X laado(e))?) .
Remark. The above proposition is an abstract statement about finite sequences, namely

1
lallerzyy S N(3 lajacl ) © + lalleagza-
j#k
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Recall: (Il) There exists cvg such that whenever dist(Sayg, Sa) 2 %

10000 (©)] < K=~ max|gada ().

If (Il) then

lgdo (&) < > |gada(£)|

< S lgado®l+ D> [gado(©)]

a:dist(Sa,Sag) S % :dist(Se,Sag) 2 %

< max |ga dor(€)| + K9~ 'K ~(*~") max |ga dor(€)|
1
< (X laado(e))?) .
Remark. The above proposition is an abstract statement about finite sequences, namely

1
lallerzyy S N(3 lajacl ) © + lalleagza-
j#k

Next time: Linear estimates from multilinear estimates...
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In the last lecture we used an easy version of the Bourgain—Guth method to show that the bilinear
conjecture implied the linear conjecture (up to the sharp line).
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In the last lecture we used an easy version of the Bourgain—Guth method to show that the bilinear
conjecture implied the linear conjecture (up to the sharp line).

In particular, we proved:

Proposition (“Bourgain—Guth" 2010)

— —_— —_— g —_—
lgdo(€)|? < K394 > |Gay 00 (€)ga 0 (€)[2 + D [gada(€)]9.
dist(Sey ;Sap)21/K o
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In the last lecture we used an easy version of the Bourgain—Guth method to show that the bilinear
conjecture implied the linear conjecture (up to the sharp line).

In particular, we proved:

Proposition (“Bourgain—Guth" 2010)

— —_— —_— g —_—
lgdo(€)|? < K394 > |Gay 00 (€)ga 0 (€)[2 + D [gada(€)]9.
dist(Sey ;Sap)21/K o

Defining C to be the best constant in the inequality

llgdolLacao,r)) < ClIgllp(do)
over all surfaces S (which are “uniformly of elliptic type") of diameter at most 1, we deduced that
C < coKPOWer 4 C1CK%7(d71)

whenever p > q,
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In the last lecture we used an easy version of the Bourgain—Guth method to show that the bilinear
conjecture implied the linear conjecture (up to the sharp line).

In particular, we proved:

Proposition (“Bourgain—Guth" 2010)

— —_— —_— g —_—
lgdo(€)|? < K394 > |Gay 00 (€)ga 0 (€)[2 + D [gada(€)]9.
dist(Sey ;Sap)21/K o

Defining C to be the best constant in the inequality

llgdolLacao,r)) < ClIgllp(do)
over all surfaces S (which are “uniformly of elliptic type") of diameter at most 1, we deduced that
C < coKPOWer 4 C1CK%7(d71)

whenever p > g, yielding C < oo uniformly in R > 1 when q > %.
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In the last lecture we used an easy version of the Bourgain—Guth method to show that the bilinear
conjecture implied the linear conjecture (up to the sharp line).

In particular, we proved:

Proposition (“Bourgain—Guth" 2010)

— . —_— — q —_—
lgdo(€)|? < K394 > |Gay 00 (€)ga 0 (€)[2 + D [gada(€)]9.
dist(Sey ;Sap)21/K o

Defining C to be the best constant in the inequality

llgdolLacao,r)) < ClIgllp(do)
over all surfaces S (which are “uniformly of elliptic type") of diameter at most 1, we deduced that

C < opKPr 4 gicK'a (@D
whenever p > g, yielding C < oo uniformly in R > 1 when q > %.

Let us see how this approach may be extended in order to deduce linear estimates from multilinear
ones...
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Trilinear to linear in 3 dimensions (Bourgain—Guth proper)

We mimic the bilinear approach and look for a suitable pointwise bound of the form

aq
3

|gdo(€)|9 < KPover 3 |Gy 00 (€) Gz A (€) Gy A (€)[3 + - - -

SaqsSay;Sag transversal
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Trilinear to linear in 3 dimensions (Bourgain—Guth proper)

We mimic the bilinear approach and look for a suitable pointwise bound of the form

aq
3

|gdo(€)|9 < KPover 3 |Gy 00 (€) Gz A (€) Gy A (€)[3 + - - -

SaqsSay;Sag transversal

For the sake of simplicity let us suppose that S = S?~', and as before {S, } is a partition of S into
“caps” of diameter approximately 1/K.
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Trilinear to linear in 3 dimensions (Bourgain—Guth proper)

We mimic the bilinear approach and look for a suitable pointwise bound of the form

aq
3

|gdo(€)|9 < KPover 3 |Gy 00 (€) Gz A (€) Gy A (€)[3 + - - -

SaqsSay;Sag transversal

For the sake of simplicity let us suppose that S = S?~', and as before {S, } is a partition of S into
“caps” of diameter approximately 1/K.

@ We will say that three caps Sq,, Sa,, Sa; are transversal if
[Vay A Vay A Vag| 2 rd

uniformly in the unit normal vectors Va, , Va,, Vaz 10 Say, Say, Say respectively.
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Trilinear to linear in 3 dimensions (Bourgain—Guth proper)

We mimic the bilinear approach and look for a suitable pointwise bound of the form

aq
3

|gdo(€)|9 < KPover 3 |Gy 00 (€) Gz A (€) Gy A (€)[3 + - - -

SaqsSay;Sag transversal

For the sake of simplicity let us suppose that S = S?~', and as before {S, } is a partition of S into
“caps” of diameter approximately 1/K.

@ We will say that three caps Sq,, Sa,, Sa; are transversal if

oy A Vap A Vag| 2 rd
uniformly in the unit normal vectors Va, , Va,, Vaz 10 Say, Say, Say respectively.

@ Observe that if Sq,, Sa,, Sa; are not transversal, then they all lie within a distance O(1/K) of
some great circle.
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or

1

(1) there exists a great circle £ C S such that whenever dist(Sq, E) 2 %,

19ador ()] < K7 max|gado(e)!
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or

(Il) there exists a great circle E C S such that whenever dist(Sa, E) 2 ,l(
|gado(€)] < K91 max|gado(£)].

(Observation: £ — E is “stable" at scale K.)
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or

(Il) there exists a great circle E C S such that whenever dist(Sa, E) 2 ,l(
|gado(€)] < K91 max|gado(£)].

(Observation: £ — E is “stable" at scale K.)

If (1) then

lgdo| < K9~ " max |gado|
«
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or
(Il) there exists a great circle E C S such that whenever dist(Sa, E) >4

19ador ()] < K7 max|gado(e)!

(Observation: £ — E is “stable" at scale K.)

If (1) then

lgdo| < K9~ ‘maxlgado\ < K2 g 0013 |Gan(e) 003 [ Gag(e)dor| 3
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or

(Il) there exists a great circle E C S such that whenever dist(Sa, E) >4
|gado(€)] < K91 max|gado(£)].

(Observation: £ — E is “stable" at scale K.)

If (1) then

lgdo| < K9~ ‘maxlgado\ < K2 g 0013 |Gan(e) 003 [ Gag(e)dor| 3

Q\—‘

< K2 ( T |Gy 0 Gy 0 Gy 0|8 7.

Say,Sap;Say transversal
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or

(Il) there exists a great circle E C S such that whenever dist(Sa, E) >4
|gado(€)] < K91 max|gado(£)].

(Observation: £ — E is “stable" at scale K.)

If (1) then

lgdo| < K9~ ‘maxlgado\ < K2 g 0013 |Gan(e) 003 [ Gag(e)dor| 3

Q\—‘

< K2 ( T |Gy 0 Gy 0 Gy 0|8 7.

Say,Sap;Say transversal
If (I) then we write

gde@I<| > gado(@)|+]| > gado(e),

dist(Sa,E)S ¢ dist(Sw ,E) 2> 1?
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For a given ¢ € RY either
(I) there exist oy, g, ag With Say , Sa,, Say transversal, such that

190100 (€)1, 190,05 (6)]. 190, 0o (§)] > K=~ max |gado (€)1,

or

(Il) there exists a great circle E C S such that whenever dist(Sa, E) >4
|gado(€)] < K91 max|gado(£)].

(Observation: £ — E is “stable" at scale K.)

If (1) then

lgdo| < K9~ ‘maxlgado\ < K2 g 0013 |Gan(e) 003 [ Gag(e)dor| 3

Q\—‘

< K2 ( T |Gy 0 Gy 0 Gy 0|8 7.

Saq+Say,Sag transversal

If (1) then we write

gde@I<| > gado(@)|+]| > gado(e),

dist(Sa,E)S ¢ dist(Sw ,E) 2>

>1
~K

and estimate each term separately.
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By definition of E, the second term satisfies

1
| Y wden ()| s maxlgado(e)] < (3 Igad0(©)17) 7,

dist(Sa ,E)2 %
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By definition of E, the second term satisfies

1
| Y Gado(©)| < maxlgado ()] < (3 [gada(@)) 7,
dist(Sa,E)2 + “

which is an acceptable term.
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By definition of E, the second term satisfies

1
| X aedn()] < maxlanda @) < (L gedn(©)l) .

dist(Sa ,E)2 %

which is an acceptable term.

In order to deal with the first term, where we sum over the caps S, with dist(Sa, E) < ?, we run the
earlier bilinear argument.
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By definition of E, the second term satisfies

1
| X aedn()] < maxlanda @) < (L gedn(©)l) .

dist(Sa ,E)2 %

which is an acceptable term.

In order to deal with the first term, where we sum over the caps S, with dist(Sa, E) < ?, we run the
earlier bilinear argument.

More specifically, we introduce a second large parameter K’ < K and a partition {S;g} of Sinto larger
“caps" of diameter approximately 1/K’ to obtain:
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By definition of E, the second term satisfies

1
| > gado(€)] < maxlgadae ) < (X gede(l7)

dist(Sa ,E)2 %

which is an acceptable term.
In order to deal with the first term, where we sum over the caps S, with dist(Sa, E) < 1? we run the
earlier bilinear argument.

More specifically, we introduce a second large parameter K’ < K and a partition {Sb} of Sinto larger
“caps" of diameter approximately 1/K’ to obtain:

Proposition (Bourgain—Guth)

|gdal? < KZd—1a 3 |gery 3G, 80 Gy 0 |
Saq1Sap,Say transversal

I g
+ (K')A0=2a > ’( > Oy da) ( > Gos do‘) 2

dist(S;31 ’8232 )Z% 1:Say CSZ,;1 0‘2:Sa2CSZ‘32

dist(Sa ,E)<7 dist(Sa,,E)S

+3] 2 gada‘ + Z |gado].
B a:SaCSy
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Integrating the pointwise estimate
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Integrating the pointwise estimate

A new difficulty arises: the great circle E = E. However, uncertainty principle considerations reveal
that the map £ — E is stable at scale K.
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Integrating the pointwise estimate

A new difficulty arises: the great circle E = E. However, uncertainty principle considerations reveal
that the map £ — E is stable at scale K.
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Integrating the pointwise estimate

A new difficulty arises: the great circle E = E. However, uncertainty principle considerations reveal
that the map £ — E is stable at scale K.
Let {Q} be a tiling of RY by cubes of side K, and for each Q assume that £ = Eq for all £ € Q.
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Integrating the pointwise estimate

A new difficulty arises: the great circle E = E. However, uncertainty principle considerations reveal
that the map £ — E is stable at scale K.

Let {Q} be a tiling of RY by cubes of side K, and for each Q assume that £ = Eq for all £ € Q.
Integrating in £ € B(0, R) gives,

llgdo||§ < K3d=1a > [|gars A0, A7 Gy Ao

Saq:Say;Sag transversal

SO VD VRN (N Sy x5 [ R =l

a o : / . / L2(@
dlst(SB ’Sﬂz )= 2 I o1:Say CSB1 a2:8a, CSBz

dist(Sa, 1EG)S,1K dist(Sa, EQ)S %

+ZH 3 gadJH +Z“gado‘||q

a: SaCS’

wia wia
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Integrating the pointwise estimate

A new difficulty arises: the great circle E = E. However, uncertainty principle considerations reveal
that the map £ — E is stable at scale K.

Let {Q} be a tiling of RY by cubes of side K, and for each Q assume that £ = Eq for all £ € Q.
Integrating in £ € B(0, R) gives,

llgdo||§ < K3d=1a > [|gars A0, A7 Gy Ao

Saq:Say;Sag transversal

SIS DR (G SRR 1) [ QD SR =]

wia wia

q

, ) L2(Q)
Q dlst(sg 73/B2)NK, a1:Sa1CSB1 az:sazcsﬁz
dist(Say EQ)S % dist(Sorp,FQ) S
+2H > Gnde|| + S llgadel:
aSaCS’
- 9
< K2d-1)g 3 | ger; doger, dogas dor|| 3
3

SavqysSap:Say transversal

=

1
1\ power T 2 — J-12)\2]|2
tand SN I (G DI EC o N QU S C DN b T
Q dist(S}, 85,0257 @1:5a; CSp, @2:80, CSp,
dist(Say ,EQ)S ¥ dist(Say,EQ)S ¥
+ZH > Gado] +Z||gudauq
(yS(,CS,
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Integrating the pointwise estimate

A new difficulty arises: the great circle E = E. However, uncertainty principle considerations reveal
that the map £ — E is stable at scale K.

Let {Q} be a tiling of RY by cubes of side K, and for each Q assume that £ = Eq for all £ € Q.
Integrating in £ € B(0, R) gives,

llgdo||§ < K3d=1a > [|gars A0, A7 Gy Ao

Saq:Say;Sag transversal

SIS DR (G SRR 1) [ QD SR =]

wia wia

q

, ) L2(Q)
Q dlst(sg 73/B2)NK, a1:Sa1CSB1 az:sazcsﬁz
dist(Say EQ)S % dist(Sorp,FQ) S
+2H > Gnde|| + S llgadel:
aSaCS’
- 9
< K2d-1)g 3 | ger; doger, dogas dor|| 3
3

SavqysSap:Say transversal

=

1
1\ power T 2 2\ 2||2
St SHD SN QD SR M (N S o N
Q dist(S}, 85,0257 @1:5a; CSp, @2:80, CSp,
dist(Sa, ;Eq)< & dist(Say,EQ)S ¥
15Q/SK 2EQ)3

+ ZH SZCS, gadaH + Z [|9a d(qu (Use of a bilinear Cérdoba estimate.)
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wla wika

< KAA=Na > |gery 0 oy 00 Gy A |

Say:Say,Sag transversal

e > (R

L(Q)
a:Sq C 323
dist(SaEQ)S
+§ | > gadof] +3_ lgadl3
a:Sqy Cs/
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wla wika

< KEI=Da > |Gy 00 Gery A7 Gy dr |

Say:Say,Sag transversal

Py jgant)?
Q B

, L9(Q)
a:SQCSB
dist(Sa,EQ)S %
3] 3 ad s e
a: SWCS/
— g
— K2(d—1)q Z |9cs o Gary AT Gy daH%

S(,(1 ,Su‘2 ,Su transversal

n (K/),Dower( ) ZZ Z Hg/a%“zqm)

a:Sqy CSB
dist(Sa ,EQ)<

+ZH 3 gadUH +Z|Igadg||q

a:Sqy CS;f
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S KA > 19y 00 G, 0 Gy 0|

Saq:Say;Say transversal

+ (K/)powerKg71 Z ”g/aCE,”g

P P> gfd\UH

a:8a, CSy

wiq wlQ
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< KR@-1a 3 I gars A7 G, Gy Ao |

Say,Say;Sag transversal

q__ —_—
+ (K/)powerK2 1 Z ”gada,”g

P P> gfd\UH

@:Sqy CS’

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C

whenever p > q.
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< KAd=Na 3 (| Gecs 30 G, dr Gy A |

Say,Say;Sag transversal

q__ —_—
+ (K/)powerK2 1 Z ||gadallg

P P> WH

a:8a, CSy

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C
whenever p > q.

Taking K’ and K sufficiently large (sequentially) gives C < oo uniformly in R >> 1 whenever p > g and
g> 2.
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< KAd=Na 3 (| Gecs 30 G, dr Gy A |

Say,Say;Sag transversal

+ (K/)powerKg71 Z ”g/a%,”g

P P> WH

a:8a, CSy

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C

whenever p > q.
Taking K’ and K sufficiently large (sequentially) gives C < oo uniformly in R >> 1 whenever p > g and
g> 2.

Remarks.
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< KAd=Na 3 (| Gecs 30 G, dr Gy A |

Say,Say;Sag transversal

+ (K/)powerKg71 Z ”g/a%,”g

P P> @H

a:8a, CSy

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C

whenever p > q.
Taking K’ and K sufficiently large (sequentially) gives C < oo uniformly in R >> 1 whenever p > g and
g> 2.

Remarks.

11
@ “Weak point" in the argument is the use of Holder’s inequality responsible for the factor K2 d in
the second term above.
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< KAd=Na 3 (| Gecs 30 G, dr Gy A |

Say,Say;Sag transversal

+ (K/)powerKg71 Z ”g/a%,”g

P P> @H

a:8a, CSy

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C

whenever p > q.
Taking K’ and K sufficiently large (sequentially) gives C < oo uniformly in R >> 1 whenever p > g and
g> 2.

Remarks.

11
@ “Weak point" in the argument is the use of Holder’s inequality responsible for the factor K2 d in
the second term above.

@ The only role of the curvature of S is to generate transversality.
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< KR@-1a 3 I gars A7 G, Gy Ao |

Say,Say;Sag transversal

+ (K/)powerKg71 Z ”g/a%,”g

P P> @H

@:Sqy CS’

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C

whenever p > q.
Taking K’ and K sufficiently large (sequentially) gives C < oo uniformly in R >> 1 whenever p > g and
g> 2.

Remarks.
@ “Weak point" in the argument is the use of Holder’s inequality responsible for the factor K%_% in
the second term above.
@ The only role of the curvature of S is to generate transversality.
@ Further improvements possible using Kakeya estimates (Bourgain—Guth).
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< KR@-1a 3 I gars A7 G, Gy Ao |

Say,Say;Sag transversal

+ (K/)powerKg71 Z ”g/a%,”g

P P> @H

@:Sqy CS’

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C
whenever p > q.

Taking K’ and K sufficiently large (sequentially) gives C < oo uniformly in R >> 1 whenever p > g and
g> 2.

Remarks.
@ “Weak point" in the argument is the use of Holder’s inequality responsible for the factor K%_% in
the second term above.
@ The only role of the curvature of S is to generate transversality.
@ Further improvements possible using Kakeya estimates (Bourgain—Guth).
@ Argument generalises to higher dimensions (Bourgain—Guth, Femur).

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 29/62



< KR@-1a 3 I gars A7 G, Gy Ao |

Saq:Say;Say transversal

+ (K/)powerKg71 Z ”g/a%,”g

P P> @H

a:Sy CS’

wiq wlQ

Using the trilinear restriction conjecture and the scaling estimate we obtain constants ¢y, ¢y, ¢3 such that
, 1_1 6_»o N8 —2
C < c3KPOWE oo (K')PO"erK2 " aKa ™ “C + cy(K')a ™ °C

whenever p > q.
Taking K’ and K sufficiently large (sequentially) gives C < oo uniformly in R >> 1 whenever p > g and
g> 2.

Remarks.
@ “Weak point" in the argument is the use of Holder’s inequality responsible for the factor K%_% in
the second term above.
@ The only role of the curvature of S is to generate transversality.
@ Further improvements possible using Kakeya estimates (Bourgain—Guth).
@ Argument generalises to higher dimensions (Bourgain—Guth, Femur).
@ Progress on the sharp line follows using bilinear interpolation (Lee—Rogers—Seeger).
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The d-linear restriction conjecture

Recall from last time:

d-linear Restriction Conjecture

IfSy,...,Sy are transversal, % < 9=1 and 1 < 9=1 1 “then there exists a constant C < oo such that

llg1do - - - gadoqll a/a(ray < Cllgtlle(sy) - - - 19allir(sy)-

Recall that
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The d-linear restriction conjecture

Recall from last time:

d-linear Restriction Conjecture

IfSy,...,Sy are transversal, % = and , then there exists a constant C < co such that

llgrdot - - gadogll a/amay < Cligtllio(sy) -« 19alle(sy)-

Recall that

o this conjecture is equivalent to the endpoint (L?) inequality

d

llgido "'gddUdHLﬁ(R < Cligillizgs,y - - 119dll 2 (s,)i
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IfSy,...,Sy are transversal, % = and , then there exists a constant C < co such that
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o this conjecture is equivalent to the endpoint (L?) inequality

d

llgido "'gddUdHLﬁ(R < Cligillizgs,y - - 119dll 2 (s,)i

@ there are no curvature hypotheses.
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The d-linear restriction conjecture

Recall from last time:

d-linear Restriction Conjecture

IfSy,...,Sy are transversal, 15 =g and , then there exists a constant C < co such that

llg1do - - - gadoqll a/a(ray < Cllgtlle(sy) - - - 19allir(sy)-

Recall that
o this conjecture is equivalent to the endpoint (L?) inequality

101371 -gaoal 2, < Cllorllizcs ol

@ there are no curvature hypotheses.

Theorem (B—Carbery—Tao 2006)

Under the above conditions, given any € > 0 there exists a constant C. < oo such that

llg1da1 - - gadoallaraao,my < CRllgille(s)) -~ 119allir(sy)

for all R.
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A slight refinement

Our current goal is to explain why this d-linear problem appears so tractable.
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A slight refinement

Our current goal is to explain why this d-linear problem appears so tractable. We sketch a proof of the
following slight refinement of the previous d-linear restriction theorem:

Theorem (B—Carbery—Tao revisited)

If Sy, ..., Sy are transversal, then there exists a constants C, k < oo such that
0 doi - Gudos < C(log R)* .
llg1dos gddodHLﬁ(B(o,n)) < C(log B)*llg1ll2(s,) - - - 119alli2s,)
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A slight refinement

Our current goal is to explain why this d-linear problem appears so tractable. We sketch a proof of the
following slight refinement of the previous d-linear restriction theorem:

Theorem (B—Carbery—Tao revisited)

If Sy, ..., Sy are transversal, then there exists a constants C, k < oo such that
llgidoy - - - ggdogll s < C(log B)*ll91ll2(s,y - - - 119alli2(s,)-

Ld=T (B(0,R))

Just beneath the surface of the conjectured endpoint inequality

llg1das "'gddo'd”Lﬁ(Rd) < Cllgrllz(s,y -~ 19alli2(sy)

lies a well-known geometric inequality. Identifying this is the key starting point...
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Proof in the flat case

Since there are no curvature hypotheses it is natural to look at the situation where S; is the jth
coordinate subspace {x € R? : x; = 0}.
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Proof in the flat case

Since there are no curvature hypotheses it is natural to look at the situation where S; is the jth
coordinate subspace {x € R? : x; = 0}. In this case

67,(6) = [ | )" = 5y(m(6)).

where (&) = (&1, .+, &j—1, &1, - - -5 Ed)-
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Proof in the flat case

Since there are no curvature hypotheses it is natural to look at the situation where S; is the jth
coordinate subspace {x € R? : x; = 0}. In this case

67,(6) = [ | )" = 5y(m(6)).
where (&) = (&1,. .-, &—1,&+1, - - -, €q). Thus the endpoint inequality becomes

lgiomi - ga 07fd||Lﬁ(Rd) < Cligillizgs;) - 9l (s,
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Proof in the flat case

Since there are no curvature hypotheses it is natural to look at the situation where S; is the jth
coordinate subspace {x € R? : x; = 0}. In this case

67,(6) = [ | )" = 5y(m(6)).
where (&) = (&1,. .-, &—1,&+1, - - -, €q). Thus the endpoint inequality becomes
g1 o7 -G OﬂdllLﬁ(Rd) < Clgillzgs,y - 119alli2(s,)-

This, by Plancherel’s theorem, reduces to

lgioms---ga Oﬁd”L%(Rd) < Clgllzgs,y - l19allizsy)
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Proof in the flat case

Since there are no curvature hypotheses it is natural to look at the situation where S; is the jth
coordinate subspace {x € R? : x; = 0}. In this case

67,(6) = [ | )" = 5y(m(6)).

where (&) = (&1,. .-, &—1,&+1, - - -, €q). Thus the endpoint inequality becomes

lgioms---ga 07fd||Lﬁ(Rd) < Cllgillizesyy -~ 9l izsy)-

This, by Plancherel’s theorem, reduces to

llgi o1 -+ gg o mll < Clgllzgs,y - l19allizsy)

_2
Ld—T (Rd)

which on setting f; = |g;|? is equivalent to the positive inequality

1

1 1 1 1
= ... = < a=1 .. -1
Jutom om0 (0
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Proof in the flat case

Since there are no curvature hypotheses it is natural to look at the situation where S; is the jth
coordinate subspace {x € R? : x; = 0}. In this case

67,(6) = [ | )" = 5y(m(6)).
where (&) = (&1,. .-, &—1,&+1, - - -, €q). Thus the endpoint inequality becomes
g1 o7 -G OﬂdllLﬁ(Rd) < Clgillzgs,y - 119alli2(s,)-

This, by Plancherel’s theorem, reduces to

llgi o1 -+ gg o mll 5 S Cllgtllizs,y - l19allz(s,)

_2
LT (RY)

which on setting f; = |g;|? is equivalent to the positive inequality

4 s 1 1
= ... = < a=1 .. -1
Jutom om0 (0

This is the Loomis—Whitney inequality with a suboptimal constant.
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Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions f;, . .., fy : R9=1 - R,

/Rd(ﬁ 07T1)ﬁ ~-~(fdowd)ﬁ < (/}qu f1)j"'(/Rd_1 fd>dT.

(Recall: mj(x) = (X1, -+, Xi—1, Xj415 - - - X))
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Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions f;, . .., fy : R9=1 - R,

/Rd(ﬁ 07T1)ﬁ ~-~(fd07rd)ﬁ < (/}qu f1)j"'(/Rd_1 fd>dT.

(Recall: mj(x) = (X1, -+, Xi—1, Xj415 - - - X))

Remarks. This is a geometric inequality:
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Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions f;, . .., fy : R9=1 - R,

1

/Rd(ﬁ 07T1)ﬁ ~-~(fd07rd)ﬁ < (/}qu f1)j"'(/Rd_1 fd>ﬁ.

(Recall: mj(x) = (X1, -+, Xi—1, Xj415 - - - X))

Remarks. This is a geometric inequality: Suppose Q C R has finite measure.
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Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions f;, . .., fy : R9=1 - R,

1

1 1 . 1
T ... (f T < )T coo / 7).
/Rd(ﬁ o) (faomg)d—T < (/}qu 1) ( L d)

(Recall: mj(x) = (X1, -+, Xi—1, Xj415 - - - X))

Remarks. This is a geometric inequality: Suppose Q C R has finite measure.
Setting fj = x;() We have that f; o mji(x) = 1 whenever x € Q.
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Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions f;, . .., fy : R9=1 - R,

1

1 1 . 1
= ... (f = < )9 / )9
/Rd(ﬁ om) (fg o mg) a1 < (/M_1 1) ( " d)

(Recall: mj(x) = (X1, -+, Xi—1, Xj415 - - - X))

Remarks. This is a geometric inequality: Suppose Q C R has finite measure.
Setting fj = x;() We have that f; o mji(x) = 1 whenever x € Q.
Hence by the Loomis—Whitney inequality,

1

1 1
19 < |m(Q)|9-T - -+ mg ()] 7T
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Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions f;, . .., fy : R9=1 - R,

1

/Rd(ﬁ 07?1)ﬁ ~-~(fd0ﬂ—d)d1ﬁ < (/}qu f1)j"'(/Rd_1 fd>ﬁ.

(Recall: mj(x) = (X1, -+, Xi—1, Xj415 - - - X))

Remarks. This is a geometric inequality: Suppose Q C R has finite measure.
Setting fj = x;() We have that f; o mji(x) = 1 whenever x € Q.
Hence by the Loomis—Whitney inequality,

1

1 1
Q| < [y ()T - - [mg(Q) 7T
Notice that since |m;(€2)| < |0€] for each j, we may recover the classical isoperimetric inequality
_d_
1] < |99,

(albeit with suboptimal constant).
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Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions f;, . .., fy : R9=1 - R,

1

/Rd(ﬁ 07?1)ﬁ ~~(fd0ﬂ—d)d1ﬁ < (/}qu f1)j"'(/Rd_1 fd>ﬁ.

(Recall: mj(x) = (X1, -+, Xi—1, Xj415 - - - X))

Remarks. This is a geometric inequality: Suppose Q C R has finite measure.
Setting fj = x;() We have that f; o mji(x) = 1 whenever x € Q.
Hence by the Loomis—Whitney inequality,

1

190 < w1 ()77 -+ g ()7
Notice that since |m;(€2)| < |0€] for each j, we may recover the classical isoperimetric inequality
ol < 09157,
(albeit with suboptimal constant).

Notice also that

o e
@] (@)

_1 _1
Q| < [m (=T -+ |ma(Q)[ 7T = [Q >
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

/Rd(f1 Om)ﬁ "'(fdowd)ﬁ < (/RIF1 f1)T1...(/R‘F1 fd>j.
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

/Rd(f1 Om)ﬁ "'(fdowd)ﬁ < (/RIF1 f1)T1...(/R‘F1 fd>j.

Proof: Induction on d.
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

/Rd(f1 Om)ﬁ "'(fdowd)ﬁ < (/RIF1 f1)1T1...(/R‘F1 fd>j.

Proof: Induction on d. The case d = 2 is a trivial identity

/Rz f1(xz)f2(x1)dx:/Rf1/Rf2.
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

/Rd(f1 Om)ﬁ "'(fdowd)ﬁ < (/RIF1 f1)1T1...(/Rd71 fd>j.

Proof: Induction on d. The case d = 2 is a trivial identity

/Rz f1(xz)f2(x1)dx:/Rf1/Rf2.

1 1 1 1 1 1
/ f1(X27X3)5f2(X17Xa)EfS(Xth)EdX:/ (/ f1(X27Xa)zfz(X17X3)2dX3)f3(X17X2)2dX'
R3 r2 \JR

For d = 3 we have
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

/Rd(f1 Om)ﬁ "'(fdowd)ﬁ < (/RIF1 f1)T1...(/Rd71 fd>j.

Proof: Induction on d. The case d = 2 is a trivial identity

/Rz f1(xz)f2(x1)dx:/Rf1/Rf2.

1 1 1 1 1 1
/ f1(X27X3)5f2(X17Xa)EfS(Xth)EdX:/ (/ f1(X27Xa)zfz(X17X3)2dX3)f3(X17X2)2dX'
R3 r2 \JR

S/ (/f1(X27 /fz X1,' f3 X1,X2)2dX
r2 \JR

For d = 3 we have
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

/Rd(f1 Om)ﬁ "'(fdowd)ﬁ < (/RIF1 f1)T1...(/Rd71 fd>j.

Proof: Induction on d. The case d = 2 is a trivial identity

/Rz f1(xz)f2(x1)dx:/Rf1/Rf2.

1 1 1 1 1 1
/3 fi(x2, x3)2 fo(X1, X3) 2 f3(x1, X2) 2 dx = /2 (/ fi (X27X3)2f2(X17X3)2dX3>f3(X17X2)2dX'
R R

/RZ /f1(x2’ /f2 x1,- f3 X1,X2)2dx
s(/Rzﬁ)ﬁ(/ B)? (/Rz@)%.

For d = 3 we have

IN
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

/Rd(f1 Om)ﬁ "'(fdowd)ﬁ < (/RIF1 f1)T1...(/Rd71 fd>j.

Proof: Induction on d. The case d = 2 is a trivial identity

/Rz f1(xz)f2(x1)dx:/Rf1/Rf2.

1 1 1 1 1 1
/ f1(X27X3)5f2(X17X3)5f3(X1,X2)§dX:/ (/ f1(X27Xa)zfz(X17X3)2dX3)f3(X17X2)2dX'
R3 r2 \JR

S/RZ(/RH(XZ, /f2 x1,~ f3 x1,xQ)2dx
(L (L (L

Proof of this special case of the d-linear restriction conjecture is very rigid - does not extend routinely to
general transversal Sy, ..., Sq.

For d = 3 we have
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Recall:

Theorem (Loomis—Whitney 1948)

For nonnegative integrable functions fi, ..., fy : R9=1 5 R,

1 1 . 1
a— ... a— < =T 50 =T
JothomT - tsoma < ([ #)T ([, %)

Proof: Induction on d. The case d = 2 is a trivial identity

/Rz f1(xz)f2(x1)dx:/Rf1/Rf2.

1 1 1 1 1 1
/ f1(X27X3)5f2(X17X3)5f3(X1,X2)§dX:/ (/ f1(X27Xa)zfz(X17X3)2dX3)f3(X17X2)2dX'
R3 r2 \JR

S/RZ(/RH(XZ, /f2 x1,~ f3 X1,X2)2dx
(L (L (L

Proof of this special case of the d-linear restriction conjecture is very rigid - does not extend routinely to
general transversal Sy, ..., Sq. However, an important aspect of it does: we may indeed reduce the
general case to a positive inequality of Loomis—Whitney type...

For d = 3 we have
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The general (non-flat) case

Claim: the desired inequality

o e S ] e
llgrdo gddad”Lﬁ(s(o,n)) < C(log R)*llg1ll2(s,y - - - 119all i2(s,)

may be reduced to a certain “vector" Loomis—Whitney inequality
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The general (non-flat) case
Claim: the desired inequality

g1doy - - gad log R
lgidos---ga UdIILd 1(5(09)) C(log R)*llg1lli2(s,) - - 19alliz(s,)

may be reduced to a certain “vector" Loomis—Whitney inequality, namely
d 1
d 1 d—1
[T tom) ™ <TI(S [, 5)
J=1 ajeA; j=1 jEA;

where for each j, A; is an indexing set and T, is @ linear map which is sufficiently close to the fixed 7;
(the jth coordinate hyperplane projection).
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may be reduced to a certain “vector" Loomis—Whitney inequality, namely
d 1
d 1 d—1
LIS tooma)™ <TI(S [, %)
J=1 ajeA; j=1 jEA;

where for each j, A; is an indexing set and T, is @ linear map which is sufficiently close to the fixed 7;
(the jth coordinate hyperplane projection).

This is an equivalent functional form of a Kakeya-type inequality
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The general (non-flat) case

Claim: the desired inequality

g1doy - - gad log R
llgidot---ga UdIILd 1(5(09)) C(log R)*llg1lli2(s,) - - 19alliz(s,)

may be reduced to a certain “vector" Loomis—Whitney inequality, namely
d 1
d 1 d—1
LIS tooma)™ <TI(S [, %)
J=1 ajeA; j=1 jEA;

where for each j, A; is an indexing set and T, is @ linear map which is sufficiently close to the fixed 7;
(the jth coordinate hyperplane projection).

This is an equivalent functional form of a Kakeya-type inequality — if we set f,, = j = XB(ay)» where B(ay)
denotes a §-ball in R9~", then
f&j O Moy = XT(oy)>

where T(oj) = 7r07,1 B(«y) is a doubly infinite cylindrical tube in RY of width ~ & and direction ker mq;.
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The general (non-flat) case

Claim: the desired inequality

g1doy - - gad log R
llgidot---ga UdIILd 1(5(09)) C(log R)*llg1lli2(s,) - - 19alliz(s,)

may be reduced to a certain “vector" Loomis—Whitney inequality, namely

d 1
/dH Sty oma) ™ <113 / foy)
R =1 agea; TR

=1 ajeA;

where for each j, A; is an indexing set and T, is @ linear map which is sufficiently close to the fixed 7;
(the jth coordinate hyperplane projection).

This is an equivalent functional form of a Kakeya-type inequality — if we set f,, = j = XB(ay)» where B(ay)
denotes a §-ball in R9~", then
f&j O Moy = XT(oy)>

where T(oj) = 7r07,1 B(«y) is a doubly infinite cylindrical tube in RY of width ~ & and direction ker mq;.
Thus the above inequality becomes

1

IS el <TG 90)™

J=1 ajeA; j=1
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The general (non-flat) case

Claim: the desired inequality

g1doy - - gad log R
llgidot---ga UdIILd 1(5(09)) C(log R)*llg1lli2(s,) - - 19alliz(s,)

may be reduced to a certain “vector" Loomis—Whitney inequality, namely

d 1
/dH Sty oma) ™ <113 / foy)
R =1 agea; TR

=1 ajeA;
where for each j, A; is an indexing set and T, is @ linear map which is sufficiently close to the fixed 7;
(the jth coordinate hyperplane projection).

This is an equivalent functional form of a Kakeya-type inequality — if we set f,, = j = XB(ay)» where B(ay)
denotes a §-ball in R9~", then

f&j O Moy = XT(oy)>
where T(oj) = 7r07,1 B(«y) is a doubly infinite cylindrical tube in RY of width ~ & and direction ker mq;.
Thus the above inequality becomes

1

IS el <TG 90)™

J=1 ajeA; j=1

This is the endpoint case of the so-called d-linear Kakeya theorem:
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Theorem (d-linear Kakeya; B—Carbery—Tao/Guth)

LetTy,..., Ty be families of doubly-infinite §-tubes. If these families are transversal and q > %1 then

d
HH( XT/)HM/"(R") Sgéq/d#Tﬁ

11T€
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Theorem (d-linear Kakeya; B—Carbery—Tao/Guth)

LetTy,..., Ty be families of doubly-infinite §-tubes. If these families are transversal and q > %1 then

d
HH( XT/)HM/"(R") Sgéq/d#Tﬁ

11T€

Remarks.
@ By scaling we may set § = 1 here.
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Theorem (d-linear Kakeya; B—Carbery—Tao/Guth)

LetTy,..., Ty be families of doubly-infinite §-tubes. If these families are transversal and q > d%1 then

d
HH( XT/)HM/"(R") Sgéq/d#Tﬁ

11T€

Remarks.
@ By scaling we may set § = 1 here.
@ The statement is equivalent to the endpoint inequality

d
IS ), <15

TET)
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Theorem (d-linear Kakeya; B—Carbery—Tao/Guth)

LetTy,..., Ty be families of doubly-infinite §-tubes. If these families are transversal and q > d%1 then

d
HH( XT/)HM/"(R") Sgéq/d#Tﬁ

11T€

Remarks.
@ By scaling we may set § = 1 here.
@ The statement is equivalent to the endpoint inequality

d
IS ), <15

TET)

@ Kakeya problems at lower levels of multilinearity do not have equivalent functional forms.
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Theorem (d-linear Kakeya; B—Carbery—Tao/Guth)

LetTy,..., Ty be families of doubly-infinite §-tubes. If these families are transversal and q > d%1 then

d
HH( XT/)HM/"(R") Sgéq/d#Tﬁ

11T€

Remarks.
@ By scaling we may set § = 1 here.
@ The statement is equivalent to the endpoint inequality

d
IS ), <15

TET)

@ Kakeya problems at lower levels of muItiIinearity do not have equivalent functional forms.
@ Theorem due to B-Carbery—Tao for g > ;=5 (2006) and Guth for ¢ = 7Z5 (2010).
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Theorem (d-linear Kakeya; B—Carbery—Tao/Guth)

LetTy,..., Ty be families of doubly-infinite §-tubes. If these families are transversal and q > d%1 then

d
HH( XT/)HLQ/d(]Rd) Sgéq/d#'ﬂ‘l'

11T€

Remarks.
@ By scaling we may set § = 1 here.
@ The statement is equivalent to the endpoint inequality

Hlj( )| o2 oy S TT#T

TiET; J=1

@ Kakeya problems at lower levels of muItiIinearity do not have equivalent functional forms.
@ Theorem due to B-Carbery—Tao for g > ;=5 (2006) and Guth for ¢ = 7Z5 (2010).

@ The d-linear Kakeya theorem is a formal consequence of the d-linear restrlctlon conjecture by a
standard Rademacher function argument.
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Theorem (d-linear Kakeya; B—Carbery—Tao/Guth)

LetTy,..., Ty be families of doubly-infinite §-tubes. If these families are transversal and q > d%1 then

d
HH( XT/)HLQ/d(Rd) Sgéq/d#'ﬂ‘l'

11T€

Remarks.
@ By scaling we may set § = 1 here.
@ The statement is equivalent to the endpoint inequality

Hlj( )| o2 oy S TT#T

TiET; J=1

@ Kakeya problems at lower levels of muItiIinearity do not have equivalent functional forms.
@ Theorem due to B-Carbery—Tao for g > ;=5 (2006) and Guth for ¢ = 7Z5 (2010).

@ The d-linear Kakeya theorem is a formal consequence of the d-linear restrlctlon conjecture by a
standard Rademacher function argument. Our claim amounts to the reversal of this
implication...
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Near equivalence of d-linear restriction and Kakeya

Fix S1,..., Sy transversal.
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a d
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Hgg, | RS g gyl

The endpoint d-linear restriction conjecture is thus Crest(R) < 1;
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Near equivalence of d-linear restriction and Kakeya

Fix Sy, ..., Sy transversal. For each R > 1 let Crest(R) denote the best constant in the inequality

d d
H,E 9591 521 oy = cj]]1 lgile-

The endpoint d-linear restriction conjecture is thus Crest(R) < 1; we are aiming for Crest(R) < (log R)”
for some k > 0.

Similarly, for each 0 < § < 1 let Ck,k(0) denote the best constant in

d p N
HE(T XT’)HLd - < cad(E#Tj) =

€T

over all transversal families Ty, ..., Tg of § x --- x § x 1-tubes.
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Similarly, for each 0 < § < 1 let Ck,k(0) denote the best constant in
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over all transversal families Ty, ..., Tg of § X --- x § x 1-tubes. (The d-linear Kakeya theorem tells us
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Near equivalence of d-linear restriction and Kakeya

Fix Sy, ..., Sy transversal. For each R > 1 let Crest(R) denote the best constant in the inequality

d d
HE 9591 521 oy = cj]]1 lgile-

The endpoint d-linear restriction conjecture is thus Crest(R) < 1; we are aiming for Crest(R) < (log R)”
for some k > 0.

Similarly, for each 0 < § < 1 let Ck,k(0) denote the best constant in

d d 1
(S w2, <o (1)

over all transversal families Ty, ..., Tg of § X --- x § x 1-tubes. (The d-linear Kakeya theorem tells us
that Cxak(5) < 1)

Proposition (B—Carbery—Tao revisited)

There exists a constant ¢ > 1 independent of R such that

Crest(R) < CCrest(R"/2)Ciak(R~1/2).
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Near equivalence of d-linear restriction and Kakeya

Fix Sy, ..., Sy transversal. For each R > 1 let Crest(R) denote the best constant in the inequality

d d
HE 9591 521 oy = cj]]1 lgile-

The endpoint d-linear restriction conjecture is thus Crest(R) < 1; we are aiming for Crest(R) < (log R)”
for some k > 0.

Similarly, for each 0 < § < 1 let Ck,k(0) denote the best constant in

d d 1
(S w2, <o (1)

over all transversal families Ty, ..., Tg of § X --- x § x 1-tubes. (The d-linear Kakeya theorem tells us
that Cxak(5) < 1)

Proposition (B—Carbery—Tao revisited)

There exists a constant ¢ > 1 independent of R such that

Crest(R) < CCrest(R"/2)Ciak(R~1/2).

Remark. Such restriction—Kakeya bootstrapping results originate in work of Bourgain (1991).
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Proposition

There exists a constant ¢ > 1 independent of R such that

cRest(H) < CcRest(RVZ)CKak(Ri‘]/Z)'
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Proposition

There exists a constant ¢ > 1 independent of R such that

cRest(H) < CcRest(RVZ)CKak(Ri‘]/Z)'

Assuming the truth of this proposition,

o if we use the non-endpoint d-linear Kakeya theorem (B—Carbery—Tao) we get Cy,i (6) < Cc.6—¢/2,
which on iterating we obtain

CRest(R) S CCEREMCRest(RVZ) S (CCG)2RE/4+€/SCRest(R1/4) S e 5 CQRE;

o if we use the endpoint d-linear Kakeya theorem (Guth) — namely Cg,x(4) < C then, on iterating we
obtain

Crest(R) < ¢CCRest(R'/2) < (cC)?CRest(R"*) < -+ < (cC)OM9"9A) < (10g R)"

for some constant «.
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@ proving the inductive proposition; i.e. Crest(R) < Crest(R'/2)Ckak(R~1/2), and

@ proving the d-linear Kakeya theorem; i.e. Cxa(6) < 1.
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The proof of the d-linear restriction theorem now boils down to
@ proving the inductive proposition; i.e. Crest(R) < Crest(R'/2)Ckak(R~1/2), and

@ proving the d-linear Kakeya theorem; i.e. Cxa(6) < 1.

Next time we will discuss each of these ingredients in turn....
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The endpoint d-linear restriction conjecture is thus Crest(R) < 1;
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@ proving the d-linear Kakeya theorem; i.e. Cx(6) < 1.

Recall that Crest(R) denotes the best constant in the inequality
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The endpoint d-linear restriction conjecture is thus Crest(R) < 1; we are aiming for Crest(R) < (log R)*
for some k > 0.

Similarly, Cxax (6) denotes the best constant in

(S )2, <o (fTom) ™

=1 Te =T (R9)

over all transversal families Ty, ..., Tg0of 6 X --- X § X 1-tubes.
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(s x)||
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= < cs : T S
i (j]}# )

T (RY)
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Last time we saw that proving the d-linear restriction theorem boils down to
@ proving the inductive proposition; i.e. Crest(R) < Crest(R'/2)Ckak(R~1/2), and

@ proving the d-linear Kakeya theorem; i.e. Cx(6) < 1.

Recall that Crest(R) denotes the best constant in the inequality

d d
HE 959 321 oy = cj]]1 lgile-

The endpoint d-linear restriction conjecture is thus Crest(R) < 1; we are aiming for Crest(R) < (log R)*
for some k > 0.

Similarly, Cxax (6) denotes the best constant in

TI( )

j=1 T;eT;

l11 < C5d (ﬁ #Tj) ﬁ
j=1

T(RY)
over all transversal families Ty, ...,Tqg 0of 6 X --- X § X 1-tubes. (The d-linear Kakeya theorem tells us
that Cxar () S 1.)

We now discuss each of these ingredients in turn....
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Why is CRest(R) 5 CRest(":',1 /Z)CKak(Rivz) true?
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Why is CRest(R) S CRest(F')1 /Z)CKak(Rivz) true?

We begin with a simpler result of a very similar nature based on ideas of Bourgain/Tao/Wolff (and with
hindsight K. Ball).

Proposition (B—Carbery—Tao revisited)

There exists a constant ¢ > 1 independent of 0 < § < &' < 1 such that

Ciak(8) < cCxa(6/6")Cxar(d").
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hindsight K. Ball).

Proposition (B—Carbery—Tao revisited)

There exists a constant ¢ > 1 independent of 0 < § < &' < 1 such that

Ciak(8) < cCxa(6/6")Cxar(d").

Remark. This proposition captures a certain “self-similarity property" or “invariance property" of the
d-linear Kakeya inequality.
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Why is CRest(R) S CRest(F')1 /Z)CKak(Rivz) true?

We begin with a simpler result of a very similar nature based on ideas of Bourgain/Tao/Wolff (and with
hindsight K. Ball).

Proposition (B—Carbery—Tao revisited)

There exists a constant ¢ > 1 independent of 0 < § < &' < 1 such that

Ciak(8) < cCxa(6/6")Cxar(d").

Remark. This proposition captures a certain “self-similarity property" or “invariance property" of the
d-linear Kakeya inequality.

Let us prove this carefully...
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Proof. For notational simplicity we write Cxi(6) = C(6) here.
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Proof. For notational simplicity we write Cxi(6) = C(6) here.

Tile R? by cubes Q of side 6’ with § < ¢’ < 1. Clearly,

(S ) e = SIS 1)

/

q/d
L9/4(Q)
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Tile R? by cubes Q of side 6’ with § < ¢’ < 1. Clearly,

(S ) e = SIS 1)

/

q/d
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d q/d
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j=1 ETQ
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Proof. For notational simplicity we write Cxi(6) = C(6) here.

Tile R? by cubes Q of side 6’ with § < ¢’ < 1. Clearly,

(S ) e = SIS 1)

/

q/d
L9/4(Q)

d q/d
- XQ:HH( > XT/'“O) HLa/d(Rd)

j=1 - cTQ
J Tje?l‘l.

d
e/ S ([T#1e)"
Q j=1
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Tile R? by cubes Q of side 6’ with § < ¢’ < 1. Clearly,

(S ) e = SIS 1)

/

q/d
L9/4(Q)

d
- XQ:HH( > XT/'”Q) HZ:Z’(R")

j=1 - cTQ
J Tje?l‘l.

LDy (f[ #10)"*
<6/ )Z(H > 0a) "
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Proof. For notational simplicity we write Cxi(6) = C(6) here.

Tile R? by cubes Q of side 6’ with § < ¢’ < 1. Clearly,

q/d
La/d(Rd)

(S x0)

IS4

Jonathan Bennett (Birmingham)

q/d
L9/4(Q)

*ZHH( XT/)

= SIS e [

Q j=1 1@

< e S ([T#70) "

Q j=1
S/ )Z(H > 0a) "

J=1 T;eTy
d
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j=1 T,E'Jl‘,

=1

Transversal Multilinear Harmonic Analysis

d
< c@/8)e()s ([T #1) aa

El Escorial 2012



Proof. For notational simplicity we write Cxi(6) = C(6) here.

Tile R? by cubes Q of side 6’ with § < ¢’ < 1. Clearly,

(S ) = SIS )

IS4

q/d
L9/4(Q)

= SIS e [

Q j=1 1@

< e S ([T#70) "

Q j=1
, d q/d
$c@/a) > (TT X2 x5 (xa)
Q =1 TET
d d
<c/8 )/ s ) < c@/8)e()s ([T #1) aa
j=1 TjeT, J=1

Thus
C(8) £C(8/8")C(8")

with implicit constant uniformin 0 < 6§ < ¢’ < 1.
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OK, but we really wanted to prove:

Proposition

There exists a constant ¢ > 1 independent of R such that

CRest(R) < CCRest(R1/2)CKak(R_1/2)-
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OK, but we really wanted to prove:

Proposition

There exists a constant ¢ > 1 independent of R such that

CRest(R) < CCRest(R1/2)CKak(R_1/2)-

Proof as before but with one extra ingredient: a wave packet decomposition (idea of Bourgain 1991).
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Why is the d-linear Kakeya theorem true?
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Why is the d-linear Kakeya theorem true?

There are two approaches to this:
(1) Using heat-flow monotonicity formulae (B—Carbery—Tao 2006);
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The goal: to show that Cxa(6) < 1 uniformly in 4.
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endpoint.

Let us briefly describe the heat-flow approach...
Motivation.
The goal: to show that Cxa(6) < 1 uniformly in 4.

Recall that
Crak(6) S Crak(6/6")Cxak(8")

with implicit constant uniformin 0 < § < ¢’ < 1.
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A heat-flow approach to d-linear Kakeya

Idea: Return to the functional form of the d-linear Kakeya inequality

d 1 d 1
LGS, om0 o)

J=1 ajeA;

and regard the f; as initial temperature distributions.
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A heat-flow approach to d-linear Kakeya

Idea: Return to the functional form of the d-linear Kakeya inequality
d 1 d 1
d—1 d—1
SO toyoma) ™ STICS [, )™

=1 aj€A; =1 aj€A;

and regard the f; as initial temperature distributions.
For each a; let Uqy solve the heat equation 0;u = Au with initial data fa]., and consider the functional

1

d
Q(t):/RdH( > Ua;OWa,> T

=1 aj€A;
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d 1 d 1
LGS, om0 o)

J=1 ajeA;

and regard the f; as initial temperature distributions.
For each a; let Uqy solve the heat equation 0;u = Au with initial data fa]., and consider the functional

1

d
Q(t):/RdH( > Ua;OWa,> T

=1 aj€A;
Observations.

@ The d-linear Kakeya inequality maybe rewritten as Q(0) < lim;— o Q(t). Thus if Q(t) were
nondecreasing we'd be done!
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Idea: Return to the functional form of the d-linear Kakeya inequality

d 1 d 1
LGS, om0 o)

J=1 ajeA;

and regard the f; as initial temperature distributions.
For each a; let Uqy solve the heat equation 0;u = Au with initial data fa]., and consider the functional

1

d
Q(t):/RdH( > Ua;OWa,> T

=1 aj€A;

Observations.

@ The d-linear Kakeya inequality maybe rewritten as Q(0) < lim;— o Q(t). Thus if Q(t) were
nondecreasing we'd be done!

@ If mq; = m; forall o; € A; then

d
1
Q(t) = Quw(t) :== /Rd jl;1[ul'(f, 7TjX) a—1dx,

where uj = Za,-eA, U, and f; = Za,-eA, fo-
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Proposition (B—Carbery—Tao/B—Carbery—Christ—Tao; see also Carlen—Lieb—Loss)

Quw is nondecreasing.
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Proposition (B—Carbery—Tao/B—Carbery—Christ—Tao; see also Carlen—Lieb—Loss)

Quw is nondecreasing.

Proof (BCCT/K. Ball).
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is the heat kernel on R?. Hence if t, ¢ > 0 we have
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Qu(t) = [ TT(H = f(mx)) 7 ax
R
j=1
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Quw is nondecreasing.

is the heat kernel on R?. Hence if t, ¢ > 0 we have

d 1
Qu(t) = [ TT(H = f(mx)) 7 ax
R
j=1

d

—/ HH,*f(fr, ) (H Hy (- ))7 (Fubini)

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012



Proposition (B—Carbery—Tao/B—Carbery—Christ—Tao; see also Carlen—Lieb—Loss)

Quw is nondecreasing.

is the heat kernel on R?. Hence if t, ¢ > 0 we have

d 1
Qunt) = [ TItk = ()7 o
j=1
_/ HH,*f,(fr, ) (H Hy (- )) (Fubini)

1
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Proposition (B—Carbery—Tao/B—Carbery—Christ—Tao; see also Carlen—Lieb—Loss)

Quw is nondecreasing.

is the heat kernel on R?. Hence if t, ¢ > 0 we have

d 1
QLw(f) = /Rd H(Ht * f,-(w,-x))ﬁdx
j=1
_ / H Hy * (") ) (H Hy (- )) (Fubini)
= /Rd /]Rd (/1} Hy * fi(mjy)Hy (mjx — 7r,-y)) T dydx (linearity of ;)

d 1
< / H(/ Hy * fi(z)Hy (mjx — z)dz) “"dx  (Loomis-Whitney)
B9 -y RO
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is the heat kernel on R?. Hence if t, ¢ > 0 we have
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Proposition (B—Carbery—Tao/B—Carbery—Christ—Tao; see also Carlen—Lieb—Loss)

Quw is nondecreasing.

is the heat kernel on R?. Hence if t, ¢ > 0 we have
d 1
Qun() = [ TT(H: = () o
R j—y
_ / H Hy * (") ) (H Hy (- )) (Fubini)
1
= /Rd /]Rd (/1} Hy * fi(mjy)Hy (mjx — 7r,-y)) “"dydx (linearity of )

d 1
< / H(/ Hy * fi(z)Hy (mjx — z)dz) “"dx  (Loomis-Whitney)
B9 -y RO

d

1
- /d (TT Ho = s 500 " e = Quu(t + ).
R

J=1
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A suitably robust “calculus" proof of the above special case may be adapted to obtain the following:

Theorem (B—Carbery—Tao 2006)

Letq > d%1 and e > 0. Suppose that

(2, )72 — (a7 ) 2]] < e

for all o; € Aj and1 < j < d. Then provided e is sufficiently small there exists a weight function
W = W(t,x, (o), q) = 1+ O(e) for which

d
5 () i (H@=Da—z2p) a/d
Q) = 120 [ TI( 5 un(tma) "W

J=1 aj€A;

is nondecreasing.

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012



A suitably robust “calculus" proof of the above special case may be adapted to obtain the following:

Theorem (B—Carbery—Tao 2006)

Letq > d%1 and e > 0. Suppose that

(2, )72 — (a7 ) 2]] < e

for all o; € Aj and1 < j < d. Then provided e is sufficiently small there exists a weight function
W = W(t,x, (o), q) = 1+ O(e) for which

d
5 () i (H@=Da—z2p) a/d
Q) = 120 [ TI( 5 un(tma) "W

J=1 aj€A;

is nondecreasing.

Non-endpoint d-linear Kakeya follows from the subsequent inequality

Qq(8%) S Qq(62) < Qq(00) S Qq(o0).
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Further results
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@ in reducing a linear restriction estimate to a multilinear one [BG] —

6 _
q2 2

1_1 6 _
C < ogKPOYer  cp(K' PO K2~ aKa  °C + ci(K')a~°C;

@ in reducing a multilinear restriction estimate to a multilinear Kakeya estimate [BCT] —
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@ in reducing a multilinear restriction estimate to a multilinear Kakeya estimate [BCT] —
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Further results

So far we have used bootstrapping arguments (or induction on scales) every step of the way...

@ in reducing a linear restriction estimate to a multilinear one [BG] —

6_
62

1.1 6_
C < czKPOWer 4 p(K')PO%er K2 K C+ci(K')a ZC;

@ in reducing a multilinear restriction estimate to a multilinear Kakeya estimate [BCT] —

CRest(R) < CCRest(H1 /2 )CKak(Fii1 /2);

@ in proving a multilinear Kakeya estimate [BCT] —
“Crak(8) S Crak(&')" or Qq(t) 1

We can get still more out of bootstrapping...
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Curvy d-linear Kakeya. We may replace the tubes T; in the d-linear Kakeya problem by
§-neighbourhoods of smooth (e.g. C?) curves.
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Curvy d-linear Kakeya. We may replace the tubes T; in the d-linear Kakeya problem by
§-neighbourhoods of smooth (e.g. C?) curves.

Proposition (B—Carbery—Tao revisited)

CCurvyKak(a) < CCKak(‘s1 /2 )CCurvyKak(51 /2 ) .
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CCurvyKak(a) < CCKak(‘s1 /2 )CCuI'V}’Kak((S1 /2 ) .

Thus Ckak(9) S 1 = Ccurvykax(9) < (log(1/0))" for some constant .

Remark. If the curves are algebraic with bounded degree then CCurVyKak((S) < 1 (Bourgain—-Guth).
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Curvy d-linear Kakeya. We may replace the tubes T; in the d-linear Kakeya problem by
§-neighbourhoods of smooth (e.g. C?) curves.

Proposition (B—Carbery—Tao revisited)

CCurvyKak(a) < CCKak(‘s1 /2 )CCurv}’Kak(é1 /2 ) .

Thus Ckak(9) S 1 = Ccurvykax(9) < (log(1/0))" for some constant .

Remark. If the curves are algebraic with bounded degree then CcUrvyKak((S) < 1 (Bourgain—-Guth).

d-linear oscillatory integral operators. If = : U(C R9~") — R is a smooth parametrisation of S,
then we may write

gdo(€) = /U (0 e Ty,

where g(x) = g(X(x))J(x).
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Curvy d-linear Kakeya. We may replace the tubes T; in the d-linear Kakeya problem by
§-neighbourhoods of smooth (e.g. C?) curves.

Proposition (B—Carbery—Tao revisited)

CCurvyKak(a) < cCKak(‘s1 /2 )CCurvyKak((s1 /2 ) .

Thus Ckak(9) S 1 = Ccurvykax(9) < (log(1/0))" for some constant .

Remark. If the curves are algebraic with bounded degree then CCurVyKak((S) < 1 (Bourgain—-Guth).

d-linear oscillatory integral operators. If = : U(C R9~") — R is a smooth parametrisation of S,
then we may write

gdo(€) = /U (0 e Ty,

where g(x) = g(X(x))J(x).
We may of course consider more general oscillatory integral operators of the form

O = [ i o)

where ¢ : R9~1 x RY — R is smooth in a neighbourhood of a point, say 0.

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 50/62



Curvy d-linear Kakeya. We may replace the tubes T; in the d-linear Kakeya problem by
§-neighbourhoods of smooth (e.g. C?) curves.

Proposition (B—Carbery—Tao revisited)

CCurvyKak(a) < cCKak(‘s1 /2 )CCurvyKak((s1 /2 ) .

Thus Ckak(9) S 1 = Ccurvykax(9) < (log(1/0))" for some constant .

Remark. If the curves are algebraic with bounded degree then CCurVyKak((S) < 1 (Bourgain—-Guth).

d-linear oscillatory integral operators. If = : U(C R9~") — R is a smooth parametrisation of S,
then we may write

gdo(€) = /U (0 e Ty,

where g(x) = g(X(x))J(x).
We may of course consider more general oscillatory integral operators of the form

nHO = [ P Oux o,
RA—1
where ¢ : R9~1 x RY — R is smooth in a neighbourhood of a point, say 0.

Attempts to generalise the linear restriction conjecture to cover such operators have had limited
success.
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Curvy d-linear Kakeya. We may replace the tubes T; in the d-linear Kakeya problem by
§-neighbourhoods of smooth (e.g. C?) curves.

Proposition (B—Carbery—Tao revisited)

CCurvyKak(a) < cCKak(‘s1 /2 )CCurvyKak((s1 /2 ) .

Thus Ckak(9) S 1 = Ccurvykax(9) < (log(1/0))" for some constant .

Remark. If the curves are algebraic with bounded degree then CCurVyKak((S) < 1 (Bourgain—-Guth).

d-linear oscillatory integral operators. If = : U(C R9~") — R is a smooth parametrisation of S,
then we may write

gdo(€) = /U (0 e Ty,

where g(x) = g(X(x))J(x).
We may of course consider more general oscillatory integral operators of the form

nHO = [ P Oux o,
RA—1
where ¢ : R9~1 x RY — R is smooth in a neighbourhood of a point, say 0.

Attempts to generalise the linear restriction conjecture to cover such operators have had limited
success. The multilinear setting appears to be much better behaved...
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Suppose we have d such operators Ty 1, ..., T g associated with phase functions
®q,..., by RI-T X R 5 R,
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Suppose we have d such operators Ty 1, ..., T g associated with phase functions
®q,..., by RI-T X R 5 R,

Theorem (B—Carbery—Tao 2006)
Ifker dg dx®1(0), . . ., ker dg dx®¢(0) span RY
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Suppose we have d such operators Ty 1, ..., T g associated with phase functions
®q,..., by RI-T X R 5 R,

Theorem (B—Carbery—Tao 2006)

Ifker dg dx®1(0), . . ., ker de d®4(0) span RY (e.g. dgdx®;(0) = m;)

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 51/62



Suppose we have d such operators Ty 1, ..., T g associated with phase functions
®q,..., by RI-T X R 5 R,

Theorem (B—Carbery—Tao 2006)

Ifker dg dx®1(0), . . ., ker de dk @ (0) spanRY (e.g. dedx®;(0) = ;) then for each e > 0 there is a
constant C. such that

d 2
_2 _ =t
[ Tt Tt 27 < Cx-a+< T 1818
=1
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Suppose we have d such operators Ty 1, ..., T g associated with phase functions
®q,..., by RI-T X R 5 R,

Theorem (B—Carbery—Tao 2006)

Ifker dg dx®1(0), . . ., ker de dk @ (0) spanRY (e.g. dedx®;(0) = ;) then for each e > 0 there is a
constant C. such that

d 2

_2 _ =t

[ Tt Tt 27 < Cx-a+< T 1818
=1

Remark. Setting ®;(x, &) = (&, X(x)) recovers the d-linear restriction theorem (BCT).
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Suppose we have d such operators Ty 1, ..., T g associated with phase functions
®q,..., by RI-T X R 5 R,

Theorem (B—Carbery—Tao 2006)

Ifker dg dx®1(0), . . ., ker de dk @ (0) spanRY (e.g. dedx®;(0) = ;) then for each e > 0 there is a
constant C. such that

d 2

_2 _ =t

[ Tt Tt 27 < Cx-a+< T 1818
=1

Remark. Setting ®;(x, &) = (&, X(x)) recovers the d-linear restriction theorem (BCT). Observe that
o If ®;(x, &) = (£, X(x)) then dedx®;(0) = (dxx;(0))*, and

@ submanifolds Sy, ..., Sy are transversal if and only if ker(dyX1(x1))*, ..., ker(dxXq(xg))* span
RY uniformly in x; € Uj, 1 <j < d.
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Suppose we have d such operators Ty 1, ..., T g associated with phase functions
®q,..., by RI-T X R 5 R,

Theorem (B—Carbery—Tao 2006)

Ifker dg dx®1(0), . . ., ker de dk @ (0) spanRY (e.g. dedx®;(0) = ;) then for each e > 0 there is a
constant C. such that

d 2
_2 _ =t
[ Tt Tt 27 < Cx-a+< T 1818
=1

Remark. Setting ®;(x, &) = (&, X(x)) recovers the d-linear restriction theorem (BCT). Observe that
o If ®;(x, &) = (£, X(x)) then dedx®;(0) = (dxx;(0))*, and
@ submanifolds Sy, ..., Sy are transversal if and only if ker(dyX1(x1))*, ..., ker(dxXq(xg))* span
RY uniformly in x; € Uj, 1 <j < d.
The proof is yet another bootstrapping argument:

“COsc()‘) S COSC(>‘1 /Z)CCurvyKak()‘_1/2)”
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Further applications

The Bourgain—Guth method leads to improved
@ bounds on the dimensions of “curvy Kakeya sets" (Bourgain—Guth);
@ bounds on linear oscillatory integral operators of Hormander-type (Bourgain—Guth);
@ bounds on Bochner—Riesz multipliers (Bourgain—Guth);

Further applications may be found in:

@ J. Bourgain, “Moment inequalities for trigonometric polynomials with spectrum in curved
hypersurfaces", preprint 2011.

@ J. Bourgain, “On the Schrédinger maximal function in higher dimension", preprint 2012.

@ J. Bourgain, P. Shao, C. Sogge, X. Yao, “On LP-resolvent estimates and the density of eigenvalues
for compact Riemannian manifolds", preprint 2012.

@ S. Lee, A. Vargas, “On the cone multiplier in R3", JFA 2012.
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Oscillatory integral operators of Hérmander type

Stein, (ICM 1986): “Often the exploitation of primitive geometrical ideas such as some
notions of "curvature" is intimately connected with oscillatory integrals" — abridged.
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Stein, (ICM 1986): “Often the exploitation of primitive geometrical ideas such as some
notions of "curvature" is intimately connected with oscillatory integrals" — abridged.

To a smooth phase function ¢ : RY x RY — R we may associate an operator
O = [ (e rx)ax
R’
Here d’ < d, v is a smooth cutoff function on RY" x RY.

It is natural to look for LP — L9 control of such operators in terms of the large parameter A, under
nondegeneracy conditions on the phase ®. Starting point:

Theorem (Hérmander)

Ifd" = d and )
°d(x, &) .
det( ————= 0 .e. detHess® # 0
e( oxE; )# (le et Hess® # )
on supp(®) then

HTAf”LZ(]Rd SAT d”f”LZ (RY)
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Stein, (ICM 1986): “Often the exploitation of primitive geometrical ideas such as some
notions of "curvature" is intimately connected with oscillatory integrals" — abridged.

To a smooth phase function ¢ : RY x RY — R we may associate an operator
O = [ (e rx)ax
R’
Here d’ < d, v is a smooth cutoff function on RY" x RY.
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Rather than impose additional “curvature" conditions on & (there is a vast and very important literature
on this — see Seeger, El Escorial 2000),
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Oscillatory integral operators of Hérmander type

Stein, (ICM 1986): “Often the exploitation of primitive geometrical ideas such as some
notions of "curvature" is intimately connected with oscillatory integrals" — abridged.

To a smooth phase function ¢ : RY x RY — R we may associate an operator
O = [ (e rx)ax
R’
Here d’ < d, v is a smooth cutoff function on RY" x RY.

It is natural to look for LP — L9 control of such operators in terms of the large parameter A, under
nondegeneracy conditions on the phase ®. Starting point:

Theorem (Hérmander)

Ifd" = d and

920
det(%}g)) #0  (ie. detHessd # 0)

on supp(®) then
HTAf”LZ(]Rd SAT d”f”LZ (RY)

Rather than impose additional “curvature" conditions on & (there is a vast and very important literature
on this — see Seeger, El Escorial 2000), let us move to a multilinear setting and impose “transversality"
conditions...
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We impose no curvature hypotheses and so it is natural to stay in the context of L2 estimates.
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We consider inequalities of the form

k k
- £12p; —d 112Pi
/Rd ,I:! ITiafl?P < Cx ,-L! 1511 g

where the T}  are associated to phase functions ®; : R% x R? — R, and p = (p;) € (0, 1]*.
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where the T}  are associated to phase functions ®; : R% x R? — R, and p = (p;) € (0, 1]*.
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@ In the special case where the phases ®; are nondegenerate bilinear forms ®;(x, &) = (x, L;§),

have Tj»f = f o Lj(\-).
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@ In the special case where the phases ®; are nondegenerate bilinear forms ®;(x, &) = (x, L;§), we
have T; f; = f; o Lj(X\-). By Plancherel’s theorem and scaling the above inequality reduces to
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This is the classical Brascamp—Lieb inequality with datum (L, p) = ((L;), (p;))-
We denote by BL(L, p) the smallest value of C for which (BL) holds (the “Brascamp—Lieb
constant").
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have T; f; = f; o Lj(X\-). By Plancherel’s theorem and scaling the above inequality reduces to
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This is the classical Brascamp—Lieb inequality with datum (L, p) = ((L;), (p;))-
We denote by BL(L, p) the smallest value of C for which (BL) holds (the “Brascamp—Lieb
constant"). Important example: if (L, p) is such that Lf L; is an orthogonal projection and

k
> opliL=1
j=1

then BL(L,p) =1
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where the T}  are associated to phase functions ®; : R% x R? — R, and p = (p;) € (0, 1]*.
o Ifk=1,d =d, p=1anddet(Hess®) # 0 on supp(+) then this is Hormander’s theorem.
o lftk=d,d=d—-1,p = ﬁ and ®;(x, &) = (&, j(x)) then this is the d-linear restriction
conjecture.
@ In the special case where the phases ®; are nondegenerate bilinear forms ®;(x, &) = (x, L;§), we
have T; f; = f; o Lj(X\-). By Plancherel’s theorem and scaling the above inequality reduces to

k k o
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j=1 j=1

This is the classical Brascamp—Lieb inequality with datum (L, p) = ((L;), (p;))-
We denote by BL(L, p) the smallest value of C for which (BL) holds (the “Brascamp—Lieb
constant"). Important example: if (L, p) is such that L;‘ L; is an orthogonal projection and

k
> opliL=1
j=1

then BL(L, p) = 1 (this is the “Geometric Brascamp-Lieb inequality" of Ball/Barthe).
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Tentative Conjecture (Oscillatory Brascamp—Lieb)

Let (L, p) be a Brascamp—Lieb datum for which BL(L, p) < oo, and for each1 < j < k suppose that
®;: R% x R — R is smooth in a neighbourhood of the origin inR% x R and satisfies
dedx®;(0) = L; foreach1 < j < k. Then

k k
AL —d 112P;
/Rdj1j1|r,,m| 53 Ty

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 56 /62



Tentative Conjecture (Oscillatory Brascamp—Lieb)

Let (L, p) be a Brascamp—Lieb datum for which BL(L, p) < oo, and for each1 < j < k suppose that
®;: R% x R — R is smooth in a neighbourhood of the origin inR% x R and satisfies
dedx®;(0) = L; foreach1 < j < k. Then

k k
- £120) —d 112Pj
/RdJH\T,,wl PN EH@HLZ(R%.

Squeezing “as much as possible" out of our bootstrapping arguments we obtain:

Theorem (B—Carbery—Tao revisited)

Suppose (L, p) is such that L/T‘ L; is an orthogonal projection for each 1 < j < k and

k
d_piLiLi=1.
J=1

If de d®;(0) = L; for each 1 < j < k then given any € > 0 there exists a constant C. < oo such that

k k
- £12p) —d+te 112Pj
/RdHIT,,AOI ) < CA H”G”LZ(R%'
j= j=
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Transversal multilinear Radon-like transforms

A natural description of a multilinear Radon-like transform is a mapping R of the form

Rot) = [, @) anlym)a(F L)y 0.
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Transversal multilinear Radon-like transforms

A natural description of a multilinear Radon-like transform is a mapping R of the form
Aot = | 61(1) -+~ amym)3(F(y, )y, ),
R x ... x Rdm

where g = (g,-)j";1 gt RY% — C is a suitable test function, x € R" and
F:R% x ... x R x R" — RN is a suitably smooth function.

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 57 /62



Transversal multilinear Radon-like transforms

A natural description of a multilinear Radon-like transform is a mapping R of the form
Aot = | 61(1) -+~ amym)3(F(y, )y, ),
R x ... x Rdm

where g = (g,-)j";1 gt RY% — C is a suitable test function, x € R" and
F:R% x ... x R x R" — RN is a suitably smooth function. It is natural to seek “LP-improving"
estimates for such transforms;

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 57 /62



Transversal multilinear Radon-like transforms

A natural description of a multilinear Radon-like transform is a mapping R of the form
Aot = | 61(1) -+~ amym)3(F(y, )y, ),
R x ... x Rdm

where g = (g,-)j";1 gt RY% — C is a suitable test function, x € R" and

F:R% x ... x R x R" — RN is a suitably smooth function. It is natural to seek “LP-improving"
estimates for such transforms; that is, given F, find exponents ry, . .., rm and g for which R extends to a
bounded mapping from L (R%) x ... x Lm(R%) into LI(R").

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 57 /62



Transversal multilinear Radon-like transforms

A natural description of a multilinear Radon-like transform is a mapping R of the form
Aot = | 61(1) -+~ amym)3(F(y, )y, ),
R x ... x Rdm

where g = (g,-)j";1 gt RY% — C is a suitable test function, x € R" and

F:R% x ... x R x R" — RN is a suitably smooth function. It is natural to seek “LP-improving"
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Transversal multilinear Radon-like transforms

A natural description of a multilinear Radon-like transform is a mapping R of the form
Aot = | 01(11) -~ am(ym)S(F(y. X))y, X)cl.
R x ... x Rdm

where g = (g,-)j";1 gt RY% — C is a suitable test function, x € R" and

F:R% x ... x R x R" — RN is a suitably smooth function. It is natural to seek “LP-improving"
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bounded mapping from L (R%) x --- x L™(R%) into LI(R"). By duality these qualities may be
expressed as bounds on multilinear forms of the form

m+1 m-+1
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[ TT 003601 < TT ol e

By parametrising the support of the distribution § o F we may often write the above inequality in the form
m+1 m+1

/]R T 980w < T gl e,
j=1 =1

for some typically nonlinear maps B; : RY — RY,
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for some typically nonlinear maps B; : RY — RY. Setting f; = g]-rf and p; = :7 this becomes

(/]Rdf f’)pj ;
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Transversal multilinear Radon-like transforms

A natural description of a multilinear Radon-like transform is a mapping R of the form
Aot = | 01(11) -~ am(ym)S(F(y. X))y, X)cl.
R x ... x Rdm

where g = (g,-)j";1 gt RY% — C is a suitable test function, x € R" and

F:R% x ... x R x R" — RN is a suitably smooth function. It is natural to seek “LP-improving"
estimates for such transforms; that is, given F, find exponents ry, . .., rm and g for which R extends to a
bounded mapping from L (R%) x --- x L™(R%) into LI(R"). By duality these qualities may be
expressed as bounds on multilinear forms of the form

m+1 m-+1
(v; < | —
/]Rd1 X -+ X RIm+1 ]1:‘!: gj(yj)CS(F(y))d}(y)dy ~ /];1[ ”g]HLrJ(Rdl).

By parametrising the support of the distribution § o F we may often write the above inequality in the form
m+1 m+1

[, TLaB00)eax < TT 19,52,
RA .
Jj=1 j=1
for some typically nonlinear maps B; : RY — RY. Setting f; = g]-rf and p; = :7 this becomes
m+1 m+1

[ TaemresTE([,1)

i.e. a Brascamp-Lieb inequality, but with nonlinear maps B;.
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Tentative Conjecture (Nonlinear Brascamp—Lieb)

Let (L, p) be a Brascamp—Lieb datum for which BL(L, p) < oo, and for each1 < j < k let

B; : R — RY be a smooth submersion in a neighbourhood of a point x, € R? with dBj(xo) = L; for
each1 < j < k.
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/lel—ﬁ!(GOBf)pf Slﬁ(/mdj fj)pj,
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B; : R — RY be a smooth submersion in a neighbourhood of a point x, € R? with dBj(xo) = L; for
each1 < j < k. Then there exists a neigbourhood U of xy such that

/U/'l—i(fjoBf)p’ Sjli (/]Rd,- f,-)pj,

Remarks.

@ This conjecture follows from the Oscillatory Brascamp—Lieb conjecture on specialising to phases of
the form &;(x, &) = (x, B;(£)).-
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Tentative Conjecture (Nonlinear Brascamp—Lieb)

Let (L, p) be a Brascamp—Lieb datum for which BL(L, p) < oo, and for each1 < j < k let
B; : R — RY be a smooth submersion in a neighbourhood of a point x, € R? with dBj(xo) = L; for
each1 < j < k. Then there exists a neigbourhood U of xy such that

/U/'l—i(fjoBf)p’ Sjli (/Rd, fj)Pj.

Remarks.
@ This conjecture follows from the Oscillatory Brascamp—Lieb conjecture on specialising to phases of
the form &;(x, &) = (x, B;(£)).-

@ Linear Radon-like transforms have been studied under higher order nondegeneracy (or
“curvature”) hypotheses on the mappings B; for some years — see for example Tao—Wright for
further discussion.

@ Verified in the Loomis—Whitney case; i.e. when k = d, p; = ﬁ and Lj =m;for1 <j<d
(B—Carbery—Wright 2005; see also Bejenaru—Herr—Tataru 2010).
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A nonlinear Brascamp-Lieb theorem...
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A nonlinear Brascamp-Lieb theorem...

Theorem (B—Bez 2010)

Conjecture true under the additional assumption that

k
EPrerL; =R
j=1
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A nonlinear Brascamp-Lieb theorem...

Theorem (B—Bez 2010)

Conjecture true under the additional assumption that

k
EPrerL; =R
j=1

ie. if
k
€P ker dB;(x0) = R?
j=1

then there exists a neighbourhood U of xo € R? such that

k

k B
[Twesr<T1( [, 1)
Uiy it \JRY
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A nonlinear Brascamp-Lieb theorem...

Theorem (B—Bez 2010)

Conjecture true under the additional assumption that

k
EPrerL; =R
j=1
ie. if
k
€P ker dB;(x0) = R?
=il

then there exists a neighbourhood U of x; € R? such that

/U,ﬁ(f" ° ) gjﬁ (/R fj)p,-.

Remark. Under the above hypotheses BL(L,p) < oo ifandonlyif p1 = -+ = px = k‘j and in which
case ;
K =
BL(L,p) = */\*)(/(L/) ’
j=1

where X;(L;) € A% (R?) denotes the wedge product of the rows of the dj x d matrix L;, and » the Hodge
star.
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A palatable multilinear Radon-like transform corollary...
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A palatable multilinear Radon-like transform corollary...

Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

IfG : (R9=1)9=1 — R is a smooth function such that

| det(Vy, G(0), - .., Vyy_; G(0))] = e,
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A palatable multilinear Radon-like transform corollary...

Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

IfG : (R9=1)9=1 — R is a smooth function such that
| det(Vy, G(0), . .., Vyy_, G(0))| 2 &,

then there exists a neighbourhood V of the origin in (R9—")4=", and a constant C such that

d
1
/Vg1 1)+ Ga—1(Ya—1)ga(ys + - + Ya—1)3(G(¥)) dy < Ce~ &7 [ llgili(a—1y
=

for all nonnegative g; € L= (RI=1),1 < j < d.
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A palatable multilinear Radon-like transform corollary...

Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

IfG : (R9=1)9=1 — R is a smooth function such that
| det(Vy, G(0), . .., Vyy_, G(0))| 2 &,

then there exists a neighbourhood V of the origin in (R9—")4=", and a constant C such that

d
1
/Vg1 1)+ Ga—1(Ya—1)ga(ys + - + Ya—1)3(G(¥)) dy < Ce~ &7 [ llgili(a—1y
=

for all nonnegative g; € L= (RI=1),1 < j < d.

Remarks.
@ This is a convolution-type Radon-like transform estimate; i.e. of the form

m+1 m+1

i(yi)o(F dy < N
/]Rd1><...><]1§dm+1 gg’(‘v’) (FU)e(y)ay g ”g/”LI(RdI)

with F(y) = (Vg — Ya—1 — - — ¥1, G(¥1, - - -, Ya—1))-
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A palatable multilinear Radon-like transform corollary...

Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

IfG: (R9=")9=" — R is a smooth function such that
| det(Vy, G(0), - .., Vyy_4 G(0))[ = &,

then there exists a neighbourhood V of the origin in (R9—")4=", and a constant C such that

d
1
/‘/91 1)+ Ga—1(Ya—1)Ga(y1 + -+ + Ya—1)8(G(y)) dy < Ce~ & [ [ ligilia—1y
=1

for all nonnegative g; € L= (RI=1),1 < j < d.

Remarks.

@ This is a convolution-type Radon-like transform estimate; i.e. of the form

m+1 m-+1

/Rd1 o R ,1} gi(yS(F(y)v(y)dy < ]]3 911,15 (gt
with F(y) = (Vg — Ya—1 — - — Y1, GV1, - - -, Yo—1))-

@ There are versions with symmetric hypotheses on F (non-convolution type, naturally requiring
exterior-algebraic formulations): B-Bez—Gutiérrez 2012.
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Some applications...

Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

If Suppose S, . .., Sq are transversal, 1 < g < co andp’ < (d — 1)q’, then

llgrdot * - - - * gadogll qmay S 191llp(doy) * - 190l p(dog)-

Jonathan Bennett (Birmingham) Transversal Multilinear Harmonic Analysis El Escorial 2012 61/62



Some applications...

Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

If Suppose S, . .., Sq are transversal, 1 < g < co andp’ < (d — 1)q’, then

llgrdot * - - - * gadogll qmay S 191llp(doy) * - 190l p(dog)-

Setting g = 2 gives the (modest) sharp d-linear restriction estimate

llgrdot - - - gadodll2ray S 1191 ll2a—2) - - - 19all2d—2)-
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Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))
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Setting g = 2 gives the (modest) sharp d-linear restriction estimate

llgrdot - - - gadodll2ray S 1191 ll2a—2) - - - 19all2d—2)-

Remarks.

@ The above result generalises to submanifolds Sy, ..., Sm (m # d) of variable codimension under a
suitable transversality condition (B—Bez—Gutiérrez 2012).
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Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

If Suppose S, . .., Sq are transversal, 1 < g < co andp’ < (d — 1)q’, then

llgrdot * - - - * gadogll qmay S 191llp(doy) * - 190l p(dog)-

Setting g = 2 gives the (modest) sharp d-linear restriction estimate

llgrdot - - - gadodll2ray S 1191 ll2a—2) - - - 19all2d—2)-
Remarks.
@ The above result generalises to submanifolds Sy, ..., Sm (m # d) of variable codimension under a

suitable transversality condition (B—Bez—Gutiérrez 2012).

@ Such inequalities have been successfully applied to the well-posedness of the Zakharov system
(Bejenaru—Herr—Holmer—Tataru, Bejenaru—Herr 2010/11),
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Some applications...

Corollary (B—Carbery—Wright 2005 (d = 3); B-Bez, 2010 (d > 3))

If Suppose S, . .., Sq are transversal, 1 < g < co andp’ < (d — 1)q’, then

llgrdot * - - - * gadogll qmay S 191llp(doy) * - 190l p(dog)-

Setting g = 2 gives the (modest) sharp d-linear restriction estimate

llgrdot - - - gadodll2ray S 1191 ll2a—2) - - - 19all2d—2)-
Remarks.
@ The above result generalises to submanifolds Sy, ..., Sm (m # d) of variable codimension under a

suitable transversality condition (B—Bez—Gutiérrez 2012).

@ Such inequalities have been successfully applied to the well-posedness of the Zakharov system
(Bejenaru—Herr—Holmer—Tataru, Bejenaru—Herr 2010/11), handling certain “transverse interaction
terms" in certain bilinear Xs , estimates.
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The end
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The end — thank you!
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